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Homotopy representations of the unitary groups

WOIJCIECH LUBAWSKI
KRZYSZTOF ZIEMIANSKI

Let G be a compact connected Lie group and let &, v be complex vector bundles over
the classifying space BG. The problem we consider is whether £ contains a sub-
bundle which is isomorphic to v. The necessary condition is that for every prime p,
the restriction &| BNG » where NPG is a maximal p—toral subgroup of G, contains
a subbundle isomorphic to v|g NG - We provide a criterion when this condition is
sufficient, expressed in terms of A*—functors of Jackowski, McClure & Oliver, and
we prove that this criterion applies for bundles v which are induced by unstable
Adams operations, in particular for the universal bundle over BU(n). Our result
makes it possible to construct new examples of maps between classifying spaces of
unitary groups. While proving the main result, we develop the obstruction theory for
lifting maps from homotopy colimits along fibrations, which generalizes the result of
Wojtkowiak.

55R37; 55535

1 Introduction

Let G be a compact connected Lie group. For every prime p, there exists a maximal
p—toral subgroup NPG C G which is unique up to conjugation. Its identity component
is a maximal torus of G, and the group of its components is a p—Sylow subgroup of
the Weyl group of G. The following property is the main subject of this paper.

Definition 1.1 A vector bundle v over a space X has the splitting property with
respect to amap f: A — X if the following holds for an arbitrary bundle & over X'.
If there exists a bundle &/, such that f*£ >~ f*v @&/, then there exists a bundle &
such that & ~ v @ &". A complex vector bundle over the classifying space BG of G
has the splitting property if it has the splitting property with respect to the map

[] BNS - BG

p prime

induced by the inclusions N, pG cG.
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The splitting property is especially useful due to a theorem of Notbohm [10], which
generalizes a result of Dwyer and Zabrodsky [4]. It implies that isomorphism classes of
complex vector bundles over BN pG are in one-to-one correspondence with isomorphism
classes of unitary representations of N, pG. Jackowski and Oliver [12] proved that the
trivial bundle over BG has the splitting property. In the present paper we extend their
result to a wider class of bundles over BU(n). For an arbitrary integer k& prime to n!,
Sullivan [13] constructed a map Wk: BU(n) — BU(n) known as the unstable Adams
operation, which when restricted to the diagonal matrices is induced by the k—power
homomorphism. As was shown later by Jackowski, McClure and Oliver [5; 6], this
condition determines such maps up to homotopy. Let y” denote the universal bundle
over BU(n). The main result of this paper is the following theorem.

Theorem 1.2 For all n and all k prime to n!, the bundle (¥%)*y" over BU(n) has
the splitting property.

In particular, for kK = 1 this implies that the universal bundle has the splitting property.

Vector bundles over the classifying space of the group G can be interpreted as maps
BG — BU(d) which will be called homotopy representations of G. The natural
source of homotopy representations are linear representations of G, ie homomorphisms
G — U(n). The vector bundles corresponding to maps induced by linear representations
are the bundles associated with the universal G-bundle £G — BG . Thus the splitting
property of vector bundles can be easily formulated in terms of homotopy theory.

To every homotopy representation f: BG — BU(d) we associate a virtual character
Xr € R(G). Let T C G be a maximal torus of G . By the Dwyer—Zabrodsky—Notbohm
theorem [10], the restriction f|g7: BT — BU(d) is defined by a linear representation
pr: T — U(d) which is unique up to isomorphism, and its character y,, is invariant
under the Weyl group action on the representation ring R(7"). Thus via the classical
isomorphism R(G) ~ R(T)" we can consider it as a virtual character x £ € R(G).
The virtual characters coming from homotopy representations we will call homotopy
characters. A natural question arises: when a virtual character o € R(G) is a homotopy
character? The Dwyer—Zabrodsky—Notbohm theorem provides the following constraint:
for every prime p and every p—toral subgroup P C G, the restriction of o to P is
the character of a linear representation. Such characters of the group G will be called
P—characters of G. Since N, is a maximal p—toral subgroup of G, a virtual character
€ R(G) is a P—character if for every prime the restriction of u to Np, is the character
of a linear representation. Now we can formulate the splitting property for homotopy
representations of compact connected Lie groups.
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Definition 1.3 A homotopy character u € R(G) of a compact connected Lie group G
has the splitting property if every P—character v of G such that © + v is a homotopy
character is also a homotopy character.

Hence, Theorem 1.2 can be reformulated as follows.

Theorem 1.4 For all n and all k prime to n!, the character ¥* of the unstable Adams
representation W*: BU(n) — BU(n) has the splitting property.

The description of homotopy classes of maps between classifying spaces of compact
Lie groups is a classical topic of homotopy theory. It attracted attention of many re-
searchers through decades, but still remains open. Our Theorem 1.2 and [8, Proposition
1.13], which implies that the character of the trivial representation has the splitting
property, lead to construction of maps BU(n) — BU(d) which cannot be produced by
compositions of sums and tensor products of the unstable Adams operations and maps
induced by homomorphisms [9]. The crucial observation is that characters of some
irreducible representations of U(#n) can be written as a nontrivial sum of P—characters
u + v, where v is the character of either the trivial or the identity representation.
Then p is a homotopy character. This construction allows us to classify homotopy
representations of U(n) with dimension bounded by some constant depending on 7 [9].

Every P—character can be written as the difference of characters of representations.
Thus, if characters of all representations had the splitting property, then all P—characters
would be homotopy characters.

Criterion for splitting P —characters

Theorem 1.4 is a consequence of a more general criterion for splitting of 7P—characters.
Before formulating it we need to introduce some definitions. Recall from Jackowski,
McClure and Oliver [5; 6] that a p—toral group P € G is p—stubborn if Ng(P)/P is
a finite group and contains no nontrivial normal p—subgroups. Let Z;,\ be. the ring of
p—adic integers, and, for a finite group T and a Z}[[']-module M, let A*(T'; M) be
the A*—functors introduced by Jackowski, McClure and Oliver [6, Definition 5.3]; see
also (2.12).

For a compact Lie group P, let IrrRep(P) be the set of isomorphisms classes of ir-
reducible complex representations of P. For a representation « of P and p € IrrRep(P),
let ¢4 be the multiplicity of p in o, ie the number of summands isomorphic to o in an
arbitrary decomposition of ¢ into a sum of irreducible subrepresentations. Furthermore,
let IrrRep(P, a) = {p € IrrRep(P) : c£ > 0}. Any (left) action N — Out(P) of a
finite group N on P by outer automorphisms induces a right action on IrrRep(P);
furthermore, if « is N —invariant, then IrrRep(P, ) is an N —subset of IrrRep(P).
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For a P—character £ of G and a p—stubborn subgroup P € G, let £p denote a
representation with character reslGD £.

Theorem 1.5 Let G be a compact connected Lie group and let v, v be P—characters
of G such that u + v is a homotopy character. Assume that

A (Ng(P)/P:Z[X]) =0

for every prime p, every p—stubborn subgroup P C G, every Ng(P)/P—orbit X C
IrrRep( P, p) N IrrRep( P, vp) and every i > 3. Then both p and v are homotopy
characters.

The reason this criterion applies when v = ¥ is the character of the unstable Adams
operation is the following: for every p—stubborn subgroup P C U(n), there exists a
presentation

P~ Pl - x PV UMY x---x Uny)? € U(n)

such that P; € U(n;) are pairwise nonisomorphic irreducible p—stubborn subgroups.
The irreducibility of P; means that the representation ¢ p; is irreducible, where ¢ denotes
the character of the identity. It turns out that also the representations w p, are irreducible.
As a consequence, the representation w » admits a decomposition

V=V, ®®Vip)® - ®Vi1®® V),

where each V; , is an irreducible representation of the ™ factor of type P;, on which
the other factors act trivially. The summands in parentheses correspond to the orbits
of the Ny ) (P)/P—action on IrrRep(P, 1#}‘,). This presentation makes it possible to
calculate the groups A* of Theorem 1.5.

Lifting maps from homotopy colimits

An important tool used in the proof of Theorem 1.5 is the obstruction theory for lifting
maps from homotopy colimits. Let C be a small category, F: C — Sp a diagram of
spaces and X a space. Consider a collection of maps { f¢: F(c) = X }ccop(c) that is
homotopy compatible, ie for every morphism ¢ ——> ¢/, the maps f,» o F(«) and f, are
homotopic. By Wojtkowiak [14], the existence of an extension of [ [ fe: [ F(¢) > X
to amap f: hocolim¢ F — X depends on the vanishing of certain obstructions lying
in the groups
HIP(C; i (map(F(=), X)y)).

