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AN INVERSE SPECTRAL UNIQUENESS IN EXTERIOR
TRANSMISSION PROBLEM

By

Lung-Hui CHEN

Abstract. We consider an inverse spectral theory in a domain with
the cavity in a penetrable inhomogeneous medium. An ODE system
is constructed piecewise through the ODE eigenfunctions inside and
outside the cavity. Then the ODE system is connected to the PDE
system via the analytic continuation property of the Helmholtz
equation. For each scattered angle, we describe its eigenvalue density
in the complex plane, and prove an inverse uniqueness on the inho-
mogeneity by the measurements in the far-fields. We take advantage
of the symmetry near infinity.

1. Introduction and Preliminaries

In this paper, we apply the Sturm-Liouville theory to the inverse eigenvalue
problem in the following scattering problem.

Au(x) + k*n(x)u(x) =0, xeR;

u(x) = u'(x) + 1w (x), xeR\D; (1)
1im,x‘w\x|{@g;§f> - ikus(x)} =0,

where
u(x) is the total wave;
u’(x) is the scattered wave;

u'(x) :=e®4  keC xeR3 deS? which is the incident wave.
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The problem occurs when the plane waves are perturbed by the inhomogeneity
specified by the index of refraction n(x). The inverse problem is to recover the
information on the index of refraction n(x) by the measurements of the scattered
wave-fields in the far-fields. The problem is common in many disciplines of
science and technology such as sonar and radar, geophysical sciences, astro-
physics, and non-destructive testing in instrument manufacturing.

Out of the numerical motivation in their research in inverse scattering theory,
Kirsch [17], and Colton and Monk [11] reduce the problem (1.1) into the fol-
lowing class of inverse spectral problem.

Aw + k*n(x)w =0 in D’;

Av+k*v =0 in D', (1.2)
w=uv on dD’; ’
Qe on dD’,

where v is the unit outer normal. In this paper, we assume that D is a starlike
domain in R? containing the origin with the boundary dD, and that supp(l — n)
is outside D, simple, and contained in some bounded domain D’. The inho-
mogeneity n € *>(R?), n(x) > 0 for all x € R?, and the Laplacian in this paper is

given by
10,0 1 o . 0 1
_r—25}’ 5 7"2 Sin(p@ sm(p%—l—iﬂ sinz(pw. (13)
Let us assume the boundary 0D is defined by
R=R(%) e ' (S*;RY), (1.4)

where S? is the unit sphere, X := (6, ¢) is the spherical coordinate, and r := |x|.
The equation (1.2) is called the homogeneous exterior transmission eigenvalue
problem [12, 13, 14]. We say k is an exterior transmission eigenvalue if and only
if it parametrizes a non-trivial eigenfunction pair of (1.2).

The exterior transmission problem happens naturally when the plane waves
are perturbed in the exterior of the cavity D surrounded by certain inhomo-
geneity. The free wave fields are generated in the cavity, and propagate through
the inhomogeneity defined by the index of refraction to the far-fields. The inverse
problem is to find the index of refraction by the measurements in the far-fields.
We refer the scattering and inverse scattering theory of this problem to [1, 4, 12,
13, 14, 21]. To ensure the well-posedness of the scattered wave fields, we impose
the Sommerfeld radiation conditions to (1.2).
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lim r{a— - ikw} =0; (1.5)
lim r{a—ikv}o7 (1.6)

which is typical in scattering theory [12, 16].

Let us expand the solution (w,v) of (1.2) in two series of spherical harmonics
by Rellich theory [12, p. 32, p. 227]. This is a classic result holds for the
Helmholtz equation outside a sphere. Here we choose the sphere large enough
such that it contains the perturbation n. Then the following asymptotic identities
hold.

{ v(x;k) = 3012, E;’?i, armji(kr) Y™ (%); (1.7)

w(xsk) =327 Zn”fiz b/-mle(r) Y (%),
where 7:=|x|, Ry <r< o0; X=(0,9) €S? j; is the spherical Bessel function
of first kind of order /. The summations converge uniformly and absolutely
on the compact subsets of |x| =r > Ry > 0, with a sufficiently large R, con-
taining D’.
The spherical harmonics

m L 20+ 1 (I —|m])! |m] img _ 7
Y, (0,(p).7’/ py (1+|m|)!Pl (cos @)e™, m=—-I,...,1;1=0,1,2,... (1.8)

is a complete orthonormal system in L2(S?), and

m d™P(1)
Pr(f) == (1 _12)"’/27, m=0,1,....,1,
where the Legendre polynomials P;, [=0,1,..., give a complete orthogonal

system in L?[—1,1]. We refer the details on the spherical harmonics and its
applications to integral geometry to Groemer’s book [15].

