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Odd primary homotopy decompositions of gauge groups

STEPHEN D THERIAULT

We construct p—local decompositions of certain gauge groups when p is an odd
prime. Specifically, we decompose SU(n), Sp(n) and Spin(n)—gauge groups over
simply connected 4—manifolds and U(n)-gauge groups over compact, orientable
Riemann surfaces, given certain restrictions on n that depend on p.

54C35, 55P35, 55R10

1 Introduction

Let X be a path-connected, pointed topological space and G a topological group with
classifying space BG. Let P — X be a principal G -bundle. The gauge group G(P)
is the group of G —equivariant automorphisms of P that fix X . The topology of gauge
groups and their classifying spaces plays a crucial role in mathematical physics and the
geometry of 4-manifolds. In physics, a gauge group describes the parallel transport
of point particles by means of connections on bundles. The role that the topology
of gauge groups plays is nicely described by Cohen and Milgram [5]. In geometry,
Donaldson [8] famously used topological information from SU(2)-gauge groups to help
identify polynomial invariants that distinguished between diffeomorphism structures on
4—dimensional Riemannian manifolds. Topological properties of gauge groups have
received considerable attention over the past twenty years, particularly in terms of
counting their distinct homotopy types (see Crabb and Sutherland [7], Hamanaka and
Kono [14], Kono [19], Kono and Tsukuda [20] and Sutherland [25]) and calculating the
homology and cohomology of their classifying spaces (see Crabb [6], Masbaum [22]
and Terzi¢ [26]).

In this paper we consider how certain gauge groups decompose as products after
localization at an odd prime p. The goal is to produce analogues of the p-local
decompositions of simple, compact Lie groups determined by Harris [15], Mimura and
Toda [24] and Mimura, Nishida and Toda [23], which have proved to be useful when
investigating the homotopy theory of Lie groups. It is expected that the decompositions
proved here will be equally useful when investigating the homotopy theory of gauge
groups.
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536 Stephen D Theriault

We consider two collections of gauge groups. The first often arises in mathemati-
cal physics, and is associated to principal G —bundles over a simply connected 4—
manifold M , where G is a simple, simply connected compact Lie group. The second
is associated to principal U(n)-bundles over a compact, orientable Riemann surface X4
of genus g. Since the set of homotopy classes [M, BG] is isomorphic to Z, each
integer k classifies up to isomorphism a principal G-bundle Pj; over M . Let GG
be the gauge group of Py . Similarly, as [Xg, BU(n)] = Z, to each integer k there is
an isomorphism class of principal U(n)-bundles over X, with gauge group Gy U(n).

We begin with a straightforward decomposition in Section 2 to reduce to the case when
the 4-manifold is S*, or when the Riemann surface is S2. To analyze these, we use
Gottlieb’s general result [11] (see also Atiyah and Bott [1]) that for any topological
group G and path-connected space X, the gauge group G(P) of a principal G -bundle
has classifying space BG(P) homotopy equivalent to Mapp (X, BG), the space of
continuous maps from X to BG that induce P. Evaluating at the basepoint of X
yields a fibration Map’ (X, BG) — Mapp (X, BG) — BG, where the fiber is the
space of continuous, pointed maps from X to BG that induce P. This fibration
has a connecting map dx: G — Mapp (X, BG). For any integer m and space Y,
let Q7Y denote the component of ™Y containing the basepoint. Equivalently, if
Y (m) is the m—connected cover of Y, then Q'Y >~ Q™Y (m). In our cases, it is
well known (see Sutherland [25] for example) that the components Map} (S 4. BG)
are all homotopy equivalent to QSG, and the components Mapy (S 2. BU(n)) are all
homotopy equivalent to QoU(n) ~ Q2 SU(n). So the connecting map d; induces
homotopy fibrations

g dx
GG — G — Q3G and G U(n) — U(n) —> QuU(n).

Our aim is to factor the maps dj in a useful way in order to produce p-local decom-
positions of GG and G, U(n). This is the key work in the paper, and should have
applications elsewhere. Note that p—localization is valid in this context by Hilton,
Mislin and Roitberg [16], as the spaces G, QgG, U(n), and Q¢U(n) all have a
nilpotent (in fact abelian) fundamental group which acts nilpotently on the higher
homotopy groups.

We begin with a general theorem which is the driving force behind our results. Assume
that all spaces and maps have been localized at an odd prime p and take homology with
mod- p coefficients. It is well known that if the integral homology of G is p—torsion
free then there is an isomorphism Hy(G) = A(X24, 41, .-, X2n,+1), Where ny <njp <
-+- < ny, the degree of x,, 11 is 2n; +1, and the type of G is {2n;—1,...,2n;—1}.
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Odd primary homotopy decompositions of gauge groups 537

Let ¢ =2(p—1). It is also well known that there is an algebra decomposition

p—1
Hy(G) = (RQ) A(Vi)

i=1
where V; consists of those generators in {xX25,,41,....X25,4+1} Whose degrees are
of the form 2i + jg + 1 for some j > 0. Note that, depending on G, it may be
the case that V; = @ for some i. Mimura, Nishida and Toda [23] realized this
algebra decomposition geometrically by showing that there is a homotopy equivalence
G~ ]_[f:ll B; where Hy(B;) = A(V;). An alternative equivalence e: G — 1—[;:11 B;
with H,(B;) = A(V;) was given in [28] in low ranks in which the factors and the
equivalence are better controlled. The list of groups and ranks for which this holds is

as follows:

SU(n) ifn=(p-D(p-2)+1
Sp(n) if2n<(p—1(p-2)
Spinrn+1) if2n=<=(p—1(p—-2)
Spin(2n) if2n—1)=(p—D(p-2)
G, F4,E¢  ifp>5

Eq, Eg if p>7.

€]

The restrictions on n and p come from the fact that in these cases G is a retract
of QX A, where A is an appropriate subcomplex of G (more will be said on this in
Section 3).

Theorem 1.1 If G is one of the groups in (1) then there is a homotopy commutative
diagram
ak

G

|

_ L
Hf:f B —— Q3G

3
Q3G

where 8y, is an H —map.

The key here is the combination of §; being an H —map and the fact that G retracts off
QX A. This lets us deduce properties about §; by restricting to A. As one example,
we have an analogue to the classical fact that if G has type {2n; —1,...,2n; —1} and
p > n; then there is a homotopy decomposition G ~ H§=1 §2ni—l,
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Proposition 1.2 Suppose the type of G is {2n; —1,...,2n;—1}. If p > n; 4+ 1 then
there is a homotopy equivalence

l
GG ~ S? x Q*S*(3) x [ [ ($2 ! x Q*s? 7).
i=2

In particular, Proposition 1.2 is a generalization to large primes of the rational decom-
position of GG in Félix and Oprea [9].

