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A FORMULA FOR THE HURWITZ ZETA FUNCTION,

RIEMANN’S FUNCTIONAL EQUATION AND

CERTAIN INTEGRAL REPRESENTATIONS

By

Yasuyuki Kachi and Pavlos Tzermias

Abstract. There is a well-known formula for the Hurwitz zeta

function which implies the functional equation for the Riemann zeta

function. We give a new proof of that formula and recover certain

integral representations for the Hurwitz and Riemann zeta functions.

1. Introduction

The Riemann zeta function zðsÞ is the unique meromorphic function on C,

which, for ReðsÞ > 1, coincides with the infinite series

Xy
n¼1

1

ns
:

It is well-known ([7], [9], [14], [34], [36]) that zðsÞ is analytic on Cnf1g, has

a simple pole at s ¼ 1 with residue 1 and is given by the formula ([7], Theorem

2.4)

zðsÞ ¼ p s=2

G s
2

� � 1

sðs� 1Þ þ
1

2

ðy
1

ðxs=2�1 þ x�ðsþ1Þ=2ÞðQðxÞ � 1Þ dx
� �

;

where QðxÞ is the Jacobi theta function given by the formula

QðxÞ ¼
Xy
n¼�y

e�n2px:
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Riemann ([28]) proved that zðsÞ satisfies the following functional equation:

zðsÞ ¼ 2Gð1� sÞ sin ps

2

� �
ð2pÞs�1zð1� sÞ: ð1Þ

One of the purposes of this paper is to give a new proof of the above functional

equation. It is known ([14], [22], [27], [37]) that Euler ([16]) had discovered a

version of Formula (1) for integer values of s, based on Abel summation for

divergent series and certain reflection formulas that he had discovered for the zeta

function, the gamma function and the Dirichlet beta function. Riemann gave two

complete proofs of the functional equation in [28]: one based on contour integrals

and one using the Q-function and its Mellin transform. Another proof is based on

the Riemann-Siegel formula ([14]). There are seven classical proofs of Formula

(1) in [36]. A particularly noteworthy proof along with important generalizations

was given in Tate’s thesis ([35]) on Fourier Analysis in number fields. Several

other proofs and generalizations obtained by various techniques exist in the

literature: making no claim whatsoever of providing a complete list of suitable

references, we confine ourselves to mentioning [23] for a proof using Lipschitz

summation, [29] for another proof using Mellin transforms, [2], [39] for a gener-

alization to Lerch zeta functions, [6] for a generalization to Dirichlet L-functions

and [8], [18] for a generalization to automorphic L-functions and multi-variable

settings.

We also recall that the Hurwitz zeta function zðs; xÞ is the unique meromor-

phic function of s which, for x > 0 and for ReðsÞ > 1 coincides with the infinite

series

Xy
n¼0

1

ðnþ xÞs :

It is well-known ([9], [14], [19], [34], [36]) that, for each fixed x > 0, the function

zðs; xÞ is analytic with respect to s on Cnf1g and has a simple pole at s ¼ 1 with

residue 1. Note that zðs; 1Þ ¼ zðsÞ.
Moreover,

zðs; xÞ ¼ 2Gð1� sÞ
Xy
k¼1

sin 2kpxþ p
2 s

� �
ð2kpÞ1�s

; ð2Þ

for 0 < xa 1 and ReðsÞ < 0. Note that, for x ¼ 1, Formula (2) becomes Formula

(1).
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In this paper we give a new proof of Formula (2) and thereby also a new

proof of Formula (1). In the process, we deduce certain integral representations

for the Hurwitz and Riemann zeta functions. The approach is based on calcula-

tions involving the Laplace-Mellin transforms of certain functions together with

an inductive argument involving the range of the variable x in Formula 2. An

e¤ort has been made to keep the arguments as elementary and self-contained as

possible.

Acknowledgement

We gratefully acknowledge the anonymous referee’s substantive remarks and

careful reading of the manuscript.

2. Auxiliary results

In this section, we recall some results about improper Riemann integrals that

will be needed in the sequel. Since improper Riemann integrable functions are not

always Lebesgue integrable (e.g. Example 2, page 275 in [1]), we have chosen to

avoid the use of standard results of Lebesgue integration, like the Tonelli-Hobson

theorem (Theorem 15.8 in [1]), in justifying certain steps in our proofs. We have

opted instead to collect certain facts about improper Riemann integrals here,

giving appropriate references where needed.

The first fact that will be needed is a Fubini-type statement for improper

Riemann integrals which is a consequence of uniform convergence and seems to

be particularly useful in cases of absence of absolute integrability. It is a slight

restatement of a theorem given by Loya in [26]. We include it here for the sake

of completeness:

Theorem 2.1. Let a; b A R and f ðx; yÞ a continuous complex-valued function

on ða;yÞ � ðb;yÞ which satisfies the following three conditions:

(1) The improper Riemann integralðy
b

f ðx; yÞ dy

exists and converges uniformly for x in compact subintervals ½c; d � of

ða;yÞ,
(2) the improper Riemann integralðy

a

f ðx; yÞ dx
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exists and converges uniformly for y in compact subintervals ½c; d � of

ðb;yÞ,
(3) there exists a real-valued function gðxÞ on ða;yÞ such that, for all compact

subintervals ½c; d � of ðb;yÞ, we have

ð d
c

f ðx; yÞ dy
����

����a gðxÞ and

ðy
a

gðxÞ dx exists:

Then the improper iterated Riemann integrals

ðy
a

ðy
b

f ðx; yÞ dydx and

ðy
b

ðy
a

f ðx; yÞ dxdy

exist and are equal.

