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ENERGY METHOD FOR NUMERICAL ANALYSIS

By

Reiko Sakamoro

Introduction

“Energy Inequality” played an essential role in the study of partial differ-
ential equations throughout 20-th century. Especially, it is a reliable paradigm
that existence of solutions of a problem comes from energy inequality on its
adjoint problem.

Recently, we found that the energy method to prove existence of solutions
involves the numerical method. In other words, we can say that numerical
approximation of solutions comes from energy inequalities on adjoint problems
(1], [2]))- We will state its summary in Chapter 1. In Chapter 2, we consider non-
linear problems, where Sobolev’s imbedding theorem in general type plays an
essential role ([3], [4]). Our proof of existence of solutions suggests a method of
numerical approximation of solutions.

Chapter 1. Numerical Approximation in Linear Case

Let us consider a linear boundary value problem as follows.

ProBLEM: To seek a solution u e L?(Q) satisfying

{Auzf in Q

(P) Bu=f; onTI (jelJ),

for given data {f, f; (jeJ)}, where
(i) A4 is a linear partial differential operator of order m with smooth
coefficients, .
(i) Bj is a linear partial differential operator of order j (j € J) with smooth
coefficients, (J = {0,1,...,m —1}),
(iii) Q is a bounded domain in R” with smooth boundary T,
(iv) T is non-characteristic for {4,B; (jeJ)}.
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§1. Construction and Approximation of Solutions

We can define the adjoint problem (P*) for the problem (P).

ADJOINT PROBLEM: To seek v e L?(Q) satisfying

A*v = in
(P*) { V=9

Bv=g; onl (jeJ")
for given data {g,g; (jeJ*)}.

Let us assume the energy inequality

(E*) ol = c(l4%oll+ Y . <Bods,) (Yo HM(Q)

holds. Then Hilbert Space # is defined by the completion of HM(Q) by the
norm

*..112 *
(0 = 4"0]* + ). <Bv>]

with inner product
[v,w] = (470, 4™W) + Zje]' <.9?j*v,.43;w)aj.

Then it holds HM(Q) = s < L?(Q) and energy inequality (E*) means
loll £ Clv)] (Vv e #).
For f e L*(Q), let
f:#>30- (v,f)eC
then f e #’. In fact, we have
(0, NI & Ml A1l = CllAITw)-
Owing to Riesz’ in J¥, there exists w € ¥ such that
(f,v) =[w,v] (Yve #F).

We say that w is a Riesz’ function of f e L*(Q).
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ReMARK. For f e L?(Q), define

H > UHJ[U] ___[v]Z -2 RC(D,f) :[012 - (U’f) - (f’v)7

then J takes minimal value iff v is a Riesz’ function of f € L?(Q).

THEOREM 1. Assume (E*). Let w be a Riesz’ function of f € L*(Q2). Set
u= A*w, then ue L*(Q) and u satisfies

{Au:f in Q

(P) Bu=0 onT (jelJ).

Moreover, it holds

Jull = CIIfII-

We say that ue L2(Q) is a s -solution of (P) for f e L*(Q), iff

u=A*w (3w € H#)
{[W,v] = (f,v) (YveH).

We say that a subset {v;,vs,...} in J# is a basis of s, iff any finite subset of
{v1,v2,...} is linearly independent and the space spanned by {vj,v,...} is dense
in #.

LEmMMA 1.1. Let diam(QQ) < an. Then

{exp(ia~la-x)|a e Z"}
is a basis of H.

THEOREM II. Assume (E*). Let {vx (k=1,2,...)} be a basis of #. Let
ue L?(Q) be a #-solution of (P). Set

A*vy
uy = ((f,00),--, (Low)IN |5 |,
A*vy
where
I'n = ([vk; 95))k 5=1,2,.., N
Then it holds
Cuy—u (N — o) in L3(Q).
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Proor. (1) Let {v',v5,...} be Schmidt’s ortho-normalization of {v;,v,,...}
in 3. Then, for any w e 4, it holds

_ AY, A :
wy = E 1§k§N[w,vk]vk —w 1n #,

owing to the theory of Fourier’s series in J#, where wy is represented as
Uy
wy = ([w,01), - .., [w, o)) TR
UN
(2) Especially, let we s# be a Riesz’ function of f e L?(Q), then we have
[w,v]=(f,v) (YveH),

therefore, we have
(w,oe] = (f, k) (k=1,2,...).
Hence, we have
V)
wy = ((f,01),-.., (f,o8))T
UN
and

wy —w In .