The main application of Theorem 1.1 is to decompose G, G when G is one of SU(n),
Sp(n) or Spin(n), as well as G, U (n) for n < (p—1)(p —2) + 1. We state the SU(n)
case, deferring the others to the body of the paper. The homotopy equivalence e takes
the more explicit form

p—1
SUm)~ [] B
i=1
where the homology of B; is Hx(B;) = A(X2i 41, X2i4g+1+-- -+ X2i+(ky—1)g+1) and
kn = |(n—i—1)/(p—1)] is the greatest integer less than or equal to (n—i—1)/(p—1).
Let E: 8™ — QS™%1 be the suspension. We show that the H-map §; in Theorem
1.1 is homotopic to the composite

-1 v _ _ L E4xE*
l—[{;l B; — By x B, —— g2n-3 y g2n—1"-—% 4 g2n+l 5 4 g2n+3

kQSEn XkQ3§n+1

Q3 B, x 23 By~ [177) Q3 B; £ 3 SUMm).
Here, m,,, is the projection onto the factors By, and B, carrying the degree 2n —3
and 2n —1 generators in homology, which is followed by the maps to the corresponding
spheres, E* is the quadruple suspension, iy, is the inclusion of the factors B, and
B, which inherit from the equivalence e the homotopy groups 7,,(SU(n)) = Z/n!Z
and 7m,,4+2(SU®m)) = Z/(n + 1)!Z (a minor simplification of the latter has been
incorporated which is valid at odd primes), and these generators are represented by the
composites 5, o E and 5,4 o E. The decomposition of G, SU(n) is a consequence
of this factorization of & . Let Xj and Y respectively be the homotopy fibers of the
composites
-3 _EY Sacan+1 KX o3
B,——S — QS —> Qy By

kQ35,41
R ——

4
By — st _ET, qagan+s Q3B,.
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Theorem 1.3 Suppose 2 <n <(p—1)(p—2)+1 and let k € 7. There is a homotopy
decomposition

p—1 p—1
ngU(n)ZXkXYkX( l_[ Bj)x( l_[ Q?)Bi).
j=1

i=1
j?él‘«,V i7/:u’v

For example, if n = p then by Mimura and Toda [24], SU(p) ~ ]_[f_ll S2i=1_ The
map &y is homotopic to the composite

p—1 p—1
[1s% -5 s2r3x 520~ 1 03§30’ §35 ] @ds¥- 10 o3 3Su(p).
i=1 i=1

where 7 is the projection, @ and o’ represent the least nonvanishing torsion homotopy
groups of S and S° respectively — both of which have order p, and 1 is the injection.
Consequently, Gx SU(p) ~ X x Y x ]_[11:13 S27=1 x 1—[;:11 Q45?1 where X and
Y are the homotopy fibres of @ and o’ respectively.

Analogous decompositions of G Sp(n), G Spin(2n)and Gj Spin(2n + 1)are given
in Theorems 6.2, 7.4 and 7.1 respectively, as well as a decomposition of G U(n) in
Theorem 6.3.

This paper is organized as follows. In Section 2 we reduce from simply connected
4-manifolds to S* and compact, orientable Riemann surfaces to S2. In Section 3 we
describe the properties we need of the low rank decomposition of G. Theorem 1.1 is
proved in Section 4, and several consequences are given. In Section 5 we specialize
to the cases when G = SU(n) and G = Sp(n), as well as consider the U(n) case,
and prove factorizations of restricted versions of d;. These are then combined with
Theorem 1.1 in Section 6 to factor d, itself. The decomposition in Theorem 1.3 follows,
as well as analogues for G; Sp(n) and G U(n). Finally, in Section 7 we prove general
results which decompose Gy Spin(2n 4 1) and Gj Spin(2n) in terms of Gy Sp(m) for
appropriate values of .

The author would like to thank the referee for a careful reading of the paper, and for
pointing out an omission in an earlier version of Theorem 7.1.

2 Reduction to the case when M = S*

This section reduces the problem of decomposing gauge groups of principal G —bundles
over simply connected 4—manifolds to the special case when the manifold is S*, and
of principal U(n)-bundles over compact, orientable Riemann surfaces to the special
case of S2.
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First consider the case of a simply connected Spin 4—manifold M . Recall that M has
a CW-structure with has one 0—cell, d 2—cells for some nonnegative integer d, and
one 4—cell. This CW-structure implies that there is a homotopy cofibration sequence

d
st L\ 52w s

i=1
where f attaches the top cell, i is the inclusion, and ¢ pinches onto the top cell. Since
M is a Spin—manifold, ¥ f is null homotopic. Thus there is a homotopy decomposition
SM ~ (V9 SV S5,
Consider the k—th component of the evaluation fibration

Map} (M, BG) —> Map; (M, BG) —> BG.

: . . q .
The evaluation map is natural so the pinch map M — S* determines a homotopy
fibration diagram

G —2> Map} (S*. BG) — Map, (S*, BG) —=> BG

®) H Lq* jq* H
Ok

G —— Map} (M, BG) — Map, (M, BG) —=~ BG
which defines the map ¢ . To distinguish between the associated gauge groups,

let Gx(M,G) = QMap; (M, BG) and GG = QMap;(S*, BG). The following
decomposition is essentially a consequence of the triviality of X /.

Proposition 2.1 If M is a simply connected Spin 4-manifold with d two-cells then
there is an integral homotopy decomposition

d
Gk(M,G) ~ (]_[ QZG) x Gk G.

i=1
Proof The cofibration sequence

d
. .
Mi>s4—f>\/s33>2M

i=1
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induces a fibration sequence

d
Xi)* T F)*
Map} (EM, BG) =2 Map} ( \/s? BG) EI) Mapi(S*, BG)
i=1
2, Map} (M, BG).
The factorization of d; through ¢ in (2) implies that there is a homotopy commutative

diagram

Mapj (M, BG)

Mapj (M, BG)