Remark 2.2. The above integrals may be improper of mixed type, i.e. they

may also be improper at a or at b.

The following consequence of Theorem 2.1 will be important:

Corollary 2.3. Let a > 0, l > 0 and 0 < ReðsÞ < 1. Then

ðy
0

sinðlðu� aÞÞ
us

du ¼ ls�1Gð1� sÞ cos alþ p

2
s

� �
:

Proof.

ðy
0

sinðlðu� aÞÞ
us

du ¼ cosðalÞ
ðy
0

sinðluÞ
us

du� sinðalÞ
ðy
0

cosðluÞ
us

du

¼ l s�1 cosðalÞ
ðy
0

sin x

xs
dx� ls�1 sinðalÞ

ðy
0

cos x

xs
dx:

The last two integrals appearing above are Mellin transforms (for the parameter

t ¼ 1� s) of the functions sin x and cos x and are known as generalized Fresnel

integrals. Their evaluations are well-known: they are listed in [5], pages 68 and 10,

proven in [9], page 92, using contour integration, and also proven (for real values

of s) in [26]. Taking also into account the reflection formula for the Gamma

function ([9], page 90), we get that, for 0 < ReðsÞ < 1, the above combination of

generalized Fresnel integrals equals
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ls�1 cosðalÞGð1� sÞ cos p

2
s

� �
� ls�1 sinðalÞGð1� sÞ sin p

2
s

� �

¼ ls�1Gð1� sÞ cos alþ p

2
s

� �
: r

The second fact that will be needed is a Dominated Convergence Theorem for

improper Riemann integrals (following from Theorem 25.21, page 359 in [4]).

Note that, in the presence of interesting counterexamples ([4], Exercises 25.U

and 25.T), special care is needed to ensure that the limit function is improper

Riemann integrable:

Theorem 2.4. Let fnðxÞ be a sequence of complex-valued functions which

converges pointwise to a function f ðxÞ on ða;yÞ. Assume that the functions fn

and f are Riemann integrable over ½c; d �, for all compact subintervals ½c; d � of

ða;yÞ. Suppose also that there exists a real-valued function gðxÞ on ða;yÞ such

that

ðy
a

gðxÞ dx exists and j fnðxÞja gðxÞ; for all x > a and for all n A N:

Then the functions fn and f are improper Riemann integrable on ða;yÞ
and

lim
n!y

ðy
a

fnðxÞ dx ¼
ðy
a

f ðxÞ dx:

Remark 2.5. The above integrals may be improper of mixed type, i.e. they

may also be improper at the point a.

The third fact that will be needed is a Beppo Levi theorem for improper Riemann

integrals (following from Theorem 2.3.7 in [30], page 126; see also [1], Theorems

10.25 and 10.33):

Theorem 2.6. Let fnðxÞ be a sequence of complex-valued functions such that

the series

Xy
n¼0

fnðxÞ
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converges pointwise to a function f ðxÞ on ð0;yÞ. Assume that the functions fn

and f are improper Riemann integrable on ð0;yÞ and that the series

Xy
n¼0

ðy
0

j fnðxÞj dx

converges. Then

ðy
0

f ðxÞ dx ¼
Xy
n¼0

ðy
0

fnðxÞ dx:

3. Laplace-Mellin transforms and integral formulas

If jðxÞ is a piecewise continuous real-valued function on ð0;yÞ, its Laplace-

Mellin transform ĵjaðsÞ is a mixture of its Mellin transform and its Laplace

transform. Specifically, for a > 0, define

ĵjaðsÞ ¼
ðy
0

e�axxs�1jðxÞ dx:

The region of convergence of ĵjaðsÞ depends on the asymptotic behaviour of jðxÞ
near 0 and near y. The general theory of the analytic properties of this trans-

form is fully presented in [21].

The remainder of this section is devoted to calculations involving the Laplace-

Mellin transform of the function j : ð0;yÞ ! R given by the formula

jðxÞ ¼ 1

x2 þ l2
;

where l A ð0;yÞ. We start with an easy lemma:

Lemma 3.1. Let b > 0, r A N and ReðsÞ < 1. Thenð b
0

ðb� uÞr

us
du ¼ r!brþ1�s

ð1� sÞð2� sÞ � � � ðrþ 1� sÞ :

Proof. The claim is clearly true for r ¼ 0. Assume that it is true for r.

Using integration by parts,ð b
0

ðb� uÞrþ1

us
du ¼ ðb� uÞrþ1

u1�s

1� s

����
b

u¼0

þ rþ 1

1� s

ð b
0

ðb� uÞr

us�1
du;

and the claim follows by induction. r
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Proposition 3.2. Let a > 0, l > 0 and ReðsÞ > 0. Then

ĵjaðsÞ ¼
ðy
0

e�ax xs�1

x2 þ l2
dx ¼ GðsÞ

l

ðy
0

sinðluÞ
ðaþ uÞ s du:

Proof. First note that, since jðxÞ is bounded near y and analytic near 0,

Lemma 1.3 in [21] implies that the Laplace-Mellin transform ĵjaðsÞ converges for

ReðsÞ > 0. Now it is trivial to show thatðy
0

e�xu sinðluÞ du ¼ l

x2 þ l2
; for x > 0:

