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REALIZATIONS OF INNER AUTOMORPHISMS

OF ORDER 4 AND FIXED POINTS SUBGROUPS

BY THEM ON THE CONNECTED COMPACT

EXCEPTIONAL LIE GROUP E8, PART I

By

Toshikazu Miyashita

Abstract. The compact simply connected Riemannian 4-symmetric

spaces were classified by J. A. Jiménez as the type of Lie algebra.

Needless to say, these spaces as homogeneous manifolds are of the

form G=H, where G is a connected compact simple Lie group with

an automorphism ~gg of oder 4 on G and H is a fixed points subgroup

G g of G. In the present article, as Part I, for the connected compact

exceptional Lie group E8, we give the explicit form of automorphism

~ss 0
4 of order 4 on E8 induced by the C-linear transformation s 0

4 of

248-dimensional vector space eC8 and determine the structure of the

group ðE8Þs
0
4 . This amounts to the global realization of one of seven

cases with an automorphism of order 4 corresponding to the Lie

algebra h ¼ soð6Þl soð10Þ.

1. Introduction

Let G be a Lie group and H a compact subgroup of G. A homogeneous

space G=H with G-invariant Riemannian metric g is called a Riemannian 4-

symmetric space if there exists an automorphism ~gg of order 4 on G such that

ðG gÞ0 � H � G g, where G g and ðG gÞ0 is the fixed points subgroup of G by ~gg

and its identity component, respectively.

Now, for the exceptional compact Lie group E8, as in Table 1 below, there

exist seven cases of the compact simply connected Riemannian 4-symmetric

spaces ([2]). The compact simply connected Riemannian 4-symmetric spaces were
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classified by J. A. Jiménez as mentioned in abstract. Accordingly, our interest is

to realize the groupfication for the classification as Lie algebra. In a sense, at the

stage when its groupfication is completed, the author would like to say the final

completion of the classification.

Our results of groupfication corresponding to the Lie algebra h in Table 1 are

as follows.

The realizations of groupfication in Table 1 have already been completed as

original results by the author. In the present article, we state about the realization

of the group H of Case 1 beginning from Section 3, and hereafter as for Cases

2–7 we will announce as an article in order.

We use the same notations as in [6], [7], [8] or [9]. Finally, the author would

like to say that the features of this article are to give elementary proofs of the

isomorphism of groups using the homomorphism theorem except several proofs

and of the connectedness of groups as topological spaces.

2. Preliminaries

Let Jð3;CCÞ and Jð3;CÞ be the exceptional C- and R-Jordan algebras,

respectively. In Jð3;CCÞ, the Jordan multiplication X � Y , the inner product

ðX ;Y Þ and a cross multiplication X � Y , called the Freudenthal multiplication,

are defined by

X � Y ¼ 1

2
ðXY þ YX Þ; ðX ;YÞ ¼ trðX � YÞ;

X � Y ¼ 1

2
ð2X � Y � trðX ÞY � trðY ÞX þ ðtrðXÞ trðY Þ � ðX ;YÞÞEÞ;

Table 1

Case h ~gg H ¼ G g

1 soð6Þl soð10Þ ~ss 0
4 ðSpinð6Þ � Spinð10ÞÞ=Z4

2 iRl suð8Þ ~ww4 ðUð1Þ � SUð8ÞÞ=Z24

3 iRl soð14Þ ~kk4 ðUð1Þ � Spinð14ÞÞ=Z4

4 suð2Þl iRl soð12Þ ~ee4 ðSUð2Þ �Uð1Þ � Spinð12ÞÞ=ðZ2 � Z2Þ
5 iRl e7 ~uu4 ðUð1Þ � E7Þ=Z2

6 suð2Þl suð8Þ ~mm4 ðSUð2Þ � SUð8ÞÞ=Z2

7 suð2Þl iRl e6 ~oo4 ðSUð2Þ �Uð1Þ � E6Þ=ðZ2 � Z3Þ
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respectively, where E is the 3� 3 unit matrix. Moreover, we define the trilinear

form ðX ;Y ;ZÞ, the determinant det X by

ðX ;Y ;ZÞ ¼ ðX ;Y � ZÞ; det X ¼ 1

3
ðX ;X ;XÞ;

respectively, and briefly denote Jð3;CCÞ and Jð3;CÞ by JC and J, respectively.

In J, we can also define the relational formulas above.

The connected complex Lie group F C
4 and the connected compact Lie group

F4 are defined by

F C
4 ¼ fa A IsoCðJCÞ j aðX � YÞ ¼ aX � aYg

¼ fa A IsoCðJCÞ j det aX ¼ det X ; ðaX ; aYÞ ¼ ðX ;YÞg

¼ fa A IsoCðJCÞ j det aX ¼ det X ; aE ¼ Eg;

F4 ¼ fa A IsoRðJÞ j aðX � YÞ ¼ aX � aYg;

respectively. Let t be the complex conjugation in JC . Then we have F4 ¼ ðF C
4 Þt

(see [6, Section 2.4] in detail). Moreover, the Lie algebra fC4 of the group F C
4 is

given by

fC4 ¼ fd A HomCðJCÞ j dðX � YÞ ¼ dX � Y þ X � dYg:

We note the following as for the subalgebra dC
4 of the Lie algebra fC4 . The

subalgebra dC
4 is defined by

dC
4 ¼ fd A fC4 j dEk ¼ 0; k ¼ 1; 2; 3g:

Then the subalgebra dC
4 is isomorphic to the Lie algebra soð8;CÞ ¼ soðCCÞ by

the correspondence

g : soð8;CÞ ! dC
4 ; gðD1Þ ¼ d; d

x1 x3 x2

x3 x2 x1

x2 x1 x3

0
B@

1
CA¼

0 D3x3 D2x2

D3x3 0 D1x1

D2x2 D1x1 0

0
B@

1
CA;

where D2, D3 are elements of soð8;CÞ uniquely determined by the Principle of

triality ðD1xÞyþ xðD2yÞ ¼ D3ðxyÞ, x; y A C for D1 A soð8;CÞ. From now on, we

identify D1 A soð8;CÞ with d ¼ ðD1;D2;D3Þ A dC
4 � fC4 .

Any element d of the Lie algebra fC4 can be uniquely expressed by

fC4 ¼ fDþ ~AA1ða1Þ þ ~AA2ða2Þ þ ~AA3ða3Þ jD A soð8;CÞ; ak A CC ; k ¼ 1; 2; 3g;

where ~AAkðakÞ is the C-linear mapping of JC (see [9, Subsection 2.4] in detail).
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We define an R-linear transformation s 0
4 of J by

s 0
4X ¼ s 0

4

x1 x3 x2

x3 x2 x1

x2 x1 x3

0
B@

1
CA¼

x1 �x3e1 e1x2

�x3e1 x2 �e1x1e1

e1x2 �e1x1e1 x3

0
B@

1
CA; X A J;

where the element e1 is one of the basis of C ¼ fe0 ¼ 1; e1; e2; . . . ; e7gR. Here-

after, a symbol ek means one of the basis of C or CC . Then we have that

s 0
4 A Spinð8Þ � F4 � F C

4 , ðs 0
4Þ

4 ¼ 1, ðs 0
4Þ

2 ¼ s, where an R-linear transformation

s : J ! J is defined by

sX ¼ s

x1 x3 x2

x3 x2 x1

x2 x1 x3

0
B@

1
CA¼

x1 �x3 �x2

�x3 x2 x1

�x2 x1 x3

0
B@

1
CA; X A J:

Note that the R-linear transformation s of J is naturally extended to the

C-linear transformation of JC . Hence s 0
4 induces the automorphisms ~ss 0

4 of

order 4 on F4 : ~ss
0
4ðaÞ ¼ s 0�1

4 as 0
4, a A F4, and using inclusion F4 � F C

4 , the R-linear

transformation s 0
4 of J is naturally extended to the C-linear transformation of

JC . Hence s 0
4 induces the automorphisms ~ss 0

4 of order 4 on F C
4 : ~ss 0

4ðaÞ ¼ s 0�1
4 as 0

4,

a A F C
4 .

The simply connected complex Lie group EC
6 is defined by

EC
6 ¼ fa A IsoCðJCÞ j det aX ¼ det Xg

¼ fa A IsoCðJCÞ j ðaX ; aY ; aZÞ ¼ ðX ;Y ;ZÞg:

Then we have naturally the inclusion F C
4 � EC

6 , and it is well known that

ðEC
6 ÞE ¼ F C

4 (see [9, Definitions in Subsections 2.13, 3.1] in detail). Moreover, the

Lie algebra eC6 of the group EC
6 is given by

eC6 ¼ ff ¼ dþ ~TT j d A fC4 ;T A ðJCÞ0g;

where ðJCÞ0 ¼ fX A JC j trðX Þ ¼ 0g and the C-linear mapping ~TT of JC is defined

by ~TTX ¼ T � X , X A JC (see [9, Proposition 2.4.1, Theorem 3.2.1] in detail).

Let PC be the 56-dimensional Freudenthal C-vector space

PC ¼ JC lJC lClC,

in which the Freudenthal cross operation P�Q, P ¼ ðX ;Y ; x; hÞ, Q¼ ðZ;W ; z;oÞ
A PC , is defined as follows:
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P�Q :¼ Fðf;A;B; nÞ;

f ¼ � 1

2
ðX4W þ Z4YÞ

A ¼ � 1

4
ð2Y �W � xZ � zXÞ

B ¼ 1

4
ð2X � Z � hW � oYÞ

n ¼ 1

8
ððX ;WÞ þ ðZ;YÞ � 3ðxoþ zhÞÞ;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

where X4W A eC6 is defined by

X4W ¼ ½ ~XX ; ~WW � þ X �W � 1

3
ðX ;WÞE

� �@
;

here the C-linear mappings ~XX , ~WW of JC are same ones as in EC
6 .

The simply connected complex Lie group EC
7 is defined by

EC
7 ¼ fa A IsoCðPCÞ j aðP�QÞa�1 ¼ aP� aQg:

Moreover, the Lie algebra eC7 of the group EC
7 is given by

eC7 ¼ fFðf;A;B; nÞ j f A eC6 ;A;B A JC ; n A Cg:

For a A EC
6 , the mapping ~aa : PC ! PC is defined by

~aaðX ;Y ; x; hÞ ¼ ðaX ; ta�1Y ; x; hÞ;

then we have ~aa A EC
7 , and so a and ~aa will be identified. The group EC

7 contains

EC
6 as a subgroup by

EC
6 ¼ ðEC

7 Þ _11;1
_
ð¼ fa A ðEC

7 j a _11 ¼ _11; a1
_
¼ 1

_
gÞ;

where the symbols _11, 1
_
are defined in Subsection 3.2. Hence we have the inclusion

F C
4 � EC

6 � EC
7 . Using these inclusions, the C-linear transformation s 0

4 of JC is

naturally extended to the C-linear transformation of PC :

s 0
4ðX ;Y ; x; hÞ ¼ ðs 0

4X ; s 0
4Y ; x; hÞ; ðX ;Y ; x; hÞ A PC :

Hence we see s 0
4 A EC

7 , and so s 0
4 induces the automorphisms ~ss 0

4 of order 4 on

EC
7 : ~ss 0

4ðaÞ ¼ s 0�1
4 as 0

4, a A EC
7 .
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Let eC8 be the 248-dimensional C-vector space

eC8 ¼ eC7 lPC lPC lClClC:

We define a Lie bracket ½R1;R2�, R1 ¼ ðF1;P1;Q1; r1; s1; t1Þ, R2 ¼ ðF2;P2;Q2; r2;

s2; t2Þ, by

½R1;R2� :¼ ðF;P;Q; r; s; tÞ;

F ¼ ½F1;F2� þ P1 �Q2 � P2 �Q1

P ¼ F1P2 �F2P1 þ r1P2 � r2P1 þ s1Q2 � s2Q1

Q ¼ F1Q2 �F2Q1 � r1Q2 þ r2Q1 þ t1P2 � t2P1

r ¼ � 1

8
fP1;Q2g þ

1

8
fP2;Q1g þ s1t2 � s2t1

s ¼ 1

4
fP1;P2g þ 2r1s2 � 2r2s1

t ¼ � 1

4
fQ1;Q2g � 2r1t2 þ 2r2t1:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Then the C-vector space eC8 becomes a complex simple Lie algebra of type E8.

We define a C-linear transformation lo of eC8 by

loðF;P;Q; r; s; tÞ ¼ ðlFl�1; lQ;�lP;�r;�t;�sÞ;

where a C-linear transformation l of PC on the right-hand side is defined by

lðX ;Y ; x; hÞ ¼ ðY ;�X ; h;�xÞ. As in JC , the complex conjugation in eC8 is de-

noted by t:

tðF;P;Q; r; s; tÞ ¼ ðtFt; tP; tQ; tr; ts; ttÞ:

The connected complex Lie group EC
8 and the connected compact Lie group

E8 are defined by

EC
8 ¼ fa A IsoCðeC8 Þ j a½R;R 0� ¼ ½aR; aR 0�g;

E8 ¼ fa A EC
8 j tloalot ¼ ag ¼ ðEC

8 Þ
tlo ;

respectively. Moreover, the Lie algebra e8 of the group E8 is given by

e8 ¼ fðF;P;�tlP; r; s;�tsÞ jF A e7;P A JC ; r A iR; s A Cg:

For a A EC
7 , the mapping ~aa : eC8 ! eC8 is defined by

~aaðF;P;Q; r; s; tÞ ¼ ðaFa�1; aP; aQ; r; s; tÞ;

96 Toshikazu Miyashita



then we have ~aa A EC
8 , and so a and ~aa will be identified. The group EC

8 contains

EC
7 as a subgroup by

EC
7 ¼ f~aa A EC

8 j a A EC
7 g

¼ ðEC
8 Þ~11;1�;1�ð¼ fa A ðEC

8 Þ j a~11 ¼ ~11; a1� ¼ 1�; a1� ¼ 1�gÞ;

where the symbols ~11, 1�, 1� are defined in subsection 3.3. Hence we have the

inclusion EC
7 � EC

8 . Using this inclusion, since the C-linear transformation s 0
4 of

PC is naturally extended to the C-linear transformation of eC8 :

s 0
4ðF;P;Q; r; s; tÞ ¼ ðs 0�1

4 Fs 0
4; s

0
4P; s

0
4Q; r; s; tÞ; ðF;P;Q; r; s; tÞ A eC8 ;

we have s 0
4 A EC

8 , and so s 0
4 induces the automorphisms ~ss 0

4 of order 4 on

EC
8 : ~ss 0

4ðaÞ ¼ s 0�1
4 as 0

4, a A EC
8 , and so is E8.

In the last of this section, we state two useful lemmas, the Principle of triality

on SOð8;CÞ as theorem and proposition related to its theorem.

Lemma 2.1. For Lie groups G, G 0, let a mapping j : G ! G 0 be a

homomorphism of Lie groups. When G 0 is connected, if Ker j is discrete and

dimðgÞ ¼ dimðg 0Þ, j is surjection.

Proof. The proof is omitted (cf. [6, Lemma 0.6 (2)]). r

Lemma 2.2 (E. Cartan-Raševskii). Let G be a simply connected Lie group

with a finite order automorphism s of G. Then Gs is connected.

Proof. The proof is omitted (cf. [6, Lemma 0.7]). r

After this, using these lemmas without permission each times, we often prove

lemma, proposition or theorem.

Theorem 2.3 (Principle of triality on SOð8;CÞ). For any a3 A SOð8;CÞ, there
exist a1; a2 A SOð8;CÞ such that

ða1xÞða2yÞ ¼ a3ðxyÞ; x; y A CC :

Moreover, a1, a2 are determined uniquely up to the sign for a3, that is, for a3,

these a1, a2 have to be a1, a2 or �a1, �a2.

Proof. The proof is omitted (cf. [9, Theorem 1.14.2]).
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Proposition 2.4. If a1; a2; a3 A Oð8;CÞ satisfy the relational formula

ða1xÞða2yÞ ¼ a3ðxyÞ; x; y A CC ;

then a1; a2; a3 A SOð8;CÞ.

Proof. The proof is omitted (cf. [9, Proposition 1.14.4]).

3. Case 1. The Automorphism s 0
4 of Order 4 and the Group ðE8Þs

0
4

The main purpose of this section is to give the automorphism ~ss 0
4 of order 4

on E8 explicitly and to determine the structure of the fixed points subgroup

ðE8Þs
0
4 by ~ss 0

4, where the structure of the group ðE8Þs
0
4 is as follows:

ðE8Þs
0
4 G ðSpinð6Þ � Spinð10ÞÞ=Z4:

Here, the spinor groups Spinð6Þ and Spinð10Þ above are respectively realized as

the subgroup ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 and the subgroup ðE8Þs
0
4
; soð6Þ of ðE8Þs

0
4 , where

the definitions or the details of ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 and ðE8Þs
0
4
; soð6Þ are shown

later.

Moreover, we would like to state about the group ðE8Þs
0
4
; soð6Þ. The essential

part to prove the isomorphism as a group is to show the connectedness of the

group ðE8Þs
0
4
; soð6Þ. In order to obtain this end, we need to treat the complex case

as follows:

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 GSpinð6;CÞ;

ðEC
7 Þs

0
4 G ðSLð2;CÞ � Spinð6;CÞ � Spinð6;CÞÞ=Z4;

ðEC
7 Þs

0
4
; soð6;CÞ GSLð2;CÞ � Spinð6;CÞ;

ðEC
8 Þs

0
4
; soð6;CÞ GSpinð10;CÞ;

ðEC
8 Þs

0
4 G ðSpinð6;CÞ � Spinð10;CÞÞ=Z4;

and the connectedness of the group ðEC
8 Þ

s 0
4
; soð6;CÞ, the definitions or the details

of the group on the left-hand side in each row above are also shown later.

In this section, in order to study the subgroups of E8 as mentioned above,

since we need to have some knowledge of the their complexification GC of

G ¼ F4;E6;E7 or E8, we state these as detailed as possible, however as for

insu‰cient parts, refer to [1], [5], [6], [7], [8] or [9].
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3.1. The Group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1

The aim of this section is to determine the structure of the group

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1:

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 ¼ fa A F C

4 j aEi ¼ Ei; i ¼ 1; 2; 3; aF1ðekÞ ¼ F1ðekÞ; k ¼ 0; 1g:

Now, we start to make some preparations.

We define groups ðF C
4 ÞE1;E2;E3

and Spinð8;CÞ by

ðF C
4 ÞE1;E2;E3

¼ fa A F C
4 j aEi ¼ Ei; i ¼ 1; 2; 3g;

Spinð8;CÞ ¼ fða1; a2; a3Þ A SOð8;CÞ�3 j ða1xÞða2yÞ ¼ a3ðxyÞ; x; y A CCg;

respectively. Then we have the following theorem.

Theorem 3.1. The group ðF C
4 ÞE1;E2;E3

is isomorphic to Spinð8;CÞ : ðF C
4 ÞE1;E2;E3

GSpinð8;CÞ.

Proof. We define a mapping j : Spinð8;CÞ ! ðF C
4 ÞE1;E2;E3

by

jðða1; a2; a3ÞÞX ¼
x1 a3x3 a2x2

a3x3 x2 a1x1

a2x2 a1x1 x3

0
B@

1
CA; X A JC :

This homomorphism j induces the isomorphism between ðF C
4 ÞE1;E2;E3

and

Spinð8;CÞ (cf. [9, Theorem 2.7.1]). r

As necessary, we denote any element a A ðF C
4 ÞE1;E2;E3

by ða1; a2; a3Þ A
Spinð8;CÞ, that is, a ¼ ða1; a2; a3Þ.

We define an R-linear transformation d1 of C by

d1 : e0 ! e6; e1 ! e7; ei ! ei; i ¼ 2; 3; 4; 5; e6 ! e0; e7 ! e1;

basiswisely. Using matrix representation, the explicit form of d1 is as follows:

d1 ¼

0 1 0

0 0 1

1

1

1

1

1 0 0

0 1 0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

A Mð8;RÞ;
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where the blanks are 0. Then we easily see that d1 A SOð8Þ. The R-linear trans-

formation d1 is naturally extended to the C-linear transformation of CC .

We consider groups ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1;2;3;4;5, ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼2;3;4;5;6;7:

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1;2;3;4;5 ¼ a A F C

4

����� aEi ¼ Ei; i ¼ 1; 2; 3;

aF1ðekÞ ¼ F1ðekÞ; k ¼ 0; 1; 2; 3; 4; 5

( )
;

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼2;3;4;5;6;7 ¼ a A F C

4

����� aEi ¼ Ei; i ¼ 1; 2; 3;

aF1ðekÞ ¼ F1ðekÞ; k ¼ 2; 3; 4; 5; 6; 7

( )
:

Hereafter, we often denote k ¼ 0; 1; 2; 3; 4; 5 by abbreviated form k ¼ 0; . . . ; 5,

and also often denote these groups above by abbreviated forms ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ,

ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ as example. The other cases are similar to these.

Proposition 3.2. The group ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ is isomorphic to the group

ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ : ðF

C
4 ÞE1; 2; 3;F1ð0;...;5Þ G ðF C

4 ÞE1; 2; 3;F1ð2;...;7Þ.

Proof. We define a mapping j : ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ ! ðF C

4 ÞE1; 2; 3;F1ð2;...;7Þ by

jðaÞ ¼ d�1ad;

where d ¼ ðd1; d2; d3Þ A Spinð8Þ � Spinð8;CÞG ðF C
4 ÞE1;E2;E3

(Theorem 3.1), here

d1 is defined above, and note that for this d1 there exist d2; d3 A SOð8Þ by the

Principle of triality on SOð8Þ (Theorem 2.3). From a; d A ðF C
4 ÞE1;E2;E3

, it is easy to

verify that jðaÞ A ðF C
4 ÞE1;E2;E3

.

Moreover, we have that

jðaÞF1ðe6Þ ¼ ðd�1adÞF1ðe6Þ ¼ ðd�1aÞF1ðd1e6Þ

¼ ðd�1aÞF1ðe0Þ ¼ d�1F1ðe0Þ ¼ F1ðd�1
1 e0Þ ¼ F1ðe6Þ:

Similarly, we have jðaÞF1ðe7Þ ¼ F1ðe7Þ, and it is clear that jðaÞF1ðekÞ ¼ F1ðekÞ,
k ¼ 2; 3; 4; 5. Hence we have jðaÞ A ðF C

4 ÞE1; 2; 3;F1ð2;...;7Þ, that is, j is well-defined.

From the definition of the mapping j, it is clear that j is bijection.

Therefore we have the required isomorphism

ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ G ðF C

4 ÞE1; 2; 3;F1ð2;...;7Þ: r

We define a mapping k : SOð8;CÞ ! SOð8;CÞ by

kðaÞx ¼ ax; x A CC :
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It is easily to verify that k is well-defined and a homomorphism, moreover we

see k2 ¼ 1 (cf. [9, Theorem 1.16.4]).

Let the complex unitary group Uð1;C CÞ ¼ fy A C C j yy ¼ 1g. Then we have

the following theorem.

Theorem 3.3. The group ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ is isomorphic to Uð1;C CÞ:

ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ GUð1;C CÞ.

Proof. We define a mapping f : Uð1;C CÞ ! ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ by

fðyÞX ¼
x1 x3y yx2

x3y x2 yx1y

yx2 yx1y x3

0
B@

1
CA; X A JC :

Then f is well-defined. Indeed, by using the relational formula ReðxðyzÞÞ ¼
ReðyðzxÞÞ ¼ ReðzðxyÞÞ, x; y; z A CC , we have that

detðfðyÞX Þ ¼ x1x2x3 þ 2 Reððyx1yÞðyx2Þðx3ÞyÞÞ � x1ðyx1yÞðyx1yÞ

� x2ðyx2Þðy2x2Þ � x3ðx3yÞðx3yÞ

¼ x1x2x3 þ 2 Reððyx1yÞðyðx2x3ÞyÞÞ � x1jyx1yj2 � x2jyx2j2 � x3jx3yj2

¼ x1x2x3 þ 2 Reðyðyx1yÞÞðyðx2x3ÞÞ � x1jx1j2 � x2jx2j2 � x3jx3j2

¼ x1x2x3 þ 2 Reðx1yÞðyðx2x3ÞÞ � x1jx1j2 � x2jx2j2 � x3jx3j2

¼ x1x2x3 þ 2 Reððx2x3Þððx1yÞyÞ � x1jx1j2 � x2jx2j2 � x3jx3j2

¼ x1x2x3 þ 2 Reððx2x3Þðx1Þ � x1jx1j2 � x2jx2j2 � x3jx3j2

¼ x1x2x3 þ 2 Reðx1x2x3Þ � x1x1x1 � x2x2x2 � x3x3x3

¼ det X ;

and it is clear that ðfðyÞX ; fðyÞY Þ ¼ ðX ;Y Þ, X ;Y A JC and fðyÞEi ¼ Ei, i ¼
1; 2; 3. Hence we see that fðyÞ A ðF C

4 ÞE1; 2; 3
. Moreover, from eia ¼ aei, i ¼ 2; . . . ; 7,

a A Uð1;C CÞ, we have that fðyÞF1ðeiÞ ¼ F1ðeiÞ, i ¼ 2; . . . ; 7, that is, fðyÞ A
ðF C

4 ÞE1; 2; 3;F1ð2;...;7Þ. Needless to say, f is a homomorphism. We shall show that f

is surjection. Let a A ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ. Here, set

ðJCÞk ¼ fFkðxÞ j x A CCg ¼ fX A JC j 2Ekþ1 � X ¼ 2Ekþ2 � X ¼ Xg; k ¼ 1; 2; 3;
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where the indices are considered as mod 3. Then from aEk ¼ Ek, k ¼ 1; 2; 3, we

have aX A ðJCÞk for X A ðJCÞk, and so a induces C-isomorphisms

a : ðJCÞk ! ðJCÞk; ak : CC ! CC

satisfying the conditions aFkðxÞ ¼ FkðakxÞ, x A CC , k ¼ 1; 2; 3.