(=i)*
GrG Gk (M. G) —— Mapi (VL 53, BG)
="
GG G o Map} (S*, BG)
0 q*
Mapj (M, BG) =———= Mapj} (M, BG)

which defines the map /. Focus on the fibration in the second row, in which / is the
map to the base. Note that Mapj, (\/?;1 S3, BG) ~ ]_[?Ll Q2G. Since Xf is null
homotopic, so is (Xf)*. Thus (Xi)* has a right homotopy inverse. This implies that
h has a right homotopy inverse, and so the loop structure on G (M, G) lets us multiply
to obtain a homotopy equivalence

d
(HQzG)xng—>gk(M,G)xgk(M,G)—>gk(M,G). ]

i=1

For a non—Spin—manifold, again there is a homotopy cofibration

d
st L\ 52 Lo L g
i=1
but now Xf is not null homotopic. Since 74(S3) = Z/2Z it follows that X f has
order 2. So if we localize away from 2 then X/ is null homotopic and there is a
Z1 /2—local decomposition £M ~ (\/%_, §3) v §3. Arguing as in Proposition 2.1
and using the fact from [16] that Map* (X, Y)(1/2) = Map* (X(1,2), Y(1/2)), we have
the following.
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Proposition 2.2 If M is a simply connected 4—manifold with d two-cells which is
not Spin, then there is a Z ; /) —local decomposition

d
Gr(M,G) ~ (HQZG) x G G. O

i=1

Next, recall that a compact, orientable Riemann surface ¥, of genus g has a CW-
structure with one O—cell, 2g 1-—cells, and one 2—cell. So there is a homotopy

cofibration sequence
2g

—> \/ st Loy g KN S?
i=1
where f attaches the top cell, i is the inclusion, and ¢ pinches onto the top cell. It is
well known that 1 is the sum of Whitehead products EB -_q{@2i—1,a;) where a; is the
inclusion of the j—th summand into the wedge \/;Z 28 (S ' In particular, £/ is null ho-
motopic and so XX g =~ (\/2g S2)v S3. Let gk(zg, U(n)) = QMap; (X4, BU(n))
and G, U(n) = SZMapk (S2, BU(n)). Let Z?8 be the product of 2g copies of Z.

Proposition 2.3 If ¥, is a compact, orientable Riemann surface of genus g then
there is an integral homotopy decomposition

2g

k.o =~ 7€ x (]_[ Q SU(n)) x GrU(n).

i=1

Proof Argue as in Proposition 2.1, replacing the diagram in (2) with the analogous
diagram induced by the pinch map ¢: X, — S2. Also, since U(n) ~ S! x SU(n), we
have QU(n) ~ Z x Q SU(n), and so the decomposition G (Zg, U(n)) >~ G U(n) x
]_[ iy S2U(n) can be refined to the asserted one. ad

3 Decompositions of Lie groups

This section adds to what was said in the Introduction about decompositions of Lie
groups. Recall that all spaces and maps have been localized at an odd prime p and
homology is taken with mod—p coefficients. The Lie group G is simple, simply
connected, and compact, and its integral homology has no p—torsion. Of all the
groups Spin(n), SU(n), Sp(n), G,, F4, Eg¢, E7, and Eg and all the odd primes,
the torsion free assumption eliminates only F4, Eg, E7 and Eg at the prime 3,
and Eg at the prime 5. In the torsion free cases there is an isomorphism Hy(G) =~
A(X2p 41+ ---»X2m,+1), Where {2ny —1,...,2n; — 1} is the type of G. There is a
further isomorphlsm H.(G) =~ (X)p ! A(V,) where V; consists of those generators
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in {X24,41,...,X2p,+1) Whose degrees are of the form 2i + jg + 1 for some j > 0.
Based on work in [15; 24; 23], it was shown in [28] that for each such G there exists
aspace A and amap 11 A — G such that Hy(G) = A(Hy(A)) and 14 includes the
generating set into the exterior algebra. For example, when G = SU(n) we have
A =XCP" ! and when G = Sp(n) we have A equal to the space O, constructed by
James [17].

Theorem 3.1 states some properties of the decomposition in [28] of the groups G in (1).
For our purposes, the advantage of this decomposition over that in [23] is the existence
of the factorization property in part (d). Note that the bounds on n for the matrix
groups in (1) depend on (p — 1)(p —2), whereas the statements in [28] had a bound
on n depending on (p — 1)(p — 3). This was because the focus there was on a certain
universal property satisfied by the factors, which we do not need here. To distill what
is needed and why the stated bounds hold, we outline the proof. In what follows, we
will refer to S2T1 as an H-space. To specify the H —structure, recall that there is a

homotopy fibration

Quw r
QS4m+1 952m+2 S2m+1

where w is the Whitehead product of the identity map on S2™%2 with itself. The
H—structure on S2”*1 we need is that induced from the fact that the suspension
E: §?m+1 5 Q8§2m+2 g a left homotopy inverse of 7.

Theorem 3.1 Suppose that G is one of the groups in (1). Then there are maps
1: $G — A4 and r: QA — [[Z] B; such that

(a) t is a left homotopy inverse of Xi1: XA — XG;

(b) B; is a spherically resolved H —space, H«(B;) = A(V;), and if the highest
dimensional element of V' has degree 2m; + 1, then there is an H -map B; —
SZm,'-l-l ;

(c) the composite

E Q1 r
e:G— Q3G — Q34— [] B
i=1
is a homotopy equivalence;

(d) the map r has the property that any H-map f: Q¥ A — Z into a homotopy

associative, homotopy commutative H —space Z factors as

asa—+7

b
zp=_11 B - l

where ]7 is an H —map. m|
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Proof The statements for the exceptional groups and part (a) are directly from [28].
For the matrix groups, by [24], there is a homotopy equivalence A ~ \/p A; where
H, (A;) = V;. The bound on # in the statement of the theorem implies that each A;
has at most p — 2 cells, all of which are in odd dimensions. By [4], these conditions
on the cells of A; imply that there is a spherically resolved H-space B; such that
H.(B;) = A(fl* (A4;)), and a homotopy fibration

QA;
(%) QR; 2 Qx4; 5 B;

where r; has a right homotopy inverse and A; is defined via Whitehead products. Since
the construction in [4] is functorial, the pinch map 4; — S2™*1 to the top cell
induces a map of fibrations from () to

Q.g4mi+1 Qw Q.§2mi+2 r g2mi+1

which implies that the induced map B; —> S ™1 is an H-map. This proves part (b).
The map r is defined as the product of the maps r; for 1 <7 < p—1. Arguing as in [28,
1.1] shows that the composite e is an isomorphism in homology and so is a homotopy
equivalence, proving part (c). By the Hilton—Milnor Theorem, 234 ~ SZ(\/p ' T4 i)
decomposes as ]_[l_l QX A; x P, where P is an infinite product of loop spaces,
each factor of which maps into 23 A4 by a looped Whitehead product. Putting things
together, there is a homotopy fibration

p—1 p—1
le_[QZR,—>QEA—>HBl

i=1 i=1

where A is a product of looped Whitehead products. Further, the existence of a
right homotopy inverse for each r; implies that r has a right homotopy inverse. The
factorization property in part (d) now follows as in [27, 5.3]. O

A more precise account of the factors of SU(n) was given in the Introduction. For
Sp(n), the homotopy equivalence

p—1
Sp(n) ~ [ [ Bi
i=1
simplifies as Hy(B;) = 0 if 7 is even, and so B; is contractible. If i is odd, Hy(B;) =
A(X2i 41, X2i4g 415+ X2i4(k—1)g+1) Tor ky = [2n—i+1)/(p—1)| +1. The
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decomposition of Spin(n) follows from that of Sp(n) and Harris’ [15] decompositions
Spin(2n + 1) >~ Sp(n)
Spin(2n) ~ S2"~! x Spin(2n —1).