It is remarkable that wy is represented only by f and {v,v,,...}, without w.
(3) Let u be a #-solution of (P), that is,

{u =A*'w weN

w is a Riesz’ function of f e L?(Q).

Then we have

wy —w In
from (2), therefore,
uy = A*wy —- A*'w=u in L?(Q),

where

A*v
uy = A*wn = ((f,01),-., (Lon)TR | 2 |- O

A*vy
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REMARK. Let #y be the space spanned by {vi1,vs,...,vx}, then it holds
[WN,U]:(f,U) (VUE%N)v
that is, wy is a Riesz’ function of f in #y. Therefore

{uN = A*WN (HWN € %N)
[ww,0] = (f,v) (Vve #y),

which means that uy is a #y-solution of (P).

§2. Generalization

In §2, we assume

€%), loll, < C(la%ll +3", . <Bv>,,) (we HM(Q) O<usm).

Let # be the same one defined in §1. (E*), means
loll, < Cle) (Yo e HY(Q)),

therefore # < H#(Q).
Let f e H#(Q) = (H{Q)) ie.

[ H{(Q)sv—(v,f)eC

and

”f”_” = sup va f)l

ve HY(Q) HU”ﬂ '

Owing to Riesz’ [Theoreml in H}(Q), there exists ¢ € H{(Q) uniquely for
f e H*Q):

@)= ,<,(07,0'9) (Vv e H}(Q)),

/
1= (X, l2s1?)
Set f, = (—0)"¢, then

(Ua f) = Z|v|§y((_a)vv’f;’) (VU € H(;t(n))a

1= (e 412) "
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Let f e H#(Q). Let f~ be an extension of f defined by

[T HAN Q) o 0,/ =)  (-9)'n,£) €C,
then f~ e (H#(Q))'. Define

/"L, = sup |, /)|

ve HH(Q) ”U”p ’
then |f~|-, = ||f|l_,. In fact, since Hy(Q) = H#(Q), we have

WAy S

On the other hand, we have

= sp DDA

ve HA(Q) llvll,,

< (T A1) = 171,

Let f € H#(Q), then f~ e (H*(Q))'. Since # < H*(Q),
e X300 M= _(-9)'vf)eC

belongs to J#'. In fact,

1/2 1/2
~\| < _AYY,12 2
@ = (3,0 1-00017) (30, 1517)
= 0|l IANl-p = CLISII -
Owing to Riesz’ in ¥, there exists w e 3 such that

(w,o]=(f",0) (Vve#)
[w] = ClIfI_

where
(f~’v) = (U’f~)'
We say that w is a Riesz’ function of f e H™#(Q), iff

(w,0]=(f",v) (VveX)
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holds. We say that u is a s#-solution of

Au=f inQ
Bu=0 onT (jelJ)

(P)
for f e H#(Q), iff it holds
u=A*w (3w e #)
{lw,vl=(f~,v) (Vv e #).
REMARK. Let u be a s#-solution of (P) for f e H#(Q), then
[w,0]=(f",v) (Vve2(Q))

holds, that is,
(A'w,A0) =D (f(=0)"v) (Yve2(Q)),
that is,
(u, A*v) = (f,v), f= ZIVIé# 3", (Vve 2(Q)).

The following I’ and II' are the generalizations of
Mheorem| I and Theorem II in §1.