In this paper we consider a more general problem. Let p: Y — Z be a fibration.
Fix amap f: hocolim¢ F — Z and its partial lifting [ [ g¢.: [ [ F(c) = Y (see (3.1))
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such that the collection {g¢}.cob(c) is homotopy compatible. We prove in Theorem 3.4
that under certain assumptions, this lifting can be extended to hocolim¢ F' if the groups

H'(C; 7 (Fib(-)))

vanish for i > 0, where Fib: C°? — HSp is a certain functor such that Fib(c) is a fiber
of the fibration
map(F(c), Y)g, = map(F(c), Z)f|p, -

Organization of the paper In Section 2 we provide definitions and recall theorems
used throughout the rest of the paper. In Section 3 we develop the obstruction theory
for lifting maps from homotopy colimits. Section 4 contains the proofs of Theorem 1.4
and Theorem 1.5, although the proofs of some propositions are postponed to later
sections. We prove Proposition 4.12 in Section 5, Proposition 4.13 in Section 6, and
Sections 7 and 8 contain the proof of Theorem 4.9.

Acknowledgements The authors would like to thank the referee for putting in so much
work reading this paper and for many valuable suggestions and comments, especially
for pointing out a simplification of the proof of Proposition 4.13 and a gap in the proof
of Theorem 4.9 in the first version of this paper. We would also like thank Stefan
Jackowski for his advice during the writing of this paper.

2 Preliminaries

For compact Lie groups H and L, let R(H) be the unitary representation ring of H,
RY(H) C R(H) the semiring of isomorphism classes of unitary representations of H
and let Rep(H, L) := Hom(H, L)/ Inn(L) be the set of conjugacy classes of homo-
morphisms from H to L. If H C L, then Cr(H) denotes the centralizer of H in L.
For a space X, we denote by X, 1;‘ the [F, —completion in the sense of Bousfield and
Kan [3].

Dwyer-Zabrodsky—Notbohm theorem

An important tool we use in this paper is the following theorem due to Dwyer, Zabrodsky
and Notbohm.

Theorem 2.1 (Dwyer—Zabrodsky—Notbohm theorem [10]) Let P be a p—toral group
and H a compact Lie group.

e The map
Rep(P, H) — [BP, BH], « > [Ba]

is a bijection.
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e For every homomorphism o: P — H the map
ady: BCygx(a(P)) — map(BP, BH)pq,
which is adjoint to the map induced by the multiplication homomorphism
Cyg(a(P))x P> H, (a,b)— a(a)b,

is a mod p-equivalence, ie it induces an isomorphism in homology with Z /p as
coefficients. In particular, the map

(ad),: BCr (a(P)), — (map(BP, BH)py), = map(BP, BH,)py

is a homotopy equivalence.

If H = U(d) is a unitary group, then Cg(p(P)) can be described using Schur’s
lemma. Namely, there is an isomorphism

2.2) Cow@P)~ J] UE.
p€elrRep(P)

‘P—characters and homotopy characters

Fix a compact connected Lie group G. Let T € G be its maximal torus, and
W C Aut(T) its Weyl group.

Definition 2.3 A homotopy representation of G isamap f: BG — BU(d). We say
that two homotopy representations are isomorphic if they are homotopic as maps. The
character x(f) € R(G) = R(T)" of a homotopy representation f is the character
of the representation p: T — U(d) such that Bp ~ f|gr. By Theorem 2.1, such a
character is well-defined.

Definition 2.4 A virtual character u € R(G) is a P—character if for every prime p
and every p—toral subgroup P C G, its restriction to P is the character of a linear repre-
sentation, ie i|p € RT(P). The set of P—characters of G will be denoted by Rp(G).
We will denote by pup: P — U(d) a homomorphism with the character u|p.

Proposition 2.5 The character of a homotopy representation is a P —character.
Proof If f: BG — BU(d) is a homotopy representation and P € G a p-—subgroup,

then the Dwyer—Zabrodsky—Notbohm theorem implies that the restriction f|gp is
induced by a unitary representation of P. a
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Definition 2.6 A virtual character that is the character of a homotopy representation
will be called a homotopy character; the semiring of homotopy characters of G will
be denoted by Ry, (G).

Notice that there is a sequence of inclusions

Q2.7) RT(G) € Ry(G) € Rp(G) € R(G) = R(T) C R(T).

p-homotopy characters

Definition 2.8 Let p be a prime integer. A p—homotopy representation of G is a
map fp: BG — BU(d)l’,\. We say that a P—character i € Rp(G) is the character
of fp if the diagram

B
BT 2% BU(d)
Br<6) | |

BG I BUW))

commutes up to homotopy. A P—character that is the character of a p—homotopy
representation is called a p—homotopy character.

Proposition 2.9 A P—character |t is a homotopy character if and only if itisa p—
homotopy character for all primes p.

Proof This is an immediate consequence of [7, Proposition 1.2]. a

The subgroup homotopy decomposition

Let p be a prime integer.

Definition 2.10 A p—toral subgroup P C G is p—stubbornif Ng(P)/P is a discrete
group containing no nontrivial normal p—subgroups. Let R,(G) be the category of
G —orbits with the form G/P, for a p—stubborn P C G, and G —maps.

Theorem 2.11 [5, Theorem 1.4] The map
eg: hocolimgper,(6) EG xg G/P — EG Xg * = BG

induced by projections G/P — * induces an equivalence on homology with F,—
coefficients. In particular, the map

(eg)p: (hocolimg)per,(c) EG xg G/P)y — BG)

is a homotopy equivalence.
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Remark If p is a P—character of G of dimension d, then the family

B
EG xg G/P ~ BP 2% BU(d)

is a homotopy compatible family of maps from the decomposition functor EG xg (—)
to BU(d).

Functors A*

Let p be a prime. Here we recall methods of calculating higher limits of functors
on the category R,(G) developed in [5; 6]. For a commutative ring R and a small
category C, we define R[C]-modules as contravariant functors from C into the category
of R-modules. If F is an R[C]-module, then H!(C; F) denotes the i" right derived
functor of the inverse limit of F, and will be referred to as the i™ cohomology group
of C with coefficients M ; this notion coincides with group cohomology if C is a
one-object category with invertible morphisms.

For a finite group I', let O, (I") be the category of I'—orbits whose isotropy groups
are p—groups and ["'—maps. For a Z?[I’]—module M and i > 0, define groups

(2.12) AN(T; M) := H' (0,(D); Fiy),
where F}, is a Z[Op(I")]-module defined by

M for P =1,

2.13 FL(T/P) =
( ) wm (T/P) {0 otherwise.

These groups play an important role in calculating cohomology of Z ﬁ [Rp(G)]-modules.
Their crucial property is the following.

Proposition 2.14 Let G be a compact Lie group, F a Z;,\[Rp (G)]-module and r an
integer. Assume that A*(Ng(P)/P; F(G/P)) =0 forall i >r and all G/P Rp(G).
Then H'(Rp(G); F) =0 fori >r.

Proof This follows from [5, Corollary 1.8] and [7, Theorem 1.10(ii)]. O
Let us recall several properties of functors A* proven in [5; 6].

Proposition 2.15 Let " be a finite group and let M be a Z;\[F]—module.
(1) If p divides the order of T, then A°(T'; M) = 0. Otherwise A°(I'; M) = M.

(2) Let K =ker(I' - Aut(M)). If p divides the order of K, then A*(I'; M) = 0;
otherwise A*(I'y M) = A*(T'/K; M).

Proof This follows from [6, Proposition 6.1]. m|
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In the following proposition all tensor products are taken with respect to the ring Z ;,\.

Proposition 2.16 Let I' be a finite group, M a finitely generated Z 1’,‘ —module, N a
Z;\[F]—module that is free and finitely generated as 7 1’,\ —module, and r > 0 an integer.
Assume that A*(T'; N) =0 forevery i >r. Then A/(T; M @ N) =0 fori >r.

Proof By [6, Proposition 6.1(v)] there is an exact sequence

0> P Tor(A*(1: M), A/(T:N)) > A/(T: M ® N)
k+1=i+1
’ - @ Al M) AKT:N) -0,
k+1=i
and by [6, Proposition 6.1(i)] it reduces to
0 — Tor(M, A'"TH(T; N)) > A/ (T: M @ N) > M @ A'(T; N) — 0.

By assumption A(I'; N) = A‘t1(I"; N) = 0. The conclusion follows. |

3 Obstruction theory

In this section we develop the obstruction theory for lifting maps from homotopy
colimits. This is an extension of results obtained by Wojtkowiak [14]. Let C be a
small category, F: C — Sp a diagram of spaces and p: ¥ — Z a fibration. Fix a
map f: hocolimg F — Z and a family of maps g.: F(c) — Y, ¢ € Ob(C) which
represents a co-cone in the homotopy category, ie an element

{[gcl}eeon(c) € lglcl[F(C)» Y]

Assume that the diagram of solid arrows

[]F@ He
ceC <

3.1 ol E |,
hocolime F —~ 7

strictly commutes. For every ¢ € Ob(C) denote f.: = f|Fp() and

(32) Fib(c) := (pe) ™' (o).

where »
Pe :=map(F(c), p): map(F(c),Y)g, — map(F(c), Z)f..
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The map p,. is a fibration with fiber Fib(c). We will make two more assumptions: for
every ¢ € Ob(C),

* the connected component of the mapping space map(F(c), Z)y. is simply con-
nected, and

e Fib(c) is a simple space ie its fundamental group acts trivially on all homotopy
groups.