Also, since U(n) >~ S x SU(n), the decomposition of SU(#) in Theorem 3.1 implies
that for n < (p —1)(p —2) + 1 there is a homotopy decomposition

p—1
Umn)~S'x ] B:.
i=1
Note also in this case that there is a corresponding space 4 = S v ZCP"~! which

satisfies Hy(U(n)) = A(fl* (A4)).

One more general result is needed for what follows. This concerns being able to
determine when two H —maps are homotopic. Let ;j be the composite
p—1
JiA— G =] B
i=1
By Theorem 3.1 (c), the map r: QXA — ]—[f:ll B; has a right homotopy inverse. So
by [12] we have the following.

Lemma 3.2 Suppose Y is an H—space and f, g: ]_[5:11 B; — Y are H —-maps with
the property that f o j~goj. Then f ~ g. |

4 A reformulation of 9,

In this section we prove Theorem 1.1. We first require two preliminary results. The first
describes the adjoint of 9 and was proved in [21]. Let 1: S3 — G be the inclusion
of the bottom cell. For k € Z, let k: G — G be the k—th power map. Write the
composite k ot as k.

Lemma 4.1 The adjoint of the map d;: G — Q gG is homotopic to the Samelson
product (ki,1): S’AG = G. ad

The second preliminary result concerns a decomposition of £G. By Theorem 3.1 the
map Xi: ¥ A — X G has a right homotopy inverse, so G ~ ¥ A4 v C for some space
C. In [13] the complementary factor C is decomposed very finely. One consequence
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is given in Lemma 4.2. Let ev: ¥XG >~ ¥QBG — BG be the evaluation map. Recall
that there is a homotopy fibration

SGAGES 262 BG

where u* is the canonical Hopf construction.

Lemma4.2 Let G be one of the groups in (1) orlet G =U(n) and A= S'vCP"~!
when n < (p—1)(p —2) + 1. Then there is a homotopy equivalence

sAvVC 2 56

where C is a retract of XG A G and s factors through the Hopf construction u*. 0O

Let 7 be the composite
s425 36 - BG.

By Lemma 4.2, 3: has a left homotopy inverse ¢: G — X A. Further, since s
factors through the Hopf construction, it composes trivially with the evaluation map
ev: XG — G. Thus there is a homotopy commutative diagram

G —= BG

. l,

YA ——> BG.

Proof of Theorem 1.1 By (3), for k € Z, the Whitehead product [k¢,ev]: ZS3A G —
BG factors through the Whitehead product [kt,7]: ©S3 A A — BG and there is a
homotopy commutative diagram

[kt,ev]
>S3AG— BG

) l“ H
[ke,1]
¥S3A A4 — BG.

E Q
Let s be the composite s: G — QXEG L QT A. Consider the diagram

3 Q4ke,
G oz —2E . qistq T gape
5 \Qt lsz“z-*t H
3 Q4ke,T
azd —2E L givey T gipe
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where E3 is the triple suspension. The left triangle homotopy commutes by the
definition of s, the middle square homotopy commutes by the naturality of E3, and
the right square homotopy commutes as it is the 4—fold loops of (4). Observe that the
top row is homotopic to the 4—fold right adjoint of [k¢, ev], while [k¢, ev] is homotopic
to the 4—fold left adjoint of dz. Thus the top row is homotopic to d; . Simplifying,
there is a homotopy commutative diagram

i
G —— Q3G

\s
Q6

Qx4 —> Q)G

where 8 = Q3[kt,7]0 E?.

Since QS;C is an H—-map, Theorem 3.1 implies that there is a homotopy commutative
square

Qs

QX4

\,
Sk

-1 3
o) Bi — QG

3
Q3G

where 8 is an H-map. Juxtaposing the previous two diagrams gives a homotopy
dr =~ 8 or os. By the definitions of s and e, r os is the homotopy equivalence e,
and so the lemma has been proved. O

Remark 4.3 An analogue of Lemma 4.2 holds for U(n) and 4 = S! v CP"~!
because there is a standard decomposition U(n) >~ S! x SU(n). Replacing t: S3 — G
with the inclusion 7: S — U(n) of the bottom cell, an argument similar to that in
Theorem 1.1 can now be made to show that there is a homotopy commutative diagram

Ok

U(n) QoU(n)

) |

_ 8k
SUx P2 B —= QoU(n)

where §; is an H-map.

Theorem 1.1 plays a key role in the decompositions of G; SU(n), G Sp(n), and
G U(n). For now, we give another application to show how it can be used in tandem
with Lemma 3.2 to prove Proposition 1.2 and give some other decomposition results.
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Lemma 4.4 Let G be one of the groups in (1). Suppose that the composite
a
A6l

is null homotopic. Then dj, is null homotopic.

Proof By Theorem 1.1, it is equivalent to show that the map &;: [/~ B; — Q3G

is null homotopic. The hypothesis d; o7 >~ * becomes equivalent to the composite

p—1
]
A5 T] 85l
i=1
being null homotopic. Compare §; and the trivial map. Both are H—maps, and by
hypothesis, 6 © j >~ % >~ % o j. Thus Lemma 3.2 implies that §; =~ x*. O

Proof of Proposition 1.2 It is well known that p > n; implies that G ~ []/_, §2%i~1.
Noting that 2n; — 1 = 3 for all G, looping three times gives

1
QG ~Q*SP(3) x [ @*s¥ .

i=1

Since Gy, is the homotopy fiber of the map d;: G — QSG, the proposition will follow
if we show that dj is null homotopic. The condition p > n; guarantees that G is one
of the groups listed in (1). So by Lemma 4.4 it suffices to show that d; o1 is null
homotopic.

Observe that the decomposition of G as a product of spheres implies that the space A4
is homotopy equivalent to \/f=1 S2ni=1 S0 the adjoint of §; oz isamap X34 — G
which can be replaced, up to homotopy equivalence, by \/f St ]_[f:1 S2mi—1,
To show this is null homotopic, it is equivalent to show that each of the composites

/ /
ea b S2na+2 s \/ SZH,‘+2 l_[ SZI’I,‘—I s San—l

i=1 i=1

is null homotopic for 1 < a,b <. Now m,(S2"0~1) is torsion if m # 2np — 1,
and by [30], the p—torsion class of least dimension occurs when m = 2np + 2p — 4.
Thus if 2n, +2 <2np +2p—3 forall 1 <a,b <! then nzna+2(52”b_1) =0 and
so each 0, p is null homotopic. But this inequality is implied by the hypothesis that
p>n;+1. a
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Sometimes d; can be shown to be null homotopic when p < n; + 1 simply by
checking that the right homotopy groups of spheres are zero. As an example, consider
the exceptional Lie group Eg. It has type {3, 15,23, 27,35,39,47,59} so n; = 30.
Thus Proposition 1.2 applies for primes p > 37. For primes p < 31 we have the
following.