THEOREM I'.  Assume (E*),. Then, there exists a #-solution u of (P) for
f e H*(Q) and it holds '

llull = ClILAN
THEOREM II'.  Assume (E*),. Let {vx (k=1,2,...)} be a basis of #. Let u

be a A -solution of (P) for f e H#(Q). Set

A*vy

uy = ((f~, 00 (SR | 0 |,

A*vy

where
Ty = ([v, Us])z;,s=1,2,...,N-
Then it holds
uy —-u (N — ) in L}(Q).
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Chapter 2. Numerical Approximation in Non-liner Case
§3. Sobolev’s Imbedding Theorem

SOBOLEV’S IMBEDDING THEOREM (See [3]). Let
0<a<f<oo, —0<yp,6<00, y—nfa=d—n/p.
Then
wr Q) c WoB(Q)
and

”U”WM(Q) = C”U”Wm(n) (YU e W"%(Q)).

COROLLARY. Let (n/2)(p—1) <s (p,seN). Then it holds
LYP(Q) =« H™5(Q)
and

1Ullg-s@) £ CNUll Ly (YU € L¥7(Q)).

In fact, set
a=2/p, B=2, y=0, = —s
in Sobolev’s [Theoreml. Since
(y—n/a) = (@0 —n/B) = (-np/2) — (=5 —n/2) =5~ (n/2)(p - 1) 20,
we have
1Ull-ex@y S ClUlony,
that is
Ul ) = CHU L2 (-

LemMA 3.1. Assume that (n/2)(p—1) <s (p,se€N). Then it holds
l?ll_s < Cllull”  (Yu e L*(Q)).

In fact, let ue L?(Q), then U = u? € L*?7(Q) and

ll?|l s = Cllull®.
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LEMMA 3.2. Assume that (n/2)(p—1) <s (p,se€N). Then it holds
lu? — 0P|l _g < C(llull + o))" lu— ol (Vu,0 € LA(Q)).

ProoF. We have
lu? — v?[|_; < Cllu? — 0P| L

from |Corollaryl On the other hand, we have
(4P — 0P| 12) P = | | — vP|?P dx = Jl(u — o)W w2y 4 0P| P

< [ = o7l + o]) 7

1/p (p—1)/p
< (] |u-v|2dx) (j(|u|+|v|)2dx)

2 2(p—-1
< Cllu— ol 2 (|[ul| + [Jo|))>?~ V7.
Hence we have

-1
llw? = v?ll_s < Cllu = oll(Ilull + o). O

Let Q be a linear partial differential operator of order ¢ (£ < u). Let
ue L*(Q) and let p satisfy

(n/2)(p—-1)+¢ =u,

then we have u? € H-(*9(Q) from Lemma 3.1. Let
P v
w = Z[Vlé#—t’ 0"Uy

1/2
2
16y = (3 e 10W2)

and set
Quf)” : HX(Q) 3 v — (v, QF)™) = (Q"v, (u?)").

Then we have
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oW =3, (=)0, Uy,

@, QuP)7)| £ Cllo|,llull”.

Hence we have
1Q(P) -4 < Cllul|®.

§4. Successive Approximation (Case 1)

In this section, we consider

NON-LINEAR PrOBLEM: To seek a s -solution u € L?(Q) of

{Au =QWP)+f inQ

Q1) Bu=0 onT (jeJ)

for given f € H #(Q), where Q is a linear partial differential operator of order ¢
satisfying
(n/2)(p—1)+¢ =,
where a s -solution u € L%(Q) of for f € H#(Q) means
{u =A"w Awe )
[w, 0] =(QW?)” + f~,v) (YveKF).
THeoREM III.  Assume (E*),. Then there exists a positive number 1 such that
there exists a H#-solution ue L*(Q) of (Q-1) for f € H*(Q) satisfying
Il = 2"

Let us prove this by two methods, i.e. by a method of simple successive
approximation and by a method of double successive approximation.

SIMPLE SUCCESSIVE APPROXIMATION: “Let wuge L?(Q) be given. Let
u € L*(Q) be a #-solution of

Aue = Q(ug_)+/f inQ
(Q-1) {Bjuk=0 onT (jelJ)

for fe H*(Q) (k=1,2,...). Then uy — u in L*(Q) and u is a s#-solution of
(Q-1) for f e H#(Q).” :
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PROOF ALONG THE LINE OF SIMPLE SUCCESSIVE APPROXIMATION.
(1) Let ux_; € L2(Q). Then there exists a -solution ux € L*(Q) of (Q-1)«
such that

el < Crlllug_yll ey + SN2 - @
from I'. Since
4?1l (ueey S Collue|” .. D
from Lemma 3.1, we have
il = Clle— [l +11AN) -+ D
where C = max(Cy, C, ().
(2) Let n# be a positive number satisfying
20771 <1 Ll ().
Let
luoll =n,  IIf1l_, = 7",
then
luell v (k=1,2,...).
In fact, assuming
-1l = =,
we have
luel| < 2Cn” =7
from Q3.