Therefore,

l

ðy
0

e�ax xs�1

x2 þ l2
dx ¼

ðy
0

e�axxs�1

ðy
0

e�xu sinðluÞ dudx:

Consider the complex-valued function

f ðx; uÞ ¼ e�axxs�1e�xu sinðluÞ on ð0;yÞ � ð0;yÞ:

We will check that it satisfies the hypotheses of Theorem 2.1. We haveðy
0

f ðx; uÞ du ¼ e�axxs�1 l

x2 þ l2
;

ðy
0

f ðx; uÞ dx ¼ GðsÞ sinðluÞ
ðaþ uÞs :

Also, let I ¼ ½c; d � be a compact subinterval of ð0;yÞ. Let s ¼ ReðsÞ. Choose a

positive integer n such that nb sþ 1. If y > z > 0, thenð y
z

f ðx; uÞ dx
����

����a
ð y
z

e�ðaþuÞxxs�1 dxa

ð y
z

n!xs�1

ððaþ uÞxÞn dx

a
n!

ðaþ cÞnðn� sÞzn�s
:

Therefore, given e > 0, we can always find tðeÞ large enough so that for all u A I

and for any y > z > tðeÞ the inequalityð y
z

f ðx; uÞ dx
����

����< e

holds. In other words, Cauchy’s criterion for uniform convergence ([4], page 352)

of the improper Riemann integralðy
0

f ðx; uÞ dx

on the interval I is satisfied.
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Similarly, for y > z > 0, we haveð y
z

f ðx; uÞ du
����

����a e�axxs�1

ð y
z

e�xu dua e�axxs�1

ð y
z

n!

ðxuÞn du

a
n!

ðn� 1Þcn�sþ1zn�1
:

Therefore, given e > 0, we can always find tðeÞ large enough so that for all x A I

and for any y > z > tðeÞ the inequalityð y
z

f ðx; uÞ du
����

����< e

holds. Again by Cauchy’s criterion for uniform convergence, it follows that the

improper Riemann integral ðy
0

f ðx; uÞ du

converges uniformly on the interval I .

Finally, if y > z > 0, thenð y
z

f ðx; uÞ du
����

����
¼ e�axxs�1

ð y
z

e�xu sinðluÞ du
����

����
¼ e�axxs�1 �e�xyðx sinðlyÞ þ l cosðlyÞÞ þ e�xzðx sinðlzÞ þ l cosðlzÞÞ

x2 þ l2

����
����

a 2e�axxs�1 xþ l

x2 þ l2
a 2e�axxs�1 xþ l

l2
:

If gðxÞ ¼ 2e�axxs�1 xþl

l2 , thenðy
0

gðxÞ dx ¼ 2

l2
Gðsþ 1Þ
asþ1

þ lGðsÞ
as

� �
:

Therefore, an application of Theorem 2.1 givesðy
0

e�ax xs�1

x2 þ l2
dx ¼ 1

l

ðy
0

e�axxs�1

ðy
0

e�xu sinðluÞ dudx

¼ 1

l

ðy
0

sinðluÞ
ðy
0

e�ðaþuÞxxs�1 dxdu ¼ GðsÞ
l

ðy
0

sinðluÞ
ðaþ uÞs du: r
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Proposition 3.3. Let a > 0, l > 0 and 0 < ReðsÞ < 1. Then

ĵjaðsÞ ¼
ðy
0

e�ax xs�1

x2 þ l2
dx

¼ GðsÞGð1� sÞ
l2�s

cos alþ p

2
s

� �

þ Gðs� 1Þ
as�1l

Xy
m¼1

ð�1Þm ðalÞ2m�1

ð2� sÞð3� sÞ � � � ð2m� sÞ :

Proof. By Proposition 3.2, it su‰ces to prove that

GðsÞ
l

ðy
0

sinðluÞ
ðaþ uÞ s du

equals

GðsÞGð1� sÞ
l2�s

cos alþ p

2
s

� �
þ Gðs� 1Þ

as�1l

Xy
m¼1

ð�1Þm ðalÞ2m�1

ð2� sÞð3� sÞ � � � ð2m� sÞ :

Let M be a positive real number. Since s is not an integer, repeated application

of integration by parts gives

ðM
0

sinðluÞ
ðaþ uÞs du ¼ cosðluÞ

Xn�1

m¼1

ð�1Þml2m�1

ðs� 1Þðs� 2Þ � � � ðs� 2mÞðaþ uÞs�2m

 !�����
M

0

þ sinðluÞ
Xn
m¼1

ð�1Þml2m�2

ðs� 1Þðs� 2Þ � � � ðs� 2mþ 1Þðaþ uÞs�2mþ1

 !�����
M

0

þ ð�1Þn�1l2n�1

ðs� 1Þðs� 2Þ � � � ðs� 2nþ 1Þ

ðM
0

cosðluÞ
ðaþ uÞs�2nþ1

du:

The limit of the integral on the left-hand side as M ! y exists. We may

therefore substitute M by Mk ¼ 2pk=l and then take the limit as k ! y. Since

cosðlMkÞ ¼ 1 and sinðlMkÞ ¼ 0, we haveðMk

0

sinðluÞ
ðaþ uÞs du

¼ ð�1Þn�1l2n�1

ðs� 1Þðs� 2Þ � � � ðs� 2nþ 1Þ

ðMk

0

cosðluÞ
ðaþ uÞs�2nþ1

du

þ
Xn�1

m¼1

ð�1Þm l2m�1

ðs� 1Þðs� 2Þ � � � ðs� 2mÞ
1

ðaþMkÞs�2m
� 1

as�2m

 !
: ð3Þ
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Note that for 2n > sþ 1, we have