Proposition 4.5 For any k € 7, the map 9d;: Eg — QéE g is null homotopic when
p €1{17,23,29}. Consequently, each case gives a p—local homotopy equivalence

GrEs ~ Eg x Q3 Eg.

Proof We consider the p = 17 case, the others being similar. By Lemma 4.4 it suffices
to show that dy o1 is null homotopic. Localized at 17, Eg decomposes as a product
B(3,35) x B(15,47) x B(27,59) x $?3 x $3°, where each B(2m + 1,2m + 33) is
a three-cell H—space whose bottom two cells are connected by the stable class o .
Let A2m + 1,2m + 33) be the (2m + 33)—skeleton of B(2m + 1,2m + 33). The
space A in this case is the wedge A(3,35) Vv A(15,47) Vv A(27,59) v §23 v §37.

The adjoint of 9z oz isamap f: ¥*4 — Eg. The cells of £34 are in dimensions
D = {6, 18,26, 30, 38,42, 50, 62}. So to show that f is null homotopic it suffices to
show that 7;(Eg) = 0 for each ¢t € D. Using the decomposition of Eg and the fact
that there are homotopy fibrations S2"+! — B(2m + 1,2m + 33) — S?7m+33 for
each 2m + 1 € {3,15,27}, we will have 7;(Eg) = 0 provided 7;(S*") = 0 for each
te D andt €{3,15,23,27,35,39,47,59}. Checking Toda’s [30] calculations of the
odd primary homotopy groups of spheres shows that this is the case. Thus f is null
homotopic and so dj o1 is null homotopic. O

It may be the case that the map dy: Eg — QSE g is null homotopic for other primes
p < 37 by different means. Also, Lemma 4.1 implies that d; >~ k0d;, so it may be the
case that for large enough values of & the potential obstructions to a null homotopy for
dy are annihilated by multiplication by k. Other examples where dj is null homotopic
for p<n;+1 are F4 and Eg at 11, and E7 at 17 and 19.

5 A factorization related to the adjoint of d;

Let 9%: S3AG — G be the adjoint of d;: G — QSG. By Lemma 4.1, 9% is homotopic
to the Samelson product (k¢, 1), which by linearity is homotopic to k (¢, 1) >~ kd{. In
this section we specialize to G = SU(n) and prove an odd primary factorization of the
composite

aa
S3 axcP 4 §3 A sum) =5 SUm).
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Corresponding factorizations for 97 o (1 A7) will follow by multiplying by k. Similar
integral factorizations are proved with respect to the composites

S3A O, 1 S3 ASp(n) a—?> Sp(n)
STASCP™ 2 §1 A U 2 U,
Consider the homotopy fibration sequence
Q(SU/ SUm)) =55 SUn) -1 SU —> SU/ SU®),

where SU is the infinite special unitary group and /" is the canonical inclusion. Since
f is a group homomorphism it takes Samelson products to Samelson products. So as
SU is homotopy commutative, the composite f o (¢, 1) is null homotopic. Thus there
is a lift

S3 ASU(n) i SU(n)
\ {g
Q(SU /SU(n))

for some map A. Consider the composite

A
S3 A xCP ! 4 §3 A SUM) > Q(SU/SU®)).

Since Q(SU /SU(n)) is (2n — 1)—connected, A o (1 A1) collapses out the (2n—1)—
skeleton of S3 A ZCP"~!. That is, if M = X(CP"~!1/CP"3) is the suspension of
the stunted projective space and ¢: CP"~! — M is the quotient map, then there is a
homotopy commutative diagram

a[l
§3 A sCPr-1 —2 §3 A SU() ——— SU(n)
) 53 Tg
M h Q(SU / SU(n))

for some map #. Now we refine a bit. Observe that as a CW—complex, M =
S2nUe?nt2  Also, the (2n + 2)—skeleton of Q(SU /SU(n)) is S2" Ue?" 2. Local-
ized at an odd prime both spaces are homotopy equivalent to S2” v $2"+2 and the
map /& becomes the composite

s2ny g2 2 Y8 gan g2 Yooy sUM)),
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where a and b are some degree maps, and £’ is the inclusion of the (27 + 2)—skeleton.
In Lemma 5.1 we show that both ¢ and b equal +1.

In this section and the next, we need to consider 75,47 (SU(n)), which is isomorphic
integrally to Z /127 if n=2,t0 Z/(n+1)!/2 Z if n isodd, and to Z /(n+1)! ZSZ /27
if n > 4 is even. For an odd prime p the p—component in each case is the same as that
of Z/(n + 1)!Z, so for brevity we will abuse notation by writing 75,42(SU(n)) =
Z/(n+1)Z.

Lemma 5.1 Letn > 2. After localizing at an odd prime, there is a homotopy commu-
tative diagram

o

$3 A sCPr—1 =2 §3 ASU(n) SU(n)

E E

S2n ., §2n+2 Q(SU /SU(n))

where £ is, up to signs, the inclusion of the bottom two cells.

Proof We begin with 5. Let ¢’: M — S2"%2 be the pinch map onto the top cell.
By [2], there is a characteristic map S2”~! — SU(n) with the property that the
composite $2"~!1 — SU(n) — S2"~! is of degree (n —1)!. By [29], the canonical
map XCP"~! — SU(n) induces an isomorphism on the free part of 74(SU(1)).
Thus there is a map c: S?”~! — SCP"~! with the property that the composite

s=1 S seprmt Ly 2 g
is of degree (n — 1)!. Consider the diagram

of

§3 A 521 2% 3 1 soprt =2 §3 ASUM) SU(n)

6 3
©) m qu ]g

g2ny, gan+2 YO can, gant2 L Q(SU/SU®Y).