Applying a on FkðxÞ � FkðyÞ ¼ ðx; yÞðEkþ1 þ Ekþ2Þ, that is, aFkðxÞ � aFkðyÞ ¼
ðx; yÞðEkþ1 þ Ekþ2Þ, on the other hand we have

aFkðxÞ � aFkðyÞ ¼ FkðakxÞ � Fkðak yÞ ¼ ðakx; ak yÞðEkþ1 þ Ekþ2Þ:

Hence we have ðakx; ak yÞ ¼ ðx; yÞ, x; y A CC , that is, ak A Oð8;CÞ, k ¼ 1; 2; 3.

Moreover, applying a on F1ðxÞ � F2ðyÞ ¼ ð1=2ÞF3ðxyÞ, we have ða1xÞða2yÞ ¼
a3ðxyÞ. Indeed, apply a on the left-hand side:

aðF1ðxÞ � F2ðyÞÞ ¼ aF1ðxÞ � aF2ðyÞ ¼ F1ða1xÞ � F2ða2yÞ ¼
1

2
F3ðða1xÞða2yÞÞ;

on the other hand, apply a on the right-hand side: aðð1=2ÞF3ðxyÞÞ ¼
ð1=2ÞF3ða3ðxyÞÞ. Hence we have F3ðða1xÞða2yÞÞ ¼ F3ða3ðxyÞÞ, that is, ða1xÞða2yÞ
¼ a3ðxyÞð¼ ðka3ÞðxyÞÞ.

Since a1; a2; a3 A Oð8;CÞ satisfy the relational formula ða1xÞða2yÞ ¼ ðka3ÞðxyÞ
above, we see that a1; a2; ka3 A SOð8;CÞ (Proposition 2.4). Hence we have

a1; a2; a3 A SOð8;CÞ. Indeed, in general if a A SOð8;CÞ, so is ka A SOð8;CÞ.
Hence, now since a3 holds the condition ka3 A SOð8;CÞ, from k2 ¼ 1 we have

a3 ¼ kðka3Þ A SOð8;CÞ. Moreover from aF1ðeiÞ ¼ F1ðeiÞ we have a1ei ¼ ei,

i ¼ 2; . . . ; 7. Hence since we can confirm that a1 induces C-isomorphism of

C C � CC , there exists y A Uð1;C CÞ such that a1x ¼ yxy, x A CC . For this y, by

the Principle of triality on SOð8;CÞ we can set a2x ¼ yx, a3x ¼ xy, x A CC

(Theorem 2.3). The proof of surjection is completed. Finally, it is easy to obtain

that Ker f ¼ f1g.
Therefore we have the required isomorphism

ðF C
4 ÞE1; 2; 3;F1ð2;...;7Þ GUð1;C CÞ: r

From Proposition 3.2 and Theorem 3.3, we have the following proposition.

Proposition 3.4. The group ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ is isomorphic Uð1;C CÞ:

ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ GUð1;C CÞ.
In particular, the group ðF C

4 ÞE1; 2; 3;F1ð0;...;5Þ is connected.
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Proof. Since the group Uð1;C CÞ is isomorphic to the general linear group

GLð1;CÞ as a Lie group, the group Uð1;C CÞ is connected. Hence the group

ðF C
4 ÞE1; 2; 3;F1ð0;...;5Þ is connected. r

We shall construct Spinð3;CÞ in F C
4 .

Now, we consider a group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ:

ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ ¼ a A F C

4

����� aEi ¼ Ei; i ¼ 1; 2; 3;

aF1ðekÞ ¼ F1ðekÞ; k ¼ 0; 1; 2; 3; 4

( )
:

Lemma 3.5. The Lie algebra ðfC4 ÞE1; 2; 3;F1ð0;...;4Þ of the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ

is given by

ðfC4 ÞE1; 2; 3;F1ð0;...;4Þ ¼ d A fC4

����� dEi ¼ 0; i ¼ 1; 2; 3;

dF1ðekÞ ¼ 0; k ¼ 0; 1; 2; 3; 4

( )

¼ fd ¼ d56G56 þ d57G57 þ d67G67 j dkl A Cg:

In particular, dimCððfC4 ÞE1; 2; 3;F1ð0;...;4ÞÞ ¼ 3.

Proof. By doing simple computation, this lemma is proved easily (As for

Gij, i; j ¼ 5; 6; 7, see [9, Subsection 1.3]). r

We define a 3-dimensional C-vector subspace ðVCÞ3 of JC by

ðVCÞ3 ¼ X A JC

�����E1 � X ¼ 0; ðE2;XÞ ¼ ðE3;X Þ ¼ 0;

ðF1ðekÞ;XÞ ¼ 0; k ¼ 0; 1; 2; 3; 4

( )

¼ fX ¼ F1ðtÞ j t ¼ t5e5 þ t6e6 þ t7e7; tk A Cg

with the norm ðX ;XÞ ¼ 2ðt25 þ t26 þ t27Þ. Obviously, the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ

acts on ðVCÞ3.

Proposition 3.6. The homogeneous space ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ=Uð1;C CÞ is

homeomorphic to the complex sphere ðSCÞ2: ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ=Uð1;C CÞF ðSCÞ2.

In particular, the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ is connected.

Proof. We define a 2-dimensional complex sphere ðSCÞ2 by

ðSCÞ2 ¼ fX A ðVCÞ3 j ðX ;X Þ ¼ 2g

¼ fX ¼ F1ðtÞ j t ¼ t5e5 þ t6e6 þ t7e7; t
2
5 þ t26 þ t27 ¼ 1; tk A Cg:
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Then the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ acts on ðSCÞ2, obviously. We shall show that

this action is transitive. In order to prove this, it is su‰cient to show that any

element F1ðtÞ A ðSCÞ2 can be transformed to F1ðe5Þ A ðSCÞ2.
Now, for a given X ¼ F1ðtÞ A ðSCÞ2, we choose s0 A R, 0a s0 a p such that

tan s0 ¼ Reðt6Þ=Reðt5Þ (if Reðt5Þ ¼ 0, let s0 ¼ p=2).

Operate g56ðs0Þ :¼ expðs0G56Þ A ððF C
4 ÞE1; 2; 3;F1ð0;...;4ÞÞ0 on X ¼ F1ðtÞ (Lemma

3.5), then we have that

g56ðs0ÞX ¼ g56ðs0ÞF1ðtÞ

¼ F1ðððcos s0Þt5 þ ðsin s0Þt6Þe5 þ ððcos s0Þt6 � ðsin s0Þt5Þe6 þ t7e7Þ

¼ F1ðððcos s0Þt5 þ ðsin s0Þt6Þe5

þ iððcos s0Þ Imðt6Þ � ðsin s0Þ Imðt5ÞÞe6 þ t7e7Þ

¼ F1ðtð1Þ5 e5 þ ir6e6 þ t7e7Þ ¼: X ð1Þ;

where t
ð1Þ
5 :¼ ðcos s0Þt5 þ ðsin s0Þt6 A C, r6 :¼ ðcos s0Þ Imðt6Þ � ðsin s0Þ Imðt5Þ A R.

Moreover, we choose s1 A R, 0a s1 a p such that tan s1 ¼ Reðt7Þ=Reðtð1Þ5 Þ
(if Reðtð1Þ5 Þ ¼ 0, let s1 ¼ p=2). Operate g57ðs1Þ :¼ expðs1G57Þ A ððF C

4 ÞE1; 2; 3;F1ð0;...;4ÞÞ0
on X 0 (Lemma 3.5), then we have that

g57ðs1ÞX ð1Þ ¼ g57ðs1ÞF1ððtð1Þ5 e5 þ ir6e6 þ t7e7Þ

¼ F1ðððcos s1Þtð1Þ5 þ ðsin s1Þt7Þe5 þ ir6e6 þ ððcos s1Þt7 � ðsin s1Þtð1Þ5 Þe7Þ

¼ F1ðððcos s1Þtð1Þ5 þ ðsin s1Þt7Þe5 þ ir6e6

þ iððcos s1Þ Imðt7Þ � ðsin s1Þ Imðtð1Þ5 ÞÞe7Þ

¼ F1ðtð2Þ5 e5 þ ir6e6 þ ir7e7Þ ¼: X ð2Þ;

where t
ð2Þ
5 :¼ ðcos s1Þtð1Þ5 þ ðsin s1Þt7 A C, r7 :¼ ðcos s1Þ Imðt7Þ� ðsin s1Þ Imðtð1Þ5 Þ A R.

Additionally, we choose s2 A R, 0a s2 a p such that tan s2 ¼ r7=r6 (if r6 ¼ 0,

let s2 ¼ p=2). Operate g67ðs2Þ :¼ expðs2G67Þ A ððF C
4 ÞE1; 2; 3;F1ð0;...;4ÞÞ0 on X ð2Þ (Lemma

3.5), then we have that

g67ðs2ÞX ð2Þ ¼ g67ðs2ÞF1ðtð2Þ5 e5 þ ir6e6 þ ir7e7Þ

¼ F1ðtð2Þ5 e5 þ iððcos s2Þr6 þ ðsin s2Þr7Þe6 þ iððcos s2Þr7 � ðsin s2Þr6Þe7Þ

¼ F1ðtð2Þ5 e5 þ ir
ð1Þ
6 e6Þ ¼: X ð3Þ;

where r
ð1Þ
6 :¼ ðcos s2Þr6 þ ðsin s2Þr7 A R.
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Here, note that it follows from X ð3Þ ¼ F1ðtð2Þ5 e5 þ ir
ð1Þ
6 e6Þ A ðSCÞ2ððtð2Þ5 Þ2 þ

ðirð1Þ6 Þ2 ¼ 1Þ, that is, ðtð2Þ5 Þ2 ¼ 1þ ðrð1Þ6 Þ2, t
ð2Þ
5 A C, r

ð1Þ
6 A R that we have t

ð2Þ
5 A

R� f0g and �1 < r
ð1Þ
6 =t

ð2Þ
5 < 1.

So, we can choose s3 A R such that tanðis3Þ ¼ ir
ð1Þ
6 =t

ð2Þ
5 ðA iRÞ. Indeed, be-

cause of tanðis3Þ ¼ �ið1� 2=ðe�2s3 þ 1ÞÞð�1 < 1� 2=ðe�2s3 þ 1Þ < 1Þ, together

with �1 < r
ð1Þ
6 =t

ð2Þ
5 < 1, we can choose s3 A R. As in the first case above, operate

g56ðis3Þ on X ð3Þ, then we have that

g56ðis3ÞX ð3Þ ¼ g56ðis3ÞF1ðtð2Þ5 e5 þ ir
ð1Þ
6 e6Þ

¼ F1ððcosðis3Þtð2Þ5 þ sinðis3Þðirð1Þ6 ÞÞe5 þ ðcosðis3Þðirð1Þ6 Þ � sinðis3Þtð2Þ5 Þe6Þ

¼ F1ððcosðis3Þtð2Þ5 þ sinðis3Þðirð1Þ6 ÞÞe5Þ

¼ F1ðtð3Þ5 e5Þ;

where t
ð3Þ
5 :¼ cosðis3Þtð2Þ5 þ sinðis3Þðirð1Þ6 Þ A C. Hence, from F1ðtð3Þ5 e5Þ A ðSCÞ2 we

have that t
ð3Þ
5 ¼ 1 or t

ð3Þ
5 ¼ �1. In the latter case, again operate g57ðpÞ on

F1ð�e5Þ, then we have that g57ðpÞF1ð�e5Þ ¼ F1ðe5Þ. This shows the transitivity of

action to ðSCÞ2 by the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ. The isotropy subgroup of the

group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ at F1ðe5Þ is the group ðF C

4 ÞE1; 2; 3;F1ð0;...;5Þ GUð1;C CÞ
(Proposition 3.4). Thus we have the required homeomorphism

ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ=Uð1;C CÞF ðSCÞ2:

Therefore we see that the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ is connected. r

Theorem 3.7. The group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ is isomorphic to Spinð3;CÞ:

ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ GSpinð3;CÞ.

Proof. Let Oð3;CÞ ¼ OððVCÞ3Þ ¼ fb A IsoCððVCÞ3Þ j ðbX ; bYÞ ¼ ðX ;YÞg.
We consider the restriction b ¼ ajðV CÞ3 of a A ðF C

4 ÞE1; 2; 3;F1ð0;...;4Þ to ðVCÞ3, then

we have b A Oð3;CÞ. Hence we define a homomorphism p : ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ !

Oð3;CÞ ¼ OððVCÞ3Þ by

pðaÞ ¼ ajðV CÞ3 :

Moreover since the mapping p is continuous and the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ is

connected (Proposition 3.6), the mapping p induces a homomorphism

p : ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ ! SOð3;CÞ ¼ SOððVCÞ3Þ:
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It is not di‰cult to obtain that Ker p ¼ f1; sgGZ2. Indeed, Let a A Ker p. Then,

since a A ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ � ðF C

4 ÞE1; 2; 3
GSpinð8;CÞ, we can set a ¼ ða1; a2; a3Þ

(Theorem 3.1). Moreover, from aF1ðeiÞ ¼ F1ðeiÞ, i ¼ 0; . . . ; 4 and ajðV CÞ3 ¼ 1, we

have a1x ¼ x for all x A CC , that is, a1 ¼ 1. Hence, from the principle triality on

SOð8Þ (Theorem 2.3) we have that

a ¼ ð1; 1; 1Þ or a ¼ ð1;�1;�1Þ ¼ s;

that is, Ker p � f1; sg and vice versa. Thus we obtain Ker p ¼ f1; sgGZ2.

We shall show that p is surjection. From Lemma 3.5, we have that

dimCððfC4 ÞE1; 2; 3;F1ð0;...;4ÞÞ ¼ 3 ¼ dimCðsoð3;CÞÞ; and in addition to this, SOð3;CÞ
is connected and Ker p is discrete. Hence p is surjection. Thus we have the

isomorphism

ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ=Z2 GSOð3;CÞ:

Therefore the group ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ is isomorphic to Spinð3;CÞ as the

universal covering group of SOð3;CÞ, that is, ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þ GSpinð3;CÞ.

r

Continuously, we shall construct Spinð4;CÞ in F C
4 .

Now, we consider a group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ:

ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ ¼ a A F C

4

����� aEi ¼ Ei; i ¼ 1; 2; 3;

aF1ðekÞ ¼ F1ðekÞ; k ¼ 0; 1; 2; 3

( )
:

Lemma 3.8. The Lie algebra ðfC4 ÞE1; 2; 3;F1ð0;...;3Þ of the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ

is given by

ðfC4 ÞE1; 2; 3;F1ð0;...;3Þ ¼ fd A fC4 j dEi ¼ 0; i ¼ 1; 2; 3; dF1ðekÞ ¼ 0; k ¼ 0; 1; 2; 3g

¼ d ¼ d45G45 þ d46G46 þ d47G47

þ d56G56 þ d57G57 þ d67G67

����� dkl A C

( )
:

In particular, dimCððfC4 ÞE1; 2; 3;F1ð0;...;3ÞÞ ¼ 6.

Proof. By doing simple computation, this lemma is proved easily (Again,

as for Gij, i; j ¼ 4; 5; 6; 7, see [9, Subsection 1.3]). r
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We define a 4-dimensional C-vector subspace ðVCÞ4 of JC by

ðVCÞ4 ¼ X A JC

�����E1 � X ¼ 0; ðE2;XÞ ¼ ðE3;X Þ ¼ 0;

ðF1ðekÞ;XÞ ¼ 0; k ¼ 0; 1; 2; 3

( )

¼ fX ¼ F1ðtÞ j t ¼ t4e4 þ t5e5 þ t6e6 þ t7e7; tk A Cg

with the norm ðX ;XÞ ¼ 2ðt24 þ t25 þ t26 þ t27Þ. Obviously, the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ

acts on ðVCÞ4.

Proposition 3.9. The homogeneous space ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ=Spinð3;CÞ is

homeomorphic to the complex sphere ðSCÞ3: ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ=Spinð3;CÞF ðSCÞ3.

In particular, the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ is connected.

Proof. We define a 3-dimensional complex sphere ðSCÞ3 by

ðSCÞ3 ¼ fX A ðVCÞ4 j ðX ;XÞ ¼ 2g

¼ fX ¼ F1ðtÞ j t ¼ t4e4 þ t5e5 þ t6e6 þ t7e7; t
2
4 þ t25 þ t26 þ t27 ¼ 1; tk A Cg:

Then the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ acts on ðSCÞ3, obviously. We shall show that

this action is transitive. In order to prove this, it is su‰cient to show that any

element F1ðtÞ A ðSCÞ5 can be transformed to F1ðe4Þ A ðSCÞ3.
Now, for a given X ¼ F1ðtÞ A ðSCÞ3, we choose s0 A R, 0a s0 a p such

that tan s0 ¼ �Reðt4Þ=Reðt5Þ (if Reðt5Þ ¼ 0, let s0 ¼ p=2). Operate g45ðs0Þ :¼
expðs0G45Þ A ððF C

4 ÞE1; 2; 3;F1ð0;...;3ÞÞ0 on X ¼ F1ðtÞ (Lemma 3.8), then we have that

g45ðs0ÞX ¼ g45ðs0ÞF1ðtÞ

¼ F1ðððcos s0Þt4 þ ðsin s0Þt5Þe4 þ ððcos s0Þt5 � ðsin s0Þt4Þe5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s0Þ Imðt4Þ þ ðsin s0Þ Imðt5ÞÞe4

þ ððcos s0Þt5 � ðsin s0Þt4Þe5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ4 e4 þ t
ð1Þ
5 e5 þ t6e6 þ t7e7Þ ¼: X ð1Þ;

where r
ð1Þ
4 :¼ ðcos s0Þ Imðt4Þ þ ðsin s0Þ Imðt5Þ A R, t

ð1Þ
5 :¼ ðcos s0Þt5 � ðsin s0Þt4 A C.

Moreover, we choose s1 A R, 0a s1 a p such that tan s1 ¼ �Reðt5Þ=Reðt6Þ
(if Reðt6Þ ¼ 0, let s1 ¼ p=2). Operate g56ðs1Þ :¼ expðs1G56Þ A ððF C

4 ÞE1; 2; 3;F1ð0;...;3ÞÞ0
on X ð1Þ (Lemma 3.8), then we have that
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g56ðs1ÞX ð1Þ ¼ g34ðs1ÞF1ðirð1Þ4 e4 þ t
ð1Þ
5 e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ4 e4 þ ððcos s1Þt5 þ ðsin s1Þt6Þe5

þ ððcos s1Þt6 � ðsin s1Þt5Þe6 þ t7e7Þ

¼ F1ðirð1Þ4 e4 þ iððcos s1Þ Imðt5Þ þ ðsin s1Þ Imðt6ÞÞe5

þ ððcos s1Þt6 � ðsin s1Þt5Þe6 þ t7e7Þ

¼ F1ðirð1Þ4 e4 þ ir
ð1Þ
5 e5 þ t

ð1Þ
6 e6 þ t7e7Þ ¼: X ð2Þ;

where r
ð1Þ
5 :¼ ðcos s1Þ Imðt5Þ þ ðsin s1Þ Imðt6Þ A R, t

ð1Þ
6 :¼ ðcos s1Þt6 � ðsin s1Þt5 A C.

Additionally, we choose s2 A R, 0a s2 a p such that tan s2 ¼ �ðrð1Þ4 Þ=ðrð1Þ5 Þ (if
r
ð1Þ
5 ¼ 0, let s2 ¼ p=2). Again, operate g45ðs2Þ ¼ expðs2G45Þ A ððF C

4 ÞE1; 2; 3;F1ð0;...;3ÞÞ0
on X ð2Þ, then we have that

g45ðs2ÞX ð2Þ ¼ g45ðs2ÞF1ðirð1Þ4 e4 þ ir
ð1Þ
5 e5 þ t

ð1Þ
6 e6 þ t7e7Þ

¼ F1ðiððcos s2Þrð1Þ4 þ ðsin s2Þrð1Þ5 Þe4

þ iððcos s2Þrð1Þ5 � ðsin s2Þrð1Þ4 Þe5 þ t
ð1Þ
6 e6 þ t7e7Þ

¼ F1ðiððcos s2Þrð1Þ5 � ðsin s2Þrð1Þ4 Þe5 þ t
ð1Þ
6 e6 þ t7e7Þ

¼ F1ðtð2Þ5 e5 þ t
ð1Þ
6 e6 þ t7e7Þ ¼: X 0 A ðSCÞ2;

where t
ð2Þ
5 :¼ iððcos s2Þrð1Þ5 � ðsin s2Þrð1Þ4 Þ A.

Since Spinð3;CÞG ðF C
4 ÞE1; 2; 3;F1ð0;...;4Þð� ðF C

4 ÞE1; 2; 3;F1ð0;...;3ÞÞ acts transitively on

ðSCÞ2 (Proposition 3.6), there exists a A Spinð3;CÞ such that

aX 0 ¼ F1ðe5Þ; X 0 A ðSCÞ2:

Again, operate g45ðp=2Þ A ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ on F1ðe5Þ, then we have that

g45
p

2

� �
F1ðe5Þ ¼ F1ðe4Þ:

This shows the transitivity of action to ðSCÞ3 by the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ. The

isotropy subgroup of the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ at F1ðe4Þ is ðF C

4 ÞE1; 2; 3;F1ð0;...;4Þ G
Spinð3;CÞ (Theorem 3.7). Thus we have the required homeomorphism

ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ=Spinð3;CÞF ðSCÞ3:

Therefore we see that the group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ is connected. r
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Theorem 3.10. The group ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ is isomorphic to Spinð4;CÞ:

ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þ GSpinð4;CÞ.

Proof. Since we can prove this theorem as in Theorem 3.7, this proof is

omitted. r

Continuously, we shall construct Spinð5;CÞ in F C
4 .

Now, we consider a group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ:

ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ ¼ a A F C

4

����� aEi ¼ Ei; i ¼ 1; 2; 3;

aF1ðekÞ ¼ F1ðekÞ; k ¼ 0; 1; 2

( )
:

Lemma 3.11. The Lie algebra ðfC4 ÞE1; 2; 3;F1ð0;1;2Þ of the group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ

is given by

ðfC4 ÞE1; 2; 3;F1ð0;1;2Þ ¼ fd A fC4 j dEi ¼ 0; i ¼ 1; 2; 3; dF1ðekÞ ¼ 0; k ¼ 0; 1; 2g

¼ d ¼ d34G34 þ d35G35 þ d36G36 þ d37G37 þ d45G45

þ d46G46 þ d47G47 þ d56G56 þ d57G57 þ d67G67

����� dkl A C

( )
:

In particular, dimCððfC4 ÞE1; 2; 3;F1ð0;1;2ÞÞ ¼ 10.

Proof. By doing simple computation, this lemma is proved easily (As for

Gij, i; j ¼ 3; 4; 5; 6; 7, see [9, Subsection 1.3]). r

We define a 5-dimensional C-vector subspace ðVCÞ5 of JC by

ðVCÞ5 ¼ X A JC

�����E1 � X ¼ 0; ðE2;XÞ ¼ ðE3;X Þ ¼ 0;

ðF1ðekÞ;XÞ ¼ 0; k ¼ 0; 1; 2

( )

¼ fX ¼ F1ðtÞ j t ¼ t3e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7; tk A Cg

with the norm ðX ;X Þ ¼ 2ðt23 þ t24 þ t25 þ t26 þ t27Þ. Obviously, the group

ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ acts on ðVCÞ5.

Proposition 3.12. The homogeneous space ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ=Spinð4;CÞ is

homeomorphic to the complex sphere ðSCÞ4: ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ=Spinð4;CÞF ðSCÞ4.