According to the orthogonality of the spherical harmonics [12, 15], the
functions

{ U1,m (X3 k) o= ag p ji(kr) Y (X); (1.9)

Wi (3x; ) 1= 22 Y ()

satisfy the first two equations of (1.2) independently on the compact subsets in
|x| > Ry > 0.

Given one fixed incident X € S?, we can rotate the geometry and the per-
turbation on the X around the origin. Accordingly, we can extend uniquely the
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summands {v; ,(x;k)} and {w; ,(x;k)} into
{xeR’||x| < Ro}

along that fixed incident % €S? by applying the Laplacian (1.3). For each
wi m(x; k) solving the Helmholtz equation on the angle X, the Fourier coefficient
yi(r;k) is equivalent to satisfy the following ODE:

'+ (kzn(rﬁ) - —]Ule)) y=0 0<r<oo;

lim {y—“ - j;(kr)} —0.

r—0+

(1.10)

The behavior of the Bessel function jj(kr) near r = 0 is found in [2, p. 437]. The
coefficients a;(r; k) and b;(r; k) are renormalized by the initial condition in (1.10).
We note that

: 2" :
Jilz) = WL cos(z cos ) sin?* 0 49, zeC, (1.11)

which we refer to [2, p. 438]. Hence, we deduce that

. vk kKoo .
lim r(’+1 ) _ ST lim Jo cos(kr cos 6) sin?*1 0 d < oo. (1.12)

Independently, we refer the initial condition in (1.10) to the work of [23, p. 354],
and [25, (2.19), (2.20)].

Surely, y;(r;k) depends on the incident X in |x| < Ry. We denote the solu-
tion of (1.10) as p,(r;k). We will demonstrate the correspondence between
the spectrum of (1.10) and (1.2) in Lemma 3.9, Lemma 3.10, and Lemma
3.11. The eigenfunction of (1.10) is analytically connected to the eigenfunction
of (1.2).

From the assumption of (1.2), the support of supp(l — n) is simple outside D.
Thus the boundary condition/transmission condition is valid for |x| > Ry > 0.
This is the analytic continuation property of the generalized Helmholtz equation.
Let k£ be an eigenvalue of (1.2). Hence, we have

algn]'l(kr”r:Ro = M |,:R0;
D7)
r

(1.13)

al.marjl(kr”r:RO =0 =Ry’

where Ry > 0, and the system is independently of m. Now we apply the Som-
merfield radiation condition (1.5) and (1.6) to wy ,(x;k) and v, ,(x;k) respec-
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tively, and deduce from the uniqueness that
aim = 17
b/,m = 1a

and then we say there is no redundant multiples of the eigenfunctions. Now we
are looking for any k € C such that M = ji(kr), r> Ry. We define

a(r) == n(rx). (1.14)
For -/ <m<1[, 1=0,1,2,..., the existence of the non-zero constants in (1.13)
is reduced to finding the zeros of

Jk)|—g, =22

ﬁ;(k;r = Ro) := det ) , Y
itk |—r, —{22}

(1.15)

=Ry
If 3,(r; ko) solves (1.10) and (1.13), then ,(r;ko) solves (1.10) and Dj(ko) =0,
which is an algebraic constraint. In this paper, we study the zero set of (1.13).
The theory on the zeros of the entire function theory plays a role.

We state the following inverse spectral theorem of (1.2).

THEOREM 1.1. Let n/ be an unknown inhomogeneity to the background index
of refraction 1 in (1.2), j=1,2. If n' and n*> have the same set of eigenvalues of
(1.2) in C, then n' = n?

We may compare the result with [8, 9, 13, 14].

2. Asymptotic Solutions of ODE

Let us consider the ODE with the Liouville transformation [5, 6, 12, 22, 24]
for some fixed x:

21(8) = [n(r)] (s k),

where
&) = [ o) . @)
Therefore,
R R 22)
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in which

W% S eS| 10+ I+ 1) (23)

M= el 16 iy o) &

Let us drop the superscript on x for notation simplicity if the context is clear. The
general solution of (2.2) has two independent fundamental solutions. Let us apply

the results from [5, Lemma 3.3], and consider z;(¢; k) solving the following ODE.
=~2]/(&) +"E 4 g(&)z1(8) = Kzi(0) 24
zi(Ry k) ==b; z/(Rik)=a, a,beR,

where the function ¢(&) is assumed to be real-valued and square-integrable and
I > —1/2. The following estimate holds for 0 < ¢ < R.

zi(&k)+bcosk(R—&) + QW‘
< B9 expfismi(r -} W= 1, .

where

k@ s e[ M 0] ).