The left triangle homotopy commutes since 73,42(S?") = 0 at odd primes. The
right rectangle homotopy commutes by the refinement of (5). The composition 99 o
(1 A1) o (1 Ac) along the top row is the Samelson product [¢, ¢], which Bott [3]
showed to have order n(n + 1). On the other hand, the restriction of g o to S2"+2
represents the generator of 75,42(SU(#)) =Z/(n+ 1)! Z. So the composite go{ o
(aVv b)o(x+ (n—1)!) in the lower direction of the diagram has order n(n + 1)/b.
The commutativity of the diagram therefore implies that we map put b = +£1.
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For a, replace 1 A ¢ in (6) by the composite

§3 A 523 109 63 sopr2 1M 63 sopn

where ¢’ is the characteristic map and ¢ is the inclusion. Now argue as before, using the
facts that (t, ¢’) has order (n—1)n and g o restricted to S2” represents the generator
of 75,(SU(n)) = Z/n!Z, to show that we may put a = 1. Taking £ = £’ o (a v b)
completes the proof. a

The symplectic case is similar via the homotopy fibration sequence

g

(Sp / Sp(n)) —> Sp(n) —> Sp —> Sp / Sp(n).

As before, the Samelson product

3 4l

S7 A Sp(n) — Sp(n)
lifts through g to a map A: S3 A Sp(n) — Q(Sp/ Sp(n)). The composite
A
S A Qw55 5% ASp(n) > (Sp / Sp(m))

collapses out the (4n + 1)—skeleton since Q2(Sp / Sp(n)) is (4n + 1)—connected. Thus
Ao (1 A1) factors through the pinch map £3¢: S3 A @, — S*"2 to the top cell, and
so there is a homotopy commutative diagram

3 1At 3 Bﬁ’
S3ANQy — S3 ASp(n) —— Sp(n)
»3q g

San+2 $2(Sp/ Sp(n))

for some map /. For connectivity reasons, / is homotopic to a composite

b V4
S4n+2 N S4n+2 N Q(Sp/Sp(n))

where b is some degree map and ¢’ is the inclusion of the bottom cell.

Lemma 5.2 Letn > 1. Integrally, there is a homotopy commutative diagram

3 11 3 3(11
S3AQn — S ASp(n) —— Sp(n)

EX Tg

Sé4nt2 Q(Sp/ Sp(n))
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where £ is, up to sign, the inclusion of the bottom cell.

Proof We argue as in Lemma 5.1. By [2; 29], there is a characteristic map ¢: S*"~! —
0, which has the property that ¢ o ¢ has degree (2n— 1)! if n is odd and 2(2n —1)!
if n is even. There is a homotopy commutative diagram

8(1
S3 A §4n—1 A S3 A On ﬂ> S3 /\Sp(n) v Sp(n)
g N E
$2(Sp/ Sp(n)).

The composition 97 o (1 A7) o (1 A ¢) along the top row is the Samelson product
(t, ¢), which Bott [3] showed to have order a multiple of 4n(2n 4 1) if n is odd and
n(2n+ 1) if n is even. On the other hand, the composite g o £’ represents the generator
of m4n4+2(Sp(n)), which equals Z/2(2n 4+ 1)!Z if n is odd and Z/(2n+ 1) Z if n
is even. So the composite g o’ ob o (n—1)! in the lower direction of the diagram
has order 4n(2n + 1)/b if n is odd and n(2n + 1)/b if n is even. The commutativity
of the diagram therefore implies that we may put b = £1 for either n odd or even.
Taking £ = ¢’ o b completes the proof. ad

gan+2 — 2 5 gant2

The case of U(n)-bundles over S? is analogous to the symplectic case. Consider the
homotopy fibration sequence

QU/Um) 25 Un) — U — U/ U(@n).

The Samelson product 97 STAU(n)— U(n) lifts through g toamap A: S! AU(n) —
Q(U/U(n)). The restriction of A to ST AZCP"~! collapses out the (21— 1)—skeleton
since Q(U/U(n)) is (2n — 1)—connected. Thus A o (1 A1) factors through the pinch
map Xq: S'AZCP"! — S27 to the top cell, and so there is a homotopy commutative
diagram

o

St ascpr—t =2 SUAU®) Un)

qu Tg

s2n ! QU/U(n))

for some map /. For connectivity reasons, / is homotopic to a composite

b V4
S 5 82 25 QU /U(n))

where b is some degree map and ¢’ is the inclusion of the bottom cell.
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Lemma 5.3 Let n > 2. Integrally, there is a homotopy commutative diagram

a

St ascpr—1 2> ST AU®) Un)

lzt, E

§2n QU/U(n))

where £ is, up to sign, the inclusion of the bottom cell.

Proof We argue again as in Lemma 5.1. Consider the homotopy commutative diagram

St As2—1 2% g1 sepr-t =2 §1AU@n) U(n)

®)
m qu Tg
b v

S2n S2n QU/U(n)).

The composition df o (1 A7) o (1 A ¢) along the top row is the Samelson product
(t, ¢}, which Bott [3] showed to have order 7. On the other hand, g o £’ represents the
generator of 7,,(SU(n)) = Z/n!Z. So the composite go £’ obo (n—1)! in the lower
direction of the diagram has order n/b. The commutativity of the diagram therefore
implies that we may put » = +1. Taking £ = £/ o b completes the proof. |

6 The decompositions

In this section we prove the decomposition of G; SU(#) in Theorem 1.3, as well
as analogous decompositions for Gi Sp(n) and G;U(n) in Theorems 6.2 and 6.3.
Throughout we will assume spaces and maps have been localized at an odd prime.

First consider G; SU(n). We want to show that the H-map 6 in Theorem 1.1 is
homotopic to another H —map which is explicitly defined. Let y; be the composite

Vi HP IB, B vaﬁ.SZn 3xs2n 1L-Q4s2n+lxg S2n+3

k35, xk 235,41

Q3B x Q) B, —>1‘[P 1933 S23SU(n)

Here, m,,, is the projection onto the factors By, and B, carrying the degree 2n —3
and 2n — 1 generators in homology; this is followed by the maps to the corresponding
spheres; E* is the quadruple suspension; iy,v 1s the inclusion of the factors B, and B,
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which inherit from the equivalence ¢ the homotopy groups 7,,(SUn)) =~ Z/n!Z
and 75,42(SU(n)) 2= Z/(n + 1)! Z respectively; and the maps 5,: QS?"*! — B,
and 5,4 : Q852”3 — B, are extensions of representatives of those generators, the
extensions existing because B, and B, are H -spaces. Numbering from left to right,
the first, fourth, fifth and sixth maps in the composite defining 3}, are clearly H -maps;
the second map is an H —map by Theorem 3.1 (b); and in the third map each E# is an
H —map with respect to the H —structure on an odd dimensional sphere defined just
prior to Theorem 3.1. Thus yj is an H—map as it is the composite of H—maps.

Lemma 6.1 There is a homotopy commutative diagram

SU(n) —% = Q3 SU(n)

S

[17-) B —~ Q3 SU).