ð�1Þn�1
l2n�1

ðs� 1Þðs� 2Þ � � � ðs� 2nþ 1Þ

ðMk

0

cosðluÞ
ðaþ uÞs�2nþ1

du

�����
�����

a
jlj2n�1

jðs� 1Þðs� 2Þ � � � ðs� 2nþ 1Þj

ðMk

0

ðaþ uÞ2n�s�1
du

a
jlj2n�1ðaþMkÞ2n�s

jðs� 1Þðs� 2Þ � � � ðs� 2nþ 1Þj :

Let

dn ¼
jlj2n�1ðaþMkÞ2n�s

jðs� 1Þðs� 2Þ � � � ðs� 2nþ 1Þj :

Clearly,

lim
n!y

dnþ1

dn
¼ 0;

hence the sequence dn also converges to 0. Letting n ! y in Formula (3), we

get

ðMk

0

sinðluÞ
ðaþ uÞs du ¼

Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞ
1

ðaþMkÞs�2m
� 1

as�2m

 !

¼
Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞðaþMkÞs�2m

�
Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞas�2m
: ð4Þ

By Lemma 3.1 for r ¼ 2m� 1 and b ¼ aþMk, Formula (4) gives

ðMk

0

sinðluÞ
ðaþ uÞs du ¼

Xy
m¼1

ð aþMk

0

ð�1ÞmðlðaþMk � uÞÞ2m�1

usð2m� 1Þ! du

�
Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞas�2m
:

By uniform convergence of the Maclaurin series for sin x on compact intervals,

we get
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ðMk

0

sinðluÞ
ðaþ uÞs du ¼

ð aþMk

0

sinðlðu� a�MkÞÞ
us

du

�
Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞas�2m
:

Since lMk ¼ 2pk, we get

ðMk

0

sinðluÞ
ðaþ uÞs du ¼

ð aþMk

0

sinðlðu� aÞÞ
us

du�
Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞas�2m
:

Letting k ! y, we get

ðy
0

sinðluÞ
ðaþ uÞs du ¼

ðy
0

sinðlðu� aÞÞ
us

du�
Xy
m¼1

ð�1Þml2m�1

ðs� 1Þ � � � ðs� 2mÞas�2m
:

Multiplying both sides by GðsÞ=l and using Proposition 3.2 and Corollary 2.3

completes the proof. r

Recall the definition of Lommel’s functions of two variables ([5], page 372):

Vsðw; zÞ ¼ cos
w

2
þ z2

2w
þ sp

2

� �
þ
Xy
m¼0

ð�1Þm w

z

� �2�sþ2m

J2�sþ2mðzÞ;

where JnðzÞ denote the Bessel functions of the first kind ([5], page 370):

JnðzÞ ¼
Xy
k¼0

ð�1Þk
z
2

� �nþ2k

k!Gðnþ k þ 1Þ :

A straightforward calculation shows that Proposition 3.3 can be restated in terms

of specific values of Vsðw; zÞ. In other words, we have a new and elementary

proof of the following classical Proposition (listed in [5], page 138, and proven

in [38], page 548, Formula (4), via contour integration):

Proposition 3.4. Let a > 0, l > 0 and 0 < ReðsÞ < 1. Then

ĵjaðsÞ ¼
ðy
0

e�ax xs�1

x2 þ l2
dx ¼ l s�2 p

sinðspÞVsð2al; 0Þ:

Remark 3.5. Not surprisingly, for jalj < 1, the infinite sum appearing on

the right-hand side of the equality in Proposition 3.3 can also be expressed in
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terms of confluent hypergeometric series, namely it equals

1F1ð1; 2� s;�ialÞ � 1F1ð1; 2� s; ialÞ
2i

:

Remark 3.6. For ReðsÞ < 1, the infinite sum appearing on the right-hand

side of the equality in Proposition 3.3 also equals

s� 1

ðalÞ1�s

ð al
0

sinðal� xÞ
xs

dx:

This follows by combining the Maclaurin series of sin x with the formula in

Lemma 3.1.

4. The Hurwitz zeta function in terms of a Laplace-Mellin transform

We first discuss some well-known facts about the partial fraction decom-

positions of some trigonometric functions. Consider the function

CðxÞ ¼ csch
x

2

� �
¼ 2

ex=2 � e�x=2
; for x0 0:

Using a real version of the Poisson summation formula as in [1], page 334,

one obtains a partial fraction decomposition for the hyperbolic cotangent

function:

cothðxÞ ¼ 1

x
þ
Xy
k¼1

2x

x2 þ ðkpÞ2
; for x0 0:

Although it is not necessary for our discussion, we mention that the well-known

formula, obtained by methods of contour integration, for the usual cotangent

function (see [17], page 188, or [31], page 391), combined with the equality

cothðzÞ ¼ i cotðizÞ, gives a similar partial fraction decomposition for the hyper-

bolic cotangent function when x is complex.

Since for x A Rnf0g we have

cschðxÞ ¼ coth
x

2

� �
� cothðxÞ ¼ 2

x
þ 4

X
k even

x

x2 þ ðkpÞ2

 !
� 1

x
þ 2

Xy
k¼1

x

x2 þ ðkpÞ2

 !