In particular, the group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ is connected.
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Proof. We define a 4-dimensional complex sphere ðSCÞ4 by

ðSCÞ4 ¼ fX A ðVCÞ5 j ðX ;X Þ ¼ 2g

¼ X ¼ F1ðtÞ
����� t ¼ t3e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7;

t23 þ t24 þ t25 þ t26 þ t27 ¼ 1; tk A C

( )
:

Then the group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ acts on ðSCÞ4, obviously. We shall show that

this action is transitive. In order to prove this, it is su‰cient to show that any

element F1ðtÞ A ðSCÞ4 can be transformed to F1ðe3Þ A ðSCÞ4.
Now, for a given X ¼ F1ðtÞ A ðSCÞ4, we choose s0 A R, 0a s0 a p such

that tan s0 ¼ �Reðt3Þ=Reðt4Þ (if Reðt4Þ ¼ 0, let s0 ¼ p=2). Operate g34ðs0Þ :¼
expðs0G34Þ A ððF C

4 ÞE1; 2; 3;F1ð0;1;2ÞÞ0 on X ¼ F1ðtÞ (Lemma 3.11), then we have that

g34ðs0ÞX ¼ g34ðs0ÞF1ðtÞ

¼ F1ðððcos s0Þt3 þ ðsin s0Þt4Þe3

þ ððcos s0Þt4 � ðsin s0Þt3Þe4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s0Þ Imðt3Þ þ ðsin s0Þ Imðt4ÞÞe3

þ ððcos s0Þt4 � ðsin s0Þt3Þe4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ3 e3 þ t
ð1Þ
4 e4 þ t5e5 þ t6e6 þ t7e7Þ ¼: X ð1Þ;

where r
ð1Þ
3 :¼ ðcos s0Þ Imðt3Þ þ ðsin s0Þ Imðt4Þ A R, t

ð1Þ
4 :¼ ðcos s0Þt4 � ðsin s0Þt3 A C.

Moreover, we choose s1 A R, 0a s1 a p such that tan s1 ¼ �Reðt4Þ=Reðt5Þ
(if Reðt5Þ ¼ 0, let s1 ¼ p=2). Operate g45ðs1Þ :¼ expðs1G45Þ A ððF C

4 ÞE1; 2; 3;F1ð0;1;2ÞÞ0
on X ð1Þ (Lemma 3.11), then we have that

g45ðs1ÞX ð1Þ ¼ g45ðs1ÞF1ðirð1Þ3 e3 þ t
ð1Þ
4 e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ3 e3 þ ððcos s1Þt4 þ ðsin s1Þt5Þe4

þ ððcos s1Þt5 � ðsin s1Þt4Þe5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ3 e3 þ iððcos s1Þ Imðt4Þ þ ðsin s1Þ Imðt5ÞÞe4

þ ððcos s1Þt5 � ðsin s1Þt4Þe5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ3 e3 þ ir
ð1Þ
4 e4 þ t

ð1Þ
5 e5 þ t6e6 þ t7e7Þ :¼ X ð2Þ;

where r
ð1Þ
4 :¼ ðcos s1Þ Imðt4Þ þ ðsin s1Þ Imðt5Þ A R, t

ð1Þ
5 :¼ ðcos s1Þt5 � ðsin s1Þt4 A C.
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Additionally, we choose s2 A R, 0a s2 a p such that tan s2 ¼ �ðrð1Þ3 Þ=ðrð1Þ4 Þ (if
r
ð1Þ
4 ¼ 0, let s2 ¼ p=2). Again, operate g34ðs2Þ ¼ expðs2G34Þ A ððF C

4 ÞE1; 2; 3;F1ð0;1;2ÞÞ0
on X ð2Þ (Lemma 3.11), then we have that

g34ðs2ÞX ð2Þ ¼ g34ðs2ÞF1ðirð1Þ3 e3 þ ir
ð1Þ
4 e4 þ t

ð1Þ
5 e5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s2Þrð1Þ3 þ ðsin s2Þrð1Þ4 Þe3 þ iððcos s2Þrð1Þ4 � ðsin s2Þrð1Þ3 Þe4

þ t5e5 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s2Þrð1Þ4 � ðsin s2Þrð1Þ3 Þe4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðtð2Þ4 e4 þ t5e5 þ t6e6 þ t7e7Þ ¼: X 0 A ðSCÞ3;

where t
ð2Þ
4 :¼ iððcos s2Þrð1Þ4 � ðsin s2Þrð1Þ3 Þ A C.

Since Spinð4;CÞG ðF C
4 ÞE1; 2; 3;F1ð0;...;3Þð� ðF C

4 ÞE1; 2; 3;F1ð0;1;2ÞÞ acts transitively on

ðSCÞ3 (Proposition 3.9), there exists a A Spinð4;CÞ such that

aX 0 ¼ F1ðe4Þ; X 0 A ðSCÞ3:

Again, operate g34ðp=2Þ A ððF C
4 ÞE1; 2; 3;F1ð0;1;2ÞÞ0 on F1ðe4Þ, then we have that

g34
p

2

� �
ðF1ðe4ÞÞ ¼ F1ðe3Þ:

This shows the transitivity of action to ðSCÞ4 by the group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ. The

isotropy subgroup of the group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ at F1ðe3Þ is ðF C

4 ÞE1; 2; 3;F1ð0;...;3Þ G
Spinð4;CÞ (Theorem 3.10). Thus we have the required homeomorphism

ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ=Spinð4;CÞF ðSCÞ4:

Therefore we see that the group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ is connected. r

Theorem 3.13. The group ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ is isomorphic to Spinð5;CÞ:

ðF C
4 ÞE1; 2; 3;F1ð0;1;2Þ GSpinð5;CÞ.

Proof. Since we can also prove this theorem as in Theorem 3.7, this proof

is omitted. r

Now, we determine the structure of the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 as the

aim of this subsection.

Lemma 3.14. The Lie algebra ðfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 of the group

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 is given by
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ðfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 ¼ fd A fC4 j dEi ¼ 0; i ¼ 1; 2; 3; dF1ðekÞ ¼ 0; k ¼ 0; 1g

¼

d ¼ d23G23 þ d24G24 þ d25G25 þ d26G26

þ d27G27 þ d34G34 þ d35G35 þ d36G36

þ d37G37 þ d45G45 þ d46G46 þ d47G47

þ d56G56 þ d57G57 þ d67G67

���������
dkl A C

8>>><
>>>:

9>>>=
>>>;
:

In particular, dim
C
ððfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ ¼ 15.

Proof. By doing simple computation, this lemma is proved easily (As for

Gij, i; j ¼ 2; 3; 4; 5; 6; 7, see [9, Section 1.3]). r

We define a 6-dimensional C-vector subspace ðVCÞ6 of JC by

ðVCÞ6 ¼ X A JC

�����E1 � X ¼ 0; ðE2;XÞ ¼ ðE3;X Þ ¼ 0;

ðF1ðekÞ;XÞ ¼ 0; k ¼ 0; 1

( )

¼ fX ¼ F1ðtÞ j t ¼ t2e2 þ t3e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7; tk A Cg

with the norm ðX ;XÞ ¼ 2ðt22 þ t23 þ t24 þ t25 þ t26 þ t27Þ. The group

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 acts on ðVCÞ6, obviously.

Proposition 3.15. The homogeneous space ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1=Spinð5;CÞ

is homeomorphic to the complex sphere ðSCÞ5: ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1=Spinð5;CÞ

F ðSCÞ5.
In particular, the group ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 is connected.

Proof. We define a 5-dimensional complex sphere ðSCÞ5 by

ðSCÞ5 ¼ fX A ðVCÞ6 j ðX ;XÞ ¼ 2g

¼ X ¼ F1ðtÞ
����� t ¼ t2e2 þ t3e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7;

t22 þ t23 þ t24 þ t25 þ t26 þ t27 ¼ 1; tk A C

( )
:

Then the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 acts on ðSCÞ5, obviously. We shall show

that this action is transitive. In order to prove this, it is su‰cient to show that

any element F1ðtÞ A ðSCÞ5 can be transformed to F1ðe2Þ A ðSCÞ5.
Now, for a given X ¼ F1ðtÞ A ðSCÞ5, we choose s0 A R, 0a s0 a p such

that tan s0 ¼ �Reðt2Þ=Reðt3Þ (if Reðt3Þ ¼ 0, let s0 ¼ p=2). Operate g23ðs0Þ :¼
expðs0G23Þ A ððF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ0 on X ¼ F1ðtÞ (Lemma 3.14), then we have

that
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g23ðs0ÞX ¼ g23ðs0ÞF1ðtÞ

¼ F1ðððcos s0Þt2 þ ðsin s0Þt3Þe2 þ ððcos s0Þt3 � ðsin s0Þt2Þe3

þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s0Þ Imðt2Þ þ ðsin s0Þ Imðt3ÞÞe2

þ ððcos s0Þt3 � ðsin s0Þt2Þe3 þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ2 e2 þ t
ð1Þ
3 e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ ¼: X ð1Þ;

where r
ð1Þ
2 :¼ ðcos s0Þ Imðt2Þ þ ðsin s0Þ Imðt3Þ A R, t

ð1Þ
3 :¼ ðcos s0Þt3 � ðsin s0Þt2 A C.

Moreover, we choose s1 A R, 0a s1 a p such that tan s1 ¼ �Reðt3Þ=Reðt4Þ (if
Reðt4Þ ¼ 0, let s1 ¼ p=2). Operate g34ðs1Þ :¼ expðs1G34Þ A ððF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ0
on X ð1Þ (Lemma 3.14), then we have that

g34ðs1ÞX ð1Þ ¼ g34ðs1ÞF1ðirð1Þ2 e2 þ t
ð1Þ
3 e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ2 e2 þ ððcos s1Þt3 þ ðsin s1Þt4Þe3

þ ððcos s1Þt4 � ðsin s1Þt3Þe4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ2 e2 þ iððcos s1Þ Imðt3Þ þ ðsin s1Þ Imðt4ÞÞe3

þ ððcos s1Þt4 � ðsin s1Þt3Þe4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð1Þ2 e2 þ ir
ð1Þ
3 e3 þ t

ð1Þ
4 e4 þ t5e5 þ t6e6 þ t7e7Þ ¼: X ð2Þ;

where r
ð1Þ
3 :¼ ðcos s1Þ Imðt3Þ þ ðsin s1Þ Imðt4Þ A R, t

ð1Þ
4 :¼ ðcos s1Þt4 � ðsin s1Þt3 A C.

Additionally, we choose s2 A R, 0a s2 a p such that tan s2 ¼
�ðrð1Þ2 Þ=ðrð1Þ3 Þ (if r

ð1Þ
3 ¼ 0, let s2 ¼ p=2). Again, operate g23ðs2Þ ¼ expðs2G23Þ A

ððF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ0 on X ð2Þ, then we have that

g23ðs2ÞX ð2Þ ¼ g23ðs2ÞF1ðirð1Þ2 e2 þ ir
ð1Þ
3 e3 þ t

ð1Þ
4 e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s2Þrð1Þ2 þ ðsin s2Þrð1Þ3 Þe2 þ iððcos s2Þrð1Þ3 � ðsin s2Þrð1Þ2 Þe3

þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðiððcos s2Þrð1Þ3 � ðsin s2Þrð1Þ2 Þe3 þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ

¼ F1ðirð2Þ3 e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7Þ ¼: X 0 A ðSCÞ4;

where r
ð2Þ
3 :¼ ðcos s2Þrð1Þ3 � ðsin s2Þrð1Þ2 A R.
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Since Spinð5;CÞG ðF C
4 ÞE1; 2; 3;F1ð0;...;2Þð� ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ acts transitively
on ðSCÞ4 (Proposition 3.12), there exists a A Spinð5;CÞ such that

aX 0 ¼ F1ðe3Þ; X 0 A ðSCÞ4:

Again, operate g23ðp=2Þ A ððF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ0 on F1ðe3Þ, then we have that

g23
p

2

� �
F1ðe3Þ ¼ F1ðe2Þ:

This shows the transitivity of action to ðSCÞ5 by the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1.

The isotropy subgroup of the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 at F1ðe2Þ is Spinð5;CÞ

(Theorem 3.13). Thus we have the required homeomorphism

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1=Spinð5;CÞF ðSCÞ5:

Therefore we see that the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 is connected. r

Theorem 3.16. The group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 is isomorphic to Spinð6;CÞ:

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 GSpinð6;CÞ.

Proof. This proof is proved by an argument similar to the proof in

Theorem 3.7, however we write as detailed as possible. Let Oð6;CÞ ¼ OððVCÞ6Þ
¼ fb A IsoCððVCÞ6Þ j ðbX ; bY Þ ¼ ðX ;YÞg. We consider the restriction b ¼ ajðV CÞ6

of a A ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 to ðVCÞ6, then we have b A Oð6;CÞ. Hence we

define a homomorphism p : ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 ! Oð6;CÞ ¼ OððVCÞ6Þ by

pðaÞ ¼ ajðV CÞ6 :

Moreover since the mapping p is continuous and the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1

is connected (Proposition 3.15), the mapping p induces a homomorphism

p : ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 ! SOð6;CÞ ¼ SOððVCÞ6Þ:

It is easy to obtain that Ker p ¼ f1; sgGZ2. Indeed, Let a A Ker p. Then, since

a A ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 � ðF C

4 ÞE1;E2;E3
GSpinð8;CÞ (Theorem 3.1), we can set

a ¼ ða1; a2; a3Þ. In addition, from aF1ðekÞ ¼ F1ðekÞ, k ¼ 0; 1 and ajðV CÞ6 ¼ 1, we

have a1x ¼ x for all x A CC , that is, a1 ¼ 1. Hence we have that

a ¼ ð1; 1; 1Þ or a ¼ ð1;�1;�1Þ ¼ s;

that is, Ker p � f1; sg and vice versa. Thus we obtain Ker p ¼ f1; sg. We

shall prove that p is surjection. From Lemma 3.11, we have that
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dimCððfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ ¼ 15 ¼ dimCðsoð6;CÞÞ, and in addition to this, since

SOð6;CÞ is connected and Ker p is discrete, p is surjection. Thus we have the

isomorphism

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1=Z2 GSOð6;CÞ:

Therefore the group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 is isomorphic Spinð6;CÞ as the

universal covering group of SOð6;CÞ, that is, ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 GSpinð6;CÞ.

r

Here, we make a summary of the results as the low dimensional spinor

groups which were constructed in this section. It is as follows:

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 GSpinð6;CÞ

[

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1;2 GSpinð5;CÞ

[

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;...;3 GSpinð4;CÞ

[

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;...;4 GSpinð3;CÞ

[

ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;...;5 GSpinð2;CÞGUð1;C CÞ:

In the last of this subsection, we prove the following important lemma.

Lemma 3.17. The group ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 GSpinð6;CÞ is the subgroup

of the group ðF C
4 Þs

0
4 ¼ fa A F C

4 j s 0
4a ¼ as 0

4g: Spinð6;CÞG ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1

� ðF C
4 Þs

0
4 .

Proof. We consider the following complex eigenspaces of s 0
4 in JC :

ðJCÞs 0
4
¼ fX A JC j s 0

4X ¼ Xgð� ðJCÞsÞ

¼ fX ¼ x1E1 þ x2E2 þ x3E3 þ F1ðx1Þ j xk A C; x1 A C Cg;

ðJCÞ�s 0
4
¼ fX A JC j s 0

4X ¼ �Xgð¼ fF1ðx?
1 Þgl ðJCÞ�sÞ

¼ fX ¼ F1ðx?
1 Þ þ F2ðx2Þ þ F3ðx3ÞÞ j x?

1 A ðC CÞ? in CC ; xk A CCg;

115Realizations of inner automorphisms of order 4 on E8



where ðJCÞs, ðJ
CÞ�s are the complex eigenspaces of the C-linear transformation

s in JC .

Now, let a A ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1, and set X ¼ X1 þ X2 A ðJCÞs 0

4
l ðJCÞ�s 0

4

¼ JC . Then, noting that a A ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 � ðF C

4 ÞE1
¼ ðF C

4 Þs, we have

that

s 0
4aX ¼ s 0

4aðX1 þ X2Þ ¼ s 0
4aX1 þ s 0

4aX2

¼ s 0
4X1 þ s 0

4aðF1ðx?
1 Þ þ F2ðx2Þ þ F3ðx3ÞÞ

¼ X1 þ s 0
4aF1ðx?

1 Þ � ðF2ðx 0
2Þ þ F3ðx 0

3ÞÞ

¼ X1 þ s 0
4F1ðx?

1 Þ � ðF2ðx 0
2Þ þ F3ðx 0

3ÞÞ

¼ X1 � F1ðx?
1 Þ � F2ðx 0

2Þ � F3ðx 0
3Þ;

on the other hand, we have that

as 0
4X ¼ as 0

4ðX1 þ X2Þ ¼ aðX1 � X2Þ ¼ X1 � aX2

¼ X1 � aðF1ðx?
1 Þ þ F2ðx2Þ þ F3ðx3ÞÞ

¼ X1 � aF1ðx?
1 Þ � ðF2ðx 0

2Þ þ F3ðx 0
3ÞÞ

¼ X1 � F1ðx?
1 Þ � F2ðx 0

2Þ � F3ðx 0
3Þ:

Hence from the result of computation above, we see s 0
4a ¼ as 0

4, that is,

Spinð6;CÞG ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 � ðF C

4 Þs
0
4 . r

3.2. The Groups ðEC
7 Þs

0
4 and ðEC

7 Þs
0
4
; soð6;CÞ

The aim of this subsection is to show the connectedness of the group

ðEC
7 Þs

0
4
; soð6;CÞ after determining the structure of the group ðEC

7 Þs
0
4 .

Now, we define subgroups ðEC
7 Þs

0
4 and ðEC

7 Þ
s 0
4
; soð6;CÞ of EC

7 respectively by

ðEC
7 Þs

0
4 ¼ fa A EC

7 j s 0
4a ¼ as 0

4g;

ðEC
7 Þs

0
4
; soð6;CÞ ¼ fa A ðEC

7 Þs
0
4 jFDa ¼ aFD for all D A soð6;CÞg;

where FD ¼ ðD; 0; 0; 0Þ A eC7 , D A soð6;CÞG ðfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1. Hereafter, we

often denote D above by D6.
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Lemma 3.18. We have the following

(1) The Lie algebra ðeC7 Þ
s 0
4 of the group ðEC

7 Þ
s 0
4 is given by

ðeC7 Þ
s 0
4 ¼ fF A eC7 j s 0

4F ¼ Fs 0
4g

¼ Fðf;A;B; nÞ A eC7

�������������������������

f ¼
D2 0

0 D6

 !
þ ~AA1ðaÞ
þðt1E1 þ t2E2 þ t3E3 þ F1ðt1ÞÞ@;

D2 A soð2;CÞ; D6 A soð6;CÞ; a A C C ; tk A C;

t1 þ t2 þ t3 ¼ 0; t1 A C C ;

A ¼
x1 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA; B ¼

h1 0 0

0 h2 y1

0 y1 h3

0
B@

1
CA;

xk A C; x1 A C C ; hk A C; y1 A C C ;

n A C

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>;

:

In particular, dimCððeC7 Þ
s 0
4Þ ¼ ðð1þ 15Þ þ 2þ ð2þ 2ÞÞ þ ð3þ 2Þ � 2þ 1 ¼ 33.

(2) The Lie algebra ðeC7 Þ
s 0
4
; soð6;CÞ

of the group ðEC
7 Þs

0
4
; soð6;CÞ

is given by

ðeC7 Þ
s 0
4
; soð6;CÞ

¼ fF A ðeC7 Þ
s 0
4 j ½F;FD� ¼ 0 for all D A soð6;CÞg

¼ Fðf;A;B; nÞ A eC7

�������������������������

f ¼
D2 0

0 0

 !
þ ~AA1ðaÞ
þðt1E1 þ t2E2 þ t3E3 þ F1ðt1ÞÞ@;

D2 A soð2;CÞ; a A C C ; tk A C;

t1 þ t2 þ t3 ¼ 0; t1 A C C ;

A ¼
x1 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA; B ¼

h1 0 0

0 h2 y1

0 y1 h3

0
B@

1
CA;

xk A C; x1 A C C ; hk A C; y1 A C C ;

n A C

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>;

:

In particular, dimCððeC7 Þ
s 0
4
; soð6;CÞÞ ¼ ð1þ 2þ ð2þ 2ÞÞ þ ð3þ 2Þ � 2þ 1 ¼ 18.

Proof. By doing simple computation, this lemma is proved easily. r
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First, making some preparations, we shall determine the structure of the

group ðEC
7 Þs

0
4 . Hereafter, we often use the following notations in PC :

_XX ¼ ðX ; 0; 0; 0Þ; Y
_
¼ ð0;Y ; 0; 0Þ; _xx ¼ ð0; 0; x; 0Þ; h

_
¼ ð0; 0; 0; hÞ;

~EE1 ¼ ð0;E1; 0; 1Þ; ~EE�1 ¼ ð0;�E1; 0; 1Þ; E2 _þþ E3 ¼ ðE2 þ E3; 0; 0; 0Þ;

E2 _�� E3 ¼ ðE2 � E3; 0; 0; 0Þ; _FF1ðekÞ ¼ ðF1ðekÞ; 0; 0; 0Þ; k ¼ 0; . . . ; 7:

We define C-linear transformations k, m of PC by

kðX ;Y ; x; hÞ ¼ ð�k1X ; k1Y ;�x; hÞ;

mðX ;Y ; x; hÞ ¼ ð2E1 � Y þ hE1; 2E1 � X þ xE1; ðE1;YÞ; ðE1;XÞÞ;

respectively, where k1X ¼ ðE1;X ÞE1 � 4E1 � ðE1 � X Þ, X A JC . The explicit

forms of k, m are as follows:

kðX ;Y ; x; hÞ ¼ kð
x1 x3 x2
x3 x2 x1
x2 x1 x3

0
@

1
A;

h1 y3 y2
y3 h2 y1
y2 y1 h3

0
@

1
A; x; hÞ

¼ ð
�x1 0 0

0 x2 x1
0 x1 x3

0
@

1
A;

h1 0 0

0 �h2 �y1
0 �y1 �h3

0
@

1
A;�x; hÞ;

mðX ;Y ; x; hÞ ¼ ð
h 0 0

0 h3 �y1
0 �y1 h2

0
@

1
A;

x 0 0

0 x3 �x1
0 �x1 x2

0
@

1
A; h1; x1Þ:

By doing simple computation, we can easily confirm that ks 0
4 ¼ s 0

4k, ms
0
4 ¼ s 0

4m.

We define a group ððEC
7 Þ

k;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 by

ððEC
7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 ¼ a A EC

7

������������

ka ¼ ak; ma ¼ am;

a ~EE1 ¼ ~EE1; a ~EE�1 ¼ ~EE�1

aðE2 _þþ E3Þ ¼ E2 _þþ E3;

aðE2 _�� E3Þ ¼ E2 _�� E3;

a _FF1ðekÞ ¼ _FF1ðekÞ; k ¼ 0; 1

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
:

Proposition 3.19. The group ððEC
7 Þ

k;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 is iso-

morphic to Spinð6;CÞ: ððEC
7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 GSpinð6;CÞ.
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Proof. Let a A ððEC
7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1. Then from að0;E1; 0; 1Þ

¼ ð0;E1; 0; 1Þ and að0;�E1; 0; 1Þ ¼ ð0;�E1; 0; 1Þ, we have that að0;E1; 0; 0Þ ¼
ð0;E1; 0; 0Þ and að0; 0; 0; 1Þ ¼ ð0; 0; 0; 1Þ. Hence we see that aðE1; 0; 0; 0Þ ¼
ðE1; 0; 0; 0Þ and að0; 0; 1; 0Þ ¼ ð0; 0; 1; 0Þ. Indeed, it follows that

aðE1; 0; 0; 0Þ ¼ amð0; 0; 0; 1Þ ¼ mað0; 0; 0; 1Þ ¼ mð0; 0; 0; 1Þ ¼ ðE1; 0; 0; 0Þ;

að0; 0; 1; 0Þ ¼ amð0;E1; 0; 0Þ ¼ mað0;E1; 0; 0Þ ¼ mð0;E1; 0; 0Þ ¼ ð0; 0; 1; 0Þ:

Thus from a _11 ¼ _11 and a1
_
¼ 1

_
, we see a A EC

6 , moreover from aEi ¼ Ei, i ¼ 1; 2; 3,

that is, aE ¼ E, we see a A F C
4 . Note that suppose a A F C

4 , a satisfies ka ¼ ak,

am ¼ ma, automatically. Hence we have a A ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1, and vice versa.

Thus we have

ððEC
7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 ¼ ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1:

Therefore, from Theorem 3.16 we have the required isomorphism

ððEC
7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 GSpinð6;CÞ: r

In order to construct one more Spinð6;CÞ in EC
7 , after this we shall construct

Spinð3;CÞ, Spinð4;CÞ and Spinð5;CÞ stepwisely.

First, we shall construct one more Spinð3;CÞ � F C
4 which is di¤erent from

Spinð3;CÞ constructed in Theorem 3.7.

