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On diffeomorphisms over nonorientable surfaces
standardly embedded in the 4—sphere

SUusSuMU HIROSE

For a nonorientable closed surface standardly embedded in the 4—sphere, a diffeo-
morphism over this surface is extendable if and only if this diffeomorphism preserves
the Guillou—Marin quadratic form of this embedded surface.

57Q45; 20F38, 57N05

1 Introduction

Let S be a closed surface and e be a smooth embedding of S into S*. A diffeomor-
phism ¢ over S is e—extendable if there is an orientation-preserving diffeomorphism &
of S* such that ®|g = ¢. The natural problem to ask is:

Find a necessary and sufficient condition for a diffeomorphism over S to
be e—extendable.

For some special embeddings of closed surfaces in 4-manifolds, we have answers
to this problem (for example, by Montesinos [11], the author [4] and the author
and Yasuhara [6]). An embedding e of the orientable surface X into S 4 is called
standard if e(Xg) is the boundary of 3—dimensional handlebody embedded in S 4,
Montesinos [11] and the author [4] showed:

Theorem 1.1 ([11] for g =1; [4] for g = 2) Let X be standardly embedded in S4.
An orientation-preserving diffeomorphism ¢ over the ¥4 is extendable to S* if and
only if ¢ preserves the Rokhlin quadratic form of the £, standardly embedded in S*.

In this paper, we consider the same kind of problem for nonorientable surfaces embedded
in S*. Let N, ¢ be a connected nonorientable surface constructed from g projective
planes by connected sum. We call Ny the closed nonorientable surface of genus g .
Let S3 x[—1,1] be a closed tubular neighborhood of the equator S* in S*. Then
S*—83x(—1,1) consists of two 4—balls. An embedding os: Ng — S* is o—standard
if 0s(Ng) C S3 x[—1, 1] and as shown in Figure 1. On the level ¢ = 0 in this motion
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Figure 2. Bands attached on the level ¢ = 0 in Figure 1

picture, by the numbering of the band from the left to the right, the (2i—1)—st band is
as shown in the left of Figure 2, and 27 —th band is as shown in the right of Figure 2.
The main result of this paper is:

Theorem 1.2 The diffeomorphism ¢ over Ny is os—extendable if and only if ¢
preserves the Guillou—Marin quadratic form of the Ng o—standardly embedded in S 4
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2 Guillou—Marin quadratic form

For a smooth embedding ¢ of the closed nonorientable surface Ny of genus g
into S*, Guillou and Marin [3] (see also Matsumoto [10]) defined a quadratic form
ge: H\(Ng;Zy) — Z4 as follows: Let C be an immersed circle on Ng, and D be
a connected orientable surface immersed in S* such that 9D = C, and D is not
tangent to Ng. Let vp be the normal bundle of D, then vp|c is a solid torus with
a trivialization induced from any trivialization of vp. Let Ny, (C) be the tubular
neighborhood of C in Ng, then Ny, (C) is a twisted annulus or a Mobius band
in vp|c. We denote by n(D) the number of right-hand half-twists of Ny, (C) with
respect to the trivialization of vp|c. Let D - Ng be the mod—2 intersection number
between the interior of D and Ng, Self(C) be the mod-2 double points number of C,
and 2x be an injection Z, — Z4 defined by 2 X [n], = [2n]4. Then the number
n(D) +2x D - Ng + 2 x Self(C) (mod 4) depend only on the mod—2 homology
class [C] of C. Hence, we define

ge([C]) =n(D) +2x D-Ng 42 x Self(C) (mod 4).
This map ¢, is called Guillou-Marin quadratic form, since ¢, satisfies

Ge(x + ) = qe(X) + qe(¥) +2 X (x-y)2,

where (x - y), is the mod—2 intersection number between x and y. Let {x;,...,Xg}
be the basis of H;(Ng;Z;) shown in Figure 1. For x;, let D be a disc such that
dD = x; and the interior of D isin S? x (0, 1], then D - N, = 0. Since Ny, (x1)
is a Mobius band with one right-hand half-twist, ¢,s(x1) = +1. By the same way
as above, we see that ¢,s(x2;—1) = +1, gos(x2;) = —1. This quadratic form ¢, is a
nonorientable analogy of Rokhlin quadratic form.

A diffeomorphism ¢ over Ng is e—extendable if there is an orientation-preserving
diffeomorphism ® of S* such that the following diagram is commutative:

Ny —— s*

o] lo

Ng SR
If the diffeomorphisms ¢; over Ng is e—extendable, and ¢; is isotopic to ¢, then
¢, is e—extendable. Therefore, e—extendability is a property about isotopy classes of
diffeomorphisms over Ng . The group M (Ng) of isotopy classes of all diffeomorphisms
over Ng is called the mapping class group of Ng. An element ¢ of M(Ng) is e—
extendable if there is an e—extendable representative of ¢. By the definition of g, we
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can see that if ¢ € M(Ny) is e—extendable then ¢ preserves g., ie ge(Px(x)) = ge(x)
for every x € H{(Ng;Z,). What we would like to know is whether ¢ € M(Ng) is
e—extendable when ¢ preserves ¢.. The answer to this problem would be depend
on the embedding e. In this paper, we consider the case where e is the o—standard
embedding.