For every morphism «: ¢ — ¢’ in C, let us choose a map

(33) Fib(@): Fib(c) = p7' (fe) 2 p7 ' (fur o F(@)) => p7 ! (fe) = Fib(e).

The first assumption guarantees that the homotopy class of Fib(c) does not depend on
the choice of a homotopy equivalence between fibers of p.. Thus, Fib is a contravariant
functor from C to the homotopy category HSp. By the second assumption, for every
¢ € Ob(C), the homotopy groups of Fib(c) for different choices of basepoints are
naturally isomorphic. Therefore, the composition i, o Fib is a contravariant functor
from C into the category of abelian groups Ab. The following theorem will be proven
at the end of the section.

Theorem 3.4 If H'*1(C; x;(Fib)) = 0 for all i > 0, then there exists a lifting exten-
sion g: hocolim¢ F' — Y which makes the diagram (3.1) commutative.

This theorem reduces to the result of [14] if Z is a one-point space.

Elementary lifting extension problem

To establish notation, we recall some elementary results of classical obstruction theory.
Fix a fibration ¢: E — B such that its fiber F = ¢g~!(bg) is simple, and assume that
B is simply connected. Consider the following lifting extension problem:

8An+1 5, E
«
t

(35) c| |
An+.1. ", B
Let
(3.6) L(s,r):={t emap(A"T! E) 1 t|gpns1 =sand got =r}

be the space of lifting extensions.
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The map s factors through the total space r* E of the pull-back fibration over A”+1,
Let

(3.7) on(s,7) € [0A" T ¥ E)l = 7,(r*E) ~ 7, (F)

be the homotopy class corresponding to this factorization; we will call it the obstruction
class. This definition depends neither on the choice of basepoints of the homotopy
groups (since F is simple), nor on the choice of homotopy equivalence r*E ~ F
(since B is simply connected). For ¢,¢" € L(s, r), define the difference class

(3.8) V1 (t. 1) €[A" T Ugpnst A" r*El ~ 7,0 (F)
as the obstruction class of the lifting extension problem

tut’

Al’l+1 UaAn+1 An+1 4: E
(3.9) prl ,
An—}-l . B.

Let d;: Ak — A¥*1 be the inclusion onto the i™ face of the simplex, and let A’(‘l) be
the /™ skeleton of AX. Let us state some elementary properties of the concepts defined
above.

Proposition 3.10 Fix amap r: A"*! — B,

(1) Ifs: dA" — E is a lifting of r|gan along g, then L(s,r) # @& if and only if
0,(s,7)=0.

(2) Lets,s": A"t — E be liftings of r|ypn+1 along q. Assume that S| gnt1 =
(n—1)

s'| yn+1_. Then
(n—1)
n+1

on(s’,r) = on(s,7) + ) _(=1)'0u(s 0 dy, s 0 dy).
i=0

(3) We have Z;’:OZ (=Dfou(sod;,rod;) =0 for any commutative diagram

n+2 s
Aw — E

q \

+2
A?n#—l) — B.

(4) Ifs: 0A™ — E is a lifting of r|ya» along q, then, for every t € L(s,r) and
every u € myy1(F), there exists t’ € L(s, r) such that 0,—1(t',t) = u. O

Algebraic & Geometric Topology, Volume 16 (2016)



1924 Wojciech Lubawski and Krzysztof Ziemianski

Proposition 3.11 (functoriality of obstruction and difference classes) Consider a
commutative diagram

F . p

s afE '

8An+1 — FE E/
c q q

r ap '

An+1 ~ B . B/

where ¢': E' — B’ is a fibration with a fiber F'. Assume that B’ is simply connected
and F' is simple. Then

(1) oplagos,apor) = (ap)«(on(s,r)),
(2) fort,t' € L(s,r),

Dn+1(CZEOl,aEOl,)=(CZF)*D,H_](Z,Z/). O

Cochain complex

We return to considering the lifting extension problem (3.1). Here we define a cochain
complex which can be used to calculating cohomology groups H/ (C; r; (Fib)). Also
the obstruction classes and the difference classes, which are analogues of (3.7) and
(3.8), will be defined as its cochains.

Let N(C) denote the nerve of C and let N(C); be the set of i —simplices of N(C). For
i, j > 0 define groups

(3.12) ¢/ = [] mi(Fibo(0))
0€EN(0);j
and differentials 5{ : Cl.j — Cl.j + by
] Jj+1
(.13) 8/ )(0) =Fib(e(0 — 1)*(u(de0)) + Y (—D¥u(dy (o))
k=1

for u € Cl-j , 0 € N(C)jy1. Let Zl.j , Bij , Hl.j denote respectively the cocycles, the
coboundaries and the cohomology of the cochain complex (C;*, 7). According to [11,
Lemma 2], H’ (C; 7;(Fib)) = H] forall i,;.
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Adjoint maps

Denote for short X = hocolim¢ F, and let Xj, = hocolim((jk) F be the k—skeleton of
the homotopy colimit of F, ie the inverse image of the k —skeleton of the nerve of C.
For a space W, amap a: X — W and a simplex g € N(C),, let

(3.14) AdS: ’(1k) — map(F(o(0), W))

be the adjoint map to the composition

Alley % F(0(0)) — hocolim{” F = X; —> W.
Note that
Ad% fori > 0,
(3.15) Ad%od; = { dio . :
F(o(0— 1))oAdd00 fori =0,

and that maps a: X — W are in one-to-one correspondence with families of maps
{Adg }sen(c) satisfying these relations.

Lifting extension spaces

For n >0, let £§ be the space of maps g: X, — Y such that the diagram
XO = ]_[F(c) g %
ceC
(3.16) g
X, Sflxn 7

commutes. Denote by £7° the inverse limit lim,, £ ; note that this is the set of solutions
of the lifting extension problem (3.1). For g € £ and k <n <m, let £(g) be the
space of maps h: X;; — Y such that the diagram

gl
X, —5 y
(3.17) QJ%P
flxm

Xm"

commutes.
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Obstruction cochains and difference cochains

For g € &”, define the obstruction cochain Op,(g) € CI ! by
(3.18) On(2)(0) := 0n(AdS, AdY) € 7, (Fib(0(0))),
where 0, (AdS, Ad({ ) is the obstruction of the lifting problem

AdS
gAntt —2 map(F(0(0)).Y)g,

4

(3.19) < map(F(0(0)), p)

“Adf
An—}—l — map(F(U(O))’Z)fo(o)‘

For h, i’ € E"11(g), define the difference cochain ®,41(h', h) € C:_tll y

(3.20) D1 (W, 1) (0) = 0pp1 (Y, Ad%) € 7,11 (Fib(0(0))).

Proposition 3.21 Fix g€ &, n> 0.

(1) &"*t1(g) # @ ifand only if D,(g) = 0.
(2) On(g) e zZrtl.
(3) On(g) =Ou(g)+6;(Dn(g’.g)) forany g’ € £ (g).

(4) Forevery u € C”Jr1 and every h € E"T1(g), there exists amap h' € £ (g)
such that ©,1 (', h) = u.

Proof The ex1stence of h € EM1(g) is equivalent to the existence of a family of maps
{Adg} € L(AdS, Ad) ) for 0 € N(C)y+1- Then (1) is a straightforward consequence
of Proposition 3.10(1). For similar reasons, (4) is a consequence of Proposition 3.10(4).
To prove (2), we check that for o € N(C),+, we have
n+2
821 (Du(g))(0) = Fib(o (0 > 1)*(D(g)(d00)) + 3 (~1)'Dn(g)(di0)
i 1,,+2
=Fib(0(0 — 1))*on(Ad% . Ad) )+ (~1)ox(AdS, . Ad) )
i=1
= 0a(AdS, 0 F*(0(0— 1) Adf;oa o F*(a(0 — 1))
n+2
+Y (=Dion(AdS, . A )
n+2 i=1
= > (—Dou(Ad§ 0d;. Ad] od;) =0,
i=0

Algebraic & Geometric Topology, Volume 16 (2016)



Homotopy representations of the unitary groups 1927

where the third equality follows from Proposition 3.10(2), the fourth from (3.15), and
the last from Proposition 3.10(3).