Now, we consider a group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7:

ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 ¼ fa A F C

4 j aE1 ¼ E1; aF1ðekÞ ¼ F1ðekÞ; k ¼ 2; . . . ; 7g;

moreover define a 3-dimensional C-vector subspace ðVC
� Þ3 of JC by

ðVC
� Þ3 ¼ fX A JC jE1 � X ¼ 0; trðX Þ ¼ 0; ðF1ðekÞ;X Þ ¼ 0; k ¼ 2; . . . ; 7g

¼
0 0 0

0 x x

0 x �x

0
B@

1
CA
������� x A C; x A C C

8><
>:

9>=
>;

with the norm ðX ;XÞ ¼ 2ðx2 þ xxÞ. Obviously, the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 acts

on ðVC
� Þ3.

Lemma 3.20. The Lie algebra ðfC4 ÞE1;F1ðekÞ;k¼2;...;7 of the group

ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 is given by
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ðfC4 ÞE1;F1ðekÞ;k¼2;...;7 ¼ d A fC4

����� dE1 ¼ 0;

dF1ðekÞ ¼ 0; k ¼ 2; . . . ; 7

( )

¼ d ¼
D2 0

0 0

 !
þ ~AA1ðaÞ

�����D2 A soð2;CÞ; a A C C

( )
:

In particular, dimCððfC4 ÞE1;F1ðekÞ;k¼2;...;7Þ ¼ 3.

Proof. By doing simple computation, this lemma is proved easily. r

Proposition 3.21. The homogeneous space ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7=Uð1;C CÞ

is homeomorphic to the complex sphere ðSC
� Þ

2: ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7=Uð1;C CÞF

ðSC
� Þ

2.

In particular, the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 is connected.

Proof. We define a 2-dimensional complex sphere ðSC
� Þ

2 by

ðSC
� Þ

2 ¼ fX A ðVC
� Þ3 j ðX ;X Þ ¼ 2g

¼
0 0 0

0 x x

0 x �x

0
@

1
A
������ x2 þ xx ¼ 1; x A C; x A C C

8<
:

9=
;:

Then the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 acts on ðSC

� Þ
2, obviously. We shall show that

this action is transitive. In order to prove this, it is su‰cient to show that any

element X A ðSC
� Þ

2 can be transformed to E2 � E3 A ðSC
� Þ

2. Here, we prepare

some element of ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7. For a A C C such that aa0 0, we define a

C-linear transformation aðaÞ of JC , aðaÞXðx; xÞ ¼: Yðh; yÞ, by

h1 ¼ x1

h2 ¼
x2 þ x3

2
þ x2 � x3

2
cos 2nþ ða; x1Þ

n
sin 2n

h3 ¼
x2 þ x3

2
� x2 � x3

2
cos 2n� ða; x1Þ

n
sin 2n;

8>>>>><
>>>>>:

y1 ¼ x1 �
ðx2 � x3Þa

2n
sin 2n� 2ða; x1Þa

n2
sin2 n

y2 ¼ x2 cos n�
x3a

n
sin n

y3 ¼ x3 cos nþ
ax2

n
sin n;

8>>>>>>><
>>>>>>>:

where n A C, n2 ¼ aa.
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Then we see aðaÞ ¼ exp ~AAðaÞ A ððF C
4 ÞE1;F1ðekÞ;k¼2;...;7Þ0 (Lemma 3.20).

Now, let X ¼
0 0 0

0 x x

0 x �x

0
B@

1
CA A ðSC

� Þ
2. We choose a A C C such that ða; xÞ ¼ 0

and aa ¼ ðp=4Þ2. Operate aðaÞ A ððF C
4 ÞE1;F1ðekÞ;k¼2;...;7Þ0 on X , then we have that

aðaÞX ¼
0 0 0

0 0 x 0

0 x 0 0

0
B@

1
CA¼: X 0; x 0x 0 ¼ 1:

Moreover, using this x 0 above, operate aððp=4Þx 0Þ on X 0, then we have

a
p

4
x 0

� �
X 0 ¼ E2 � E3:

This shows the transitivity of this action to ðSC
� Þ

2 by the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7.

The isotropy subgroup of ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 at E2 � E3 is the group

ðF C
4 ÞE1;E2�E3;F1ðekÞ;k¼2;...;7 ¼ ðF C

4 ÞE1;E2þE3;E2�E3;F1ðekÞ;k¼2;...;7

¼ ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼2;...;7 GUð1;C CÞ ðTheorem 3:3Þ:

Thus we have the required homeomorphism

ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7=Uð1;C CÞF ðSC

� Þ
2:

Therefore we see that the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 is connected. r

Theorem 3.22. The group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 is isomorphic to Spinð3;CÞ:

ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 GSpinð3;CÞ.

Proof. Let Oð3;CÞ ¼ OððVC
� Þ3Þ ¼ fb A IsoCððVC

� Þ3Þ j ðbX ; bYÞ ¼ ðX ;YÞg.
We consider the restriction b ¼ ajðV C

� Þ3 of a A ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 to ðVC

� Þ3, then
we have b A Oð3;CÞ. Hence we define a homomorphism p : ðF C

4 ÞE1;F1ðekÞ;k¼2;...;7

! Oð3;CÞ ¼ OððVC
� Þ3Þ by

pðaÞ ¼ ajðV C
� Þ3 :

Moreover since the mapping p is continuous and the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7

is connected (Proposition 3.21), the mapping p induces a homomorphism

p : ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 ! SOð3;CÞ ¼ SOððVC

� Þ3Þ:
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It is not di‰cult to obtain that Ker p ¼ f1; sgGZ2. Indeed, let a A Ker p ¼
fa A ðF C

4 ÞE1;F1ðekÞ;k¼2;...;7 j pðaÞ ¼ 1g, that is, a A fa A ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 j ajðV C

� Þ3

¼ 1g. It follows from aE1 ¼ E1, aE ¼ E that aðE2 þ E3Þ ¼ E2 þ E3, moreover

since ajðV C
� Þ3 ¼ 1, we also see aðE2 � E3Þ ¼ E2 � E3. Hence, since we have

aE1 ¼ E1, aE2 ¼ E2, aE3 ¼ E3, we see a A ðF C
4 ÞE1;E2;E3

GSpinð8;CÞ, and so set

a ¼ ða1; a2; a3Þ, ak A SOð8;CÞ. Thus again from aF1ðekÞ ¼ F1ðekÞ; k¼2;...;7 and

ajðV C
� Þ3 ¼ 1, we have a1 ¼ 1. Hence from the Principle of triality on SOð8;CÞ

(Theorem 2.3), we see

a ¼ ð1; 1; 1Þ ¼ 1 or a ¼ ð1;�1;�1Þ ¼ s;

that is, Ker p � f1; sg and vice versa. Thus we see Ker p ¼ f1; sgGZ2. Finally,

we shall show that p is surjection. Since SOð3;CÞ is connected, Ker p is discrete

and dimCððfC4 ÞE1;F1ðekÞ;k¼2;...;7Þ ¼ 3 ¼ dimCðsoð3;CÞÞ (Lemma 3.20), p is surjec-

tion. Thus we have that

ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7=Z2 GSOð3;CÞ:

Therefore the group ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 is isomorphic to Spinð3;CÞ as a

universal covering group of SOð3;CÞ, that is, ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 GSpinð3;CÞ.

r

Next, we shall construct Spinð4;CÞ in EC
6 .

Now, we consider subgroups ððEC
6 ÞsÞE1

; ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 of EC

6 :

ððEC
6 ÞsÞE1

¼ fa A EC
6 j sa ¼ as; aE1 ¼ E1gðGSpinð10;CÞÞ;

ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7 ¼ fa A ððEC
6 ÞsÞE1

j aF1ðekÞ ¼ F1ðekÞ; k ¼ 2; . . . ; 7g;

respectively, where as for ððEC
6 ÞsÞE1

GSpinð10;CÞ, see [6, Proposition 3.6.4] in

detail, and the C-linear transformation s defined in Section 2 induces the involu-

tive automorphism ~ss on EC
6 , moreover define a 4-dimensional C-vector subspace

ðVC
� Þ4 of JC by

ðVC
� Þ4 ¼ fX A JC j 4E1 � ðE1 � XÞ ¼ X ;F1ðekÞ � X ¼ 0; k ¼ 2; . . . ; 7g

¼
0 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA
������� xi A C; x1 A C C � CC

8><
>:

9>=
>;

with the norm ð�E1;X ;XÞ ¼ �x2x3 þ x1x1. The group ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 acts

on ðVC
� Þ4, obviously.
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Lemma 3.23. The Lie algebra ððeC6 Þ
sÞE1;F1ðekÞ;k¼2;...;7 of the group

ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 is given by

ððeC6 Þ
sÞE1;F1ðekÞ;k¼2;...;7 ¼ f A eC6

����� sf ¼ fs;

fE1 ¼ 0; fF1ðekÞ ¼ 0; k ¼ 2; . . . ; 7

( )

¼ f ¼
D2 0

0 0

 !þ ~AA1ðaÞ
þtðE2 � E3Þ@

þF1ðtÞ@

�������
D2 A soð2;CÞ;
a; t A C C ; t A C

8><
>:

9>=
>;:

In particular, dimCðððeC6 Þ
sÞE1;F1ðekÞ;k¼2;...;7Þ ¼ 6.

Proof. By doing simple computation, this lemma is proved easily. r

Proposition 3.24. The homogeneous space ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7=Spinð3;CÞ

is homeomorphic to the complex sphere ðSC
� Þ

3: ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7=Spinð3;CÞ

F ðSC
� Þ

3.

In particular, the group ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 is connected.

Proof. We define a 3-dimensional complex sphere ðSC
� Þ

3 by

ðSC
� Þ

3 ¼ fX A ðVC
� Þ4 j ð�E1;X ;X Þ ¼ 1g

¼
0 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA
��������x2x3 þ x1x1 ¼ 1; xk A C; x1 A C C � CC

8><
>:

9>=
>;:

The group ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 acts on ðSC

� Þ
3. Indeed, for a A

ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 � ððEC

6 ÞsÞE1
, it follows from [6, Lemma 3.6.2] that

ta�1 A ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7. Hence, for X A ðSC
� Þ

3 we have that

4E1 � ðE1 � aX Þ ¼ 4 ta�1E1 � ðaE1 � aXÞ ¼ 4 ta�1E1 � ta�1ðE1 � XÞ

¼ að4E1 � ðE1 � XÞÞ ¼ aX ;

and

F1ðekÞ � aX ¼ aF1ðekÞ � aX ¼ ta�1ðF1ðekÞ � XÞ ¼ 0;

that is, aX A ðVC
� Þ4. Moreover, it is clear that ð�E1; aX ; aX Þ ¼ 1. Thus we see

aX A ðSC
� Þ

3. We shall show that this action is transitive. In order to prove

123Realizations of inner automorphisms of order 4 on E8



this, it is su‰cient to show that any element X A ðSC
� Þ

3 can be transformed to

iðE2 þ E3Þ A ðSC
� Þ

3. Then we prepare some elements of ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7.

For t A C C � CC such that tt0 0, we define a C-linear transformation b1ðtÞ
of JC , b1ðtÞX ðx; xÞ ¼ Yðh; yÞ, by

h1 ¼ x1

h2 ¼
x2 � x3

2
þ x2 þ x3

2
cosh nþ ðt; x1Þ

n
sinh n

h3 ¼ � x2 � x3
2

þ x2 þ x3
2

cosh nþ ðt; x1Þ
n

sinh n;

8>>>>><
>>>>>:

y1 ¼ x1 þ
ðx2 þ x3Þt

2n
sinh nþ 2ðt; x1Þt

n2
sinh2 n

2

y2 ¼ x2 cosh
n

2
þ x3t

n
sinh

n

2

y3 ¼ x3 cosh
n

2
þ tx2

n
sinh

n

2
;

8>>>>>>><
>>>>>>>:

where n A C, n2 ¼ tt, moreover define a C-linear transformation a23ðcÞ of JC by

a23ðcÞ
x1 x3 x2

x3 x2 x1

x2 x1 x3

0
B@

1
CA¼

x1 ec=2x3 e�c=2x2

ec=2x3 ecx2 x1

e�c=2x2 x1 e�cx3

0
B@

1
CA;

where c A C. Then since we can express b1ðtÞ ¼ exp F1ðtÞ@ and a23ðcÞ ¼
exp cðE2 � E3Þ@ for F1ðtÞ@, cðE2 � E3Þ@ A ððeC6 Þ

sÞ
E1;F1ðekÞ;k¼2;...;7 (Lemma 3.23),

we see that b1ðtÞ, a23ðcÞ A ðððEC
6 Þ

sÞ
E1;F1ðekÞ;k¼2;...;7Þ0.

Now, let

X ¼
0 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA A ðSC

� Þ
3:

Operate some a0 A ðððEC
6 ÞsÞ

E1;F1ðekÞ;k¼2;...;7Þ0 on X , and so X can be transformed

to

0 0 0

0 x x 0
1

0 x 0
1 �x

0
B@

1
CA A ðSC

� Þ
2, that is,

a0X ¼
0 0 0

0 x x 0
1

0 x 0
1 �x

0
B@

1
CA A ðSC

� Þ
2:

Indeed, we can confirm the existence of a0 above as follows.
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Case (i) where x1x1 0 0.

We choose some t0 ¼ iðp=2Þðe1x1=ðx1x1Þ1=2Þ A C C . Then since it is easy to

verify that

ðt0; x1Þ ¼ i
p

2

� �
e1x1ffiffiffiffiffiffiffiffiffiffi
x1x1

p ; x1

� �
¼ i

p

2

� �
1ffiffiffiffiffiffiffiffiffiffi
x1x1

p ðe1x1; x1Þ

¼ i
p

2

� �
1ffiffiffiffiffiffiffiffiffiffi
x1x1

p ðe1; 1Þðx1; x1Þ ¼ 0;

n2 ¼ t0t0 ¼ i
p

2

� �
e1x1ffiffiffiffiffiffiffiffiffiffi
x1x1

p i
p

2

� �
e1x1ffiffiffiffiffiffiffiffiffiffi
x1x1

p ¼ � p

2

� �2 ðe1x1Þðe1x1Þffiffiffiffiffiffiffiffiffiffi
x1x1

p 2

¼ � p

2

� �2
x1x1

x1x1
¼ � p

2

� �2
;

operate a0 :¼ b1ðt0Þ on X , and so we easily see that the h2-part and the h3-part

of a0X are ðx2 � x3Þ=2 and �ðx2 � x3Þ=2, respectively. Hence we can confirm the

form of a0X as above.

Case (ii) where x1x1 ¼ 0.

Together with the condition of ðSC
� Þ

3, we have x2x3 ¼ 1. Then set x2 ¼
er2þiy2 , r2; y2 A R. Operate a23ð�r2 � iy2Þ on X, and so we easily see that the

h2-part and the h3-part of a23ð�r2 � iy2ÞX are equal to 1, that is,

a23ð�r2 � iy2ÞX ¼
0 0 0

0 1 x1

0 x1 1

0
B@

1
CA¼: X1:

Moreover, operate a23ðip=2Þ A ðððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7ÞÞ0 on X1, then we have that

a23 i
p

2

� �
X1 ¼

0 0 0

0 i x1

0 x1 �i

0
B@

1
CA A ðSC

� Þ
2:

Hence this case is reduced to Case (i).

Since Spinð3;CÞG ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7ð� ððEC

6 Þ
sÞE1;F1ðekÞ;k¼2;...;7Þ acts transi-

tively on ðSC
� Þ

2 (Proposition 3.21), there exists a A Spinð3;CÞ such that

aX ¼ E2 � E3:

Again, operate a23ðip=2Þ on E2 � E3, then we have that

a23 i
p

2

� �
ðE2 � E3Þ ¼ iðE2 þ E3Þ:
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This shows the transitivity of this action to ðSC
� Þ

3 by the group

ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7. The isotropy subgroup of the group ððEC

6 Þ
sÞE1;F1ðekÞ;k¼2;...;7

at iðE2 þ E3Þ is Spinð3;CÞG ðF C
4 ÞE1;F1ðekÞ;k¼2;...;7 ¼ ððEC

6 Þ
sÞE1;E2þE3;F1ðekÞ;k¼2;...;7

(Theorem 3.22, Section 2). Thus we have the required homeomorphism

ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7=Spinð3;CÞF ðSC
� Þ

3:

Therefore we see that the group ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 is connected. r

Theorem 3.25. The group ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 is isomorphic to Spinð4;CÞ:

ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 GSpinð4;CÞ.

Proof. Let Oð4;CÞ ¼ OððVC
� Þ4Þ ¼ fb A IsoCððVC

� Þ4Þ j ðE1; bX ; bYÞ ¼ ðE1;

X ;YÞg. We consider the restriction b ¼ ajðV C
� Þ4 of a A ððEC

6 Þ
sÞE1;F1ðekÞ;k¼2;...;7

to ðVC
� Þ4, then we have b A Oð4;CÞ. Hence we define a homomorphism

p : ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 ! Oð4;CÞ ¼ OððVC

� Þ4Þ by

pðaÞ ¼ ajðV C
� Þ4 :

Moreover since the mapping p is continuous and the group ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7

is connected (Proposition 3.24), the mapping p induces a homomorphism

p : ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7 ! SOð4;CÞ ¼ SOððVC
� Þ4Þ:

It is not di‰cult to obtain that Ker p ¼ f1; sgGZ2. Indeed, let a A Ker p. For

E2 þ E3;E2 � E3 A ðVC
� Þ4, since aðE2 þ E3Þ ¼ E2 þ E3 and aðE2 � E3Þ ¼ E2 � E3,

that is, aE2 ¼ E2, aE3 ¼ E3, we have that a A ððEC
6 Þ

sÞE1;E2;E3;F1ðekÞ;k¼2;...;7 G
ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼2;...;7 GUð1;C CÞ (Theorem 3.3). Hence there exists y A

Uð1;C CÞ such that a ¼ fðyÞ, where f is defined in Theorem 3.3, then it follows

from aF1ð1Þ ¼ F1ð1Þ, F1ð1Þ A ðVC
� Þ4 that we have ðyÞ2 ¼ 1, that is, y ¼ 1 or

y ¼ �1. Thus we have that

a ¼ fð1Þ ¼ 1 or a ¼ fð�1Þ ¼ s;

that is, Ker p � f1; sg and vice versa. Hence we obtain that Ker p ¼ f1; sg.
Finally, we shall show that p is surjection. Since SOð4;CÞ is connected, Ker p

is discrete and dimCðððeC6 Þ
sÞE1;F1ðekÞ;k¼2;...;7Þ ¼ 6 ¼ dimCðsoð4;CÞÞ (Lemma 3.23),

p is surjection. Thus we have that

ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7=Z2 GSOð4;CÞ:
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Therefore the group ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7 is isomorphic to Spinð4;CÞ as the

universal double covering group of SOð4;CÞ, that is, ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 G

Spinð4;CÞ. r

We define a group ððEC
7 Þ

k;mÞ ~EE1; ~EE�1; _FF1ðekÞ;k¼2;...;7 by

ððEC
7 Þk;mÞ ~EE1; ~EE�1; _FF1ðekÞ;k¼2;...;7 ¼ a A EC

7

�������
ka ¼ ak; ma ¼ am;

a ~EE1 ¼ ~EE1; a ~EE�1 ¼ ~EE�1

a _FF1ðekÞ ¼ _FF1ðekÞ; k ¼ 2; . . . ; 7

8><
>:

9>=
>;:

Then we have the following proposition.

Proposition 3.26. The group ððEC
7 Þk;mÞ ~EE1; ~EE�1; _FF1ðekÞ;k¼2;...;7 consists with the

group ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7: ððEC
7 Þk;mÞ ~EE1; ~EE�1; _FF1ðekÞ;k¼2;...;7 ¼ ððEC

6 ÞsÞE1;F1ðekÞ;k¼2;...;7

GSpinð4;CÞ.

Proof. Let a A ððEC
7 Þk;mÞ ~EE1; ~EE�1;F1ðekÞ;k¼2;...;7. From a ~EE1 ¼ ~EE1 and a ~EE�1 ¼

~EE�1, we have a1
_
¼ 1

_
, and so as in the proof of Proposition 3.19, we have

a _11 ¼ _11. Thus we see a A ðEC
7 Þ _11;1

_
¼ EC

6 . Moreover, since we can confirm a _EE1 ¼ _EE1

from the condition above, we have a A ðEC
6 ÞE1

, and from ka ¼ ak, together

with �s ¼ expðpikÞ, we have ð�sÞa ¼ að�sÞ, that is, sa ¼ as. Thus we have

a A ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7.

Conversely, let b A ððEC
6 Þ

sÞE1;F1ðekÞ;k¼2;...;7. It is clear that b ~EE1 ¼ ~EE1 and

b ~EE�1 ¼ ~EE�1. For C-linear transformation k1 of JC : k1X ¼ ðE1;X ÞE1 � 4E1 �
ðE1 � X Þ, we have k1b ¼ bk1. Indeed, note that suppose bE1 ¼ E1, we have
tb

�1
E1 ¼ E1 (see [6, Lemma 3.6.2]).

k1bX ¼ ðE1; bXÞE1 � 4E1 � ðE1 � bX Þ

¼ ð tb�1
E1; bE1ÞbE1 � 4 tb

�1
E1 � ðbE1 � bX Þ

¼ ð tb tb
�1
E1;E1ÞbE1 � 4 tb

�1
E1 � tb

�1ðE1 � X Þ

¼ ðE1; bXÞbE1 � 4bðE1 � ðE1 � bXÞÞ

¼ bððE1;XÞE1 � 4E1 � ðE1 � XÞÞ

¼ bk1X ;

that is, k1b ¼ bk1. Similarly, we can show k1
tb

�1 ¼ tb
�1
k1. Hence we have

that
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kbðX ;Y ; x; hÞ ¼ kðbX ; tb
�1
; x; hÞ ¼ ð�k1bX ; k1

tb
�1
Y ;�x; hÞ

¼ ð�bk1X ; tb
�1
k1Y ;�x; hÞ ¼ bð�k1X ; k1Y ;�x; hÞ

¼ bkðX ;Y ; x; hÞ;

that is, kb ¼ bk. Additionally, we can show that mb ¼ bm. Indeed, for

ðX ;Y ; x; hÞ A PC , we do simple computation as follows:

mbðX ;Y ; x; hÞ ¼ mðbX ; tb
�1
Y ; x; hÞ

¼ Fð0;E1;E1; 0ÞðbX ; tb
�1
Y ; x; hÞ

¼ ð2E1 � tb
�1
Y þ hE1; 2E1 � bX þ xE1; ðE1;

tb
�1
YÞ; ðE1; bXÞÞ

¼ ð2 tb
�1
E1 � tb

�1
Y þ hbE1; 2bE1 � bX þ x tb

�1
E1;

ðbE1;
tb

�1
YÞ; ð tb�1

E1; bX ÞÞ

¼ ð2bðE1 � YÞ þ hbE1; 2
tb

�1ðE1 � XÞ þ x tb
�1
E1;

ðb�1bE1;YÞ; ð tb�1
b�1E1;XÞÞ

¼ ðbð2E1 � Y þ hE1Þ; tb�1ð2E1 � X þ xE1Þ; ðE1;YÞ; ðE1;XÞÞ

¼ bð2E1 � Y þ hE1; 2E1 � X þ xE1; ðE1;YÞ; ðE1;XÞÞ

¼ bFð0;E1;E1; 0ÞðX ;Y ; x; hÞ

¼ bmðX ;Y ; x; hÞ;

that is, mb ¼ bm. Hence we have b A ððEC
7 Þk;mÞ ~EE1; ~EE�1; _FF1ðekÞ;k¼2;...;7. The proof of this

proposition is completed. r

Continuously, we shall construct Spinð5;CÞ in EC
7 .

Now, we consider a group ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7:

ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 ¼ a A EC

7

�������
ka ¼ ak; ma ¼ am;

a ~EE1 ¼ ~EE1;

a _FF1ðekÞ ¼ _FF1ðekÞ; k ¼ 2; . . . ; 7

8><
>:

9>=
>;;

moreover define a 5-dimensional C-vector subspace ðVC
� Þ5 of PC by
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ðVC
� Þ5 ¼ P A PC

����� kP ¼ P; P� ~EE1 ¼ 0;

P� _FF1ðekÞ ¼ 0; k ¼ 2; . . . ; 7

( )

¼ fðX ;�hE1; 0; hÞ j 4E1 �ðE1 �X Þ ¼ X ;X �F1ðekÞ ¼ 0; k ¼ 2; . . . ; 7; h A Cg

¼ ð
0 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA;

�h 0 0

0 0 0

0 0 0

0
B@

1
CA; 0; hÞ

������� x1 A C C ; x2; x3; h A C

8><
>:

9>=
>;

with the norm ðP;PÞm ¼ ð1=2ÞfmP;Pg ¼ �x2x3 þ x1x1 � h2, here the alternative

inner product fP;Qg is defined as follows: fP;Qg¼ ðX ;WÞ�ðZ;YÞ þ xo� zh for

P ¼ ðX ;Y ; x; hÞ, Q ¼ ðZ;W ; z;oÞ. Obviously, the group ððEC
7 Þ

k;mÞ ~EE1;F1ðekÞ;k¼2;...;7

acts on ðVC
� Þ5.