We note here that the ODE (2.4) starts at £ = R and moves to the origin while
[5, Lemma 3.3] starts at 1, and then moves toward the origin. We make it a
two-way construction of solutions, which is the most important ingredient of this
paper. For the ODE starting at £ = R, that is, if and only r = R, and then
moving to the infinity, we have

z1(& k) + b cos k(E— R) — Q%IE_R)‘
< £ expliakl(E - R, =1 (2.6)
where
14
K& < exp{JRU(l[;zl)| + [q(1)| dt}. (2.7)

For the application in this paper, we combine the estimates of the solution of
(2.4) by considering the initial condition D;(R;k) = 0 for r > R, R = R(x), which
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is equivalent to the following algebraic system due to (1.13).
Yi(R; k) = Rji(R; k); (2.8)
$1(R: k) = ji(Rk) + Rj{(RK), ke C, (29)

which is the transmission condition of (1.2) on ¢D and radiation condition (1.5)
and (1.6). Most importantly, the general solution of (2.4) for r > R is spanned by
two of its fundamental solutions as in the following lemma.

LemMA 2.1. For k near real axis, the following asymptotics holds.

sin{k[¢(r) — R]}

Yi(r;k) = [ji(Rk) + Rkjj (Rk)] B

+ Rji(Rk) cos{k[E(r) — R]} + 0(%), r>R. (2.10)

Particularly, y,(r;k) is bounded in 0i + R.

Proor. (2.10) follows from the general theory of ODE and (2.6) if we
are required by the initial condition (2.8) and (2.9). All functions in (2.10) are
bounded in 0i + R, because of (2.6). O

The analysis is reversible into the domain D by considering (2.4) with initial
condition (2.8) and (2.9).

3. Polya-Cartwright-Levinson Theory

We collect a few facts from entire function theory [7, 18, 19, 20].

DermniTION 3.1. Let f(z) be an integral function of order p, and let

N(f,o,p,r) denote the number of the zeros of f(z) inside the angle [x,f] and
|z| <r. We define the density function as

Ay ) = tim MULXET) ()
and
Ar(B) = Ar(o, B), (3.2)

with some fixed o ¢ E such that E is at most a countable set [3, 7, 18, 19, 20].
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DeriNITION 3.2, Let f(z) be an integral function of finite order p in the
angle [0,0,]. We call the following quantity as the indicator function of the
function f(z).

i0
hy(0) = lim /el g <o <0, (3.3)

F—00 rP

LemmA 3.3. Let f, g be two entire functions. Then the following two
inequalities hold.

hy(0) < he(0) + hy(0), if one limit exists, (3.4)
hy+g(0) < max{h(0), hy(0)}, (3.5)
where the equality in (3.4) holds if one of the functions is of completely regular

growth, and secondly the equality (3.5) holds if the indicator of the two summands
are not equal at some 0.

ProoF. We can find the details in [19]. ]

DerFINITION 3.4. The following quantity is called the width of the indicator
diagram of entire function f:

d=h (g) +hy (— g) (3.6)

The distribution on the zeros of entire function of exponential type is
described precisely in the following Cartwright’s theorem [7, 19, 20]. The fol-
lowing statements are from Levin [19, Ch. 5, Sec. 4].

THEOREM 3.5 (Cartwright). Let f be an entire function of exponential type
with zero set {ai}. We assume f satisfies one of the following conditions:

7 IS ()

the integral —2 2 dx exists.
g L\ 42

|f(x)| is bounded on the real axis.

Then
1. f(z) is of class A and of completely regular growth, and its indicator
diagram is an interval on the imaginary axis;
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2. all of the zeros of the function f(z), except possibly those of a set of zero
density, lie inside arbitrarily small angles |arg z| < e and |argz —z| < g,
where the density

: N ) T Gy Gy
Ar(=6,8) = A — e, +8) = lim M0 80)

r—o r

— lim N(f,m—¢mn+er)

F— 00 r

; (3.7)

is equal to %, where d is the width of the indicator diagram in (3.6).
Furthermore, the limit 6 = lim,_,, 5(r) exists, where

1
o(r) = Z —
{laxl<r) 9
3. moreover,
Ar(e,m—e) = Ar(n+e,—¢) =0; (17)

4. the function f(z) can be represented in the form
f(z) = cz"e™ lim H (l - i)
r—0o0 ak ’
{lac|<r}

where ¢, m, Kk are constants and K is real,
5. the indicator function of f is of the form

hy(0) = alsin 0|. (3.8)
We refer the last statement to Levin [20, p. 126].