Proof The lemma follows immediately from Theorem 1.1 if we show that §; is
homotopic to Y. Since both §; and y, are H-maps, to show they are homotopic
it suffices by Lemma 3.2 to show that §; o j is homotopic to y o 7, where ; is the
composite

p—1

sCP"! 5 su(m) — [] B

i=1
Recasting, Theorem 1.1 states that §; o j >~ dj o1, so it is equivalent to show that
Yk © j is homotopic to dj o1.

First consider yj o j. By connectivity, the composite

scP"! L[] Bi 22 Bux By —> 5273 x 52771
i=1

is homotopic to the composite
— q — 1w — —
ECP" 1 S2n 3 v SZn 1 S2n 3 % S2n 1

where w is the inclusion of the wedge into the product. Thus y; o 7 >~ Q3¢ 04y , 0
(E*x E*) o (kQ35, xkQ35,11)owogq.

Next consider dx oz. Return to the diagram in Lemma 5.1. Let s, and s, be the
restrictions of

Y/
§21y §2n%2 7, (SU / SU(n)) -2 SU(n)
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to $2" and S2"*2 respectively. So s, and s, represent the generators of the groups
72, (SUM)) = Z/n!Z and m3,4,(SUM)) = Z/(n + 1)! Z. Lemma 5.1 states that
there is a homotopy 9 o (1 A1) > (s +Sp+1) © ¥3¢. Composing with the k—th power
map on SU(n) gives ka7 o (1 A1) = (ksy +ksp41) 0 %3¢. Since Lemma 4.1 implies
that 97 ~ kd] we obtain a homotopy commutative diagram

aa
§3 A sCPr—1 =25 §3 ASU() —— SU(n)

o |
g2n ., g2n+2 ks tksn+1 SU(n).

Now introduce the decomposition e: SU(n) — ]_[l_1 B; in Theorem 3.1. Since s,
and s, represent the generators of 5,(SU(n)) and m5,41(SU(n)), the definition
of the maps s, and s, implies that the composite
1
kesn-+hs, -
s2ny g2nt1 T SU(n) LN l_[ B;
i=1

is homotopic to the composite
e g2y g2+l g2n . g2ntl EXE o cont1 o gon+s

ks xksy i

Dt g uva—>l_[B,

i=1

Combining this homotopy with (9) gives e 09y o (1 A1) = €0 ¥3q. Now take the
3—fold right adjoint, and use the naturality of adjointing with the 3—fold suspension to
obtain a homotopy commutative diagram

n—1 1 0 3 Q3e p—1 A3
scpr-t ——— SU(n) ———— Q3 SU(~n) [l 3B

’ e

gan-3y gan—1 2o gan-3, g2n— 1 EAxE QIsamtliQigmts — X~ Q3B xQ3B

here k = k35, x kQ35,41. Equivalently, dx o1 ~ Q3¢ oy, 0 (E* x E*)o
(k235 x kQ35,41) owoq. Hence 0 o1 ~ Y o j, as required. ad

Now we are ready to decompose Gj SU(n). Let X and Yj respectively be the
homotopy fibers of the composites

_3 E* kQ35,

Bpl, SZn 3 Q4S2n+1 n QSBM
_ E* k35,41

B, —— Sl Q45235 03B,
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Proof of Theorem 1.3 The space G, SU(n) is the homotopy fiber of the map dj . By
Lemma 6.1, G; SU(n) is homotopy equivalent to the homotopy fiber of y; . Eliminating
the equivalence Q3e~! in the definition of y; shows that Gy SU(n) is homotopy
equivalent to the homotopy fiber of the composite

-1 Tuv _ _ E*xE*
l_[lp=1 B — B, X By —— S2n 3« S2n 1= Q4s2n+1 x Q4s2n+3

kQ35, xk Q35,41
! e Q3B x Q) B,,—>1‘[P QB

Since the initial arrow is a projection and the final arrow is an inclusion, the asserted
decomposition of G SU(n) follows immediately. |

The case of Gy Sp(n) is similar. The map y; takes the form

-1 0 E*
Vi 1‘[{’:1 B — By —— g4n—1 — s 4 gint3

kQ3s,
S Q3B 1) @3B T ~ Q3 Sp(n).

The diagram in Lemma 6.1 becomes

Sp(n) Q5 Sp(n)
Je |
_ Vi
[17=) Bi — @3 Sp(n).
Let X be the homotopy fiber of the composite

3 k§23sn
—

4
B, —— s4n—1 L, gagint Q3B,.

Arguing as in Theorem 1.3 we obtain the following.

Theorem 6.2 There is a homotopy decomposition

p—1 p—1
ngp(n):ka<l—[ Bj)x(l_[QgBi). |

j=1 i=1
J#u i#1
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In the case of G U(n) the map y; takes the form

ol p—1 T _ B a1 B> o2 cant1
Vi: S ><FL=1 B —— by ——§ — QS

kQs, i
n QBu u

—1
Pl op 2 QuU®m).

i=1
The diagram in Lemma 6.1 becomes

Ik

U(n)
le |

Let X be the homotopy fiber of the composite

E? kQs
B, —> S 5 @2st 1 T8 0B,

Arguing as in Theorem 1.3 we obtain the following.

Theorem 6.3 There is a homotopy decomposition

p—1 p—1
gkU(n):Slxka(]_[B,-)><(]‘[sz23,-). o

j=1 i=1
J#n i#u

7 Spin-gauge groups

In this section we only assume that p is odd, without any restriction on the dimension
parameter n. In Section 3 we saw that there are p-local homotopy equivalences
Spin(2n 4 1) >~ Sp(n) and Spin(2n) ~ S?"~! x Sp(n — 1). We will show that these
equivalences determine p-local homotopy equivalences Gy Spin(2n + 1) >~ G Sp(n)
and Gy Spin(2n) >~ S2"~1 x Q48§21+3 » G, Sp(n — 1). Further decompositions then
exist by Theorem 6.2.

Theorem 7.1 For n > 1 there is a Zj j2)—local homotopy equivalence

Gr Spin(2n + 1) >~ G Sp(n).

Proof Friedlander [10] showed that there is a Z;/2)—local homotopy equivalence
f: BSpin(2n + 1) — B Sp(n). This map does not exist integrally. Observe that the
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induced map 74(B Spin(2n + 1)) ® Z (1 /2) —> w4(B Sp(n)) ® Z(1/2) is an isomor-
phism, implying that f* sends k € m4(B Spin(2n + 1)) to 27k € m4(B Sp(n)) for
some integer j, possibly negative. By [16], there is a homotopy equivalence

BGy. Spin(2n + 1)1 /5y = Mapy (S*, B Spin(2n + 1)) (172

~ Mapy, (S*, B Spin(2n + D/2)
and similarly BGy Sp(n)(1/2) >~ Mapy (S*. B Sp(n)(1/2)). Thus f induces a mor-
phism between Z(j/,)—local evaluation fibrations Mapy (S 4 BSpinQ2n + 1)) —

B Spin(2n + 1) and Map,,(S*, B Sp(n)) — B Sp(n) — we suppress the Z1)2)
now — which induces a homotopy commutative diagram of fibration connecting maps

ad
Spin(2n + 1) — Q3 Spin(2n + 1)

Lo

Sp(n) 2k Qg Sp(n).