Lemma 3.27. The Lie algebra ððeC7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 of the group

ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 is given by

ððeC7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 ¼ Fðf;A;B; nÞ A eC7

�������
kF ¼ Fk; mF ¼ Fm;

F ~EE1 ¼ 0;

F _FF1ðekÞ ¼ 0; k ¼ 2; . . . ; 7

8><
>:

9>=
>;

¼ Fðf;A;B; 0Þ A eC7

��������������

f A ðeC6 Þ
s;

fE1 ¼ fF1ðekÞ ¼ 0;

A ¼ e2E2 þ e3E3 þ F1ðaÞ;
ek A C; a A C C ;

B ¼ �2E1 � A

¼ �e3E2 � e2E3 þ F1ðaÞ

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
:

In particular, dimCðððeC7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7Þ ¼ 6þ ð1þ 1þ 2Þ ¼ 10.

Proof. Suppose kF ¼ Fk for F A eC7 , from �s ¼ expðpikÞ we see that

ð�sÞF ¼ Fð�sÞ, that is, sF ¼ Fs. Hence, we have f A ðeC6 Þ
s. Moreover, from

mF ¼ Fm, the condition F ~EE1 ¼ 0 is equivalent to the condition FðE1; 0; 1; 0Þ ¼ 0.

Using these facts, by doing simple computation, we have the explicit form of the

Lie algebra ððeC7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 above. r

Lemma 3.28. For 00 a A C, we define a mapping aiðaÞ : PC ! PC , i ¼ 1; 2; 3

by
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aiðaÞ ¼

1þ ðcosjaj � 1Þpi �2ta
sinjaj
jaj Ei 0 a

sinjaj
jaj Ei

2a
sinjaj
jaj Ei 1þ ðcosjaj � 1Þpi �ta

sinjaj
jaj Ei 0

0 a
sinjaj
jaj Ei cosjaj 0

�ta
sinjaj
jaj Ei 0 0 cosjaj

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
;

then we have aiðaÞ A E7 � EC
7 , where pi : J

C ! JC is the C-linear mapping defined

by

pi

x1 x3 x2

x3 x2 x1

x2 x1 x3

0
B@

1
CA¼

x1 di3x3 di2x2

di3x3 x2 di1x1

di2x2 di1x1 x3

0
B@

1
CA;

where dij is the Kronecker delta symble. The mappings a1ða1Þ, a2ða2Þ, aða3Þ,
ðai A CÞ are commutative for each other.

Proof. For FiðaÞ ¼Fð0; aEi;�taEi; 0Þ A e7, it follows from aiðaÞ ¼ exp FiðaÞ
that aiðaÞ A E7 � EC

7 . The relation formula ½FiðaiÞ;FjðajÞ� ¼ 0 implies that aiðaiÞ
and ajðajÞ are commutative (As for the Lie algebra e7 of the compact Lie group

E7, see [9, Theorem 4.3.4] in detail). r

Proposition 3.29. The homogeneous space ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7=Spinð4;CÞ

is homeomorphic to the complex sphere ðSC
� Þ

4: ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7=Spinð4;CÞ

F ðSC
� Þ

4.

In particular, the group ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 is connected.

Proof. We define a 4-dimensional complex sphere ðSC
� Þ

4 by

ðSC
� Þ

4 ¼ fP A ðVC
� Þ5 j ðP;PÞm ¼ 1g

¼ ð
0 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA;

�h 0 0

0 0 0

0 0 0

0
B@

1
CA; 0; hÞ

��������x2x3 þ x1x1 � h2 ¼ 1

8><
>:

9>=
>;:

The group ððEC
7 Þ

k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 acts on ðSC
� Þ

4. Indeed, for a A

ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 and P A ðSC

� Þ
4, from the following relational formulas:

130 Toshikazu Miyashita



kaP ¼ akP ¼ aP;

aP� ~EE1 ¼ aP� a ~EE1 ¼ aðP� ~EE1Þ ta�1 ¼ 0;

aP� _FF1ðekÞ ¼ aP� a _FF1ðekÞ ¼ aðP� _FF1ðekÞÞ ta�1 ¼ 0;

ðaP; aPÞm ¼
1

2
fmaP; aPg ¼ 1

2
famP; aPg ¼ 1

2
fmP;Pg ¼ 1;

we have aP A ðSC
� Þ

4. We shall show that this action is transitive. In order to

prove this, it is su‰cient to show that any element P A ðSC
� Þ

4 can be transformed

to ~EE�1 ¼ ð0;�E1; 0; 1Þ.
Now, for a given

P ¼ ð
0 0 0

0 x2 x

0 x1 x3

0
B@

1
CA;

�h 0 0

0 0 0

0 0 0

0
B@

1
CA; 0; hÞ A ðSC

� Þ
4;

we choose a A R, 0a aa p=2 such that tan 2a ¼ 2 ReðhÞ=Reðx2 þ x3Þ (if

Reðx2 þ x3Þ ¼ 0, let a ¼ p=4). Operate a23ðaÞ :¼ a2ðaÞa3ðaÞ ¼ expðFð0; aðE2 þ
E3Þ;�aðE2 þ E3Þ; 0ÞÞ A ðððEC

7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7Þ0 on P (Lemmas 3.27, 3.28), then

the part ð1=2Þ Reðx2 þ x3Þ sin 2a�ReðhÞ cos 2a of h-term in a23ðaÞP is equal to

0, that is,

ð1=2Þ Reðx2 þ x3Þ sin 2a�ReðhÞ cos 2a ¼ 0:

Moreover, we choose b A R, 0a ba p=2 such that tan 2b ¼ 2 ImðhÞ=Imðx2 þ x3Þ
(if Imðx2 þ x3Þ ¼ 0, let b ¼ p=4), then h-term of a23ðbÞa23ðaÞP is equal to 0.

Hence we have that

a23ðbÞa23ðaÞP ¼: P 0 A ðSC
� Þ

3:

Since Spinð4;CÞG ððEC
6 ÞsÞE1;F1ðekÞ;k¼2;...;7 ð� ððEC

7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7Þ acts

transitively on ðSC
� Þ

3, there exists b A Spinð4;CÞ such that

bP 0 ¼ ðiðE2 þ E3Þ; 0; 0; 0Þ ¼: P 00:

Again, operate a23ð�p=4Þ on P 00, then we have that

a23 � p

4

� �
P 00 ¼ ð0;�iE1; 0; iÞð¼ i ~EE�1Þ:

This shows the transitivity of this action to ðSC
� Þ

4 by the group

ðEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7. The isotropy subgroup of the group ððEC

7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7
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at i ~EE�1 is Spinð4;CÞ (Theorem 3.25, Proposition 3.26). Thus we have the required

homeomorphism

ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7=Spinð4;CÞF ðSC

� Þ
4:

Therefore we see that the group ððEC
7 Þ

k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 is connected. r

Theorem 3.30. The group ððEC
7 Þ

k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 is isomorphic to Spinð5;CÞ:
ððEC

7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 GSpinð5;CÞ.

Proof. Let Oð5;CÞ ¼ OððVC
� Þ5Þ ¼ fb A IsoCððVC

� Þ5Þ j ðaP; aPÞm ¼ ðP;PÞmg.
We consider the restriction b ¼ ajðV C

� Þ5 of a A ððEC
7 Þ

k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 to

ðVC
� Þ5, then we have b A Oð5;CÞ. Hence we define a homomorphism

p : ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 ! Oð5;CÞ ¼ OððVC

� Þ5Þ by

pðaÞ ¼ ajðV C
� Þ5 :

Moreover since the mapping p is continuous and the group ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7

is connected (Proposition 3.29), the mapping p induces a homomorphism

p : ððEC
7 Þ

k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 ! SOð5;CÞ ¼ SOððVC
� Þ5Þ:

It is not di‰cult to obtain that Ker p ¼ f1; sgGZ2. Indeed, let a A Ker p. For
~EE�1 ¼ ð0;�E1; 0; 1Þ A ðVCÞ5, since a ~EE�1 ¼ ~EE�1, together with a ~EE1 ¼ ~EE1, we have

that a _EE1 ¼ _EE1 and a1
_
¼ 1

_
. Hence we have that a A ððEC

7 Þk;mÞ _EE1;1
_
; _FF1ðekÞ;k¼2;...;7 G

ððEC
6 ÞsÞE1;F 1ðekÞ;k¼2;...;7. Moreover, for E2 _þþ E3;E2 _�� E3 A ðVC

� Þ5, since aðE2 _þþ E3Þ
¼ E2 _þþ E3 and aðE2 _�� E3Þ ¼ E2 _�� E3, we have that a A ððEC

6 Þ
sÞE1;E2;E3;F1ðekÞ;k¼2;...;7

¼ ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼2;...;7 GUð1;C CÞ. Hence there exists y A Uð1;C CÞ such that

a ¼ fðyÞ, where f is defined in Theorem 3.3, and so since aF1ð1Þ ¼ F1ð1Þ,
F1ð1Þ A ðVC

� Þ5, we have ðyÞ2 ¼ 1, that is, y ¼ 1 or y ¼ �1. Thus we have that

a ¼ fð1Þ ¼ 1 or a ¼ fð�1Þ ¼ s;

that is, Ker p � f1; sg and vice versa. Hence we obtain that Ker p ¼ f1; sg.
Finally, we shall show that p is surjection. Since SOð5;CÞ is connected, Ker p is

discrete and dimCðððeC7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7Þ ¼ 10 ¼ dimCðsoð5;CÞÞ (Lemma 3.27),

p is surjection. Thus we have that

ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7=Z2 GSOð5;CÞ:

Therefore the group ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 is isomorphic to Spinð5;CÞ as

the universal double covering group of SOð5;CÞ, that is, ððEC
7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7

GSpinð5;CÞ. r
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Continuously, we shall construct Spinð6;CÞ in EC
7 .

Now, we consider a group ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7:

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 ¼ a A EC

7

����� ka ¼ ak; ma ¼ am;

a _FF1ðekÞ ¼ _FF1ðekÞ; k ¼ 2; . . . ; 7

( )
;

moreover, define a 6-dimensional C-vector subspace ðVC
� Þ6 of PC by

ðVC
� Þ6 ¼ P A PC

����� kP ¼ P;

P� _FF1ðekÞ ¼ 0; k ¼ 2; . . . ; 7

( )

¼ ð
0 0 0

0 x2 x1
0 x1 x3

0
B@

1
CA;

h1 0 0

0 0 0

0 0 0

0
B@

1
CA; 0; hÞ

������� x1 A C C ; x2; x3; h1; h A C

8><
>:

9>=
>;

with the norm ðP;PÞm ¼ ð1=2ÞfmP;Pg ¼ �x2x3 þ x1x1 þ h1h.

Lemma 3.31. The Lie algebra ððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7 of the group

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 is given by

ððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7

¼ Fðf;A;B; nÞ A eC7

����� kF ¼ Fk; mF ¼ Fm;

F _FF1ðekÞ ¼ 0; k ¼ 2; . . . ; 7

( )

¼ Fðf;A;B; nÞ A eC7

�������������������

f ¼
D2 0

0 0

 !
þ ~AA1ðaÞ
þðt1E1 þ t2E2 þ t3E3 þ F1ðt1ÞÞ@;

D2 A soð2;CÞ; a A C C ; tk A C;

t1 þ t2 þ t3 ¼ 0; t1 A C C ;

A ¼ e2E2 þ e3E3 þ F1ðaÞ; ek A C; a A C C ;

B ¼ u2E2 þ u3E3 þ F1ðbÞ; uk A C; b A C C ;

n ¼ �ð3=2Þt1

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

:

In particular, dimCðððeC7 Þ
k;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7Þ ¼ ð1þ 2þ ð2þ 2ÞÞ þ 4þ 4 ¼ 15.

Proof. From [7, Section 4.6], we see that the explicit form of ðeC7 Þ
k;m is

given by
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ðeC7 Þ
k;m ¼ fFðf;A;B; nÞ A eC7 j kF ¼ Fk; mF ¼ Fmg

¼ Fðf;A;B; nÞ A eC7

�������������

f A ðeC6 Þ
s;

A ¼ e2E2 þ e3E3 þ F1ðaÞ;
B ¼ u2E2 þ u3E3 þ F1ðbÞ;

ek; uk A C; a; b A C C ;

n ¼ �ð3=2ÞðfE1;E1Þ

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
:

Since the result of direct computation of F _FF1ðekÞ is as follows:

Fðf;A;B; nÞ _FF1ðekÞ ¼ ðfF1ðekÞ �
n

3
F1ðekÞ; 2A� F1ðekÞ; 0; ðB;F1ðekÞÞÞ;

for F _FF1ðekÞ ¼ 0 we have that

fF1ðekÞ �
n

3
F1ðekÞ ¼ 0 � � � ð1Þ

2A� F1ðekÞ ¼ 0 � � � ð2Þ
ðB;F1ðekÞÞ ¼ 0 � � � ð3Þ:

8>>><
>>>:

From the conditions (2) and (3), it is easy to verify that x; y A C C . As for the

condition (1), by doing direct computation, we obtain that

fF1ðekÞ �
n

3
F1ðekÞ

¼ ðdþ ~TTÞF1ðekÞ �
n

3
F1ðekÞ ðd A fC4 ;T A ðJCÞs; trðTÞ ¼ 0Þ

¼ dF1ðekÞ þ ~TTF1ðekÞ �
n

3
F1ðekÞ

¼ ðDþ ~AA1ða1ÞÞF1ðekÞ þ ~TTF1ðekÞ �
n

3
F1ðekÞ ðD A soð8;CÞ; a1 A CCÞ

¼ F1ðDekÞ þ ða1; ekÞðE2 � E3Þ

þ 1

2
t2F1ðekÞ þ

1

2
t3F1ðekÞ þ ðt1; ekÞðE2 þ E3Þ

� �
� n

3
F1ðekÞ

¼ fða1; ekÞ þ ðt1; ekÞgE2 þ fða1; ekÞ � ðt1; ekÞgE3

þ F1ðDek þ
1

2
ðt2 þ t3Þek �

n

3
ekÞ;

where T ¼ t1E1 þ t2E2 þ t3E3 þ F1ðt1Þ, tk A C, t1 A CC .
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Hence, from the condition (1), we see that

ða1; ekÞ þ ðt1; ekÞ ¼ ða1; ekÞ � ðt1; ekÞ ¼ 0 � � � ð4Þ

Dek �
1

2
t1ek �

n

3
ek ¼ 0 � � � ð5Þðt1 þ t2 þ t3 ¼ 0Þ;

8<
:

moreover, for the condition (5), together with n ¼ ð�3=2Þt1, we have Dek ¼ 0,

k ¼ 2; . . . ; 7. Thus we have D A soð2;CÞ � soð8;CÞ. From the condition (4), we

have a1; t1 A C C . Therefore we have the required the explicit form of the Lie

algebra ððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7. r

Lemma 3.32. For n A C, we define a mapping bðnÞ : PC ! PC by

bðnÞðX ;Y ; x; hÞ ¼ ð
e2nx1 enx3 enx2

enx3 x2 x1

enx2 x1 x3

0
B@

1
CA;

e�2nh1 e�ny3 e�ny2
e�ny3 h2 y1

e�ny2 y1 h3

0
B@

1
CA; e�2nx; e�nhÞ:

Then we have bðnÞ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0.

Proof. From Lemma 3.31, for n A C we see that Fðð2=3Þnð2E1 �
ðE2 þ E3ÞÞ@; 0; 0;�2nÞ A ððeC7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7. Hence we have that

bðnÞ ¼ expðFðð2=3Þnð2E1 � ðE2 þ E3ÞÞ@; 0; 0;�2nÞÞ A ðððEC
7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7Þ0:
r

Proposition 3.33. The homogeneous space ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7=Spinð5;CÞ

is homeomorphic to the complex sphere ðSC
� Þ

5: ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7=Spinð5;CÞF

ðSC
� Þ

5
.

In particular, the group ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 is connected.

Proof. We define a 5-dimensional complex sphere ðSC
� Þ

5 by

ðSC
� Þ

5 ¼ fP A ðVC
� Þ6 j ðP;PÞm ¼ 1g

¼ ð
0 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA;

h1 0 0

0 0 0

0 0 0

0
B@

1
CA; 0; hÞ

��������x2x3 þ x1x1 þ h1h ¼ 1

8><
>:

9>=
>;:

As in the proof of Proposition 3.29, it is easy to verify that the group

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 acts on ðSC

� Þ
5, and so we shall show that this action is

transitive. In order to prove this, it is su‰cient to show that any P A ðSC
� Þ

5 can

be transformed to ~EE1 A ðSC
� Þ

5.
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Now, for a given

P ¼ ð
0 0 0

0 x2 x

0 x1 x3

0
B@

1
CA;

h1 0 0

0 0 0

0 0 0

0
B@

1
CA; 0; hÞ A ðSCÞ5;

first we shall show that there exists some a A ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 such that

aP A ðSC
� Þ

4.

Case (i) where h1 0 0, h0 0.

We choose n A C such that �e�2nh1 ¼ e2nh, and operate bðnÞ of Lemma 3.32

on P, then we have bðnÞP A ðSC
� Þ

4.

Case (ii) where h1 ¼ 0, h0 0, x2 0 0.

Operate a ¼ exp Fð0;E3; 0; 0Þ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0 on P (Lemma 3.31),

then we have that

aP ¼ ðx2E2 þ ðx3 þ hÞE3 þ F1ðx1Þ; x2E1; 0; hÞ:

Hence this case is reduced to Case (i).

Case (iii) where h1 ¼ 0, h0 0, x3 0 0.

As in Case (ii), operate a ¼ exp Fð0;E2; 0; 0Þ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0 on P

(Lemma 3.31), then we have that

aP ¼ ððx2 þ hÞE2 þ x3E3 þ F1ðx1Þ; x3E1; 0; hÞ:

Hence this case is also reduced to Case (i).

Case (iv) where h1 ¼ x2 ¼ x3 ¼ 0, h0 0.

For some t A R, operate a ¼ exp Fð0; tF1ðx1Þ; 0; 0Þ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0

on P ¼ ðF1ðxÞ; 0; 0; hÞ (Lemma 3.31), then we have that

aP ¼ ðð1þ thÞF1ðx1Þ;�ð2tþ t2hÞðx1; x1ÞE1; 0; hÞ ððx1; x1Þ ¼ 1Þ

¼ ðð1þ thÞF1ðx1Þ;�ð2tþ t2hÞE1; 0; hÞ:

Hence this case is also reduced to Case (i) for some t A R.

Case (v) where h1 0 0, h ¼ 0, x2 0 0.

Operate a ¼ exp Fð0; 0;E2; 0Þ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0 on P (Lemma 3.31),

then we have that

aP ¼ ðx2E2 þ x3E3 þ F1ðx1Þ; h1E1; 0; x2Þ:

Hence this case is also reduced to Case (i).

Case (vi) where h1 0 0, h ¼ 0, x3 0 0.

136 Toshikazu Miyashita



As in Case (v), operate a ¼ exp Fð0; 0;E3; 0Þ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0 on P

(Lemma 3.31), then we have that

aP ¼ ðx2E2 þ x3E3 þ F1ðx1Þ; h1E1; 0; x3Þ:

Hence this case is also reduced to Case (i).

Case (vii) where h1 0 0, h ¼ 0, x2 ¼ x3 ¼ 0.

For some t A R, operate a ¼ exp Fð0; 0; tF1ðx1Þ; 0Þ A ðððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7Þ0

on P ¼ ðF1ðx1Þ; h1E1; 0; 0Þ (Lemma 3.31), then we have that

aP ¼ ðð1� th1ÞF1ðx1Þ; h1E1; 0; ð2t� t2h1ðx1; x1ÞÞÞððx1; x1Þ ¼ 1Þ

¼ ðð1� th1ÞF1ðx1Þ; h1E1; 0; ð2t� t2h1ÞÞ:

Hence this case is also reduced to Case (i) for some t A R.

Case (viii) where h1 ¼ h ¼ 0.

Then we see that P A ðSC
� Þ

3 � ðSC
� Þ

4.

From above since

Spinð5;CÞGððEC
7 Þ

k;mÞ ~EE1;1
_
; _FF1ðekÞ;k¼2;...;7ð� ððEC

7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7Þ

acts transitively on ðSC
� Þ

4 (Proposition 3.29), there exists d A Spinð5;CÞ such that

dðaPÞ ¼ ð0;�iE1; 0; iÞð¼ i ~EE�1Þ:

Again, operate bð�ip=4Þ of Lemma 3.32 on dðaPÞ, then we have that

b �i
p

4

� �
ðdðaPÞÞ ¼ ð0;E1; 0; 1Þð¼ ~EE1Þ:

This shows the transitivity of this action to ðSC
� Þ

5 by the group

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7. The isotropy subgroup of the group ððEC

7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7

at ~EE1 is Spinð5;CÞ (Theorem 3.30).

Thus we have the required homeomorphism

ððEC
7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7=Spinð5;CÞF ðSC
� Þ

5:

Therefore we see that the group ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 is connected. r

Theorem 3.34. The group ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 is isomorphic to Spinð6;CÞ:

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 GSpinð6;CÞ.

Proof. Let Oð6;CÞ ¼ OððVC
� Þ6Þ ¼ fb A IsoCððVC

� Þ6Þ j ðaP; aPÞm ¼ ðP;PÞmg.
We consider the restriction b ¼ ajðV C

� Þ6 of a A ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 to ðVC

� Þ6, then
we have b A Oð6;CÞ. Hence we define a homomorphism p : ððEC

7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7

! Oð6;CÞ ¼ OððVC
� Þ6Þ by

pðaÞ ¼ ajðV C
� Þ6 :
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Moreover since the mapping p is continuous and the group ððEC
7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7

is connected (Proposition 3.33), the mapping p induces a homomorphism

p : ððEC
7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7 ! SOð6;CÞ ¼ SOððVC
� Þ6Þ:

It is not di‰cult to obtain that Ker p ¼ f1; sgGZ2. Indeed, let a A Ker p.

For ~EE1 ¼ ð0;E1; 0; 1Þ, ~EE�1 ¼ ð0;�E1; 0; 1Þ A ðVC
� Þ6, since a ~EE1 ¼ ~EE1 and

a ~EE�1 ¼ ~EE�1, we have that a _EE1 ¼ _EE1 and a1
_
¼ 1

_
. Hence we have that

a A ððEC
7 Þk;mÞ _EE1;1

_
; _FF1ðekÞ;k¼2;...;7 G ððEC

6 ÞsÞE1;F 1ðekÞ;k¼2;...;7. Moreover, for E2 _þþ E3;

E2 _�� E3 A ðVC
� Þ6, since aðE2 _þþ E3Þ ¼ E2 _þþ E3 and aðE2 _�� E3Þ ¼ E2 _�� E3, we

have that a A ððEC
6 ÞsÞE1;E2;E3;F1ðekÞ;k¼2;...;7 G ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼2;...;7 GUð1;C CÞ.
Hence there exists y A Uð1;C CÞ such that a ¼ fðyÞ, where f is defined in

Theorem 3.3, and so since aF1ð1Þ ¼ F1ð1Þ, F1ð1Þ A ðVC
� Þ6, we have ðyÞ2 ¼ 1, that

is, y ¼ 1 or y ¼ �1. Thus since we see

a ¼ fð1Þ ¼ 1 or a ¼ fð�1Þ ¼ s;

we have that Ker p � f1; sg and vice versa. Hence we obtain that Ker p ¼ f1; sg.
Finally, we shall show that p is surjection. Since SOð6;CÞ is connected, Ker p

is discrete and dimCðððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7Þ ¼ 15 ¼ dimCðsoð6;CÞÞ (Lemma 3.31),

p is surjection. Thus we have that

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7=Z2 GSOð6;CÞ:

Therefore the group ððEC
7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7 is isomorphic to Spinð6;CÞ as the

universal double covering group of SOð6;CÞ, that is, ððEC
7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7 G
Spinð6;CÞ. r

Here, as in previous section, we make a summary of the results as the low

dimensional spinor groups which were constructed in this section.

ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 GSpinð6;CÞ

[
ððEC

7 Þk;mÞ ~EE1; _FF1ðekÞ;k¼2;...;7 GSpinð5;CÞ

[
ððEC

6 ÞsÞE1;F1ðekÞ;k¼2;...;7 GSpinð4;CÞ

[
ðF C

4 ÞE1;F1ðekÞ;k¼2;...;7 GSpinð3;CÞ

[
ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼2;...;7 GSpinð2;CÞGUð1;C CÞ
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Together with the results of previous section, we have had two sequences as

for the low dimensional spinor groups.