¼ 1

x
þ 2

X
k even

x

x2 þ ðkpÞ2
� 2

X
k odd

x

x2 þ ðkpÞ2
¼ 1

x
þ 2

Xy
k¼1

ð�1Þk x

x2 þ ðkpÞ2
;
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it follows that

CðxÞ ¼ 2

x
þ
Xy
k¼1

ð�1Þk 4x

x2 þ ð2kpÞ2
; for x0 0: ð5Þ

The following statement is well-known ([13], page 396). It has been generalized

for certain theta series in [21]. A similar generalization has been given by Coppo

and Candelpergher in [11]. We also refer the reader to the paper by Kölbig ([24])

for connections between the Hurwitz zeta function and Laplace-Mellin transforms

of logarithmic functions.

We give a proof of the statement below for the sake of completeness:

Proposition 4.1.

ĈCaðsÞ ¼ 2GðsÞz s; aþ 1

2

� �
; for ReðsÞ > 1 and a > 0:

Proof. Since CðxÞ@ 2
x
as x ! 0þ, Lemma 1.3 of [21] implies that ĈCaðsÞ

converges for ReðsÞ > 1 and a > 0. Now, for x > 0, we have e�x < 1, therefore

CðxÞ ¼ 2e�x=2

1� e�x
¼ 2

Xy
k¼0

e�ðkþ1=2Þx:

Hence,

ĈCaðsÞ ¼ 2

ðy
0

Xy
k¼0

xs�1e�ðaþkþ1=2Þx

 !
dx:

Let s ¼ ReðsÞ. For nb 0, the functions

gnðxÞ ¼ 2xs�1e�ðaþnþ1=2Þx

are improper Riemann integrable on ð0;yÞ with

ðy
0

gnðxÞ dx ¼ 2GðsÞ
aþ nþ 1

2

� �s ;
ðy
0

jgnðxÞj dx ¼ 2GðsÞ
aþ nþ 1

2

� �s
and the series

Xy
n¼0

gnðxÞ
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converges pointwise to the function xs�1e�axCðxÞ on ð0;yÞ. Since

Xy
n¼0

ðy
0

jgnðxÞj dx ¼ 2GðsÞz s; aþ 1

2

� �
< y;

the claim follows from Theorem 2.6. r

Remark 4.2. We also note that, by Formula (5),

ĈCaðsÞ ¼ 2

ðy
0

e�axxs�2 þ 2
Xy
k¼1

ð�1Þk e�axxs

x2 þ ð2kpÞ2

 !
dx:

Now, for nb 1, the functions

fnðxÞ ¼ e�axxs�2 þ 2
Xn
k¼1

ð�1Þk e�axxs

x2 þ ð2kpÞ2

are Riemann integrable on every compact subinterval ½c; d � of ð0;yÞ and

the sequence fnðxÞ converges pointwise to the Riemann integrable function

e�axxs�1CðxÞ on ½c; d �. Also, for all x > 0 and all nb 1, we have

j fnðxÞja e�axxs�2 þ 2e�axxs
Xn
k¼1

1

4k2p2
¼ e�axxs�2 þ 1

12
e�axxs:

Setting

gðxÞ ¼ e�axxs�2 þ 1

12
e�axxs;

we see that, since s > 1 and a > 0, the improper Riemann integral
Ðy
0 gðxÞ dx

exists and equals

Gðs� 1Þ
as�1

þ Gðsþ 1Þ
12asþ1

:

Therefore, by Theorem 2.4, we get

ĈCaðsÞ ¼ 2

ðy
0

e�axxs�2 dxþ 4
Xy
k¼1

ð�1Þk
ðy
0

e�axxs

x2 þ ð2kpÞ2
dx:
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Since GðsÞ ¼ ðs� 1ÞGðs� 1Þ, it follows that

ĈCaðsÞ ¼
2GðsÞ

as�1ðs� 1Þ þ 4
Xy
k¼1

ð�1Þk
ðy
0

e�axxs

x2 þ ð2kpÞ2
dx: ð6Þ

5. Proof of a special case of formula (2)

We first prove Formula (2) for 1
2 < x < 1 and �1 < ReðsÞ < 0. Setting x ¼

aþ ð1=2Þ, this is equivalent to showing that

z s; aþ 1

2

� �
¼ 2Gð1� sÞ

Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

;

for 0 < a < 1=2 and �1 < ReðsÞ < 0.

We will make use of the following well-known example in Fourier series

expansions ([1], page 337):

Xy
k¼1

ð�1Þk�1 sinð2kpuÞ
kp

¼
u if 0 < u < 1

2

u� l if 2l�1
2 < u < 2lþ1

2 ; l ¼ 1; 2; . . .

(
ð7Þ

We know that for ReðsÞ > 1 and a > 0, Proposition 4.1 and Formula (6)

give

z s; aþ 1

2

� �
� 1

ðs� 1Þas�1
¼ 2

GðsÞ
Xy
k¼1

ð�1Þk
ðy
0

e�axxs

x2 þ ð2kpÞ2
dx: ð8Þ

At first glance, the left-hand side of Formula (8) is an analytic function on the

region given by ReðsÞ > 1, while the right-hand side is an analytic function on

the region given by ReðsÞ > �1. Given the fact that the Hurwitz zeta function

extends to a meromorphic function on C having a unique and simple pole at

s ¼ 1 with residue 1 and since

lim
s!1

1

s� 1
� 1

ðs� 1Þas�1

� �
¼ logðaÞ;

it follows that Formula (8) is in fact an equality of analytic functions on the

region given by ReðsÞ > �1. Let us now also assume that ReðsÞ < 0. Then Prop-

osition 3.3 together with Remark 3.6 (with s replaced by sþ 1 and l replaced

by 2kp) imply that
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z s; aþ 1