3 Generators for M(N,)

A simple closed curve ¢ on Ng is an A—circle (resp. an M—circle), if the tubular
neighborhood of ¢ is an annulus (resp. a Mobius band). We denote by ¢, the Dehn
twist about an A—circle ¢ on Ng. In each figure, we indicate the direction of a Dehn
twist by an arrow. Lickorish [8; 9] showed that Dehn twists and Y —homeomorphisms
generate M(Ng). We review the definition of Y —-homeomorphism. Let m be an
M-—circle and a be an oriented A—circle in Ng such that m and a transversely intersect
in one point. Let K C Ng be a regular neighborhood of m U a, which is a union
of the tubular neighborhoods of m and @ and then is homeomorphic to the Klein
bottle with a hole. Let M be a regular neighborhood of m. We denote by Y, , a
homeomorphism over Ny which is described as the result of pushing M once along a
keeping the boundary of K fixed (see Figure 3). We call Y}, , a Y ~homeomorphism.

m

Figure 3. M with circle indicates a place where to attach a Mobius band

Szepietowski [13] showed an interesting results on the proper subgroup of M (Ng)
generated by all Y —homeomorphisms.

Theorem 3.1 [13] T'y(Ng) ={¢p € M(Ng)|ps: H|(Ng:;Z) = H{(Ng;Z3) =id}
is generated by Y —homeomorphisms.

Chillingworth [2] showed that M (Ny) is finitely generated. In this paper, we use the
system of generators of M(N) listed by Szepietowski [13]:
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Theorem 3.2 [13, Theorem 3.3] Letay,...,ag—1,bj (1 <j <g/2) andmg_; be
circles shown in Figure 4. Then tq,, ... . ta,_.1p; (1 =j =g/2), Ym,_,,a,_, enerate

M(Ny).

g is even g is odd

Figure 4. Generators for M (Ng)

Remark 3.3 If g =1, then M(N;) is trivial, hence Theorem 1.2 is valid. From here
to the end of this paper, we assume g > 2.

The i—th band is the Mobius band on which the circle x; in Figure 1 goes across.
Letc; (i =1,...,g—3) be asimple closed curve shown in the top of Figure 5. Let
i,j=1,...,g suchthati # j. When i < j (resp. i > j), we define Y; ; = Yy 4,
where m and a are as shown in the bottom left (resp. the bottom right) of Figure 5.
Let VS, be the subgroup of M(Ng) generated by all Y; ;.

Lemma3.4 YS, andtq,,....ta, ;. tc).... lc,_; generate M(Nyg).

Proof It suffices to show that I, is a product of 74, ... lag i leys-esleg 5 When
Jj =2, 1tp, =tc,. When j > 3, by the lantern relation (discovered by Dehn and
rediscovered by Johnson [7]), te,le,le; = tplay;_s laz;_i1b; » where p, ej,e; and e3
are circles shown in Figure 6, hence lp; = (fplazj_3la2,-_1)_lte1le21e3- Since e; =
lasj_slas;_slas;_las;_»(€3), We see le; is the product of (fay;_las;_slas;_ las;_») "
and fe, lay; _ylay; slay; _ilay; - If j=3,thene; =cy, e =c3 and p=ay. Therefore,

tpy isaproduct of Zg,,....lay_y s leys- v leg_y. If j >4, thene; =bj 1, e3=c2j-3,
and p = b;j_,. By the induction on j, we see that 75, is a product of Z4,, ... ,la,
tcl,...,tcg_S. |
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the i—th band the i—th band

Figure 5. The circle ¢; and the ¥ ~homeomorphism Y; ;

Figure 6. When j = 3, we drop the second and third M with circles.

Remark 3.5 If g = 2,3, then this lemma reads VS, and 74, ..., la,_, generate
M(Ng).

4 Generators for subgroup of M (/N,) preserving ¢,

In this section, we find a finite system of generators for

Ng(‘]os) = {¢ € M(Nyg) ‘ Gos(Px(x)) = qos(x) for every x € Hy(Ng; Zz)}

and prove the main theorem (Theorem 1.2) of this paper.
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We introduce a group

Og(qos) ={A € Aut(H{(Ng: Z2)) | 4os (A(x)) = qos(x) for every x € Hy(Ng;Z»)} .
Then we have a natural short exact sequence

(1) 1 —>F2(Ng)_>Ng((]os)_>Og(‘]os)_> 1.

Since I';(Ng) is a finite index subgroup of M(Ng) and Og(ges) is a finite group,
there exists a finite system of generators for Ng(gos). We find a system of generators
explicitly.

i 2 2 2 2
Theorem 4.1 The group Ng(qos) is generated by YSg., 15, ... lg _  les - Lo,
ldys--sld,_,»and tg laslc,, ... la, sla,  lc, 5, Where d; is illustrated in Figure 7.

d;

OO () ()
Lthe i—th band

Figure 7. The circle d;

Remark 4.2 If g =2, this theorem reads N3 (g,s) is generated by VS, and zjl =idp,.
If g = 3, this theorem reads AN3(qos) is generated by VS3, t2,, t2 and td, -

1’ a2

Proof of Theorem 1.2 By the definition of ¢y, if a diffeomorphism ¢ over Ny is
os—extendable then ¢ preserves ¢y .