After this, by using two Spinð6;CÞ, we determine the structure of the

groups ððEC
7 Þ

k;mÞs
0
4 , ðEC

7 Þ
s 0
4 , and we shall prove the connectedness of the group

ðEC
7 Þs

0
4
; soð6;CÞ.

First, we determine the structure of the group ððEC
7 Þk;mÞs

0
4 .

Lemma 3.35. The Lie algebra ððeC7 Þ
k;mÞs

0
4 of the group ððEC

7 Þk;mÞs
0
4 is given by

ððeC7 Þ
k;mÞs

0
4

¼ Fðf;A;B; nÞ A eC7

����� kF ¼ Fk; mF ¼ Fm;

s 0
4F ¼ Fs 0

4

( )

¼ Fðf;A;B; nÞ A eC7

�������������������

f ¼
D2 0

0 D6

 !
þ ~AA1ðaÞ
þðt1E1 þ t2E2 þ t3E3 þ F1ðt1ÞÞ@;

D2 A soð2;CÞ; D6 A soð6;CÞ; a A C C ; tk A C;

t1 þ t2 þ t3 ¼ 0; t1 A C C ;

A ¼ e2E2 þ e3E3 þ F1ðaÞ; ek A C; a A C C ;

B ¼ u2E2 þ u3E3 þ F1ðbÞ; uk A C; b A C C ;

n ¼ �ð3=2Þt1

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

:

In particular, dimCðððeC7 Þ
k;mÞs

0
4Þ ¼ ðð1þ 15Þ þ 2þ ð2þ 2ÞÞ þ ð2þ 2Þ � 2 ¼ 30.

Proof. By doing simple computation, we can obtain the result above.

r

Proposition 3.36. The group ððEC
7 Þk;mÞs

0
4 is isomorphic to ðSpinð6;CÞ�

Spinð6;CÞÞ=Z2, Z2 ¼ fð1; 1Þ; ðs; sÞg: ððEC
7 Þk;mÞs

0
4 G ðSpinð6;CÞ � Spinð6;CÞÞ=Z2.

Proof. Let

Spinð6;CÞG ðF C
4 ÞE1;E2;E3; _FF1ðekÞ;k¼0;1 G ððEC

7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1

(Theorem 3.16, Proposition 3.19) and one more Spinð6;CÞG ððEC
7 Þ

k;mÞF 1ðekÞ;k¼2;...;7

(Theorem 3.34). Then we define a mapping jk;m;s 0
4
: Spinð6;CÞ � Spinð6;CÞ !

ððEC
7 Þk;mÞs

0
4 by

jk;m;s 0
4
ðb1; b2Þ ¼ b1b2:
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First, we have to prove that the mapping jk;m;s 0
4
is well-defined. It follows

from Lemma 3.17 and Proposition 3.19 that Spinð6;CÞG ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1

� ðF C
4 Þs

0
4 � ððEC

7 Þk;mÞs
0
4 , and since Spinð6;CÞG ððEC

7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 and

ððEC
7 Þk;mÞs

0
4 are connected, in order to prove Spinð6;CÞG ððEC

7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7

� ðEC
7 Þk;mÞs

0
4 , it is su‰cient to show that the Lie algebra spinð6;CÞG

ððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7 is the subalgebra of the Lie algebra ððeC7 Þ

k;mÞs
0
4 . However,

from Lemmas 3.31, 3.35, it is clear. Hence the mapping jk;m;s 0
4
is well-defined.

Next, we shall show that the mapping jk;m;s 0
4
is a homomorphism. Since

Spinð6;CÞG ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 and Spinð6;CÞG ððEC

7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 are

connected, in order to prove that the mapping jk;m;s 0
4
is a homomorphism, it is

su‰cient to show that F1 commutes with F2, that is, ½F1;F2� ¼ 0 for F1 A

spinð6;CÞG ðfC4 ÞE1;E2;E3; _FF1ðekÞ;k¼0;1 and F2 A spinð6;CÞG ððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7.

However, it is also clear from Lemmas 3.14, 3.31.

We determine the Ker jk;m;s 0
4
. From the definition of kernel, we have that

Ker jk;m;s 0
4
¼ fðb1; b2Þ A Spinð6;CÞ � Spinð6;CÞ j jk;m;s 0

4
ðb1; b2Þ ¼ 1g

¼ fðb1; b2Þ A Spinð6;CÞ � Spinð6;CÞ j b1 ¼ b�1
2 g:

Then, from the condition b1 ¼ b�1
2 , we see b1

_FF1ðekÞ ¼ b�1
2

_FF1ðekÞ ¼ _FF1ðekÞ,
k ¼ 2; . . . ; 7; that is, b1

_FF1ðekÞ ¼ _FF1ðekÞ. Moreover, since b1 A Spinð6;CÞG
ðF C

4 ÞE1;E2;E3; _FF1ðekÞ;k¼0;1, we see that b1
_FF1ðxÞ ¼ _FF1ðxÞ for all x A CC . Here, from

b1 A ðF C
4 ÞE1;E2;E3

GSpinð8;CÞ, b1 can be expressed by b1 ¼ ðd1; d2; d3Þ A SOð8;CÞ�3

such that ðd1xÞðd2yÞ ¼ d3ðxyÞ, x; y A CC , and so we have that d1x ¼ x for all

x A CC . Hence we have d1 ¼ 1, and so we see that

b1 ¼ ð1; 1; 1Þ ¼ 1 or b1 ¼ ð1;�1;�1Þ ¼ s:

Hence it follows from the condition b1 ¼ b�1
2 that b2 ¼ 1 or b2 ¼ s, that is,

Ker jk;m;s 0
4
� fð1; 1Þ; ðs; sÞg and vice versa. Thus we obtain that Ker jk;m;s 0

4
¼

fð1; 1Þ; ðs; sÞgGZ2. Finally, we shall show that jk;m;s 0
4

is surjection. Since

Ker jk;m;s 0
4
is discrete, the group ððEC

7 Þ
k;mÞs

0
4 is connected because of ðEC

7 Þk;m

GSpinð12;CÞ (see [7, Proposition 4.6.10]) and dimCðððeC7 Þ
k;mÞs

0
4Þ ¼ 30 ¼

dimCðsoð6;CÞl soð6;CÞÞ (Lemma 3.35), jk;m;s 0
4
is surjection.

Therefore we have the required isomorphism

ððEC
7 Þk;mÞs

0
4 G ðSpinð6;CÞ � Spinð6;CÞÞ=Z2: r

We determine the structure of the group ðEC
7 Þs

0
4 as one of aims of this

subsection.
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Lemma 3.37. The group ðEC
7 Þs

0
4 contains a subgroup

cðSLð2;CÞÞ ¼ fcðAÞ A EC
7 jA A SLð2;CÞg

which is isomorphic to the special linear group SLð2;CÞ ¼ fA AMð2;CÞ j det A¼ 1g.
Here, for A A SLð2;CÞ, a mapping cðAÞ : PC ! PC is defined by

cðAÞð
x1 x3 x2

x3 x2 x1

x2 x1 x3

0
B@

1
CA;

h1 y3 y2
y3 h2 y1

y2 y1 h3

0
B@

1
CA; x; hÞ

¼: ð
x 0
1 x 0

3 x 0
2

x 0
3 x 0

2 x 0
1

x 0
2 x 0

1 x 0
3

0
B@

1
CA;

h 0
1 y 0

3 y 0
2

y 0
3 h 0

2 y 0
1

y 0
2 y 0

1 h 0
3

0
@

1
A; x 0; h 0Þ;

where

x 0
1

h 0

� �
¼ A

x1

h

� �
;

x 0

h 0
1

� �
¼ A

x

h1

� �
;

h 0
2

x 0
3

� �
¼ A

h2
x3

� �
;

h 0
3

x 0
2

� �
¼ A

h3
x2

� �
;

x 0
1

y 0
1

� �
¼ tA

x1

y1

� �
;

x 0
2

y 0
2

� �
¼ x2

y2

� �
;

x 0
3

y 0
3

� �
¼ x3

y3

� �
:

Proof. The action of FðfðnÞ; aE1; bE1; nÞ A ðeC7 Þ
s 0
4 (Lemma 3.18) (fðnÞ ¼

ð2=3Þnð2E1 � ðE2 þ E3ÞÞ@; a; b; n A C) on PC is as follows:

FðfðnÞ; aE1; bE1; nÞðX ;Y ; x; hÞ ¼: ðX 0;Y 0; x 0; h 0Þ;

where

x 0
1

h 0

� �
¼ n a

b �n

� �
x1

h

� �
;

x 0

h 0
1

� �
¼ n a

b �n

� �
x

h1

� �
;

h 0
2

x 0
3

� �
¼ n a

b �n

� �
h2
x3

� �
;

h 0
3

x 0
2

� �
¼ n a

b �n

� �
h3
x2

� �
;

x 0
1

y 0
1

� �
¼ tn ta

tb �tn

� �
x1

y1

� �
;

x 0
2

y 0
2

� �
¼ x 0

3

y 0
3

� �
¼ 0

0

� �
:

Therefore, for A ¼ exp
n a

b �n

� �
A SLð2;CÞð n a

b �n

� �
A slð2;CÞÞ, we have

that

expðFðfðnÞ; aE1; bE1; nÞÞ ¼ cðAÞ A cðSLð2;CÞÞ � ðEC
7 Þs

0
4 : r
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Theorem 3.38. We have that ðEC
7 Þ

s 0
4 G ðSLð2;CÞ�Spinð6;CÞ�Spinð6;CÞÞ=

Z4, Z4 ¼ fðE; 1; 1Þ; ðE; s; sÞ; ð�E; s 0
4;�s 0

4Þ; ð�E; ss 0
4;�ss 0

4Þg.

Proof. Let SLð2;CÞ ¼ fA A Mð2;CÞ j det A ¼ 1g and two Spinð6;CÞ as in

Proposition 3.36. Then we define a mapping jEC
7
;s 0

4
: SLð2;CÞ � Spinð6;CÞ�

Spinð6;CÞ ! ðEC
7 Þ

s 0
4 by

jEC
7
;s 0

4
ðA; b1; b2Þ ¼ cðAÞb1b2:

From Lemma 3.37 and Proposition 3.36, it is clear that the mapping jEC
7
;s 0

4

is well-defined. It is to verify that jEC
7
;s 0

4
is a homomorphism. Indeed, note

that b1; b2 A Spinð12;CÞG ðEC
7 Þk;m. From [7, Theorem 4.6.13], we see that cðAÞ

commutes with b1, b2, respectively. Moreover, as in Proposition 3.36, b1
commutes with b2. Hence since cðAÞ, b1, b2 commute each other, jEC

7
;s 0

4
is a

homomorphism. We shall show that jEC
7
;s 0

4
is surjection. For a A ðEC

7 Þs
0
4 �

ðEC
7 Þs, there exist A A SLð2;CÞ and b A Spinð12;CÞ such that a ¼ jðA; bÞ (see

[7, Theorem 4.6.13]). Moreover, from the condition s 0
4a ¼ as 0

4, that is,

jðA; s 0
4bs

0
4
�1Þ ¼ jðA; bÞ, we have that

A ¼ A

s 0
4bs

0
4
�1 ¼ b

�
or

A ¼ �A

s 0
4bs

0
4
�1 ¼ �sb:

�

Then the latter case is impossible because of A0 0. As for the former case,

from Proposition 3.36, there exist b1 A Spinð6;CÞ and b2 A Spinð6;CÞ such

that b ¼ jk;m;s 0
4
ðb1; b2Þ. Thus, jEC

7
;s 0

4
is surjection. Finally, we determine the

Ker jEC
7
;s 0

4
. From Ker j ¼ fðE; 1Þ; ð�E;�sÞg (see [7, Theorem 4.6.13]) , we have

that

Ker jEC
7
;s 0

4
¼ fðA; b1; b2Þ A SLð2;CÞ � Spinð6;CÞ � Spinð6;CÞ jA ¼ E; b1b2 ¼ 1g

[ fðA; b1; b2Þ A SLð2;CÞ � Spinð6;CÞ

� Spinð6;CÞ jA ¼ �E; b1b2 ¼ �sg:

So, we obtain the following results.

Case (i) where A ¼ E, b1b2 ¼ 1.

From Ker jk;m;s 0
4
¼ fð1; 1Þ; ðs; sÞg (Proposition 3.36), we have that

A ¼ E

b1 ¼ 1

b2 ¼ 1

8><
>: or

A ¼ E

b1 ¼ s

b2 ¼ s:

8><
>:
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Case (ii) where A ¼ �E, b1b2 ¼ �s.

Since b1b2 ¼ �s A ððEC
7 Þ

k;mÞs
0
4 , there exist b1 A Spinð6;CÞ and b2 A Spinð6;CÞ

such that �s ¼ b1b2 (Proposition 3.36). Here, we easily see that

s 0
4 A Spinð6;CÞG ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 G ððEC
7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1;

�s 0
4 A Spinð6;CÞG ððEC

7 Þk;mÞ _FF1ðekÞ;k¼2;...;7;

and s 0
4ð�s 0

4Þ ¼ �s, and so together with Ker jk;m;s 0
4
¼ fð1; 1Þ; ðs; sÞg, we have

that

b1 ¼ s 0
4

b2 ¼ �s 0
4

(
or

b1 ¼ ss 0
4

b2 ¼ sð�s 0
4Þ:

(

Hence we see

Ker jEC
7
;s 0

4
� fðE; 1; 1Þ; ðE; s; sÞ; ð�E; s 0

4;�s 0
4Þ; ð�E; ss 0

4;�ss 0
4Þg;

and vice versa. Thus we obtain that

Ker jEC
7
;s 0

4
¼ fðE; 1; 1Þ; ðE; s; sÞ; ð�E; s 0

4;�s 0
4Þ; ð�E; ss 0

4;�ss 0
4ÞgGZ4:

Therefore we have the required isomorphism

ðEC
7 Þs

0
4 G ðSLð2;CÞ � Spinð6;CÞ � Spinð6;CÞÞ=Z4: r

Now, we also determine the structure of the group ðEC
7 Þs

0
4
; soð6;CÞ, and prove

the connectedness of its group as another aim of this subsection.

Theorem 3.39. We have that ðEC
7 Þs

0
4
; soð6;CÞ GSLð2;CÞ � Spinð6;CÞ.

In particular, the group ðEC
7 Þs

0
4
; soð6;CÞ

is connected.

Proof. Let SLð2;CÞ and Spinð6;CÞG ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 as in Theorem

3.38. Note that

soð6;CÞ ¼ fFD ¼ ðD; 0; 0; 0Þ A eC7 jD A soð6;CÞG ðfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1g:

Then we define a mapping jEC
7
;s 0

4
; soð6;CÞ : SLð2;CÞ � Spinð6;CÞ ! ðEC

7 Þs
0
4
; soð6;CÞ

by

jEC
7
;s 0

4
; soð6;CÞðA; b2Þ ¼ cðAÞb2;
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where note that the mapping jEC
7
;s 0

4
; soð6;CÞ is the restricted mapping of the

mapping jEC
7
;s 0

4
in Theorem 3.38. We have to prove that jEC

7
;s 0

4
; soð6;CÞ is well-

defined. In order to prove this, since cðSLð2;CÞÞ and Spinð6;CÞ are connected, it

is su‰cient to show that for FðfðnÞ; aE1; bE1; nÞ A c�ðslð2;CÞÞ, F2 A spinð6;CÞG
ððeC7 Þ

k;mÞ _FF1ðekÞ;k¼2;...;7, the following formulas hold:

½FD;FðfðnÞ; aE1; bE1; nÞ� ¼ 0; ½FD;F2� ¼ 0;

where FðfðnÞ; aE1; bE1; nÞ A c�ðslð2;CÞÞ, F2 A spinð6;CÞG ððeC7 Þ
k;mÞ _FF1ðekÞ;k¼2;...;7,

here a mapping c� is the di¤erential mapping of the mapping c in Lemma

3.37. However, it is clear that ½FD;FðfðnÞ; aE1; bE1; nÞ� ¼ 0, moreover from

Lemma 3.32, it is easy to verify that ½FD;F2� ¼ 0. Hence jEC
7
;s 0

4
; soð6;CÞ is well-

defined. Since the mapping jEC
7
;s 0

4
; soð6;CÞ is the restricted mapping jEC

7
;s 0

4
, it

is clear that the mapping jEC
7
;s 0

4
; soð6;CÞ is a homomorphism. We shall show

that the mapping jEC
7
;s 0

4
; soð6;CÞ is injection. Since dimCðjeC

7
;s 0

4
; soð6;CÞÞ ¼ 18 ¼

3þ 15 ¼ dimCðslð2;CÞl spinð6;CÞÞ (Lemma 3.18 (2)), the di¤erential mapping

jEC
7
;s 0

4
; soð6;CÞ�

of jEC
7
;s 0

4
; soð6;CÞ is injection. Hence we see that Ker jEC

7
;s 0

4
; soð6;CÞ�

¼
f0g, that is, Ker jEC

7
;s 0

4
; soð6;CÞ is discrete. Hence, Ker jEC

7
;s 0

4
; soð6;CÞ is contained in

the center zðSLð2;CÞ � Spinð6;CÞÞ ¼ fðE; 1Þ; ðE; sÞ; ðE;�s 0
4Þ; ðE;�ss 0

4Þ; ð�E; 1Þ;
ð�E; sÞ; ð�E; s 0

4Þ; ð�E;�ss 0
4Þg. Note that in general because of the center

zðSpinð6;CÞÞ ¼ Z4, we see that zðSpinð6;CÞÞ ¼ f1; s;�ss 0
4;�s 0

4g (cf. in the proof

of Theorem 3.38). However, since the mapping jEC
7
;s 0

4
; soð6;CÞ maps the elements

of zðSLð2;CÞ � Spinð6;CÞÞ to 1, s, �s 0
4, �ss 0

4, �1, �s, s 0
4, ss

0
4, respectively, we

have that Ker jEC
7
;s 0

4
; soð6;CÞ ¼ fðE; 1Þg, that is, the mapping jEC

7
;s 0

4
; soð6;CÞ is in-

jection. Finally, We shall show that the mapping jEC
7
;s 0

4
; soð6;CÞ is surjection.

For a A ðEC
7 Þs

0
4
; soð6;CÞ � ðEC

7 Þ
s 0
4 , there exist A A SLð2;CÞ and b1 A Spinð6;CÞG

ðF C
4 ÞE1;E2;E3; _FF1ðekÞ;k¼0;1 G ððEC

7 Þ
k;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 and b2 A Spinð6;CÞ

G ððEC
7 Þk;mÞ _FF1ðekÞ;k¼2;...;7 such that a ¼ cðAÞb1b2 (Theorem 3.38). Moreover, from

the condition FDa ¼ aFD, together with FDcðAÞ ¼ cðAÞFD (Lemma 3.37), FDb2
¼ b2FD (Lemma 3.31), we have FDb1 ¼ b1FD for all D A soð6;CÞ. Hence b1 is

contained in the center zðSpinð6;CÞÞ ¼ zððF C
4 ÞE1;E2;E3; _FF1ðekÞ;k¼0;1Þ ¼ f1; s; s 0

4; ss
0
4g

GZ4. However, we see that

s ¼ ð1Þs ¼ cðEÞs A cðSLð2;CÞÞ Spinð6;CÞ;

s 0
4 ¼ ð�1Þð�s 0

4Þ ¼ cð�EÞð�s 0
4Þ A cðSLð2;CÞÞ Spinð6;CÞ;

ss 0
4 ¼ ð�1Þð�ss 0

4Þ ¼ cð�EÞð�ss 0
4Þ A cðSLð2;CÞÞ Spinð6;CÞ;

that is, s; s 0
4; ss

0
4 AcðSLð2;CÞÞ Spinð6;CÞ, where Spinð6;CÞGððEC

7 Þk;mÞ _FF1ðekÞ;k¼2;...;7.

Consequently, we have b1 ¼ 1. Hence, jEC
7
;s 0

4
; soð6;CÞ is surjection.

144 Toshikazu Miyashita



Thus we have the required isomorphism

ðEC
7 Þ

s 0
4
; soð6;CÞ GSLð2;CÞ � Spinð6;CÞ:

Therefore we see that the group ðEC
7 Þs

0
4
; soð6;CÞ is connected. r

3.3. Connectedness of the Group ðEC
8 Þs

0
4
; soð6;CÞ

We define a subgroup ðEC
8 Þs

0
4
; soð6;CÞ of the group ðEC

8 Þ
s 0
4 by

ðEC
8 Þs

0
4
; soð6;CÞ ¼ a A EC

8

����� s
0
4a ¼ as 0

4;

YðRDÞa ¼ aYðRDÞ for all D A soð6;CÞ

( )
;

where RD ¼ ðFD; 0; 0; 0; 0; 0Þ A eC8 and YðRDÞ means adðRDÞ. Hereafter for

R A eC8 , we denote adðRÞ by YðRÞ, moreover in eC8 , we often use the following

notations:

F ¼ ðF; 0; 0; 0; 0; 0Þ; P� ¼ ð0;P; 0; 0; 0; 0Þ; Q� ¼ ð0; 0;Q; 0; 0; 0Þ;

~rr ¼ ð0; 0; 0; r; 0; 0Þ; s� ¼ ð0; 0; 0; 0; s; 0Þ; t� ¼ ð0; 0; 0; 0; 0; tÞ:

In order to prove the connectedness of the group ðEC
8 Þs

0
4
; soð6;CÞ, we use the

method used in [5]. However, we write this method in detail again.

First, we consider a subgroup ððEC
8 Þs

0
4
; soð6;CÞÞ1� of the group ðEC

8 Þs
0
4
; soð6;CÞ:

ððEC
8 Þs

0
4
; soð6;CÞÞ1� ¼ fa A ðEC

8 Þs
0
4
; soð6;CÞ j a1� ¼ 1�g:

Lemma 3.40. We have the following

(1) The Lie algebra ððeC8 Þ
s 0
4
; soð6;CÞÞ1� of the group ððEC

8 Þs
0
4
; soð6;CÞÞ1� is given by

ððeC8 Þ
s 0
4
; soð6;CÞÞ1�

¼ R A eC8

����� s
0
4R ¼ R;

½R;RD� ¼ 0 for all D A soð6;CÞ; ½R; 1�� ¼ 0

( )

¼ ðF; 0;Q; 0; 0; tÞ A eC8

������������������

F A ðeC7 Þ
s 0
4
; soð6;CÞ;

Q ¼ ðZ;W ; z;oÞ;

Z ¼
z1 0 0

0 z2 z

0 z z3

0
B@

1
CA; W ¼

o1 0 0

0 o2 w

0 w o3

0
B@

1
CA;

zk;ok; z;o A C; z;w A C C ;

t A C

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

;

where as for the explicit form of the Lie algebra ðeC7 Þ
s 0
4
; soð6;CÞ, see Lemma 3.18 (2).
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In particular,

dimCðððeC8 Þ
s 0
4
; soð6;CÞÞ1�Þ ¼ 18þ ðð3þ 2Þ � 2þ 1� 2Þ þ 1 ¼ 31:

(2) The Lie algebra ðeC8 Þ
s 0
4
; soð6;CÞ

of the group ðEC
8 Þ

s 0
4
; soð6;CÞ

is given by

ðeC8 Þ
s 0
4
; soð6;CÞ

¼ R A eC8

����� s
0
4R ¼ R;

½R;RD� ¼ 0 for all D A soð6;CÞ

( )

¼ ðF;P;Q; r; s; tÞ A eC8

���������������������

F A ðeC7 Þ
s 0
4
; soð6;CÞ;

P ¼ ðX ;Y ; x; hÞ;

X ¼
x1 0 0

0 x2 x

0 x x3

0
B@

1
CA; Y ¼

h1 0 0

0 h2 y

0 y h3

0
B@

1
CA;

xk; hk; x; h A C; x; y A C C ;

Q ¼ ðZ;W ; z;oÞ is same form as P;

r; s; t A C

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

:

In particular,

dimCððeC8 Þ
s 0
4
; soð6;CÞÞ ¼ 18þ ðð3þ 2Þ � 2þ 1� 2Þ � 2þ 3 ¼ 45:

Proof. (1) For R ¼ ðF;P;Q; r; s; tÞ A eC8 , from the condition s 0
4R ¼ R, we

have that

F A ðeC7 Þ
s 0
4 ;

P ¼ ðX ;Y ; x; hÞ; X ¼ x1E1 þ x2E2 þ x3E3 þ F1ðxÞ; xk; x A C; x A C C ;

Y ¼ h1E1 þ h2E2 þ h3E3 þ F1ðyÞ; hk; h A C; y A C C ;

Q ¼ ðZ;W ; z;oÞ; Z ¼ z1E1 þ z2E2 þ z3E3 þ F1ðzÞ; zk; z A C; z A C C ;

W ¼ o1E1 þ o2E2 þ o3E3 þ F1ðwÞ;ok;o A C;w A C C ;

r; s; t A C:

Moreover, from the condition ½R;RD� ¼ 0, we have that

F A ðeC7 Þ
s 0
4
; soð6;CÞ; P;Q are same form above; and so are r; s; t:

Finally, from the condition ½R; 1�� ¼ 0, we have that P ¼ 0 and s ¼ r ¼ 0.
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Hence we have the required explicit form of the Lie algebra ððeC8 Þ
s 0
4
; soð6;CÞÞ1� .