2

� �
� 1

ðs� 1Þas�1
¼
Xy
k¼1

ð�1Þk 2sGð�sÞ
ð2kpÞ1�s

cos 2kpaþ p

2
ðsþ 1Þ

� �

þ
Xy
k¼1

ð�1Þk 2s

ð2kpÞ1�s

ð2kpa
0

sinð2kpa� xÞ
xsþ1

dx

¼ �2sGð�sÞ
Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

þ
Xy
k¼1

s
2p

a

� �sð2p
0

ð�1Þk
sin 2kp a� u

2p a
� �� �

kpusþ1
du: ð9Þ

For kb 1, consider the function hk on ð0;yÞ defined by

hkðuÞ ¼ ð�1Þk sin 2kp a� u
2pað Þð Þ

kpusþ1 if 0 < u < 2p

0 if ub 2p

(

Also, for nb 1, let fn be the function on ð0;yÞ defined by

fnðuÞ ¼
Xn
k¼1

hkðuÞ:

Since a < 1=2, we have 0 < a� ðuaÞ=ð2pÞ < 1=2 for 0 < u < 2p. Therefore,

by Formula (7), it follows that the sequence of functions ð fnÞ converges to the

function f on ð0;yÞ given by

f ðuÞ ¼ lim
n!y

fnðuÞ ¼
�aþ u

2pa

usþ1 if 0 < u < 2p

0 if ub 2p

�

Clearly, the functions fn and f are integrable over all compact subintervals of

ð0;yÞ. Also,

Xn
k¼1

ð�1Þk sin 2kp a� u

2p
a

� �� �
¼
Xn
k¼1

sin 2kp a� u

2p
a

� �
þ kp

� �

¼
Xn
k¼1

sinðkð2pa� uaþ pÞÞ:

For 0 < u < 2p, we have 0 < 2pa� uaþ p < p, so, by a well-known summation

formula ([4], page 400), we have
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Xn
k¼1

ð�1Þk sin 2kp a� u

2p
a

� �� ������
�����a 1

sin pa� u
2 aþ p

2

� �
¼ 1

cos pa� u
2 a

� � < 1

cosðpaÞ :

By Abel’s summation formula ([1], page 194), it follows that

Xn
k¼1

ð�1Þk
sin 2kp a� u

2p a
� �� �
k

�����
�����a 1

cosðpaÞ
1

nþ 1
þ
Xn
k¼1

1

cosðpaÞ
1

k
� 1

k þ 1

� �

¼ 1

cosðpaÞ :

Therefore, the inequality

j fnðuÞja
1

p cosðpaÞusþ1

holds for all u A ð0; 2pÞ. Obviously, it trivially holds for ub 2p also. Consider the

function given by

gðuÞ ¼
1

p cosðpaÞusþ1 if 0 < u < 2p

0 if ub 2p

�

Since 0 < Reðsþ 1Þ < 1, the integral

ðy
0

gðuÞ du

exists. Therefore, by Theorem 2.4, Formula (9) gives

z s; aþ 1

2

� �
� 1

ðs� 1Þas�1

¼ �2sGð�sÞ
Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

þ lim
n!y

s
2p

a

� �sðy
0

fnðuÞ du

¼ �2sGð�sÞ
Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

þ s
2p

a

� �sðy
0

f ðuÞ du

¼ �2sGð�sÞ
Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

þ s
2p

a

� �s
a

ð2pÞssð1� sÞ ;
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hence

z s; aþ 1

2

� �
¼ �2sGð�sÞ

Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

¼ 2Gð1� sÞ
Xy
k¼1

ð�1Þk
sin 2kpaþ p

2 s
� �
ð2kpÞ1�s

;

for 0 < a < 1=2 and �1 < ReðsÞ < 0.

6. Proof of the general case of formula (2)

The following duplication formula for the Hurwitz zeta function is well-

known ([9], page 77) and easy to prove:

zðs; xÞ þ z s; xþ 1

2

� �
¼ 2szðs; 2xÞ; for x > 0 and s A Cnf1g: ð10Þ

Also, the following formula is an easy consequence of absolute convergence:

Xy
k¼1

sin 2kpxþ p
2 s

� �
ð2kpÞ1�s

þ
Xy
k¼1

sin 2kp xþ 1
2

� �
þ p

2 s
� �

ð2kpÞ1�s

¼ 2s
Xy
k¼1

sin 4kpxþ p
2 s

� �
ð2kpÞ1�s

; for x > 0 and ReðsÞ < 0: ð11Þ

We now prove that, for a positive integer m, Formula (2) holds for 2�m < x <

2�ðm�1Þ and for �1 < ReðsÞ < 0:

We use induction on m. For m ¼ 1, the claim has been proven in the

previous section. Assume that it holds for some mb 1. Let 2�ðmþ1Þ < x < 2�m

and �1 < ReðsÞ < 0. Since 2�m < 2x < 2�ðm�1Þ and 1=2 < xþ ð1=2Þ < 1, the in-

duction hypothesis together with Formulas (10) and (11) show that Formula (2)

also holds for x.