Lemma 3.6. We have the following indicator functions.

hj,’(kR(;)(e) = hj/(kR(])(e) = |R0 sin 9|, 0 e [0,27[}

Proor. The spherical Bessel functions j;(kRy) and j/(kRy) behave asymp-
sin Rok

totically like =" and cos Rok respectively by considering the analysis in (2.4).

The analysis on the Bessel function is classic [2]. We refer the computation on

their indicator functions to Cartwright theory [3, 7, 18, 19, 20]. We have applied

the technique in inverse problems [8, 9, 10, 13]. O

Lemma 3.7. The following asymptotic identity holds.

p, ks o) (0) = 1) (0) + By (Ryi1) (0), 0 € [0, 2a]. (3.9)
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Proor. We begin with (1.15).

DA[(k; R()) = —j/(kR()) ﬁ]l(i%(;,k) + Ji(kRy) W + k]ll(kR()) %ﬁ;’k) (310)
0
_ kji(kRo) 3:1(Ro; k) {1 1 ji(kRo) §;(Ro;k) L b j/(kRo)}
Ro k ji(kRo) yi(Ro;k) ~ kRo ji(kRo)
_ kj,(kRg()ﬁ;(r; k) {&z(k> N 0(%) } (3.11)

in which

(k) = 1 — 7 (3.12)

where we see that non-zero

Ji(kRy)
= 0(1
Jj(kRy) M
and non-zero

~/

J’/(Ro;k)

- = 0(k
SR k)~ O

away from its poles. Moreover, Lemma 2.1 implies that y;(Ro;k) and ky;(Ro; k)
are asymptotically periodic functions. They are bounded when suitably away
from the real axis. Thus, (3.3) shows the Lindel6f’s indicator function /g, (0) = 0.
We refer the step-by-step computation to [3, 8, 9, 10, 19, 20]. However, Lin-
delof’s indicator function for (3.11) is

hﬁ/(k:Ro)(H) = hjl'(kRo)(g) + hf//(Ro;k)(H)’ 0 #0. (313)

Here we use (3.13).
If ¢;(k) =0, then we have the non-zero second term in (3.10). The indicator
function is calculated similarly, and thus (3.9) is proven again. OJ

LemMa 3.8.  We have the following indicator functions for y,(r;k) and p|(r;k)
for r = R

hy~;<,.;k)(0) = /’l);l(r;m(e) = |f(}’)| |Si1’1 0|, 0e [0, 271'}.
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Proor. We apply (3.13) to Lemma 2.1. The Liouville transform of (2.2) is

= | ViR dp, 1=k
0
in which n =1 outside D'\D by assumption. O

We look for a zero set of certain entire function that contains the eigenvalues
of (1.2). The sequence {D;(k;r = Ry)}; plays a role in this paper.

Lemma 3.9. k is an eigenvalue of (1.2) if and only if k is zero of
ﬁ;(k; r = Ry) for some | and some X € S2, where Ry is sufficiently large and given
in (1.7).

ProoF. Let k € C be an eigenvalue of (1.2). By Rellich theory, the expan-
sion (1.7) holds uniquely. Hence, D;(k;r = Ry) =0 holds for all /, %, and in
particular for some /. We choose some incident X and extend the y,(r) into
|x| < Ry along the X according to the construction (1.10) and (2.5), and then
(1.13) applies.

For the sufficient condition, we let ko solve D(k; Ry) =0 for some / and
along some % €S’ That is, we deduce from (1.13) and (1.10) that

31+ (kgn(r%) - E0) 5 =0, 0<r<Ry;

P (r; ko . .
yz(rr 0) ‘r:Ro — ]l(kor)|,:R0,

y;(r; ki ]
arM |r:R0 = 6,]1(k07)|r:Rn;

r

lim {2242) — jy ) } = 0,

r—0+

(3.14)

in which the function j;(kor) is defined in |x| > 0 and independent of x. Then we
use (1.13) as an initial condition that works for all % € S?, where X # %. That is,
we consider the uniqueness and existence of ODE

51+ (In(rs) -

Ji(riko) |
r

’“;”) $,=0, 0<r<Ry

r—ry = Ji(kor)|,— g,
ok _
0y —y’(rr ) |,,:R0 = Orji(kor)|,=g,;

ko)) = ji(kor)|,_p;

9, 2| = 3, jilkor) s
lim {2425 — (k) } =0, % #%,

r—0+
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in which the given ko defines some coefficients J,(r;ko) in R? constructed as in
(2.5), (2.6), and (2.10). Moreover,

b m r m( 3.
wim(x; k) = %1() Y"(x)

is independent of X for |x| > R,. Hence, we require y,;(r;ko) = y;(r; ko) for large
r=|x| > Ry.