Conversely, we assume that ¢ preserves gos. Then ¢ is an element of Ng(qos).
Therefore, if each generator of Ng(gos) is os—extendable then ¢ is os—extendable.

Figure 8. Sliding the left Mobius band along this tube is an extension of Y; ;.

Since a sliding of a Mobius band along the tube illustrated in Figure 8 is an extension
of Y; j, Y; ; is os—extendable, hence every element of VS is os—extendable. Since
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the regular neighborhoods of a; and ¢; are annuli trivially embedded in the equator S3
of S*4, ljl. , Zc2,~ are os—extendable by the same argument as in the introduction of [5].
Since the regular neighborhoods of d; is a Hopf band embedded in the equator S
of S*, t4; are os—extendable by the same argument as the proof of [5, Proposition 2.1].
Finally, by using the same argument as showing the extendability of “C;C3Cs” in the
proof of [4, Lemma 2.2], we show that 74,74,  ,1c; 1S os—extendable. O
As shown in the above proof of Theorem 1.2, any elements of VS, zgl, ces lggf .
Boseeoste o ldys oo ldg_ys a0d laylasleys . lay_slay I, 5 are os—extendable,
hence these elements preserve ¢,s. Therefore, in order to prove Theorem 4.1, we
should see that every element of N (g,s) is a product of these elements.

4.1 Short-leg Y -homeomorphisms

For a Y -homeomorphism Y, 4, we call m the leg of Y), , and a the arm of Yy, 4.
A Y -homeomorphism is called a short-leg Y —homeomorphism, if its leg is one of
X1,...,Xxg illustrated in Figure 1.

Lemma 4.3 Every short-leg Y —homeomorphism is an element of S .

Proof We review the crosscap pushing map defined in [14]. Fix po € Ny and define
M(Ng_1, po) be the group of isotopy classes of diffeomorphisms over Ng_; preserv-
ing po. Let U be a 2—disk embedded in Ng_; such that the center of U is po. We pa-
rametrize U by {(x, y) | x2+p? <1} such that (0, 0) = po. Under this parametrization,
we define an orientation reversing diffeomorphism r: U — U by r(x, y) = (x,—y).
We define a homomorphism j from 71 (Ng_1, po) to M(Ng_1, po) such that, for
aloop y in Ng based at xo and an element [y] € 71 (Ng—1,X0), j([y]) is a dif-
feomorphism over N, obtained as the effect of pushing po once along y. This
homomorphism ;j is a homomorphism in a nonorientable analogy of the Birman
exact sequence [1]. We define a homomorphism ¢ from M(Ng_y, po) to M(Nyg)
as follows. We represent 1 € M(Ng_1, po) by a diffeomorphism / over Ng such
that 2#(U) = U and h|y =idy or h|y = r. We construct Ng from Ny_; —intU by
attaching a Mobius band along dU . Here we assume that this Mobius band is the 7 —th
band on Ng. We extend /|y,_,—inv to a diffeomorphism ¢(4) over Ng naturally.
The homomorphism ¥ = ¢ o j is called a crosscap pushing map.

Every short-leg Y ~homeomorphism Yy, 4 isin ¥ (71(Ng—1, po)), m1(Ng—1, po) is
generated by the loops /; ;’s indicated in Figure 9, and ¥ (/; j) = Y;,j, hence Yy, 4 is
a product of Y; ;’s. O
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Figure 9. The generators for 71 (Ng, po)

Let G¢ be the subgroup of M(Ng) generated by VS, 131, cee tfg_l, tczl, cees Zczg_y
ldys s lde_ys laylasleys - lag_3lag Iy 3. We have already shown that Gg C
Ng(qos), therefore, what we should show is Ng(ges) C Gg. Two Y ~homeomorphisms
Y, and Y, are Gg—equivalent if there is an element ¢ of G such that dYip7 =Y.

We remark that if Y1 = Y, 4 and Y, = @Y ¢! then YV, = Y4(m),6(a) - We will show:

Lemma 4.4 Every Y —homeomorphism is a product of Y —homeomorphisms which
are Gg—equivalent to short-leg Y ~homeomorphisms.

By Lemma 4.3 and Lemma 4.4, we see that every Y —homeomorphism is an element
of Gg. Therefore, by Theorem 3.1, we conclude:

Corollary 4.5 T';(Ng) C Gg. O

Remark 4.6 While the author was writing this paper, Btazej Szepietowski informed
the author that he found a finite system of generators for I'; (Ng). In the next subsection,
we introduce his system of generators and prove Lemma 4.4 by using his result. In this
subsection, we show Lemma 4.4 by our original proof.