Both vertical maps in this diagram are Z; /2)—local homotopy equivalences, and so
induce a Zj /2)—local homotopy equivalence Gy Spin(2n + 1) >~ G, Sp(n) between
fibers.

To complete the proof, we will show that there is a Z ; /2)—local homotopy equivalence
Gyix Sp(n) ~ Gi Sp(n). By Lemma 4.1 and the linearity of the Samelson product,
for any integer m there is a homotopy d,, >~ m o d; where the map m is the m—th
power map on 9(3) Sp(n). Now suppose that j > 0. Then 05, =~ 27 09y, so there is a
homotopy fibration diagram

Gk Sp(n) ——= Sp(n) —= Q3 Sp(n)
g |, I

Gai i SP(n) — Sp(n) —> Q3 Sp(n)

for some induced map g of fibers. Localizing at Z(;/,), the 2/ —power map is a
homotopy equivalence, so the five-lemma implies that g is a Zj/2)~local homotopy
equivalence. The argument for j < 0 is similar, using the fact that if k = 27/k’, then
ak >~ 2_j o ak/ . O
Next, consider the map d: Spin(2n) — Qg Spin(2n), or equivalently

I: S x Spin(2n — 1) — Q35?71 x Q3 Spin(2n — 1).

After some preliminary work, Lemma 7.3 reduces this to the case of d;: Sp(n — 1) —
Q 3 Sp(n—1).
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Lemma 7.2 Letn > 2. Suppose p > 5 or p =3 and k is a multiple of 3. Then the
inclusion S?"~! — Spin(2n) lifts to a map

S2n—1

|

G Spin(2n) — Spin(2n).

Proof We use the canonical fibration Spin(2n — 1) —> Spin(2n) — S2"~1, which
splits at odd primes. Consider the composite

~ s
£ 8217 s §2171 5 Sp(2n — 1) —> Spin(2n) —> Q3 Spin(2n).

. SZn+2

Adjointing gives a map f“ — Spin(2n). We claim that the composite

§2n+2 ﬁ) Spin(2n) —> S2"~!

is null homotopic. This is the case if p > 5 because then 75,42(S?" 1) =0.1If p =3
then 75,4, (S?" ') = Z /37, so there is a potential obstruction to a null homotopy
for /4. By [18] (see Remark 7.5), this is in fact a genuine obstruction. But if k is
a multiple of 3 then, as Lemma 4.1 implies that 97 ~ k9, the factorization of [
through 97 implies that f“ is divisible by 3. Thus f“ annihilates Tango(S271)
and so is null homotopic. In either case, the null homotopy for f¢ implies that it
lifts through the inclusion Spin(2n — 1) — Spin(2n). By Lemma 4.1, the adjoint of
dx is homotopic to a Samelson product and so composes trivially into Spin(co) as
this space is homotopy commutative. Thus f¢, which factors through 9%, composes
trivially into Spin(co). Therefore, the lift of /¢ through Spin(2n — 1) lifts further
to a map S2"~1 — Q(Spin(co)/ Spin(2n — 1)). This map is null homotopic since
Q(Spin(co)/ Spin(2n — 1)) is (4n — 6)—connected. Thus (¢ is null homotopic, and
so f is null homotopic. The existence of the asserted lift to G Spin(27n) follows
immediately. a

Lemma 7.3 Letn > 2. Suppose p > 5 or p =3 and k is a multiple of 3. Then there
is a homotopy commutative diagram

d
§21=1 % Spin(2n — 1) —— 352"~ % Q3 Spin(2n — 1)

Spin(2n — 1) Q] Spin(2n — 1)

where 1, is the projection and i, is the inclusion.
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Proof Since d;: Spin(2n) — Qg Spin(2n) is a fibration connecting map, there is
a homotopy action 6: Qg Spin(2n) x Spin(2n) — Q 3 Spin(2n). Using the lift from
Lemma 7.2, consider the diagram

S2n=1%Spin(2n—1) = Gx Spin(2n)xSpin(2n) — Spin(2n)xSpin(2n) —2 . Spin(2n)

lnz ) lakxl lak

Spin(2n—1) —————— Spin(2n) 2 . Q3 Spin(2n)xSpin(2n) 4 Q3 Spin(2n)

where p is the loop multiplication. The left square homotopy commutes by the
naturality of the projection, the middle square homotopy commutes since

Ok :
Gr Spin(2n) — Spin(2n) AN 9(3) Spin(2n)

is a homotopy fibration and so the composite is null homotopic. The right square
homotopy commutes because it is a canonical property of the homotopy action 6. Thus
the diagram as a whole homotopy commutes. Now observe that the composite along the
top row is a homotopy equivalence. The composite along the bottom row simplifies to

B
a: Spin(2n — 1) — Spin(2n) SN Qg Spin(2n).
Suppose we knew that a is homotopic to the composite
a
b: Spin(2n — 1) —> Q3 Spin(2n — 1) —> Q3 Spin(2n).
Then the outer rectangle of this diagram would be the diagram asserted by the lemma.

To show that & is homotopic to b, observe that the inclusion Spin(2x#—1) — Spin(2#)
is a group homomorphism and so induces a map B Spin(2n —1) —> B Spin(2n). The
naturality of the evaluation fibration Map; (X, BG) — BG therefore implies that
there is a homotopy commutative diagram of connecting maps

ad
Spin(2n — 1) —> Q3 Spin(2n — 1)

|

a
Spin(2n) . Qg Spin(2n).

The upper direction around this square is the definition of 5 and the lower direction is
the definition of @, and so a ~ b, as required. O

The factorization in Lemma 7.3 immediately gives the following.
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Theorem 7.4 Let n > 2. Suppose p > 5 or p =3 and k is a multiple of 3. Then
there is a p—local homotopy decomposition

Gr Spin(2n) ~ S 1 x Q482" % G, Spin(2n — 1). O

Remark 7.5 After this paper appeared, the decomposition in Theorem 7.4 was also
proved by Kishimoto and Kono [18] using different methods. In addition, they determine
what happens when p = 3 and & is prime to 3: there is a homotopy decomposition
G Spin(2n) >~ X x Gy Spin(2n—1) where X is known to not be homotopy equivalent
to §2171 x Q4g2n-1,
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