To prove (3), let 0 € N(C),+1- As a consequence of (3.15), for i > 0 we have

0n(AdE od;, AdS 0 d;) = dy(AdS Adf ) =Du(g’ 9)(di0)

dio’
and

0n(AdS 0 dy, AdS 0 dy) = 0, (F(a(0— 1)) 0 Adf . F(0(0—1)oAds )

o’

= Fib(0/(0. 1))« 0n(Ad%, . AdZ, )

doo’
=Fib(0(0, 1)« (Dn(g’, £)(do0)),
where the second equality follows from Proposition 3.11(2). Finally, with the second
equality following from Proposition 3.10(2),

n+1
On(g)(0) = 0,(AdS" Ad]) = 0, (AdS. AL )+ (1) 0, (AdE od;. AdE od))

i=0
n+1

=9,(2)(0) +Fib(0 (0> 1)+ (Du(g".8)(do0)) + Y _(—1)'Du(g’.g)(di0)
i=1
=0,(g)(0)+8,(Dn(g’.2))-
This proves (3). a

Lemma 3.22 Fix n > 0, and assume that H" 1 (C; rr,(Fib)) = 0. Forevery g € £",
we have Er’l’irll (g) #9.

Proof By Proposition 3.21(2), 9,(g) € Z"*1. Since H"*! =0, there exists u € C
such that 8} (1) = D,(g). Let g’ € £'_,(g) be a map such that D,(g’, g) = —u,
which exists by Proposition 3.21(4). By Proposition 3.21(3) we have

On(g") = On(g) + 68, (Dn(g’. g)) = On(g) + 8 (—u) = 0.

The conclusion follows from Proposition 3.21(1). a
Finally, we are ready to prove the main theorem of this section.

Proof of Theorem 3.4 We need to prove that the space £J° = lim £j is nonempty.
Since {g¢}ceone) € lime[F, Y], the map go = [[gc: Xo — Y extends to a map
X1 — Y, which can be adjusted (since p is a fibration) to a map g € 5& . Using
Lemma 3.22, we inductively construct a sequence of maps g, # > 2, such that
gn € E)_,(gn—1). Put g, := gui1lx,. Since g,lx,_, = g,_,, the sequence {g,}
represents an element in °. a
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4 Guide to the argument

In this section we prove Theorem 1.5 and then deduce Theorem 1.4. Let G be a
compact connected Lie group and 7" € G its maximal torus. Let u and v be P—
characters of G with dimensions d and d’, respectively, and assume that p + v is
a homotopy character. To prove Theorem 1.5 we need to show that under certain
assumptions, both i and v are homotopy characters. By Proposition 2.9 it is sufficient
to prove that they are p—homotopy characters for all primes p. Fix a prime p and a
p-homotopy representation f: BG — BU(d +d’ )1/7\ with character © + v. We will
prove a sequence of criteria (Proposition 4.1, Proposition 4.4, Theorem 4.10) which
imply that i and v are p—homotopy characters.

A lifting extension problem
The first step in the proof of Theorem 1.5 is the following observation.

Proposition 4.1 If there exists a map g: BG — (BU(d) x BU(d")),; such that the
diagram

B B A
pr PP (U@ x BUW))
B(TgG)l : lea
BG 4 - BU(d +d'))

commutes up to homotopy, then . and v are p—homotopy characters.

Proof The restriction of the composition

fi: BG =5 (BU(d) x BU@)) 22 BU))

to BT is homotopic to (BMT);\. Therefore, f1 is a p—homotopy representation with
character . A similar argument applies to v. a

A homotopy decomposition

We will use the homotopy decomposition Theorem 2.11 to find criteria for the existence
of a lifting extension in the diagram of Proposition 4.1. Consider the following diagram,
where ¢ is induced by the identity map on EU(d +d’), and 82 is amod p homology
equivalence from Theorem 2.11:
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I EGxgG/p _UB0rxwh gy puary)

G/PeR,(G) P
"']_[gp lg

“4.2) c (EUWd +d")/U(d)x U(d")p
g .7 l
q
. V4
hocolimg/per,(G) EG X6 G/PiG BG / BU(d + d/)l/,\

The diagram of solid arrows commutes up to homotopy. Since ¢ is a fibration, we can
choose maps

gp: EGxg G/P — (EU(d +d')/(U(d) x U(d/)));
such that the upper triangle commutes up to homotopy, and the remaining part of the
diagram, ie

L EGxcG/P Usr pyqy ayju) < vy,
G/PeR,(G)

¥

4.3) g q

<

oe?
hocolimg,per, (6) EG xG G/P i

BU(d +d") ;,\
commutes strictly.

Proposition 4.4 If the lifting extension problem (4.3) has a solution, then p and v
are p—homotopy characters.

Proof Let g be a lifting extension. Since Sé is a p—equivalence, there exists a

map /' unique up to homotopy such that the composition

p /
hocolimgper, (6) EG xg G/P ‘e pg L (EU +d")/U(d)x U(d")),

is homotopic to g. The composition

/

[t BG = (EU(d +d")/U(d) x U(d'))y —> (BU(d) x BU(d"))}

fits into the diagram of Proposition 4.1, since T is contained in some p-stubborn
subgroup. Thus the conclusion follows from Proposition 4.1. a
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Obstruction theory

Now our goal is to construct a lifting extension of the diagram (4.3). Let us sketch
the argument we use here; the formal proof is given in Sections 7 and 8. In Section 3
we develop the obstruction theory for lifting maps from homotopy colimits; let
Fibfz,v: Rp(G) — Sp be the functor defined in (3.2) which is associated to the diagram
(4.3). We need to check that the assumptions which allow to construct this functor are
satisfied but it will become clear when we calculate the homotopy type of the spaces
Fibﬁ,v(G/P). By Theorem 3.4, the problem (4.3) has a solution if

H'" Y (Rp(G): 7 Fib? ) =0
for all i > 1. By Proposition 2.14 it is sufficient to prove that
A (NG (P)/P: i Fibf, ,(G/P)) =0

for G/P € Rp(G), i > 1. This makes it important to describe the spaces Fib/, ,,(G/P)
and the action of the groups Ng(P)/P on them. For a p—stubborn subgroup P C G
the space Fibﬁ,v(G/P) is, by definition (3.2), the homotopy fiber of the map

(4.5) map(EG/P,(BU(d) x BU(d"))p) BupxBvp

— map(EG/P, BU(d + d,)[/J\)B(MP@VP)
induced by the inclusion U(d) x U(d") € U(d + d’). By the Dwyer—Zabrodsky—
Notbohm theorem, this map is homotopy equivalent to
BCyayxu@) (p(P))y x BCuyxuay(ve(P))y = BCuy+a((p xvp)(P))),.
which is, by Schur’s lemma, equivalent to the map

1_[ B(U(ch ) x Ul — 1_[ BU(clh, + b))y,
p€elrRep(P) p€lrrRep(P)

induced again by the inclusions U (cﬁ ) xU (cf,)P) cU (cﬁ p+ e p)- Thus there is a
homotopy equivalence

(4.6) Fib% (G/P)~ [] (U(c;;P+c5P)/(U(c5P)xU(c5P)));.
p€lrrRep(P)

To proceed with calculations we need to describe also the homotopy action of the group
Autp,(G/p)(G/P) = Ng(P)/P on Fibﬁ,v(G/P). There is an Ng(P)/P—action on
the right-hand side of the equivalence (4.6) induced by the action on IrrRep(P). We
must show that these actions coincide.
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We will need some definitions and they will be given in somewhat greater generality.
Let P be an arbitrary p-—toral group, N a finite group acting on P by outer automor-
phisms (ie there is a given homomorphism N — Out(P)), and o, 8: P — U(d) be
homomorphisms which are N —invariant up to conjugacy. Define a left N —space

4.7) Gupi= [] (Uh+ch)/UE})xUCH)),.
p€ElrrRep(P)

where N acts by permuting factors, ie 7((xXp) perrrrep(P)) = (Xn*p) pelrrRep(P) fOr NE€ N .
A homotopy N —space is a space X equipped with a homomorphism from N into
the group of the homotopy classes of self-homotopy equivalences of X ; in particular,
every N —space may be regarded as a homotopy N —space. We say that homotopy
N —spaces X and Y are homotopy N —equivalent, see Definition 7.1, if there exists a
map f: X — Y such that the diagram

X N Y
4.8) n l J n

X N Y
commutes up to homotopy for every n € N.

Theorem 4.9 Let 1, v be P—characters of a compact connected Lie group G such that
W+ v is a homotopy character. For every p—stubborn subgroup P C G, the homotopy
Ng(P)/P—spaces &, vp and Fibﬂ’v (G/P) are homotopy Ng(P)/P —equivalent.

The proof of this theorem is given at the end of Section 8. This result allows us to
prove the following.

Theorem 4.10 Let 1, v be P—characters of a compact connected Lie group G such
that u + v is a homotopy character. If for every p—stubborn subgroup P € G and
every i > 2 holds

AN (NG(P)/P:7ti(® pup,vp)) = 0,

then p and v are p—homotopy characters.