As shown in Figure 10, we use the symbol & (resp. &) to indicate the place where the

g is odd g is even

Figure 10. Diagram indicating o-standard N in S*

Mobius band are attached such that g5 (x;) = +1 (resp. gos(x;) = —1) for the circle x;
indicated in Figure 1. We denote an element x = Zf;l €ix;i € H{(Ng;Z,), where

€; =0 or 1, by a sequence of symbols +, —, @, © of length g with [, | which are
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settled by the rule: if €5;_; = 0 then the (2i —1)-st symbol is +, if €5;_1 = 1 then the
(2i—1)—st symbol is @, if €5; = 0 then the 2i —th symbol is —, and if €5; = 1 then the
2i—th symbol is ©. For example, when g =7, we denote an element x, + x3 + X¢ + X7
by [+ & & — + © P]. This sequence is called the r—sequence associated to x. For the
r—sequence associated to x, we settle a simple closed curve on Ny by the following
rule. For the symbols in this sequence, we put arcs on Ny indicated in the bottom of

+ ® - ©

! ! ! !

@ ©
8@ o8

Figure 11. Parts of r—circles

Figure 11, glue them along the boundaries, and cap by the arc indicated on the left of
Figure 11 from the left and by the arc indicated on the right of Figure 11 from the right.
We call this circle the r—circle associated to x and denote by R(x). For an element
X = Zf;l €iXj € H(Ng;Z,), where €; =0 or 1, we define supp(x) = {x; | ; = 1}.

Two simple closed curves ¢; and ¢; on Ng are Gg—equivalent (cy ~@G, ¢2) if there is
an element ¢ of G, such that ¢(c;) = c2.

Lemma 4.7 If g = 1, then every r—circle is Gg—equivalent to R([+]) or R([®]).
If g = 2, then every r—circle is Gg—equivalent to R((+—]), R((®—]), R((+&]) or
R([®8)). If g = 3 is odd, then every r—circle is Gg—equivalent to R([+—+—---+]),
Re—+—+), R(+e+—-+]D). R(@®@S+—+]), R(&—D—---+)
or R(@o®o---@]). If g >4 is even, then every r—circle is Gg—equivalent to
R+ =+ =], R(® -+~ =), R(+©+—+--], R(®© +— ),
R@—-®—---—])) or R(®OSDOS---9)).

Proof If g =1 or 2, then the conclusion is trivial.

If g > 3, then
R(["'_‘i‘@"'])“’Gg R([...@+_...])’
R +—@]) ~g, R(+®—+---]),
R([..._@e...]) ~G, R([...e@_...])’
R([...+e@...]) ~G, R([...@9_|_...]),

@)
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where the leftmost symbols are the i —th symbol, since

Yigo,iYivrita; R([
Yivo,iYivr,ila; R([
Yiv2,i+1Yivr,iv2la, R(- -

—+6---D=R(--
+_@...D:R([...
—@®o---)=R( -

+9@...]):R([...

Yigo,iv1Yigr,ivata, R([--

o+—]),
®—+--),
9@_...])’
de+--]).

119

Therefore, when g = 3, for two cases R([+—®]) and R([+ © ®]) which are not listed
in the statement, we see R([+—@®]) ~¢, R((®—+]) and R((+S&]) ~¢, R(DOS+]).

If g > 4, then

R([..._@e@...]) ~Gy R([..._@_+
R(-+0®0 ) ~g, R(--+O+—--
) R([...@@@+...])NGgR([..._+e_|_...
R([...@@@_...D ~Gy R(["'—i-—EB—"'
R(—@®—® ) ~g, R(--O+O+:-
R([..._|_@_|_9...]) ~Gg R(["'EB—EB—“'
where the leftmost symbols are the i —th symbol, since
Yitsi+1Yidz,itily, (ajlap sl )R — DO D) =
Yitsit1Yivoiv1ly (ata; nle )R-+ 0@ O] =
Yiiv2Yitvivala,,,Ua;la;nle) R0 @0 +---]) =
Yiiv2Yirvivala,,,(aila;ole) R @O @—---]) =
Yitri(taylag 1ote)Yigh ips R — @ — @) =
Yigniltailarsnle) Yigh i3 R+ 0 +0--]) =

)

D.

D.

D

D.

D.
R([..._@_+...
R(—+O+—--
R([...__|_@_|_...
R(-+—-®—---
R(-—-64+6+--
R([...@_@_...

D.

When g > 4, we get our conclusion by the induction on g and Gg—equivalences (2)
and (3). When g >4 is even, by the induction hypothesis, every r—circle of length g —1
is Gg_1—equivalent to R([+—+—---+]), R(®—+—---+]), R(+©+—---+]),
R(®S+—-+]), R(&—P—---+]) or R([PEDBS---P)), therefore every r—circle

of length g is G¢ equivalent to

(i) R(+—+=+-),
() R(+—-+—----+09),
(i) R(®—+—---+-],
iv) R(@®&—+—---+9),
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V) R(+e+-—--+-),
(vi) R(+&+-—---+8),
(vi) R(®S+—-+-).
(viii) R(®E+—---+9)),
(ix) R(@®—-®—-+-),
x) R(@®-0---+9),
xi) R(po®s---d-),
(xii) R(ded6---0a)).

By applying Gg—equivalences (2) and (3), we see the elements (ii), (iv), (vi), (viii), (X)
and (xi) are Gg—equivalent to one of other six elements. For example,

(vii) = R((®©+—---+6) ~¢, R(®S+6--+-)
~6, R(+o®c---+-))
~Gy R(+ S+ —--+-) =(W).