Furthermore, by the Weierstrass M-test, both series of functions

Xy
k¼1

sinð2kpxÞ
ð2kpÞ1�s

and
Xy
k¼1

cosð2kpxÞ
ð2kpÞ1�s

are uniformly convergent for ReðsÞ < 0, hence the series

Xy
k¼1

sin 2kpxþ p
2 s

� �
ð2kpÞ1�s

¼ cos
p

2
s

� �Xy
k¼1

sinð2kpxÞ
ð2kpÞ1�s

þ sin
p

2
s

� �Xy
k¼1

cosð2kpxÞ
ð2kpÞ1�s
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is a continuous function of x. Also, the obvious relation

qzðs; xÞ
qx

¼ �szðsþ 1; xÞ; for ReðsÞ > 1

is valid on Cnf1g by analytic continuation and shows in particular that zðs; xÞ
is a continuous function of x. Therefore, for a positive integer m, Formula (2)

also holds for x ¼ 2�ðm�1Þ and for �1 < ReðsÞ < 0. Therefore, Formula (2) has

been proven for 0 < xa 1 and for �1 < ReðsÞ < 0. Finally, by analytic con-

tinuation once again, we see that Formula (2) remains valid for 0 < xa 1 and for

ReðsÞ < 0, and this completes the proof.

7. Integral representations

The literature on integral expressions involving the zeta function and related

functions is vast. We refer the reader to [3] for a wealth of such information.

In this section, we deduce some expressions of this type.

Since, for kb 1, we haveðy
0

sin
xu

2

� �
e�kpu du ¼ 2x

x2 þ 4k2p2
;

Formula (5) gives

CðxÞ � 2

x
¼ 2

Xy
k¼1

ðy
0

ð�1Þke�kpu sin
x

2
u

� �
du:

The sequence of functions ð fnÞ on ð0;yÞ defined by

fnðuÞ ¼ 2
Xn
k¼1

ð�1Þke�kpu sin
x

2
u

� �
¼ �2 sin

x

2
u

� �
1� ð�e�puÞn

1þ epu

converge to the function f given by

f ðuÞ ¼ �2 sin
x

2
u

� �
1

1þ epu
:

The functions f and fn are Riemann integrable over all compact subintervals of

ð0;yÞ and we also have j fnðuÞja 4=ð1þ epuÞ on ð0;yÞ. Sinceðy
0

4

1þ epu
du

exists, Theorem 2.4 applies and gives the following integral expression for CðxÞ:
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Corollary 7.1.

CðxÞ ¼ 2

x
þ
ðy
0

sin
xu

2

� �
�1þ tanh

pu

2

� �� �
du; for x > 0:

Note that this corrects a misprint in [5] (page 88, Table 2.9 of Fourier sine

transforms, entry (4)).

Applying the Laplace-Mellin transform to both sides of the equality in

Corollary 7.1 and using Proposition 4.1 gives

z s; aþ 1

2

� �
� a1�s

s� 1

¼ 1

2GðsÞ

ðy
0

e�axxs�1

ðy
0

sin
x

2
u

� �
�1þ tanh

p

2
u

� �� �
dudx;

for ReðsÞ > 1 and for a > 0: ð12Þ

The integrand in the latter double integral is the function

f ðx; uÞ ¼
�2e�axxs�1 sin xu

2

� �
1þ epu

on ð0;yÞ � ð0;yÞ;

where ReðsÞ > 1 and a > 0. We will check that it satisfies the hypotheses of

Theorem 2.1. By Corollary 7.1, we have

ðy
0

f ðx; uÞ du ¼ e�axxs�1 CðxÞ � 2

x

� �
:

By considering the Fourier sine transform of e�axxs�1 ([5], page 72, Formula (7)),

we get ðy
0

f ðx; uÞ dx ¼
�2GðsÞ a2 þ u2

4

� ��s=2

sin s arctan u
2a

� �� �
1þ epu

:

Let I ¼ ½c; d � be a compact subinterval of ð0;yÞ. Let s ¼ ReðsÞ. Choose a posi-

tive integer n such that nb sþ 1. If y > z > 0, then

ð y
z

f ðx; uÞ dx
����

����a 2

1þ epu

ð y
z

e�axxs�1 dxa

ð y
z

n!xs�1

ðaxÞn dx

¼ n!

ðn� sÞanzn�s
:

328 Yasuyuki Kachi and Pavlos Tzermias



Therefore, given e > 0, we can find tðeÞ large enough so that for all u A I and

for any y > z > tðeÞ the inequality

ð y
z

f ðx; uÞ dx
����

����< e

holds, i.e. Cauchy’s criterion for uniform convergence of the improper Riemann

integral ðy
0

f ðx; uÞ dx

on the interval I is satisfied.

Similarly, for y > z > 0, we have

ð y
z

f ðx; uÞ du
����

����a 2e�axxs�1

ð y
z

1

1þ epu
dua 2xs�1

ð y
z

e�pu dua
2d s�1

pepz
:

Therefore, given e > 0, we can find tðeÞ large enough so that for all x A I and for

any y > z > tðeÞ the inequality

ð y
z

f ðx; uÞ du
����

����< e

holds, i.e. Cauchy’s criterion for uniform convergence of the improper Riemann

integral ðy
0

f ðx; uÞ du

on the interval I is satisfied.