(2) By an argument similar to (1) above, we have the required result.

r

In Proposition 3.41 below, note that the subspace ðPCÞs 0
4
of PC is defined

by

ðPCÞs 0
4
¼ fP A PC j s 0

4P ¼ Pg

¼ fðX ;Y ; x; hÞ A PC jX ;Y A ðJCÞs 0
4
; x; h A Cg;

where ðJCÞs 0
4
¼ fX A JC j s 0

4X ¼ Xg.

Proposition 3.41. The group ððEC
8 Þ

s 0
4
; soð6;CÞÞ1� is a semi-direct product of

groups expðYðððPCÞs 0
4
Þ� lC�ÞÞ and ðEC

7 Þs
0
4
; soð6;CÞ:

ððEC
8 Þs

0
4
; soð6;CÞÞ1� ¼ expðYðððPCÞs 0

4
Þ� lC�ÞÞz ðEC

7 Þs
0
4
; soð6;CÞ:

In particular, the group ððEC
8 Þs

0
4
; soð6;CÞÞ1� is connected.

Proof. Let ððPCÞs 0
4
Þ� lC� ¼ fð0; 0;Q; 0; 0; tÞ jQ A ðPCÞs 0

4
; t A Cg be a Lie

subalgebra of the Lie algebra ððeC8 Þ
s 0
4
; soð6;CÞÞ1� (Lemma 3.40 (1)). Since it follows

from ½Q�; t�� ¼ 0 that YðQ�Þ commutes with Yðt�Þ, we have expðYðQ� þ t�ÞÞ ¼
expðYðQ�ÞÞ expðYðt�ÞÞ, and so we also see that expðYðððPCÞs 0

4
Þ� lC�ÞÞ is the

connected subgroup of the group ððEC
8 Þs

0
4
; soð6;CÞÞ1�.

Now, let a A ððEC
8 Þs

0
4
; soð6;CÞÞ1� and set

a~11 ¼ ðF;P;Q; r; s; tÞ; a1� ¼ ðF1;P1;Q1; r1; s1; t1Þ:

Then, from the relation formulas ½a~11; 1�� ¼ a½~11; 1�� ¼ �2a1� ¼ �21�, ½a1�; 1�� ¼
a½1�; 1�� ¼ a~11, we have that

P ¼ 0; s ¼ 0; r ¼ 1; F ¼ 0; P1 ¼ �Q; s1 ¼ 1; r1 ¼ � t

2
:

Moreover, from ½a~11; a1�� ¼ a½~11; 1�� ¼ 2a1�, we have that

F1 ¼
1

2
Q�Q; Q1 ¼ � t

2
Q� 1

3
F1Q; t1 ¼ � t2

4
� 1

16
fQ;Q1g:
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Hence we see that a is of the form

a ¼

� � � 0
1

2
Q�Q 0

� � � 0 �Q 0

� � � Q � t

2
Q� 1

6
ðQ�QÞQ 0

� � � 1 � t

2
0

� � � 0 1 0

� � � t � t2

4
þ 1

96
fQ; ðQ�QÞQg 1

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

:

On the other hand, we have that

d1� ¼ exp Y
t

2

� �
�

� �� �
expðYðQ�ÞÞ1�

¼

1

2
Q�Q

�Q

� t

2
Q� 1

6
ðQ�QÞQ

� t

2

1

� t2

4
þ 1

96
fQ; ðQ�QÞQg

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

¼ a1�;

and also that

d~11 ¼ a~11; d1� ¼ a1�:

Hence we see that d�1a A ððEC
8 Þ

s 0
4
; soð6;CÞÞ~11;1�;1� ¼ ðEC

7 Þ
s 0
4
; soð6;CÞ.

Thus we have that

ððEC
8 Þs

0
4
; soð6;CÞÞ1� ¼ expðYðððPCÞs 0

4
Þ� lC�ÞÞðEC

7 Þs
0
4
; soð6;CÞ:

Furthermore, for b A ðEC
7 Þs

0
4
; soð6;CÞ, it is easy to verify that

bðexpðYðQ�ÞÞÞb�1 ¼ expðYðbQ�ÞÞ; bðexpðYðt�ÞÞÞb�1 ¼ expðYðt�ÞÞ:
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Indeed, for ðF 0;P 0;Q 0; r 0; s 0; t 0Þ A eC8 , by doing simple computation, we have

that

bYðQ�Þb�1ðF 0;P 0;Q 0; r 0; s 0; t 0Þ ¼ b½Q�; b
�1ðF 0;P 0;Q 0; r 0; s 0; t 0Þ�

¼ ½bQ�; bb
�1ðF 0;P 0;Q 0; r 0; s 0; t 0Þ�ðb A EC

7 � EC
8 Þ

¼ ½bQ�; ðF 0;P 0;Q 0; r 0; s 0; t 0Þ�

¼ YðbQ�ÞðF 0;P 0;Q 0; r 0; s 0; t 0Þ;

that is, bYðQ�Þb�1 ¼ YðbQ�Þ. Hence we obtain that

bðexpðYðQ�ÞÞÞb�1 ¼ b
Xy
n¼0

1

n!
YðQ�Þn

 !
b�1

¼
Xy
n¼0

1

n!
ðbYðQ�Þb�1ÞnðbYðQ�Þb�1 ¼ YðbQ�ÞÞ

¼
Xy
n¼0

1

n!
ðYðbQ�ÞÞn

¼ expðYðbQ�ÞÞ:

By the argument similar to above, we have that bðexpðYðt�ÞÞÞb�1 ¼
expðYðt�ÞÞ.

This shows that expðYðððPCÞs 0
4
Þ� lC�ÞÞ ¼ expðYðððPCÞs 0

4
Þ�ÞÞ expðYðC�ÞÞ is

a normal subgroup of the group ððEC
8 Þs

0
4
; soð6;CÞÞ1� .

Moreover, we have a split exact sequence

1 ! expðYðððPCÞs 0
4
Þ� lC�ÞÞ ! ððEC

8 Þs
0
4
; soð6;CÞÞ1� ! ðEC

7 Þ
s 0
4
; soð6;CÞ ! 1:

Hence the group ððEC
8 Þs

0
4
; soð6;CÞÞ1� is a semi-direct product of

expðYðððPCÞs 0
4
Þ� lC�ÞÞ and ðEC

7 Þ
s 0
4
; soð6;CÞ:

ððEC
8 Þs

0
4
; soð6;CÞÞ1� ¼ expðYðððPCÞs 0

4
Þ� lC�ÞÞz ðEC

7 Þs
0
4
; soð6;CÞ:

Therefore since expðYðððPCÞs 0
4
Þ� lC�ÞÞ is connected and ðEC

7 Þs
0
4
; soð6;CÞ

is connected (Theorem 3.39), we have that the group ððEC
8 Þs

0
4
; soð6;CÞÞ1� is

connected. r
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For R A eC8 , we define a C-linear mapping R� R : eC8 ! eC8 by

ðR� RÞR1 ¼ ½R; ½R;R1�� þ
1

30
B8ðR;R1ÞR; R1 A eC8 ;

where B8 is the Killing form of the Lie algebra eC8 (As for the Killing form B8,

see [9, Theorem 5.3.2]), and using this mapping we define a space WC by

WC ¼ fR A eC8 jR� R ¼ 0;R0 0g;

moreover, define a subspace ðWCÞs 0
4
; soð6;CÞ of WC by

ðWCÞs 0
4
; soð6;CÞ ¼ fR A WC j s 0

4R ¼ R; ½RD;R� ¼ 0 for all D A soð6;CÞg:

Lemma 3.42. For R ¼ ðF;P;Q; r; s; tÞ A eC8 satisfying s 0
4R ¼ R and ½RD;R� ¼

0 for all D A soð6;CÞ, R0 0, R belongs to ðWCÞs 0
4
; soð6;CÞ if and only if R satisfies

the following conditions:

(1) 2sF� P� P ¼ 0 (2) 2tFþQ�Q ¼ 0

(3) 2rFþ P�Q ¼ 0 (4) FP� 3rP� 3sQ ¼ 0

(5) FQþ 3rQ� 3tP ¼ 0 (6) fP;Qg � 16ðstþ r2Þ ¼ 0

(7) 2ðFP�Q1 þ 2P�FQ1 � rP�Q1 � sQ�Q1Þ � fP;Q1gF ¼ 0

(8) 2ðFQ� P1 þ 2Q�FP1 þ rQ� P1 � tP� P1Þ � fQ;P1gF ¼ 0

(9) 8ððP � Q1ÞQ� stQ1 � r2Q1 �F2Q1 þ 2rFQ1Þ þ 5fP;Q1gQ� 2fQ;Q1gP
¼ 0

(10) 8ððQ � P1ÞP þ stP1 þ r2P1 þF2P1 þ 2rFP1Þ þ 5fQ;P1gP � 2fP;Q1gQ
¼ 0

(11) 18ðad FÞ2F1 þQ�F1P� P�F1QÞ þ B7ðF;F1ÞF ¼ 0

(12) 18ðF1FP� 2FF1P� rF1P� sF1QÞ þ B7ðF;F1ÞP ¼ 0

(13) 18ðF1FQ� 2FF1Qþ rF1Q� tF1PÞ þ B7ðF;F1ÞQ ¼ 0;

(where B7 is the Killing form of the Lie algebra eC7 ) for all F1 A eC7 , P1;Q1 A PC.

Proof. For R ¼ ðF;P;Q; r; s; tÞ A eC8 satisfying s 0
4R ¼ R and ½RD;R� ¼ 0 for

all D A soð6;CÞ, R0 0, by doing simple computation of ðR� RÞR1 ¼ 0 for

all R1 ¼ ðF1;P1;Q1; r1; s1; t1Þ A eC8 , we have the required relational formulas

above. r

Proposition 3.43. The group ððEC
8 Þ

s 0
4
; soð6;CÞÞ0 acts on ðWCÞs 0

4
; soð6;CÞ tran-

sitively.
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Proof. Since a A ðEC
8 Þs

0
4
; soð6;CÞ leaves invariant the Killing form B8 of

eC8 : B8ðaR; aR 0Þ ¼ B8ðR;R 0Þ, R;R 0 A eC8 , we have aR A ðWCÞs 0
4
; soð6;CÞ for R A

ðWCÞs 0
4
; soð6;CÞ. Indeed, since we see that

ðaR� aRÞR1 ¼ ½aR; ½aR; aR1�� þ
1

30
B8ðaR;R1ÞaR

¼ a½½R; ½R; a�1R1�� þ
1

30
B8ðR; a�1R1ÞaR

¼ aððR� RÞa�1R1

¼ 0;

½RD; aR� ¼ a½a�1RD;R� ¼ a½RD;R�

¼ 0;

this shows that the group ðEC
8 Þs

0
4
; soð6;CÞ acts on ðWCÞs 0

4
; soð6;CÞ. We shall show

that this action is transitive. First, for R1 A eC8 , it follows from

ð1� � 1�ÞR1 ¼ ½1�; ½1�; ðF1;P1;Q1; r1; s1; t1Þ�� þ
1

30
B8ð1�;R1Þ1�

¼ ½1�; ð0; 0;P1;�s1; 0; 2r1Þ� þ 2s11�

¼ ð0; 0; 0; 0;�2s1Þ þ 2s11�

¼ 0;

½RD; 1�� ¼ 0;

and s 0
41� ¼ 1� that we confirm 1� A ðWCÞs 0

4
; soð6;CÞ. Then, in order to prove the

transitivity of this action, it is su‰cient to show that any element R A ðWCÞs 0
4
; soð6;CÞ

can be transformed to 1� A ðWCÞs 0
4
; soð6;CÞ by some a A ðEC

8 Þs
0
4
; soð6;CÞ. Indeed, we

have the following.

Case (i) where R ¼ ðF;P;Q; r; s; tÞ; t0 0.

From Lemma 3.42 (2), (5) and (6), we have that

F ¼ � 1

2t
Q�Q; P ¼ r

t
Q� 1

6t2
ðQ�QÞQ; s ¼ � r2

t
þ 1

96t3
fQ; ðQ�QÞQg:

Now, for Y ¼ Yð0;P1; 0; r1; s1; 0Þ A YððeC8 Þ
s 0
4
; soð6;CÞÞ (Lemma 3.40 (2)), we com-

pute Yn1�:
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Yn1�

¼

ðð�2Þn�1 þ ð�1ÞnÞrn�2
1 P1 � P1

ð�2Þn�1 � 1þ ð�1Þn�1

2

 !
rn�2
1 s1P1 þ

1� ð�2Þn

6
þ ð�1Þn

2

� �
rn�3
1 ðP1 � P1ÞP1

ðð�2Þn þ ð�1Þn�1Þrn�1
1 P1

ð�2Þn�1
rn�1
1 s1

�ðð�2Þn�2 þ 2n�2Þrn�2
1 s21 þ

2n�2 þ ð�2Þn�2 � ð�1Þn�1

24
rn�4
1 fP1; ðP1 �P1ÞP1g

ð�2Þnrn1

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

:

Then, by doing simple computation, we have that

expðFð0;P1; 0; r1; s1; 0ÞÞ1�

¼ ðexp YÞ1� ¼
Xy
n¼0

1

n!
Yn

 !
1�

¼

� 1

2r21
ðe�2r1 � 2e�r1 þ 1ÞP1 � P1

s1

2r21
ð�e�2r1 � er1 þ e�r1 þ 1ÞP1 þ

1

6r31
ð�e�2r1 þ er1 þ 3e�r1 � 3ÞðP1 � P1ÞP1

1

r1
ðe�2r1 � e�r1ÞP1

s1

2r1
ð1� e�2r1Þ

� s21
4r21

ðe�2r1 þ e2r1 � 2Þþ 1

96r41
ðe2r1 þ e�2r1 �4er1 � 4e�r1 þ 6ÞfP1; ðP1�P1ÞP1g

e�2r1

0
BBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCA

:

Note that if r1 ¼ 0,

f ðr1Þ
rk1

means lim
r1!0

f ðr1Þ
rk1

:

Here we set

Q ¼ 1

r1
ðe�2r1 � e�r1ÞP1; r ¼ s1

2r1
ð1� e�2r1Þ; t ¼ e�2r1 :
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Then we have that

ðexp YÞ1� ¼

� 1

2t
Q�Q

r

t
Q� 1

6t2
ðQ�QÞQ

Q

r

� r2

t
þ 1

96t3
fQ; ðQ�QÞQg

t

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

¼

F

P

Q

r

s

t

0
BBBBBBBB@

1
CCCCCCCCA

¼: R:

Thus R is transformed to 1� by ðexp YÞ�1 A ððEC
8 Þs

0
4
; soð6;CÞÞ0.

Case (ii) where R ¼ ðF;P;Q; r; s; 0Þ, s0 0.

First, we denote expðYð0; 0; 0; 0; p=2;�p=2ÞÞ A ððEC
8 Þ

s 0
4
; soð6;CÞÞ0 by l 0 (Lemma

3.40 (2)). Here, operate l 0 on R, then we have that

l 0R ¼ l 0ðF;P;Q; r; s; 0Þ ¼ ðF;Q;�P;�r; 0;�sÞ; �s0 0:

Hence this case is reduced to Case (i).

Case (iii) where R ¼ ðF;P;Q; r; 0; 0Þ, r0 0.

From Lemma 3.42 (2), (5) and (6), we have that

Q�Q ¼ 0; FQ ¼ �3rQ; fP;Qg ¼ 16r2:

Then, for Y ¼ Yð0;Q; 0; 0; 0; 0Þ A YððeC8 Þ
s 0
4
; soð6;CÞÞ (Lemma 3.40 (2)), we see that

ðexp YÞR ¼ ðF;Pþ 2rQ;Q; r;�4r2; 0Þ; �4r2 0 0:

Hence this case is reduced to Case (ii).

Case (iv) where R ¼ ðF;P;Q; 0; 0; 0Þ, Q0 0.

We choose P1 A ðPCÞs 0
4

such that fP1;Qg0 0. Then, for Y ¼
Yð0;P1; 0; 0; 0; 0Þ A YððeC8 Þ

s 0
4
; soð6;CÞÞ (Lemma 3.40 (2)), we have that

ðexp YÞR ¼
�
Fþ P1 �Q;P�FP1 þ

1

2
ðP1 �QÞP1;Q;� 1

8
fP1;Qg;

1

4
fP1;Pg þ

1

8
fP1;�FP1g þ

1

24
fP1; ðP1 �QÞP1g; 0

�
;

� 1

8
fP1;Qg0 0:

Hence this case is reduced to Case (iii).
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Case (v) where R ¼ ðF;P; 0; 0; 0; 0Þ, P0 0.

We choose Q1 A ðPCÞs 0
4

such that fP;Q1g0 0. Then, for Y ¼
Yð0; 0;Q1; 0; 0; 0Þ A YððeC8 Þ

s 0
4
; soð6;CÞÞ (Lemma 3.40 (2)), we have

ðexp YÞR ¼
�
F� P�Q1;P;�FQ1 �

1

2
ðP�Q1ÞQ1;

1

8
fP;Q1g;

0;� 1

8
fQ1;�FQ1g �

1

24
fQ1;�ðP�Q1ÞQ1g

�
;

1

8
fP;Q1g0 0:

Hence this case is reduced to Case (iii).

Case (vi) where R ¼ ðF; 0; 0; 0; 0; 0Þ, F0 0: From Lemma 3.42 (10), we

have F2 ¼ 0. We choose P1 A ðPCÞs 0
4

such that FP1 0 0. Then, for Y ¼
Yð0;P1; 0; 0; 0; 0Þ A YððeC8 Þ

s 0
4
; soð6;CÞÞ (Lemma 3.40 (2)), we have that

ðexp YÞR ¼ F;�FP1; 0; 0;
1

8
fFP1;P1g; 0

� �
:

Hence this case is also reduced to Case (v).

Thus the proof of this proposition is completed. r

Now, we shall prove the theorem as the aim of this section.

Theorem 3.44. The homogeneous space ðEC
8 Þs

0
4
; soð6;CÞ=ððEC

8 Þs
0
4
; soð6;CÞÞ1� is

di¤eomorphic to the space ðWCÞs 0
4
; soð6;CÞ: ðEC

8 Þs
0
4
; soð6;CÞ=ððEC

8 Þs
0
4
; soð6;CÞÞ1� F

ðWCÞs 0
4
; soð6;CÞ.

In particular, the group ðEC
8 Þs

0
4
; soð6;CÞ

is connected.

Proof. Since the group ðEC
8 Þs

0
4
; soð6;CÞ acts on the space ðWCÞs 0

4
; soð6;CÞ

transitively (Proposition 3.43), the former half of this theorem is proved.

The latter half can be shown as follows. Since ððEC
8 Þ

s 0
4
; soð6;CÞÞ1� and ðWCÞs 0

4

are connected (Propositions 3.41, 3.43), we have that ðEC
8 Þs

0
4
; soð6;CÞ is also

connected. r

3.4. Construction of Spinð10;CÞ in EC
8

We define a subgroup ðE8Þs
0
4
; soð6Þ of E8 by

ðE8Þs
0
4
; soð6Þ ¼ a A E8

����� s
0
4a ¼ as 0

4;

YðRDÞa ¼ aYðRDÞ for all D A soð6Þ

( )
:

Then we have the following lemma.
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Lemma 3.45. The Lie algebra ðe8Þs
0
4
; soð6Þ

of the group ðE8Þs
0
4
; soð6Þ

is given by

ðe8Þs
0
4
; soð6Þ

¼ R A e8

����� s
0
4R ¼ R;

½R;RD� ¼ 0 for all D A soð6Þ

( )

¼ ðF;P;�tlP; r; s;�tsÞ A e8

������������������

F A ðe7Þs
0
4
; soð6Þ;

P ¼ ðX ;Y ; x; hÞ;

X ¼
x1 0 0

0 x2 x

0 x x3

0
B@

1
CA; Y ¼

h1 0 0

0 h2 y

0 y h3

0
B@

1
CA;

xk; hk; x; h A C; x; y A C C ;

r A iR; s A C;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

;

where as mentioned in Lemma 3.28, as for the Lie algebra e7 of the compact Lie

group E7, see [9, Theorem 4.3.4] in detail, and so the Lie algebra ðe7Þs
0
4
; soð6Þ

above

is defined as follows:

ðe7Þs
0
4
; soð6Þ

¼ Fðf;A;�tA; nÞ
����� s

0
4F ¼ Fs 0

4;

½F;FD� ¼ 0 for all D A soð6Þ

( )

¼ Fðf;A;�tA; nÞ A e7

����������������������

f ¼
D2 0

0 0

 !
þ ~AA1ðaÞ
þiðt1E1 þ t2E2 þ t3E3 þ F1ðt1ÞÞ�

D2 A soð2Þ; a A C ; tk A R;

t1 þ t2 þ t3 ¼ 0; t1 A C ;

A ¼
x1 0 0

0 x2 x1

0 x1 x3

0
B@

1
CA; xk A C; x1 A C C ;

n A iR

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

:

In particular,

dimCððeC8 Þ
s 0
4
; soð6;CÞÞ ¼ 18þ ðð3þ 2Þ � 2þ 1� 2Þ � 2þ 3 ¼ 45:

Proof. By the argument similar to Lemma 3.40 (2), this lemma is proved.

r
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Proposition 3.46. The Lie algebras ðe8Þs
0
4
; soð6Þ

and ðeC8 Þ
s 0
4
; soð6;CÞ

are iso-

morphic to the Lie algebras soð10Þ and soð10;CÞ, respectively: ðe8Þs
0
4
; soð6Þ G soð10Þ

and ðeC8 Þ
s 0
4
; soð6;CÞ G soð10;CÞ.

Proof. We provide the correspondence j� between the Lie algebra soð10Þ ¼
fD A Mð10;RÞ j tD ¼ �Dg and the Lie algebra ðe8Þs

0
4
; soð6Þ explicitly as follows:

j� : soð10Þ ! ðe8Þs
0
4
; soð6Þ;

Gij 7! Rij; 0a i < ja 9;

where the elements Gij are R-basis in soð10Þ. As its example, the explicit form of

G26 as matrix is of form with ð3; 7Þ-component ¼ 1, ð7; 3Þ-component ¼ �1, other

components ¼ 0, moreover the explicit forms of C-basis Rij in ðe8Þs
0
4
; soð6Þ are as

follows.