By the same method as above, we get our conclusion when g > 4 is odd. a

If the complement of an M—circle m is orientable, then any circle intersecting m
transversely in one point is an M—circle. Therefore the leg of every ¥ ~homeomorphism
is an M—circle whose complement is nonorientable. Every element of G preserves gy,
the r—circles R([+—---£]), R(®—D —---£]) and R([® © + --- £]) are A—circles,
and the complements of R([® ©---&®]) and R([® & --- S]) are orientable, hence:

Corollary 4.8 If an r—circle R(x) is a leg of a Y —homeomorphism, then R(x) is
Gg—equivalentto R([® —+---]) or R(+ S +---]). a

By investigating the action of generators for M(Ng) listed in Lemma 3.4 on legs of
Y —homeomorphisms, we see:

Lemma 4.9 Every Y —homeomorphism is a product of Y —homeomorphisms whose
legs are r—circles.

Proof Since {x;,...,Xxg} are r—circles, Y; ; is a ¥ ~homeomorphism whose leg is
an r—circle. For every Y -homeomorphism Y, 4, there is an r—circle s and an element
¢ € M(Ng) such that ¢(s) = m, that is, Yy, 4 = ¢Ys’¢_1(a)¢_1. Therefore, by
Lemma 3.4, it suffices to show that for every r—circle s there are ¢;, @], Vi, ¥} € YSg
and r—circles s;, 5}, 4, t] such that t5,(s) = ¢;i(s;), ta_l_l(s) = ¢i(5]), te; () = Yi(t;)
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and 1 Is) = Vi(t]). As observed in the proof of [13, Lemma 3.1], Yy, 4, pre-
serves a; and exchanges the sides of a;, hence #5, = Yy, 4,1, le la , therefore
tg =la; Yx;al5, Y, ,laz Y,a (ei)ai Vo a; = Yi1,i Yy 7y 1 - By the same way as above,

we see that 7, = Yy, ¢, 11 Y\ therefore 12 =1, Yay 015 V! = Y1, (xi)ci Vo s

Xj,Ci? XiCi
Since Yg i3 "'Yi+4,z+3 Yiit1 - Yiivile (Xz) isisotopic to R(x;4+1+Xj+2+Xi+3),
tfi is a product of Y —-homeomorphisms whose legs are r—circles. From the above

observation, it suffices to show that one of 14, (s) = ¢i(si), 7, I(s) = ¢;(s;), and one
of 1, (s) = ¥i (), tc_l-l(s) = W,/(l,/)

Since a; does not intersects R(x) such that supp(x) N {x;, x;j4+1} = &, we only
consider the action of 7, on R(x) such that supp(x) N {x;,X;4+1} # &. When we
consider the action of 7;;, and ¥ -homeomorphisms, we do not need to take care of
the sign on the Mobius bands. Hence, in symbols of r—sequences, we change +
and — into x, and @ and & into ®. There are 3 cases to consider: R([---® x---]),
R([--x®:---]), and R([--® ®---]), where the i—th and (i+1)-st symbols are
indicated. The third r—circle does not intersect a;, hence we ignore this. By drawing
figures of r—circles, we see: Y,~,,~+1(ta_l.1(R([--- ® x---]))) = R(|--- x ®---]) and
Yigr,ilta;(R(--x®---])) = R([---®x---]).

By the same reasons as in the previous paragraph, it suffice to consider the action
of t;; on R(x) such that supp(x) N {x;, X;j41,X;j4+2, Xj+3} # &, and, in symbols of
r—sequences, we change + and — into X, and @ and © into ®. There are 15 cases
to consider:

(D R @xxx---]),
2) R([~--x®xx---]),
B) R([--®@®xx---]),
4) R(---xx®x---]),
G) R([--®@x®x---]),
©) R([--x®x--]),
M R([--®@1@&x-]),
@) R(---xxx®---]),
@ R([--®@xx®---]),
(10) R([-~-x®x®--~]),
(I R([--®@®xQ---]),
(12) R xx@®:---]),
(13) R([--®x®®-],
(14) R([--x®®®-],
(15) R([--®®1®®---]),
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where the i—th, (i+1)-st, (i+2)-nd and (i +3)-rd symbols are indicated. Since (3),
(6), (12) and (15) do not intersect ¢;, f.; does not change these r—circles. By drawing
figures of r—circles (for example, Figure 12 indicates (9)), we see:
(D) Yiit1Yit2,i+3Yit1i+3Y 1Y 100G (R @ x x x---])))
:R([---X®®®---]),
) Yit1,iYit2,i430; (R Xx@xx--])) = R([-®XQ®R---]),
(4) YigaitsYipr (g (RE-xx @ %)) = R+ @@ x @),
(5) I,l-f-l l-‘r-ZYI l+2)/l+3 l+2)/l:-2 i+3 ll+3(zc,1(R([ ®X®X- ])))
D) YiivsYirrivsYiro,ir3( (R ®@@®x---]) = R xxx®---]),
®) Yitsit2Yir1i¥itai¥;yh iy (e, (R -xxx®--]) = R([---@@1x---]),
) Yivri+3YirriYiesi Vi i YivsivaYivritaYierit3 Vi 4o Yiies
Yk ii+1(l_1(R([~-®><><®'-']))) =R([-®xxQ--]),