Finally, if y > z > 0, then

ð y
z

f ðx; uÞ du
����

����a 2e�axxs�1

ð y
z

1

1þ epu
dua 2e�axxs�1

ð y
z

e�pu du

¼ 2e�axxs�1ðe�pz � epyÞ
p

a
2

p
e�axxs�1:

If gðxÞ ¼ 2
p
e�axxs�1, then

ðy
0

gðxÞ dx ¼ 2GðsÞ
pas

:
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Therefore, Theorem 2.1 applies and Formula (12) becomes

z s; aþ 1

2

� �
� a1�s

s� 1

¼ 1

2GðsÞ

ðy
0

�1þ tanh
p

2
u

� �� �ðy
0

e�axxs�1 sin
x

2
u

� �
dxdu;

for ReðsÞ > 1 and for a > 0: ð13Þ

Again by [5], page 72, Formula (7), the inside integral equals

GðsÞ a2 þ u2

4

� ��s=2

sin s arctan
u

2a

� �� �
; for ReðsÞ > �1 and for a > 0:

Therefore, the change of variables u ¼ 2a tan y gives

z s; aþ 1

2

� �
¼ a1�s

s� 1
þ a1�s

ð p=2
0

ðcos yÞs�2 sinðsyÞðtanhðap tan yÞ � 1Þ dy;

for ReðsÞ > 1 and for a > 0: ð14Þ

We claim that Formula (14) is valid more generally for s0 1 and for a > 0. By

analytic continuation of the Hurwitz zeta function on Cnf1g, it su‰ces to show

that the integral in Formula (14) exists for all s A C. Let s ¼ ReðsÞ. The integrand

equals

�2ðcos yÞs�2 sinðsyÞ
1þ e2ap tan y

:

Its limit as y ! b exists for all 0a b < p=2, so it remains to show that

lim
y!ðp=2Þ�

ðcos yÞs�2

1þ e2pa tan y

exists. Setting y ¼ ðp=2Þ � x, the latter limit becomes

lim
x!0þ

ðsin xÞs�2

1þ e2pa cot x
:

We will show that the latter limit equals 0. Choose a positive integer n with the

property that s� 2þ nb 0. Then

ðsin xÞs�2

1þ e2pa cot x

�����
�����a n!ðsin xÞs�2

ð2pa cot xÞn ¼
n!

ð2paÞn
ðsin xÞs�2þn

ðcos xÞn ;
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which tends to 0 as x ! 0þ. We have therefore proved the following integral

expression for the Hurwitz zeta function:

Corollary 7.2. For s A Cnf1g and for a > 0, we have

z s; aþ 1

2

� �
¼ a1�s

s� 1
þ a1�s

ð p=2
0

ðcos yÞs�2 sinðsyÞðtanhðap tan yÞ � 1Þ dy:

It turns out that the formula in Corollary 7.2 is equivalent to Formula (23), page

160 in the book [32] by Srivastava and Choi, where the latter formula is con-

sidered known and given without proof (but may have been derived using Plana’s

summation formula). It is not di‰cult to see that the formula in Corollary 7.2

and Formula (23) in [32] are linked via a change of variables and integration by

parts.

Corollary 7.3. For ReðsÞ > 1 and for a > 0, we have

z s; aþ 1

2

� �
¼ a1�s

ð p=2
0

ðcos yÞs�2 sinðsyÞ tanhðap tan yÞ dy:

Proof. Since

qððcos yÞs�1 cosððs� 1ÞyÞÞ
qy

¼ ð1� sÞðcos yÞs�2 sinðsyÞ;

it follows that

ð p=2
0

ðcos yÞs�2 sinðsyÞ dy ¼ 1

1� s
ðcos yÞs�1 cosððs� 1ÞyÞ

����
p=2

0

¼ 1

s� 1
;

because ReðsÞ > 1. The claim now follows from Corollary 7.2. r

Remark 7.4. The formulas in Corollaries 7.2 and 7.3 resemble similar for-

mulas attributed to Lindelöf ([25] and also [3], Formula 25.11.29) and to Hermite

([15], Formula (1.5)), but, as far as the authors can tell, no obvious direct cor-

relation seems to exist.

If we set a ¼ 1=2 in Corollaries 7.2 and 7.3, we recover the following integral

expressions for the Riemann zeta function, which are due to Jensen ([20]) (see

also [32], Formula (41), page 171, and [3], Formula 25.5.12):
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Corollary 7.5. For s A Cnf1g, we have:

zðsÞ ¼ 2s�1

s� 1
þ 2s�1

ð p=2
0

ðcos yÞs�2 sinðsyÞ tanh
p

2
tan y

� �
� 1

� �
dy:

In particular, for ReðsÞ > 1, we have

zðsÞ ¼ 2s�1

ð p=2
0

ðcos yÞs�2 sinðsyÞ tanh p

2
tan y

� �
dy:

For the special case s ¼ n, where n is a positive integer with nb 2, comparison

of the imaginary parts of the two sides of the equality

e2iyð1þ e2iyÞn�2 ¼
Xn�1

k¼1

n� 2

k � 1

� �
e2kiy

combined with Corollary 7.5 gives

Corollary 7.6. For each positive integer n with nb 2, we have

zðnÞ ¼ 2
Xn�1

k¼1

n� 2

k � 1

� �ð p=2
0

sinð2kyÞ tanh p

2
tan y

� �
dy:

Other representations for zðnÞ in terms of trigonometric integrals have been given

by Srivastava, Glasser and Adamchik in [33] and by Cvijović and Klinowski in

[12]. We also refer the reader to [10] for representations of zðnÞ and zðn; xÞ which

do not involve trigonometric integrals.
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