R01 ¼ ðFð�iðE2 � E3Þ@; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ

R02 ¼ F 0;� i

2
ðE2 � E3Þ;�

i

2
ðE2 � E3Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R12 ¼ F 0;
1

2
ðE2 þ E3Þ;�

1

2
ðE2 þ E3Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R03 ¼ F 0;�1

2
ðE2 � E3Þ;

1

2
ðE2 � E3Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R13 ¼ F 0;� i

2
ðE2 þ E3Þ;�

i

2
ðE2 þ E3Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R23 ¼ ðFð�iðE14E1Þ; 0; 0; iÞ; 0; 0; 0; 0; 0Þ

R04 ¼ ð0; ð�ðE2 � E3Þ; 0; 0; 0Þ; ð0;�ðE2 � E3Þ; 0; 0Þ; 0; 0; 0Þ

R14 ¼ ð0; ð�iðE2 þ E3Þ; 0; 0; 0Þ; ð0; iðE2 þ E3Þ; 0; 0Þ; 0; 0; 0Þ

R24 ¼ ð0; ð0; iE1; 0;�iÞ; ðiE1; 0;�i; 0Þ; 0; 0; 0Þ

R34 ¼ ð0; ð0;E1; 0; 1Þ; ð�E1; 0;�1; 0Þ; 0; 0; 0Þ

R05 ¼ ð0; ð�iðE2 � E3Þ; 0; 0; 0Þ; ð0; iðE2 � E3Þ; 0; 0Þ; 0; 0; 0Þ

R15 ¼ ð0; ðE2 þ E3; 0; 0; 0Þ; ð0;E2 þ E3; 0; 0Þ; 0; 0; 0Þ

R25 ¼ ð0; ð0;�E1; 0; 1Þ; ðE1; 0;�1; 0Þ; 0; 0; 0Þ

R35 ¼ ð0; ð0; iE1; 0; iÞ; ðiE1; 0; i; 0Þ; 0; 0; 0Þ
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R45 ¼ F iðE14E1Þ; 0; 0;
i

2

� �
; 0; 0;� i

2
; 0; 0

� �

R06 ¼ ð0; ð0;�ðE2 � E3Þ; 0; 0Þ; ðE2 � E3; 0; 0; 0Þ; 0; 0; 0Þ

R16 ¼ ð0; ð0; iðE2 þ E3Þ; 0; 0Þ; ðiðE2 þ E3Þ; 0; 0; 0Þ; 0; 0; 0Þ

R26 ¼ ð0; ðiE1; 0;�i; 0Þ; ð0;�iE1; 0; iÞ; 0; 0; 0Þ

R36 ¼ ð0; ð�E1; 0;�1; 0Þ; ð0;�E1; 0;�1Þ; 0; 0; 0Þ

R46 ¼ F 0;
1

2
E1;�

1

2
E1; 0

� �
; 0; 0; 0;�1

2
;
1

2

� �

R56 ¼ F 0;� i

2
E1;�

i

2
E1; 0

� �
; 0; 0; 0;� i

2
;� i

2

� �

R07 ¼ ð0; ð0;�iðE2 � E3Þ; 0; 0Þ; ð�iðE2 � E3Þ; 0; 0; 0Þ; 0; 0; 0Þ

R17 ¼ ð0; ð0;�ðE2 þ E3Þ; 0; 0Þ; ðE2 þ E3; 0; 0; 0Þ; 0; 0; 0Þ

R27 ¼ ð0; ð�E1; 0; 1; 0Þ; ð0;�E1; 0; 1Þ; 0; 0; 0Þ

R37 ¼ ð0; ð�iE1; 0;�i; 0Þ; ð0; iE1; 0; iÞ; 0; 0; 0Þ

R47 ¼ F 0;
i

2
E1;

i

2
E1; 0

� �
; 0; 0; 0;� i

2
;� i

2

� �

R57 ¼ F 0;
1

2
E1;�

1

2
E1; 0

� �
; 0; 0; 0;

1

2
;�1

2

� �

R67 ¼ F �iðE14E1Þ; 0; 0;�
i

2

� �
; 0; 0;� i

2
; 0; 0

� �

R08 ¼ ðFð ~AA1ðiÞ; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ

R18 ¼ ðFð�F1ð1Þ@; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ

R28 ¼ F 0;� 1

2
F1ð1Þ;�

1

2
F1ð1Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R38 ¼ F 0;
i

2
F1ð1Þ;�

i

2
F1ð1Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R48 ¼ ð0; ðiF1ð1Þ; 0; 0; 0Þ; ð0; iF1ð1Þ; 0; 0Þ; 0; 0; 0Þ

R58 ¼ ð0; ð�F1ð1Þ; 0; 0; 0Þ; ð0;F1ð1Þ; 0; 0Þ; 0; 0; 0Þ

R68 ¼ ð0; ð0; iF1ð1Þ; 0; 0Þ; ð�iF1ð1Þ; 0; 0; 0Þ; 0; 0; 0Þ

R78 ¼ ð0; ð0;�F1ð1Þ; 0; 0Þ; ð�F1ð1Þ; 0; 0; 0Þ; 0; 0; 0Þ
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R09 ¼ ðFði ~AA1ðe1Þ; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ

R19 ¼ ðFð�F1ðe1Þ@; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ

R29 ¼ F 0;� 1

2
F1ðe1Þ;�

1

2
F1ðe1Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R39 ¼ F 0;
i

2
F1ðe1Þ;�

i

2
F1ðe1Þ; 0

� �
; 0; 0; 0; 0; 0

� �

R49 ¼ ð0; ðiF1ðe1Þ; 0; 0; 0Þ; ð0; iF1ðe1Þ; 0; 0Þ; 0; 0; 0Þ

R59 ¼ ð0; ð�F1ðe1Þ; 0; 0; 0Þ; ð0;F1ðe1Þ; 0; 0Þ; 0; 0; 0Þ

R69 ¼ ð0; ð0;�iF1ðe1Þ; 0; 0Þ; ðiF1ðe1Þ; 0; 0; 0Þ; 0; 0; 0Þ

R79 ¼ ð0; ð0;�F1ðe1Þ; 0; 0Þ; ð�F1ðe1Þ; 0; 0; 0Þ; 0; 0; 0Þ

R89 ¼ ðFð�½ ~AA1ð1Þ; ~AA1ðe1Þ�; 0; 0; 0Þ; 0; 0; 0; 0; 0Þð�½ ~AA1ð1Þ; ~AA1ðe1Þ� A D4Þ

Then we can confirm that j� is a Lie-homomorphism, that is:

j�ð½Gij ;Gkl �Þ ¼ ½j�ðGijÞ; j�ðGklÞ�:

In order to prove these, we need to check 45C2 ¼ 990 times if honestly doing.

Then, we give only five examples. As the first example, we shall show that

j�ð½G01;G02�Þ ¼ ½j�ðG01Þ; j�ðG02Þ�. Indeed, j�ð½G01;G02�Þ ¼ j�ð�G12Þ ¼ �R12.

On the other hand,

½j�ðG01Þ; j�ðG02Þ� ¼ ½R01;R02�

¼ ½ðFð�iðE2 � E3Þ@; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ;

F 0;� i

2
ðE2 � E3Þ;�

i

2
ðE2 � E3Þ; 0

� �
; 0; 0; 0; 0; 0

� �
�

¼
�
½Fð�iðE2 � E3Þ@; 0; 0; 0Þ;

F 0;� i

2
ðE2 � E3Þ;�

i

2
ðE2 � E3Þ; 0

� �� �
�; 0; 0; 0; 0; 0

�

¼ F 0;� 1

2
ðE2 þ E3Þ;

1

2
ðE2 þ E3Þ; 0

� �
; 0; 0; 0; 0; 0

� �

¼ �R12:
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As the second example, we shall show that j�ð½G04;G45�Þ ¼ ½j�ðG04Þ; j�ðG45Þ�.
Indeed, j�ð½G04;G45�Þ ¼ j�ðG05Þ ¼ R05.

On the other hand,

½j�ðG04Þ; j�ðG45Þ� ¼ ½R04;R45�

¼ ½ð0; ð�ðE2 � E3Þ; 0; 0; 0Þ; ð0;�ðE2 � E3Þ; 0; 0Þ; 0; 0; 0Þ;

F iðE14E1Þ; 0; 0;
i

2

� �
; 0; 0;� i

2
; 0; 0

� �
�

¼
�
0;�

�
F iðE14E1Þ; 0; 0;

i

2

� �
ð�ðE2 � E3Þ; 0; 0; 0Þ

þ i

2
ð�ðE2 � E3Þ; 0; 0; 0Þ;�

�
F iðE14E1Þ; 0; 0;

i

2

� �

� ð0;�ðE2 � E3Þ; 0; 0Þ �
i

2
ð0;�ðE2 � E3Þ; 0; 0Þ; 0; 0; 0

�

¼ ð0; ð�iðE2 � E3Þ; 0; 0; 0Þ; ð0; iðE2 � E3Þ; 0; 0Þ; 0; 0; 0Þ

¼ R05:

As the third example, we shall show that j�ð½G57;G67�Þ ¼ ½j�ðG57Þ; j�ðG67Þ�.
Indeed, j�ð½G57;G67�Þ ¼ j�ð�G56Þ ¼ �R56.

On the other hand,

½j�ðG57Þ; j�ðG67Þ� ¼ ½R57;R67�

¼ ½ F 0;
1

2
E1;�

1

2
E1; 0

� �
; 0; 0; 0;

1

2
;� 1

2

� �
;

F �iðE14E1Þ; 0; 0;�
i

2

� �
; 0; 0;� i

2
; 0; 0

� �
�

¼
�
½F 0;

1

2
E1;�

1

2
E1; 0

� �
;F �iðE14E1Þ; 0; 0;�

i

2

� �
�;

0; 0; 0;�2 � i

2

� �
1

2

� �
; 2 � i

2

� �
� 1

2

� ��

¼ F 0;
i

2
E1;

i

2
E1; 0

� �
; 0; 0; 0;

i

2
;
i

2

� �

¼ �R56:
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As the forth example, we shall show that j�ð½G36;G68�Þ ¼ ½j�ðG36Þ; j�ðG68Þ�.
Indeed, j�ð½G36;G68�Þ ¼ j�ðG38Þ ¼ R38.

On the other hand,

½j�ðG36Þ; j�ðG68Þ� ¼ ½R36;R68�

¼ ½ð0; ð�E1; 0;�1; 0Þ; ð0;�E1; 0;�1Þ; 0; 0; 0Þ;

ð0; iF1ð1Þ; 0; 0Þ; ð�iF1ð1Þ; 0; 0; 0Þ; 0; 0; 0Þ�
¼ ðð�E1; 0;�1; 0Þ � ð�iF1ð1Þ; 0; 0; 0ÞÞ

� ð0; iF1ð1Þ; 0; 0Þ � ð0;�E1; 0;�1Þ; 0; 0; 0; 0; 0Þ

¼
�
F 0;

i

4
F1ð1Þ;�

i

4
F1ð1Þ; 0

� �

�F 0;� i

4
F1ð1Þ;�

i

4
F1ð1Þ; 0

� �
; 0; 0; 0; 0; 0

�

¼ F 0;
i

2
F1ð1Þ;�

i

2
F1ð1Þ; 0

� �
; 0; 0; 0; 0; 0

� �

¼ R38:

Finally, as the fifth example, we shall show that j�ð½G28;G89�Þ ¼
½j�ðG28Þ; j�ðG89Þ�. Indeed, j�ð½G28;G89�Þ ¼ j�ðG29Þ ¼ R29.

On the other hand,

½j�ðG28Þ; j�ðG89Þ� ¼ ½R28;R89�

¼ ½ F 0;� i

2
F1ð1Þ;�

i

2
F1ð1Þ; 0

� �
; 0; 0; 0; 0; 0

� �
;

ðFð�½ ~AA1ð1Þ; ~AA1ðe1Þ�; 0; 0; 0Þ; 0; 0; 0; 0; 0Þ�

¼
�
½F 0;� i

2
F1ð1Þ;�

i

2
F1ð1Þ; 0

� �
;

Fð�½ ~AA1ð1Þ; ~AA1ðe1Þ�; 0; 0; 0Þ�; 0; 0; 0; 0; 0
�

¼
�
F

�
0; ½ ~AA1ð1Þ; ~AA1ðe1Þ� � 1

2
F1ð1Þ

� �
;

½ ~AA1ð1Þ; ~AA1ðe1Þ� � 1

2
F1ð1Þ

� �
; 0

�
; 0; 0; 0; 0; 0

�

¼ F 0;� 1

2
F1ðe1Þ;�

1

2
F1ðe1Þ; 0

� �
; 0; 0; 0; 0; 0

� �

¼ R29:
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Since we have dimðsoð10ÞÞ ¼ 45 ¼ dimððe8Þs
0
4
; soð6ÞÞ from Lemma 3.45, we see

that j� is an isomorphism. Thus we have the required isomorphism ðe8Þs
0
4
; soð6Þ G

soð10Þ as a Lie algebra. The other case is the complexification of the case

above (cf. [3]). r

Now, we shall prove the theorem as the aim of this subsection.

Theorem 3.47. The group ðEC
8 Þs

0
4
; soð6;CÞ

is isomorphic to Spinð10;CÞ:
ðEC

8 Þs
0
4
; soð6;CÞ GSpinð10;CÞ.

Proof. The group ðEC
8 Þs

0
4
; soð6;CÞ is connected (Theorem 3.44) and its type

is soð10;CÞ (Proposition 3.46). Hence the group ðEC
8 Þs

0
4
; soð6;CÞ is isomorphic to

either one of the following groups:

Spinð10;CÞ; SOð10;CÞ; Spinð10;CÞ=Z4:

Their centers of groups above are Z4, Z2, f1g, respectively. However, we see that

the center of ðEC
8 Þ

s 0
4
; soð6;CÞ has the elements 1, s, s 0

4, ss
0
4, and so its center is Z4.

Hence the group ðEC
8 Þ

s 0
4
; soð6;CÞ have to be isomorphic to Spinð10;CÞ. r

3.5. The Structure of the Group ðEC
8 Þs

0
4

By using the results of previous subsection, the aim of this subsection is to

determine the structure of the group ðEC
8 Þs

0
4 .

Lemma 3.48. The Lie algebra ðeC8 Þ
s 0
4 of the group ðEC

8 Þs
0
4 is given by

ðeC8 Þ
s 0
4 ¼ fR A eC8 j s 0

4R ¼ Rg

¼ ðF;P;Q; r; s; tÞ A eC8

���������������������

F A ðeC7 Þ
s 0
4 ;

P ¼ ðX ;Y ; x; hÞ;

X ¼
x1 0 0

0 x2 x

0 x x3

0
B@

1
CA; Y ¼

h1 0 0

0 h2 y

0 y h3

0
B@

1
CA

xk; hk; x; h A C; x; y A C C ;

Q ¼ ðZ;W ; z;oÞ is same form as P;

r; s; t A C

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

;

as for the explicit form of the Lie algebra ðeC7 Þ
s 0
4 , see Lemma 3.18 (1).
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In particular,

dimCððeC8 Þ
s 0
4Þ ¼ 33þ ðð3þ 2Þ � 2þ 1� 2Þ � 2þ 3 ¼ 60:

Proof. By the argument similar to Lemma 3.40, we have the required

result. r

Now, we shall prove the following theorem as the aim of this subsection.

Theorem 3.49. We have that ðEC
8 Þs

0
4 G ðSpinð6;CÞ � Spinð10;CÞÞ=Z4, Z4 ¼

fð1; 1Þ; ðs 0
4; ss

0
4Þ; ðs; sÞ; ðss 0

4; s
0
4Þg.

Proof. Let

Spinð6;CÞG ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 G ððEC

7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1

� ðEC
7 Þs

0
4 � ðEC

8 Þ
s 0
4

(Theorems 3.16, 3.38) and Spinð10;CÞG ðEC
8 Þs

0
4
; soð6;CÞ � ðEC

8 Þs
0
4 (Theorem 3.47).

Then we define a mapping jEC
8
;s 0

4
: Spinð6;CÞ � Spinð10;CÞ ! ðEC

8 Þs
0
4 by

jEC
8
;s 0

4
ða; bÞ ¼ ab:

It is clear that jEC
8
;s 0

4
is well-defined. Since ½RD;R10� ¼ 0 for RD A spinð6;CÞ

¼ soð6;CÞG ðfC4 ÞE1;E2;E3;F1ðekÞ;k¼0;1, R10 A spinð10;CÞ ¼ soð10;CÞG ðeC8 Þ
s 0
4
; soð6;CÞ

(Lemmas 3.14, 3.45) and Spinð6;CÞ, Spinð10;CÞ are connected, we see that

ab ¼ ba. Hence jEC
8
;s 0

4
is a homomorphism. Moreover, we obtain that

Ker jEC
8
;s 0

4
GZ4. Indeed, since we see that dimCðspinð6;CÞl spinð10;CÞÞ ¼

15þ 45 ¼ 60 ¼ dimCððe8Þs
0
4Þ (Lemma 3.48) and from zðjEC

8
;s 0

4�
Þ ¼ f0g (the

mapping jEC
8
;s 0

4�
is the di¤erential mapping of jEC

8
;s 0

4
) we have that Ker jEC

8
;s 0

4
is

discrete. Hence Ker jEC
8
;s 0

4
is contained in the center zðSpinð6;CÞ � Spinð10;CÞÞ

¼ zðSpinð6;CÞÞ � zðSpinð10;CÞÞ ¼ f1; s; s 0
4; ss

0
4g � f1; s; s 0

4; ss
0
4g. Note that in

general because of the center zðSpinð10;CÞÞ ¼ Z4, we see zðSpinð10;CÞÞ ¼
f1; s; s 0

4; ss
0
4g and zðSpinð6;CÞÞ ¼ f1; s; s 0

4; ss
0
4g as in the proof of Theorem 3.39.

Then, among them, the mapping jEC
8
;s 0

4
maps only ð1; 1Þ, ðs 0

4; ss
0
4Þ, ðs; sÞ,

ðss 0
4; s

0
4Þ to the identity 1. Hence we have that Ker jEC

8
;s 0

4
� fð1; 1Þ; ððs 0

4; ss
0
4Þ;

ðs; sÞ; ðss 0
4; s

0
4Þg, and vice versa. Thus we see that

Ker jEC
8
;s 0

4
¼ fð1; 1Þ; ððs 0

4; ss
0
4Þ; ðs; sÞ; ðss 0

4; s
0
4ÞgGZ4:

Since ðEC
8 Þ

s 0
4 is connected and Ker jEC

8
;s 0

4
is discrete, again together with

dimCðsoð6;CÞl soð10;CÞÞ ¼ 15þ 45 ¼ 60 ¼ dimCððe8Þs
0
4Þ; jEC

8
;s 0

4
is surjection.
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Therefore we have the required isomorphism

ðEC
8 Þs

0
4 G ðSpinð6;CÞ � Spinð10;CÞÞ=Z4: r

3.6. Main Theorem

By using results above, we shall determine the structure of the group ðE8Þs
0
4 ,

which is the main theorem.

Theorem 3.50. We have that ðE8Þs
0
4 G ðSpinð6Þ � Spinð10ÞÞ=Z4, Z4 ¼

fð1; 1Þ; ðs 0
4; ss

0
4Þ; ðs; sÞ; ðss 0

4; s
0
4Þg.

Proof. For d A ðE8Þs
0
4 ¼ ððEC

8 ÞtloÞs
0
4 ¼ ððEC

8 Þs
0
4Þtlo � ðEC

8 Þs
0
4 , there exist

a A Spinð6; CÞ G ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 G ððEC

7 Þk;mÞ ~EE1; ~EE�1;E2 _þþE3;E2 _��E3; _FF1ðekÞ;k¼0;1 �
ðEC

7 Þs
0
4 � ðEC

8 Þ
s 0
4 and b A Spinð10;CÞG ðEC

8 Þ
s 0
4
; soð6;CÞ � ðEC

8 Þs
0
4 such that d ¼

jða; bÞ ¼ ab (Theorem 3.49). From the condition tlodlot ¼ d, that is,

tlojða; bÞlot ¼ jða; bÞ, we have jðtloalot; tbtÞ ¼ jða; bÞ. Hence, we have

that

ðiÞ
tat ¼ a

tloblot ¼ b;

�
ðiiÞ tat ¼ ss 0

4a

tloblot ¼ s 0
4b;

�

ðiiiÞ
tat ¼ sa

tloblot ¼ sb;

�
ðivÞ tat ¼ s 0

4a

tloblot ¼ ss 0
4b:

�

Case (i). From the condition tat ¼ a, we have a A Spinð6ÞG
ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1. Indeed, first since Spinð6;CÞG ðF C

4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 is

simply connected, the group ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 ¼ ððF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ

t

is connected. Since ðF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1 acts on ðVCÞ6, the group

ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 ¼ ððF C
4 ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ

t acts on

V 6 ¼ fX A ðVCÞ6 j tX ¼ Xg

¼ fX ¼ F1ðtÞ j t ¼ t2e2 þ t3e3 þ t4e4 þ t5e5 þ t6e6 þ t7e7; tk A Rg

with the norm ðX ;X Þ ¼ 2tt. We can define a homomorphism

p : ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 ! SOð6Þ ¼ SOðV 6Þ by pðaÞ ¼ ajV 6 . Then it is easy

to obtain that Ker p ¼ f1; sgGZ2. Since, by doing simple computation
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as in Lemma 3.14 we see dimððf4ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ ¼ 15, we have that

dimððf4ÞE1;E2;E3;F1ðekÞ;k¼0;1Þ ¼ 15 ¼ dimðsoð6ÞÞ, moreover SOð6Þ is connected.

Hence the mapping p is surjection. Thus we have that ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1=Z2

GSOð6Þ. Therefore the group ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 is isomorphic to Spinð6Þ as

the universal covering group SOð6Þ, that is, ðF4ÞE1;E2;E3;F1ðekÞ;k¼0;1 GSpinð6Þ.
Next, from the condition tloblot ¼ b, we see that the group

fa A Spinð10;CÞ j tloblot ¼ bg ¼ ðSpinð10;CÞÞtlo (which is connected) ¼
ððEC

8 Þs
0
4
; soð6;CÞÞtlo ¼ ðE8Þs

0
4
; soð6Þ (Theorem 3.47), and so its type is soð10Þ

(Proposition 3.46) (Note that ðEC
8 Þ

tlo ¼ E8 and the C-linear transformation tlo

induces the involutive automorphism of the group ðEC
8 Þs

0
4
; soð6;CÞ. Hence we see

that the group ðE8Þs
0
4
; soð6Þ is isomorphic to either one of

Spinð10Þ; SOð10Þ; Spinð10Þ=Z4:

Their center are Z4, Z2, f1g, respectively. However, since the center of

ðE8Þs
0
4
; soð6Þ has the elements 1, ss 0

4, s, s 0
4, the group ðE8Þs

0
4
; soð6Þ has to be

isomorphic to Spinð10Þ and its center is f1; ss 0
4; s; s

0
4gGZ4. Hence the group of

Case (i) is isomorphic to the group ðSpinð6Þ � Spinð10ÞÞ=Z4.

Case (ii). This case is impossible. Indeed, for a A Spinð6;CÞ � Spinð8;CÞ
we can set a ¼ ða1; a2; a3Þ, a1 A SOð6;CÞ � SOð8;CÞ, a2; a3 A SOð8;CÞ satisfying

ða1xÞða2yÞ ¼ a3ðxyÞ, x; y A CC , and similarly for s 0
4 A Spinð8Þ, set s 0

4 ¼ ðs 0
1; s

0
2; s

0
3Þ,

sk A SOð8Þ � SOð8;CÞ satisfying ðs 0
1xÞðs 0

2yÞ ¼ s 0
3ðxyÞ, x; y A C. Note that as a

matrix, s 0
1, s 0

2 and s 0
3 are expressed as follows:

s 0
1 ¼ diagð1; 1;�1;�1;�1;�1;�1;�1Þ;

s 0
2 ¼ diagð�J;�J;�J;�JÞ; J ¼ 0 1

�1 0

� �
;

s 0
3 ¼ diagðJ;�J;�J;�JÞ:

Then, from the condition tat ¼ ss 0
4a, we have ðta1; ta2; ta3Þ ¼ ðs 0

1a1;�s 0
2a2;

�s 0
3a3Þ, that is,

ta1 ¼ s 0
1a1; ta2 ¼ �s 0

2a2; ta3 ¼ �s 0
3a3:

Here, as a matrix, a1 is expressed as follows:

a1 ¼
1 0

0 1
0

0 A

0
BB@

1
CCA; A A SOð6;CÞ:
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Then, from ta1 ¼ s 0
1a1, we have

a1 ¼
1 0

0 1
0

0 A
0

0
BB@

1
CCA; A 0 ¼ iB A SOð6;CÞ; i2 ¼ �1:

As for a2, from ta2 ¼ �s 0
2a2, we have a2 ¼ 0. Indeed, from the explicit form of

s2, it is su‰cient to confirm this in the case 2� 2-matrix. From

a b

c d

� �
0 �1

1 0

� �
¼ b �a

d �c

� �
¼ ta tb

tc td

� �
;

we have that ta ¼ b, tb ¼ �a, tc ¼ d, td ¼ �c, that is, a ¼ b ¼ c ¼ d ¼ 0. Hence

we see a2 ¼ 0. This is contrary to a2 A SOð8;CÞ.
Case (iii). This case is also impossible. Indeed, from the condition tat ¼ sa,

we have ðta1; ta2; ta3Þ ¼ ða1;�a2;�a3Þ, that is,

ta1 ¼ a1; ta2 ¼ �a2; ta3 ¼ �a3:

From ta1 ¼ a1, we have a1 A SOð6Þ � SOð8Þ. Hence, by the Principal of triality

on SOð8Þ (Theorem 2.3) we see that ak A SOð8Þ, k ¼ 2; 3, that is, tak ¼ ak,

k ¼ 2; 3. However, from tak ¼ �ak, k ¼ 2; 3, we have ak ¼ tak ¼ �ak, that is,

ak ¼ 0. This is contrary to ak A SOð8Þ.
Case (iv). This case is also impossible. Indeed, from the condition tat ¼ s 0

4a,

we have ðta1; ta2; ta3Þ ¼ ðs 0
1a1; s

0
2a2; s

0
3a3Þ, that is,

ta1 ¼ s 0
1a1; ta2 ¼ s 0

2a2; ta3 ¼ s 0
3a3:

As in the Case (ii), we have a2 ¼ 0. This is contrary to a2 A SOð8;CÞ.
Therefore we have the required isomorphism

ðE8Þs
0
4 G ðSpinð6Þ � Spinð10ÞÞ=Z4; Z4 ¼ fð1; 1Þ; ðs 0

4; ss
0
4Þ; ðs; sÞ; ðss 0

4; s
0
4Þg: r
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