(A0) Yigoiv1Yiqsiv1Y; ,+3Y,+1 iYits, Ll (R x®@X®-+]))

(D) YiitaYitviv2Yirsiv2Yir2,i¥igh iy ey (R @ @ X ®---]))
:R([xx@x])’

(13) Yitsit1Yiroit1Yiir1 Yirries Y o0 (R @%@ ® )
=R([X®XX]),

(14) Yi43,iYiq2,iYit1,i(te; (R XxQ@®Q---])) = R([:-- ® x x x---]). o

Proof of Lemma 4.4 Let V), , be a Y -homeomorphism whose leg is an r—circle.
By Corollary 4.8, there is an element ¢ € G, such that ¢(m) = R((® —+---]) or
R([+ & +:--]). Therefore Y, 4 is Gg—equivalent to a short-leg ¥ ~homeomorphism.
By Lemma 4.9, we get our conclusion. O

4.2 Szepietowski’s generators for I',(/N,)

We review the finite system of generators for I';(Ng) introduced in [14]. For each
nonempty subset / = {i{,i5,...,i;} of {1,..., g}, let ay be the simple closed curve
shown in Figure 13. If 1 = {i }, we write o; instead of a;,.

Theorem 4.10 (Szepietowski [14, Theorem 3.2]) For g > 4, I';(Ny) is generated
by the following elements.

(1 Yaiﬂ{i.j} fori # j,
) Yay ;.o xn fori <j<k<lI.

The group T';(N3) is generated by the elements in (1).
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P\& & b\ foup

T —
Yiirs ¥ o Vi

A . —1
Yl+1,l+3Yvi+1,i+2 ’

® G
Yito,i+3 /@:@@

_1 ”
Yigs,i¥ 50 Yiesiv2 \

S AN
Yivo,i+3Yiv1,i

Figure 12

‘We show:

Lemma 4.11 For arbitrary i < j <k <[, Yo ; 1.0
short-leg Y —homeomorphism.

i 18 Gg—equivalent to a

Proof It suffices to show that, for every i < j <k, ay; j ky is Gg—equivalent to

: ; -1 y—1 —
or o, . By drawing figures, we see when i > 2, Yi,i—zYi—l,i—ztdi—z‘x{i,j,k} =02, k}
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Figure 13. The curve ay for I = {iy,is,...,0x}

and when i < j — 2, ijjl—zYj_—ll,j—ztdj—za{i,j,k} = ay j—2,k); when j <k —2,
Yk_,li—zYk_—11,k—ztdkfza{i,j,k} = ay;,j k—2}- By applying the above action of G on
oy j ky» We see that ayg; ;i k1 is Gg—equivalent to gy 3 43, @(1,2,3}» ®{2.3,5}» %{2,4,6}>
®1,3,5)» 0f1,2,4}» 0f2,3,4) OF &3 4 5y. By drawing figures of the action of G¢ on the
above 8 circles, we can check that former 4 circles are Gg—equivalent to oy and last
4 circles are Gg—equivalent to «;. For example, Figure 14 indicates that o 3 51,

a2 4.5y and s 3 4y are Gg—equivalent to ay. |

@ ta ey Q l

Y -homeo. about o ® O

— DB — PO

ldy Y4_,51
— @g@@ — 0@ o0 @
Ys taytas 1y,

Figure 14. The first circle is oy 3,53, the third circle is oy, 4 53, and the sixth
circle is a3 3,4y -
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Every Y -homeomorphism Y is an element of I';(Ng), and by Theorem 4.10 and
Lemma 4.11, we can express Y as a product of ¥ -homeomorphisms which are
G g —equivalent to short-leg ¥ —~homeomorphisms. Hence, Lemma 4.4 follows.

4.3 Generators for Og(q,5)

For a € H{(Ng;Z,), we define the transvection Ty: Hy(Ng;Z3) — H{(Ng;Z5)
about a by T,(x) = x + (x -a) a, where (-), means the mod-2 intersection
form. We remark that if / is an A—circle on Ny such that [/] = a € H;(Ng;Z3),
then (#7)x = T,. If we find a system of generators {Sy,..., Sk} for Og(gos) and
elements o7y, ..., 0 of M(Ng) such that (0;)x = S; in Aut(H;(Ng;Z,)), then, by
the short exact sequence (1) and Corollary 4.5, we see that Ng(g,s) is generated by
GgU{o1,...,0k}.

Theorem 4.12 (Nowik [12, Theorem 3.2]) Og(gos) is generated by the set of ele-
ments of the following two forms:

(1) T, fora e Hi(Ng;Z,) with gos(a) =2,
(2) TaTp Tayp fora,b € Hi(Ng:Zy) with gos(a) = qos(b) = gos(a+b) = 0.

Let {x;,...,Xxg} be the basis of H;(Ng;Z,) which is introduced in Figure 1. We
obtain a finite system of generators for Og(q,s) explicitly.

Lemma 4.13 Og(q,s) is generated by

(4) Txi+xi+2, i=1,...,g—2,
(5) Tx,~+x,~+1 Txi+2+xi+3 Tx,-+x,~+1+x,-+2+x,-+3, I = 1’ e 8§ 3.