By assumption, supp{l —n} is simple, the boundary condition on |x| = R
and |x| = Ry holds simultaneously due to the analytic continuation property of the
Helmholtz equation. Therefore, there exists eigenfunction pair {w(x; ko), v(x;ko)}
in R < |x| < Ry. The extension routes of the Fourier coefficients y;(r;ko) up to
r=0 are illustrated in Figure 1.

To finish the extension inside D, we consider the ODE with the given
ko,

j)l// + (kozn(rfc) _ l(lrLzl)) j’l =0, 0<r<RgR;

Ji(r;ko) |
-

= jilkor)|,_g;
A (rAkl‘):R ]l( 0 )|r7R (315)
0, 207 g = Ori(kor) |,

lim {M - j,(kr)} —0.

r—0+

PERTURBATION

CAVITY
POSSIBLE EXTENSION ROUTES

[X|=Ro

Figure 1: Rays of Extension Routes of ODE Eigenfunction
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The index n =1 inside D. The uniqueness of the ODE implies that M:
Jji(kor). The ODE holds for all other incident angle % # % € S?, so we deduce that
w(x; ko) = v(x; ko) inside D.
Taking directional derivatives near D,
ow(x; ko) 0v(x; ko)

E® = 2 on 0D.

That makes {w,v} a pair of eigenfunctions of (1.2). O

The effective support of {1 —n} may not be minimal as shown by the
following lemma.

LEmMMA 3.10.  Given a % €S? and a fixed k, Dy(k;r) is locally constant near
r = Ry whenever x ¢ supp{l — n}.

Proor. Let us add the initial condition (1.13) to

310)+ (ko) - ) 5,00 o

The function j;(kr) and @ satisfy the same ODE outside the perturbation. The
lemma is proven by the uniqueness of ODE. O

LemMa 3.11. If k is an eigenvalue of (1.2), then Dy(k;r) =0 for x e D.

Proor. We have w = v inside D. The uniqueness of Rellich’s lemma (1.7)
and the uniqueness of ODE imply that M = ji(kr) for r < R. This proves the
lemma. O

4. A Proof of Theorem 1.1

Proor. Let n' and n* be two indices of refraction with solutions y; (r;k)
and y?(r;k) respectively with the set of exterior eigenvalues &. The density of
the set & is given by the indicator function in Lemma 3.7 and (3.7) in Theorem
3.5.

By applying Lemma 3.9 and (1.13), we have for each fixed x € S?, the zeroth
coefficient
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Po(rik) = 35(r; k); (4.1)
095 (r; k) = 0,35(r; k), ke &, r=Ry. (42)
Let
F(k) = yo(Ro: k) — 35 (Ro; k).
According to Lemma 3.3, we know that the indicator function
hr(0) = max{hyi . (0), A2 (rya) (0)},

in which, by Lemma 3.8, we have

Ry
By (rysio (0) = ‘R + JR Vni(p%) dp

We apply Lemma 3.7, and Lemma 3.8 to deduce that

|sin 9], j=1,2.

hpihi ) (0) > Byiiryiy(0), 7 =12,

0
and thus the exterior spectrum & renders greater angle-wise density than the
solution set of (4.1). This contradicts the maximal density of the zero set in
Cartwright Theorem as stated in (3.7). Hence,

Jo(Ro; k) = 92(Ro; k); (4.3)
098 (Ro; k) = 0,73 (Ro; k). (4.4)

"and n? have the same set of norming constants and two independent

spectra, Dirichlet and Neumann, to the following equation.

Hence, n

P+ (kzn(rfc) - ’“*”) $,=0, 0<r<Ry;

r2

lim {y—“ - _/,(kr)} —0.

r—0+

(4.5)

By the inverse uniqueness of the Bessel operator [5, Theorem 1.2, Theorem 1.3],
we have n!(rx) =n?(rx) in 0 <r < Ryp. The argument can be carried to all
% €S?. This proves Theorem 1.1. O
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