Proof We will apply Theorem 3.4 to prove the existence of the lifting extension of
the diagram (4.3). First, we need to check that the assumptions of Theorem 3.4 are
satisfied. For every p—stubborn subgroup P C G, the group Cyg+q4n)((tp X vp)(P))
is connected (by Schur’s lemma), and there is a homotopy equivalence

map(EG xg G/P, BU(d +d")})) B(upxvp) = BCua+ary((tp X vp)(P))),,
by the Dwyer—Zabrodsky—Notbohm theorem (Theorem 2.1).
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Thus the space
map(EG XG G/P, BU(d + d/)j/J\)B(ILPXVP)

is simply connected. Also Fibﬁ,v(G/P) is simply connected since it is homotopy
equivalent to &, ,, by Theorem 4.9. Again by Theorem 4.9 and the assumption

A™1(Ng(P)/P:Fibl (G/P)) = A"t (Ng(P)/P; 1i(Spupvp)) =0

for i > 2 and G/P € Rp(G). The space &, is simply connected; therefore this
equation is valid also for i = 1. Thus, by Proposition 2.14,

H'"Y(Rp(G):Fib? ) =0
for i > 1. Theorem 3.4 implies that there exists a lifting extension in the diagram (4.3).

The conclusion follows from Proposition 4.4. |

Calculation of groups A*

Proposition 4.11 Let P C G be a p-stubborn subgroup. Assume that for every
Ng(P)/P—orbit X C IrrRep(P, up) N IrrRep(P, vp) and every i > 2,

AN (NG(P)/P: Zp[X]) = 0.

Then ATV (Ng(P)/P; (S pypvp)) =0 fori > 2.

Proof Denote N = Ng(P)/P, J:=1IrrRep(P, up) NIrrRep(P, vp), and
Y, = (U(ch, +cb,)/(U(ch,) x U(cgp)));
for p € IrrRep(P). Note that for p € IrrRep(P) \ J either cﬁP =0 or c,’,’P = 0; thus
Supvp = l_[ Y.
pETJ

Let 3= X; U---U Xy be a presentation as the sum of disjoint orbits, and let p; € X;
be representatives. Obviously Y, = Y,y if p and p’ lie in the same orbit. We have a
sequence of isomorphisms of Z;,\[Ng(P) /P]-modules:

i@y = o T11) = [ T17)

p€ET j=1 PEX;

k k
X.
= [[= @) =[] (¥,)) @ Z)[X;).

j=1 j=1
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Since ;(Y),) is a finitely generated ZI/,\ —module, from Proposition 2.16 follows that

k
Al(Na 7Ti(®,up,vp)) = Ai (N’ l_[ ZS[)(]]@TQ(YP]))

k =
=P AN Z)[ X1 @ 7i(Y,,)))
j=1
=0. .

Proof of Theorem 1.5 The result now follows immediately from Theorem 4.10 and
Proposition 4.11. a

Splitting of Adams operations

Finally, we will prove that Theorem 1.5 applies in the case that G is the rank n unitary
group, and v = ¥ is the character of the unstable Adams operation of degree k,
(k,n!) = 1. The special case is the character of the identity representation ¢ = v !. The
proof of Theorem 1.5 depends on the following two propositions. For a finite set X
let Xx denote the group of permutations of X .

Proposition 4.12 Let P be a p—stubborn subgroup of U(n), and let k be an integer
prime to n!. Forevery Ny,)(P)/P—orbit X CIrrRep(P, %’3) , the map Ny (,y(P)/P —
Yx induced by this action is an epimorphism.

Proposition 4.13 If X is a finite set, then A'(Zy; Z;,\[X]) =0 fori > 2.

These propositions are proven at the end of Section 5 and Section 6, respectively.
Finally, we prove that the character wk of the unstable Adams operation wk: BU (n)—
BU(n) has the splitting property.

Proof of Theorem 1.4 Let y be a P—character of U(n) such that u + ¥* is a

homotopy character. Fix a prime p, a p-stubborn subgroup P C U(n) and an
Ny (P)/P-orbit X CIrrRep(P, ¥*). By Proposition 2.15(2), if p divides the order
of ker(Ny(n)(P)/P — Xx), then Ai(NU(n)(P)/P; Z;}[X]) = 0; otherwise

A(Ng(P)/P; Z)[X]) = A (Sx: Zp[X]) =0

for i > 2 by Propositions 4.12 and 4.13. The conclusion follows from Theorem 1.5. O
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5 Representations of p-stubborn subgroups of U(n)

Let n be a positive integer and let 75, € U(n) be a maximal torus. Recall [13; 5; 6] that
for every m € Z such that (m,n!) = 1, there exists a unique homotopy representation
W™ BU(n) — BU(n) such that | g7, is a map induced by the composition

T, —>T,<UMm), x—x".

Let Y™ € R(U(n)) be the character of W™, and let p be a fixed prime integer.
In this section we prove Proposition 4.12, which states that for every p—stubborn
subgroup P C U(n) and every Ny,)(P)/P—orbit X C IrrRep(P,¥y'), the map
Nym)(P)/P — Zx is surjective.

Let us recall the classification of p—stubborn subgroups of unitary groups obtained by
Oliver [12]. Define p x p—matrices

100 - 0 010---0
00 -+ 0 001 -0
(5.1) A=|008 0 | p=|:::-
RS 000 ---1
()()()...é‘P—l 100 ---0

where ¢ = ¢27I/P_Let I} denote the k x k identity matrix. Define matrices Af.‘, B{‘ €
U(p¥), fori =0,....,k—1,by

(5.2) AN =1, A@ I —i-1. Bf =I1,®B® L.
Finally, let

(5.3) T(k):=(S', Ak ... .AF_ B ... Bf )cU@b),
where S! = (e?7i!. 1) . Note that (AkyP = (BF)P = I, and

- AKBF  fori = j,
(54) Akak = ak4¥, BEBE—BEBF, BEak - {;k i ot
A% B; fori # j.
Jj i
Furthermore, every element of x € I'(k) can be written uniquely in the form
(5.5) x=t-AF ... Ak BF ... BY
where 1 € S1, 0<i; <---<i, <k,and 0< j; <--- < js <k.

Let Cp denote the cyclic group of order p. We say that a subgroup of a unitary group
is elementary p—stubborn if it has the form

T(kiay,....a;):==T(k)2CH -2 Cor CU(PF)2CE1 22 Cor CU(pFHEany,
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If P=T(k;ay,...,a,) is an elementary p-stubborn subgroup, then by [12, Theo-
rem 6]
Nuym)(P)/P =~ Spyi (Fp) x GLg, (Fp) x - - x GLg, (Fp).

Proposition 5.6 [12, Theorem 8] Every p—stubborn subgroup of U(n) is conjugate
to b
P =P x-x P U™ - x U(p")Y S U).

where { P; € U(p™)} is a family of pairwise nonisomorphic elementary p—stubborn
subgroups. Furthermore,

J
(5.7) Ny (P)/P =~ [ [(Nuepmniy(Pi)/Pi) 2 Zs, O

i=1

Recall that /™ denotes the character of the unstable Adams operation of degree .
For an arbitrary subgroup P C U(n), the homomorphism ¥}’ is determined by the
condition that for all x € P,

(5.8) tr(yp (x)) = tr(x™)

uniquely up to conjugacy. This follows from the definition of W™, since every x € P
is conjugate to an element of 7.

Proposition 5.9 If n = pk, then the representation er“n(k) is irreducible.

Proof If k =0, then wrnj(k) has dimension 1. Otherwise, p does not divide m. Define
an endomorphism «: I'(k) — I'(k) by formulas

. (X(X) =x" for x € Sl = Z(U(pk))
. a(4f) = (b
« a(B¥ = Bk

By checking conditions (5.4) we prove that « is well-defined, and it is surjective since
(p,m)=1. Let
x=t-Af - Ak BY ... BY eT(k)

be the presentation (5.5) of an arbitrary element of T'(k). If s = 0, then a(x) = x™;
for s > 0 both x™ and o™ (x) have no nonzero elements on the diagonal, and then
tr(x™) =tr(a(x)) = 0. Therefore, for every x € I'(k) we have tr(lij’f’(k) (x)) =tr(x™),
and then the composition ¢ )oa is conjugate to 1//12"( %) since they have equal characters.
Now the conclusion follows from irreducibility of tp ), which is proven in the proof
of [12, Theorem 6], and surjectivity of «. a
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Proposition 5.10 For every elementary p—stubborn subgroup P of U(n), the repre-
sentation ' is irreducible.