Proof Write any element v of H;(Ng; Z5) as v=Xx;, + - -+X;,, suchthat i} <---<iy
and call m the length of v, oras v = (X2, 41+ -+ X2j, +1) ® (X2, | +---+X2j,)
such that j; <--- < jk, jk4+1 <+ <jm andcall (x2j,41+---+Xx2j,+1) the odd part
of v, and (xzj; ,, +---+x2j,) the even part of v. Two elements v, w of Hy(Ng;Z>)
are (4)—equivalent v ~ 4y w if there is a product 7" of (4) such that 7'(v) = w, and
define (5)—equivalence v ~(sy w and (4)— and (5)—equivalence v ~4) 5y w in the
same way. We remark that if v ~(4) 5y w then there is a product 7" of (4) and (5) such
that 7y, =TT, T.

Any element (4) acts only on the odd part of v or only on the even part of v. For
example, when i < j <k,

Ty 40 (G x2im1 X241 + Xopt1 + ) B ()
= ((+-+x2i—1 +x2j-1 + X2k+1+--) B ().
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Therefore, if we define /,(v) to be the length of the odd part of v, and /.(v) to
be the length of the even part of v, then v ~4) (x1 + X3 + -+ + X3, (v)—1) @
(x2 + x4 + -+ + X27,»)). Hence, v ~4) w if and only if /,(v) = l,(w) and
le(v) = le(w).

When p <i,i+3<s,{i,i+1}={q,q'} and {i +2,i +3} = {r,r’}, the element (5)
acts as follows.

Txitxi 1 Txipatxis Txibxipr+xipatxigs (0 HXp +Xg + X + X5 4+-0)
= Txitxis1 Txipotxips (o Xp +Xg +Xp + X5+ --)
=i+ XptXg FXpr F Xg 0,
Txitxi g Txigotxis Txibxi a4 ot 3 (0 Xp +Xg + X5 4200)
= Tx;+xi41 Txigotxips (o F Xp + X7 + X0 +Xpr + X5 +40+)
= FXptXg XX X+
Txitxi 1 Txiqotois Txibxi i otz O HXp + X + X5 4200)
= Tx;+xi41 Txiqotxips (o FXp +Xg +Xg7 +Xp + X5 +--+)
=t Xptxg+xg XX+
We will show that every element of the first form in Theorem 4.12 is a product
of (4) and (5). Let a be an element of H;(Ng;Z,) such that gys(a) = 2. Then,

2 =l,(a) —l,(a¢) mod 4. Therefore, there are two cases /,(a) = lo(a) + 4t + 2 or
le(a) =1y(a) + 4t + 2 (¢t € Z). For the first case,

a~qy (x1+x3)+ (g +x5)+ -+ (x2; +X2i41) + (X7 + X742 + X744 + X1 46)
+ oo (X + X2 + Xmta + Xmt6)-
For the second case,
a~@) (x2+x4) + (X5 +x6) + -+ + (X2i41 + X2i+2) + (X7 + X142 + X 44 + X/ 46)
+ oo (X + X2 + Xmta + Xmt6)-
We see
(2 +x4) + (x5 +X6) + -+ (X241 + X2i42) + (X7 + X742 + X/ 44 + X/ 46)
+oo A+ (o + X2 + Xma + Xmts)
~s5) (¥1+X3) + (x5 + X6) + -+ (X2i+1 +X2i42) + (X7 + X142 + X144 + X1 16)
+ o+ (X + X2 + Xmta + Xmto)
~) (X1 +x3) + (x4 +x5) + -+ (x2; + X2541) + (X7 + X742 + X[ 44 + X1 16)
+ o4 (Xm + X2 + Xmta + Ximto)s
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where ~(s5) 18 by Tx;+x, Tx3+x4 Tx;+x2+x3+x4 - Therefore, it suffices to consider the
first case. We see

(X1 + X142+ Xp4a + X146) ~(5) (X] + X142 + X143 + X145) ~5) (67 + X145)
~) (X1 +X141),
where the first ~(s)y 18 by T, s+x;04 Txjps+x1406 L)1 3+X 4 a+x145+x1 46 and the

second ~(s) 18 by Tox; o4xi43 Dxrpatxies T txipatxipato s - Hence, @~ (s)
(x1 +x3)+ (x4 +x5)+ -+ (X2 + X25+1) - Furthermore,

(x1+x3) + (x4 + x5) + (X6 +x7) + -+ (X20 + X2041)
= (x1 +x3 4+ x4) + X5 + (X6 + x7) + - + (X2n + X2n+41)
~(5) X1+ X5+ (X6 +x7) + -+ (X2 + X2n41)
~@4) X1+ X3+ (X4 +Xx5) + -+ (X2(n—1) + X2(1—1)+1)>
where ~(5) 1S by Tx4x, Tx3+x4 Tx;+x>+x3+x, - Therefore, by the induction on 7,
we see @ ~(4),(5) X1 + X3. Hence T is a product of (4) and (5) if gos(a) = 2.
We will show that every element of the second form in Theorem 4.12 is a product of
(4) and (5). Let a and b be elements of H;(Ng;Z;) such that go5(a) = qos(b) =
gos(a + b) = 0. Then 0 = gos(a + b) = qos(a) + qos(b) + (a-b)2 = (a - b)a,
0 = qos(2a) = qos(a) + qos(a) + (a-a), = (a-a),, by the same reason, 0 = (b-b),,
hence (@ +b-a), = (a+ b-b), = 0. Therefore, T,, Tp and T,,; commute
each other. For the pairs [a1,b;] and [a;, by] of elements of H;(Ng;Z,) which
satisfies ¢o5(ai) = qos(bi) = qos(ai + b;j) =0 (i = 1,2), we define the equivalence
[a1.b1]~(4)laz, by] if there is a product T" of (4) such that T'(a1) = a3 and T'(b) =b,.
The equivalences [a1, b1] ~(s) [a2.b2] and [a1, b1] ~(a),(5) [a2, b2] are defined in the
same way.
Let a, b be elements of H;(Ng;Z,) such that gos(a) = qos(b) = gos(a +b) = 0.
By the same argument applied for elements of the first from in Theorem 4.12, we see
a~@),5) (X1 +x2) + -+ (X2p—1 + X2n).
If 2n # g, then
(x1+x2) + -+ (X2n-3 + X2n—2) + (X2n—1 + X21)
= (x1+x2) +-+ + Xap—3 + (X2n—2 + X2n—1 + X24)
~(5) (X1 +x2) + -+ X203 + X2
~@ (X1 +x2) + -+ Xop—3 + Xop2
= (x1+x2) +- + (2m-1)-1 + X2(—1))>

where ~(s) is by Ty, »+x20—1 Txan+x2n41 Txan—2+x2n—1+x2n+x2041 - Therefore, by
the induction on n, we see a ~(4),(s) X1 + X2. Hence, [a,b] ~(4),(s) [x1 + x2,0'].
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Since 0 = (x1 +x2-b)2, b =x1+x2+x;+--+xpmor b =x;7 4+ + xp
where / > 3. For these two cases, Tx,+x, Tp T, +xy+b’ = Txi+x2Tx;+x2486 T
are the same. Therefore, we may suppose b’ = x; + -+ + x;u. We see [a, b] ~4),(5)
[x1+x2, (x34+x4)+- -+ (X26—1 +X21)], by applying (4) and (5) whose transvections
are about v such that supp(v) contains neither x; nor x,. If 2k # g, by applying to b
the same argument as to a, we see [a, b] ~4) (5) [X1 + X2, X3 + x4]. If 2k = g, then
Ta Tp Tyqp is equal to T 4x, Txy+txg Ix;+x24+x3+++x, - In the last paragraph
of this proof, we show that T, +x, Txs+-+x¢ I x;+x2+x3++x, 18 & product of (4)
and (5).

If 2n = g, then (v-(x; +x2)+ -+ (X2p—1 +X25))2 = 0 for every v € H{(Ng;Z,)
used for the transvections in (4) and (5). Therefore, we see

[a, b] ~4),5) [(x1 +x2) + -+ (xg—1 + Xg), (X2i4+1 + X2i42) + -+ + (Xg—1 + xg)].

This means that T, T Ty4+p = T,4p Tp T, is conjugate to

Ty +x2) -+ (x2i—1+x2:) T(X2i+1 +x2i42)++(xXg—1+Xxg) T(x, +x2)++(xg—1+xg)

by (4) and (5). Moreover,

[((x1+x2) + -+ (x2i—3 + x2i-2) + (¥2i—1 + X24)),
(X2i41 + X2i42) + -+ (xg—1 + xg)]
~(s5) [(X1 +X2) + -+ X2i-3 + X2,

X2i—o +Xoi—1 + (X241 + X2i42) + -+ (Xg—1 + Xg)]
~@ [(x1 +x2) + -+ (x2i-3 + X2i-2),

(X2i—1 +x27) + (X2i41 + X2i42) + -+ (Xg—1 + Xg)],
where ~(s) 18 bY Txy; 5+x2i—1 Txzi+x2i41 Txaica+x2i—1+%2i +x2i41 - a0d ~(4) is by
Tx,;_»+x,; - By repeatedly applying the above argument, we see that T, Ty, T, is
conjugate to T, +x, Toxz+-+xg T +x2+x3++x, DY (4) and (5).

When g is even and g > 6, by checking the action of transvections on the ba-
Sis {X1,...,Xg} of H{(Ng:Z3), we show T tx, Tyt txg Ix;+x2+x3++xg =
T4 Txs+xs Toy+xo+x3+xs Ty +x0 Tes+txg Ty +x54+x5++xg - SinCe we have
[X1 + Xx2,X5 + -+ + Xg] ~@) [x1 + X2,X3 + -+ + xg_»], we see that the element

Ty +x; Txs+++xg Ty +x2+x5++x, 18 @ product of (4) and (5) by using the argument
for the case where 2k(=g—2) # g. O

Since (Zd,')* = Tx,~+x,-+2 P (ta,- ta,'+2tc,‘)* = Txi+Xi+1 Txi+2+xi+3 Txi+xi+l +Xifo2+Xi43>
and lg; , la;la;  ,lc; € Gg, Wesee Gg = Ng(qos), hence Theorem 4.1 follows.
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