Proof We induct with respect to j, where P =TI'(k;ay,...,a;). The case j =0 is
proven in Proposition 5.9. Assume that j > 0. We denote n’ := n/p%,

Q:=T(k;ay,....aj—) S UMW)

and E = C;j ; obviously P = 0 E = QF x E. For (x,),eE € OF, we have

(%) tr(wg((xr)reE) = tr((x;n)reE) = Z tr(x;n) = Z tr(wg(xr))

reE reE

= 3" (W o pr)((x5)ser))

reE

—o(( D o) roen)
reE

where pr, denotes the projection on the r factor. Thus, we have

(k) reng Vp = @ v °Pr,

reE

as representations of Q£. By the induction hypothesis w’” is irreducible, and then also
wg opr, is irreducible. The conjugation action of the quot1ent P/QE ~E on QF is
by shifting coordinates. For t € E, we have

(W 0P (Xs)ser) = (U 0 pr,) (Vo )ser) = Wi (5r4e)
= (Wg opr, )((Xs)seE)-
Then l*(wg opr,) = wg opr,4,, and this implies that £ acts transitively on the

summands at the right-hand side of equation (). Hence the representation induced
from any single summand is irreducible, and by Frobenius reciprocity it is isomorphic

to Y. O

Proof of Proposition 4.12 By Proposition 5.6, we can assume that P = ]_[1_1 phi ,

where P; C U(p’') are pairwise nonisomorphic elementary p—stubborn subgroups.
Fori=1,...,jand k =1,...,b;, define

Vik =V¥p, oDk
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where pr; x: P — P; is the projection onto the k™ summand of type P;. By a
calculation similar to (*) in the proof of Proposition 5.10, we prove that

J b
Up @@%‘,k

i=1k=1

The representations y; . are pa1rw1se nomsomorphlc and irreducible by Proposition 5.10,
therefore IrrRep(P, ¥§') = {y; k}t—l """ bi. Let

.....

pit Nu@m)(P)/P — (Nu@u;)(Pi)/Pi)Q Ep, = Zp, = Z{yik};’i_l

be the homomorphism given by the projection on the ;™ summand of (5.7). For every
ne Np(P)/P,ie{l,...,j},and k €{l,...,b;}, there exists A(n,i,k) € N(P;)/P;
such that pr; x on = A(n, i, k) opr; ;. (4)(k)- Furthermore, for every A € N(P;)/Pi, we
have )‘*wfn’f’ =Yp, oA =Yg by (5.8). Finally, we obtain

N Vik = Vikon=Yp oprigon=yp or(n.i,k)opr; , o)
= Vb O Pli pi (k) = Viopi (1))

for ar‘g)?trary n.i,k. Thus every Ny, (P)/P—orbit of IrrRep(P, §') has the form
{Vik ;= - The conclusion follows from the surjectivity of the homomorphisms p;. O

6 Calculation of functors A*

Fix a prime p. Let X be a finite set and let Xy be the group of permutations of X .
In this section we prove Proposition 4.13, which states that A*(Zy; Z;,\[X 1) =0 for
i > 2. To achieve this, we use results of Aschbacher, Kessar and Oliver [2]. For a
finite group H , let O, (H) denote the maximal normal p—subgroup of H . Note that
a p—-subgroup P C H is p-radical if and only if P = Op(Ng(P)).

Definition 6.1 Let ' be a finite group. A radical p—chain of length k in T is a
sequence

PyC PSP, S-S P CT
of distinct p—subgroups of I" such that

e Py=0p(I),
* Pi=O0p(Nr(Po) N Nr(Py)N---NNp(Pp)),
e Py isa p-Sylow subgroup of Np(Py) N Np(Py)N---NNp(Pr—1).
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Lemma 6.2 Fix a finite group T", and a finitely generated ZQ[F]—module M . Assume,
for some k > 1, that A¥(T'; M) # 0. Then there is a radical p—chain

=Py C PSP S CPCT

such that M /pM , regarded as an [F,[ Py ]-module, contains a copy of the free module
IE'}J[P e

Proof This is a special case of [2, Lemma 5.27]. O
Proposition 6.3 Assume that X is a finite set of cardinality n and that P C Xy is a
p-radical subgroup. Then

|PIZn—|XP| =X \X"|.

Proof Let G be the set of all finite (possibly empty) sequences of positive integers. For

k= (ky,...,ky) €6, inductively define subgroups A(k) C X |k|:=ki+---+ky,
by A(@)=1C ¥; and

plkl s

Alky, ... k) =A(kq, ... ,kr_l)ZCIiC’ - Epk1+<-~+k,_1 ZC;’ - 2p|k|.

By [1], every p-radical subgroup of Xy has the form

P = l_[ A(k)™®) ¢ 1_[ (Z,u)™®) 3, ~ 5y,
ke6 keG

where n = Zm(k)p'“. Note that |A(k)| > p'*! and A(2) is a trivial group. Thus

Pl= [T [4wm®= [T pH"©= TT mk)-p*' =n-m@).
kec\{a} kec\{a} kec\{a}

Since | X P| = m(2), the conclusion follows. o

Proposition 6.4 Let X be a finite set with n elements. Assume that
1=P G PGP G & P S Xy

is a radical p—chain of length k > 2. Then either | Py | > n, or p =2, n =5 and this
chain is conjugate to

where a,b € Xy are disjoint cycles of length 2.
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Proof We can assume that n > p?; otherwise all p—subgroups of Xy had orders no
more than p. Denote X; = X Piy,=Xx \ X;; obviously Xy = X . As a consequence
of the definition of radical p—chain (see, for example, [2]), P;/P;—; is a p-radical
subgroup of the group

i—1 i—1

( U NEX(Pj))/Pi—l = ( U M=y, (Pj))/Pi—l X Zx;_,.

j=0 j=0
Hence, by [5, Theorem 1.6(ii)] it is a product H x H' of p-radical subgroups
i—1
HC ( U Nsy,_, (P,~))/P,~_1 and H' CXy_,.
j=0
Clearly X; = XE; and by Proposition 6.3 |P; : P;_1| > |H'| > | X;—1 \ Xi|. Thus
k k
[Pl =T ]1Pi: Pica| = [ [ max{p. | Xy \ Xil}.
i=1 i=1
Since Zf-;l | Xi—1 \ Xi| = |Xo\ Xi| >n—p, Pr >n unless p =2 and n € {4, 5}.
But the case n = 4 is excluded, since X4 is not 2—reduced, and the only possibility
for n =5 is stated above. |

Proof of Proposition 4.13 Let X = {x;,...,x,}. Assume that A*(Zy; Z;,\[X]) #£0
for some i > 2. By Lemma 6.2, there exists a radical p—chain Py C--- < P; in X,
such that [F,[X] contains a copy of the free module [F,[P,]. By Proposition 6.4 and
dimensional reasons, (i, p,n) = (2,2,5), and P, C X5 is a subgroup generated by
two disjoint cycles of length 2. But then dim(IFp[Pz]PZ) =1 and dim(IF, [X]P2) =3
which is impossible, since dim(F,[X]) —dim(F,[P,]) = 1. O

7 Homotopy actions

Let Rep be the category of compact Lie groups and homomorphisms up to conjugacy, ie
Morgep(G, H) := Hom(G, H)/ Inn(H).

Fix a finite group N ; it will be regarded as the category with a single object with N
as the group of automorphisms.

Definition 7.1 A left (resp. right) homotopy N —action (or an h-N—action in short) on
a compact Lie group I is a functor N — Rep (resp. N°? — Rep) whose value on the
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single object of N is I'. Similarly, a left (resp. right) h-N —action on a space X is a func-
tor N — HSp (resp. N°P —HSp) with value X'. A group I' (resp. a space X ) equipped
with a left (resp. right) h-N—action will be called a left h-N—group (resp. right h-N—
group, left h-N—space, right h-N—space). Let N —Rep (resp. N°°—Rep, N -HSp,
N°P—_HSp) denote the category of left h-N—groups (resp. right h-N—groups, left h-N—
spaces, right h-N—spaces), where morphisms are natural transformations of functors.
Either a homomorphism or a map is called h-N—equivariant (resp. h-N—equivalence)
if it represents a morphism (resp. an isomorphism) in the suitable category, ie if it
preserves an h-N—-action.

Note that a map between h-N—spaces is an h-N—equivalence if and only if it is both
h-N-equivariant and a homotopy equivalence. The classifying space functor maps
conjugate homomorphisms into homotopic maps. Thus, it defines functors

B: N-Rep—~> N-HSp and B: N°°-Rep — N°°~HSp.

Definition 7.2 Let K be a left h-N—group and let H be a compact Lie group. We
say that a homomorphism «: K — H is h-N—invariant if for every n € N the repre-
sentations [«] and [a] o y are equal (as morphisms in Rep).

Functoriality of centralizers

Let H be a compact Lie group, P a p—toral left h-N—group, and o: P — H an h-N-
invariant homomorphism. For an arbitrary homomorphism y: P — P representing
the image of n € N in Out(NV), there exists b, € H such that the diagram

P~ H

(7.3) yl Jhwb;lhby
P>~ H

is strictly commutative. The formula

(7.4) Ch(a(P)) = Cg(a(P)). h>byhby!

defines a homomorphism which does not depend, up to conjugacy, on the choice of a
representative y . To prove the independence (up to conjugacy again) on the choice of
element by , fix another b), € H such that (b;,)_la(g)b;, =a(y(g)) forall ge P. It

is enough to prove that b;,b; I e Cy(a(P)), which follows from this calculation:

B b; ) (@) By by 1) = by () ()50, = by (by) ()b )by ! = (o).
Thus, (7.4) defines a right h-N—action on Cg (x(P)).
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Proposition 7.5 Let P be a p—toral left h-N—group, H a compact Lie group and
oa: P — H anh-N-invariant homomorphism. The map (see Theorem 2.1)

(ade),: BCh(a(P)), — (map(BP, BH)pa),
is an equivalence of right h-N —spaces.

Proof We have to prove that for every n € N, and every y: P — P representing the
image of n € N in Out(N ), the following diagram commutes up to homotopy.

BCy («(P)) %% map(BP, BH)p,

n map(By,BH )y

ady

BCr(a(P)) — map(BP, BH)p,
After passing to adjoint maps, this reduces to checking that maps
By, By: B(Cg(x(P))x P)— BH
are homotopic, where
9 Ca(@(P)x P> H, (g,8) > bygby ' -a(g),
V: Ca(a(P)x P —H, (g.8) g aly(g)),
and b, € H is an element such that b;l ~a(g)by, = a(y(g)) forall g € P. Since ¢
and ¢ are conjugate, they induce homotopic maps. Thus ady preserves the h-N—action,

and by Theorem 2.1 (ada)z’,\ is a homotopy equivalence; therefore it is an equivalence
of right h-N—spaces. |

Centralizers in unitary groups

At this point we restrict to the case H = U(d). As before, P is a p—toral left
h-N—group and «: P — U(d) is an h-N—invariant homomorphism.

Recall that IrrRep(P) denotes the set of isomorphism classes of unitary representations
of P and, for p € IrrRep(P) and a representation £ of P, cg denotes the multiplicity
of p in &, ie the number of summands isomorphic to p in an arbitrary decomposition
of £ into a sum of irreducible representations. Define a group

(7.6) Jo= [] Uh.

p€lirRep(P)
The formula

(7.7) n: Jo = Ja, (fp)pelrrRep(P) = (fn*p)pelrrRep(P),
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for n € N, defines a (strict) right N —action on Jy. In particular, J, is a right
h-N—group.

The homomorphism « defines a linear P—action on C9. For p € IrrRep(P), let
W, < C be the maximal subrepresentation with all irreducible summands isomorphic
to p. By Schur’s lemma, we have a decomposition

(7.8) cl~ P w,
p€lrRep(P)

An element ¢ € U(d) centralizes «(P) if and only if for every p € IrrRep(P) the
restriction @[y, is a P—equivariant automorphism of W),. Then the homomorphism

[T Ur(Wp) - Cywy(a(P))
p€lrrRep(P)

is an isomorphism, where Up(W),) is the group of P—equivariant unitary automor-
phisms of W,,. For any p € IrrRep(P), let V,, be a P—vector space which represents p
and let ip: V), ® Cce — W, be a fixed P—isomorphism. The homomorphism

k§: Ulcl) = Up(Wp), fripo(idy, ®f) ol'p—l

is an isomorphism by Schur’s lemma. Finally, define an isomorphism

Dks ~
(7.9) kot o= [] U =" [] UpW,) = Cuyw@(@(P)).
p€lrrRep(P) p€lrrRep(P)

Proposition 7.10 The homomorphism ky: Jo — Cyq)(a(P)) is an equivalence of
right h-N —groups.

Proof Let y: P — P be an isomorphism that represents the action of n € N on P,
and let b, € U(d) be an element such that b;loz(g)by =w(y(g)) for g € P;see (7.3).
By Schur’s lemma, b, maps Wy, isomorphically onto W, for every p € IrrRep(P).
Then there is a presentation

b= P b

p€ElrrRep(P)

where b,’f: Wy — W) are isomorphisms. The diagram

ke

Ulcy)

*

n*p

* ke
U Py — Up(Wy=p)

Up (Wp)

[h»b{jh(b{j)—l
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commutes up to conjugacy since both compositions are isomorphisms between unitary
groups that preserve subgroups of homotheties. After taking the product over all
p € IrrRep(P) we obtain the diagram

= P ko
7, 1_[ Uleg) ke 1_[ Up(W)p) Cua)(@(P))
p€lrrRep(P) p€lrrRep(P)
(fo) = (%) [Tk boRBE)Y) hi> by hb!
= P ka
Ja [1 ved) & ] vew,) Cua)(@(P))
p€lrrRep(P) p€elrRep(P)
which also commutes up to conjugacy. The conclusion follows. |
Corollary 7.11 The composition
B(ka)p
(BJa), — BCU(d)(Ot(P))p (map(BP BU(d))ga))
is an equivalence of right h-N —spaces.
Proof This is an immediate corollary to Proposition 7.5 and Proposition 7.10. a

Centralizers in products of unitary groups

Let a: P — U(d), B: P — U(d’) be h-N—invariant homomorphisms. The inclusions

(7.12) UeP) x U(c?) 25 U(cP +¢P) =
’ o B a "B

for p € IrrRep(P), induce an N —equivariant inclusion Jy X Jg C Jyg8.-

U(CaGBﬂ)

Proposition 7.13 The diagram
kanB
Jo x Jg —— Cya)(a(P)) x Cyr)(B(P))

c 52}

kags

Y Cu(d+an((a @ B)(P))

is a commutative diagram in N °° —Rep.
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Proof All homomorphisms in the diagram preserve the right h-N—-action. For horizon-
tal ones this follows from Proposition 7.10. Let C¢" = @ » W, be the decomposition
such that all irreducible subrepresentations of Wg are isomorphic to p; see (7.8).
Let ky: U(ch) — Up(W,), kg: U(cg) — Up(W)) be the isomorphisms defining kg
and kg, respectively. One can choose, for every p € IrrRep(P), an isomorphism
kgeﬁ: U(ch + cg) — Up(W, ® W)) such that k£@g|U(c§)xU(cg) = kP x kg. For
such choices, the commutativity of the diagram follows from definitions. a

For an h-N—invariant homomorphism &: P — U(k), define

(7.14) 3¢ = (BJe)),
(7.15) € := BCyq)(E(P)),,,
(7.16) M := (map(BP, BU(k))pe)) -

Proposition 7.17 The diagram

N N Bkoxkpg)) (adg x adg)y
Ja X Jp P . €y xCg L My x Mg
B(9)) lea ®
N (Bkagp)p (ade@p))
Jaop - - Coop i - Maop

is a commutative diagram in N °° —HSp, and the horizontal maps are h-N—equivalences.

Proof This is a consequence of Proposition 7.5, Proposition 7.10, Proposition 7.13,
and the naturality of the ad maps with respect to the target space. a

8 Fibers of equivariant fibrations

If p: E — B is afibration, then every path w: [0, 1] - B connecting points by, b; € B
induces a weak homotopy equivalence ws: p~!(bg) — p~'(b;) between the fibers
over its endpoints. If B is simply connected, then this map does not depend (up to
homotopy) on the choice of a path; in such cases we will write #;, 5, := w«. For a
commutative diagram

(8.1) p{ lp’
f
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where p, p’ are fibrations and B’ is simply connected, we define the induced map
between the fibers F = p~1(bg) and F' = (p')~ l(b/ ) induced by this diagram as the
composition

T8 F = 7 G0 25 ()7 (o) () b =

Clearly it is well-defined up to homotopy.

Let N be a group, £ and B N —spaces and p: £ — B an N —equivariant fibration
over simply connected basis. For every fiber F = p~1(bg), by € B, the formula

E—F
(8.2) N = [F,F], n~ T: BB

defines an h-N—action on F'. If the spaces in the diagram (8.1) are N —spaces and
the maps are N —equivariant, then the induced map between fibers Tj}g :F— F'is
h-N—equivariant. We will prove that this generalizes, under certain assumptions, to
transformations of fibrations which are only h- N—equivariant.

Lemma 8.3 Consider a diagram of spaces:

/
E gt E

|l
B L~ p
Assume that
* fp=r'g1=r'g82=14.
e the maps g, and g, are homotopic,

e p: E— Band p': E' — B’ are simple fibrations with fibers F = p~!(by) and
F' = (p')"'(f(bo)) respectively, where by € B,
e the homomorphism
map(E, p’)«
mi(map(E, E')g,) —> = mi(map(E, B')g)

is surjective.
Then the maps g;|p: F — F' are homotopic fori =1, 2.
Proof The map map(E, E')g, — map(E, B’),4 is a fibration with the fiber

M ={gemap(E,E ), :p'g =q}.
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By the last assumption M is path-connected. Furthermore, the image of the restriction
M — map(F, E’) is contained in map(F, F’). Hence, g1, g, € M restrict to homo-
topic maps g1|f. g2|F € map(F, F'). O

Proposition 8.4 Consider a diagram of simply connected N —spaces
E
|l
B e B’

that is commutative as a diagram of spaces. Assume that the maps p and p’ are N —
equivariant fibrations, and the maps f and g are h-N—equivariant. Let F = p~!(bg)
and F' = (p')~! (by) be the fibers of p and p’ respectively; assume that they are also
simply connected. If the homomorphism

Py mymap(E, E')g — my map(E, B)pg

is surjective, then the induced map T fg . F — F’ between the fibers is h-N —equivariant.

Proof Fix n e N. Denote

=B LB g=EES5F
heB LB g £ E LE

We have to prove that the commutative diagrams

E g1 E’ E g2 E,
pJ Jp’ and p{ lp’
B i, B/ B i, B/

induce homotopic maps between the fibers, ie that the maps 7' j}'l Yand T ;'22 are homo-
topic. Let F: Bx I — B’ be a homotopy between f> = F|pxo and f; = F|px1, and
let L: E x I — E’ be a lifting extension fitting into the diagram:

Ex0 ﬁ, E/

R
L .
. /

Fo
Ex] —2% p

’

p
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Denote g, = L|gxi: E — E’. The maps ng and T;Iz are homotopic since (F, L)
is a homotopy between the transformations ( /2, g2) and ( /1, g5). Finally, the diagram

E ==+ [/

&2
R
B il B

satisfies the assumptions of Lemma 8.3 since the homomorphism

w1 (map(E, E/)gl) = my(map(E, E/)gn)
map(n~ E’)«
—

~

w1 (map(E, E')g)

E,p")«
map(_>P ) T[] (map(E, B/)p’g)

,B)«
M (map(E. B)prgn)
=T (map(E, B/)p’gl)

is an epimorphism. Thus the maps g1|r. gy|r: F — ()7 Y(f1(bg)) and are homo-
topic. Finally we obtain the sequence of homotopic maps F — F’

o _ & g
Ty = b0y, © 11F ~ 1 bo) by © 82l F = TP ~ T,

which ends the proof. a
Equivalence of homotopy centralizers
Proposition 8.5 Let G and H € H' be compact Lie groups, and let «: G — H be a

homomorphism. Assume that for every p—stubborn subgroup P C G, the centralizers
Cy(a(P)) and Cy/(x(P)) are equal. Then the map

map(BG,', BH,")pe — map(BG,', (BH')})) B«

is a homotopy equivalence.

Proof Let i: H — H’ be the inclusion. Denote

map(BGA,BHlf\)(a):={f: BGI/,\ —>BH1§\ :for all G/P GR,,(G),f|BPpA ~ (Ba|p);,\}.
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There is a commutative diagram

map(BG, BH})(a) = ~ map(BG. (BH')}) (joa)
x~ l Theorem 2.11 x~ l Theorem 2.11
map( hocolim EG/P, BH) i+ map( hocolim EG/P,(BH')),.
p(G/PERP(G) / r )(a) - p(G/PERp (G) / ( )P)(zoa)

holim map(EG/P, BH, ix_ holim map(EG/P,(BH)))io
G/PERF(G) p( / p)Ol|P — G/PG'R,,(G) p( / ( )p)l o|p

with horizontal arrows induced by i: H — H’, and vertical ones being homotopy
equivalences. Since the bottom horizontal map is an equivalence by assumptions, so
is the upper one. By restricting to the component of (Bo) 1’,‘ on the left-hand side and
that of (Bi o oz);,\ on the right-hand side, we obtain the conclusion. a

Proposition 8.6 Let k, ! be positive integers. If P CU(k), Q CU(l) are p-stubborn
subgroups, then

Cuk+1)(P x Q) = Cypyxu) (P x Q) = Cy)(P) x Cyay(Q).

Proof Letip: P CU(k), tg: Q CU(/) denote the inclusions and wp: Px Q — P,
mg: P x Q — Q the projections. The representation tp does not contain a trivial
summand; otherwise the normalizer of P in U(k) would have a greater dimension
than P which contradicts p—stubbornness. Every irreducible representation of P x Q
has the form p®o := (pomp)®(comg), where p and o are irreducible representations
of P and Q respectively. If (p o rp contains a subrepresentation isomorphic to p® o,
then o is trivial and p is nontrivial; if it is contained in (g o g then p is nontrivial. As
a consequence, there exists no irreducible representation of P x Q which is contained
as a summand in both tp orp and (g o mg. By Schur’s lemma, we obtain

Cu+1)(P x Q) = Cyg+1((tpomp) ® (g o))
= Cyp)(tp) X Cyay(tg) = Cyp)(P) x Cyy(Q). O

Proposition 8.7 Let N be a finite group and P a p—toral h-N —group. Assume that
a: P—U(d) and B: P — U(d’) are h-N—invariant homomorphisms. Then the map

map(Jo X Jg, Ja X Jp)id = Map(Ja X Ig. Jadp)B(C)) -

induced by the inclusion Jo X Jg C Jygp, is @ homotopy equivalence.
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Proof Let Q be a p—stubborn subgroup of Jy X Jg. By [5, Theorem 1.6], every
p—stubborn subgroup of Jy x Jg has the form

[TeoxTe,s[1ue x[Tuep.
where the products are indexed over p € IrrRep(P), and Q, C U (c), Q"O cU (cg)
are p-stubborn subgroups. Then

CroPxa5(P)(Q) = [ [Cuet)( Qo) ¥ [ [ Cures ) (Q))
= HCU(cg)xU(cg)(Qp x Q)
= [[Cuehreg)(Qox Qp) = Cupyy(p) ().
where again the products are indexed over p € IrrRep(P), and the last isomorphism

follows from Proposition 8.6. The conclusion follows from Proposition 8.5. O

Equivariant equivalence of fibers

Finally, we return to the situation of Theorem 4.9. Let G be a compact connected
Lie group, P € G a p-stubborn subgroup, and u,v P-characters of G with di-
mensions d, d’, respectively. Denote N = Ng(P)/P, a .= up: P - U(d), B :=
vp: P — U(d’). As before, @ and B are h-N—invariant. Let

MG % MG :=map(EG xg G/P.(EU(d +d")/(U(d) x U(d")))p) Bla®p))
and, for an arbitrary h-~N—invariant homomorphism &: P — U(k), let
Mg := map(EG x¢ G/P, BU(k)}) e
The inclusion U(d) x U(d") C U(d + d’) induces an N —equivariant fibration
mg g MG X MG — Mg 5.
where the right action of N comes from the left action on EG xg G/P.

Proposition 8.8 The homotopy fiber of mg 8 is h-N—equivalent to Fibﬁ,v (G/P).

Proof Homotopy equivalence of these spaces comes from the definition of the space
Fibﬁ,V(G/P); see (3.2), (4.3). Also the definitions of the homotopy N —action on
Fibﬁ,v(G/P) (3.3) and on the homotopy fiber of mg 8 (8.2) coincide. |

Recall (7.12) that the inclusion Jy X Jg € Jygp is N —equivariant. Define an NV —space

(8.9) Ja 54(3/3 = (EJot@ﬂ/(Jot X JB))I/;
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and an N —equivariant fibration

(8.10) ja,fﬁ Ja X 3/3 = (EJaeaﬂ/(Ja X J,B));)\ g (EJaGBB/JaGBﬂ)I/;\ = 3016919'

Clearly the space &, g (4.7) is homotopy N —equivalent to the fiber of j, g.

Proof of Theorem 4.9 There is a commutative diagram in N °°~HSp

Ju%Jp ~—— JaxJp —— My x Mg ~—— MG X MG
. B(S), @ nggﬁ
Ja.B
Jaap - Mygp mg@ﬂ

where the middle square is the diagram Proposition 7.17, and the remaining equivalences
are induced by h-N—equivalences EG xGg G/P >~ BP and EJygp ~ EJy x EJg.

G 8 is a fibration, there exists a strictly commutative diagram

Since my

Jo % Jp — -+ MG XM

lma,ﬂ

G
m(x@ﬂ

ja.ﬁ

30(69/3

such that the horizontal maps f and g are h-N-equivalences. Let T ;’ i B p —
Fibﬁ,v (G/P) be the induced map between the homotopy fibers of vertical fibrations.
By Proposition 8.7, this diagram satisfies the assumptions of Proposition 8.4. Then the
map T¢ is an h-N—equivariant map and a homotopy equivalence (since f and g are
homotopy equivalences). |
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