(3) {wx (k=1,2,...)} is a Cauchy sequence in L?(Q). In fact, setting
Ur = ug41 — ug, Up is a H#-solution of

{A(Uk) = Q) - Qf_,) inQ
Bi(Ux) =0 onI (jelJ).

Therefore we have,
VUl < Cillug —uf_ll-(y-ty - @

from I’. On the other hand, we have

lluf = wg_y - (u-ry < Calllarell + Noaer )" et = et . ®
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from [Lemma 3.2. Hence we have
1Tl < CLCa(llell + Nlaa—a )7~ | Ura | £ CLC3(20)P || Uy |-
Let # be a positive number satisfying
GG P 172 . (%)
in addition to (%), then we have
1Tkl £ 271 | Upa -
Hence we have
1Ull £ 27| Do,
which means that {u} is a Cauchy sequence in L?(Q). Let u be the limit of {u}.

(4) u is A -solution of [Q-1) In fact, since uy is a #-solution of (Q-1), there
exists wx € # such that

{uk = A*wy,
(Wi, 0] = (Qu¢_y) + )7, 0) (ves#).

Hence we have

[Wis1 — wie, 0] = (Q(uf —uf_})™,0) (ve #),
therefore,

[Wirr — wi)® = (Q(uf — uf_)~ Wi — wi) S 1(wf — uf_ )|y Wit — wil,,,

that is,

(Werr — wil S Cilluf —uf_ll_(y—py ---®-
Hence we have

[Wierr — wi] £ 27 e — s || (= 27%)| Wo))
from (® and @), which means that

Wy —w in .

Now, let £k — o0 in

{uk = A*wy
(Wi, v] = (Q(uf_) + /)™, 0) (ve #),
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then we have

u=A*w
{[w, v] = (QWP)+ f)",v) (veH). O

DOUBLE SUCCESSIVE APPROXIMATION: “Let ¢, € L?(Q) be given. Let
u; € L*(Q) be a #-solution of

{Aul =Q0()+f inQ

(Q~-1), Bu; =0 onI (jel).

Let ¢, € L2(Q) belong to a neighborhood of u; in L?(Q). Successively, let
u, € L*(Q) be #-solution of

{Auk =Q(¢_)+/f inQ

~-1
(Q™-1), B =0 onT (jel),

and let ¢, € L?(Q) belong to a neighborhood of u; € L(Q2). We can choose {¢;}
such that ¢, — u. Then u is a #-solution of [Q-I).”

PROOF ALONG THE LINE OF DOUBLE SUCCESSIVE APPROXIMATION.
(1)" Let ¢,_, € L*(Q) be given, then there exists a #-solution u € L*(Q) of
(Q~-1) from I'. Choose ¢, satisfying

llue — Bill < 27%n,
where # satisfies (%) and (¥).
(2)" Let n satisfy
4ACpPl <1 ... (FH)
in addition to (%) and (%¥). Let
Idoll =7, AN = 7”.
Suppose that ¢;,_, € L?(Q) satisfy

G—1ll =,
then we have
lluel| < 27'7.

Since
e — il S27Fn<27'n (k=1,2,...),
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we have

(3)" Set Uy = ugy) — ug, Up is a s#-solution of

{A(Uk) = Q(¢) — Q(¢;_;) inQ
Bi(Ux) =0 onI (jelJ).

Hence we have
1Uell = Cillgg — il _(ugy - @’
from I'. Since
167 = 80_ill_(u-rty < C3(lIdell + 16eaID” N = Breall -+ ©)

from we have

Ul < 27 |6ic — e -
Now, since

k1 = Bicll S N1 Brsr — irll + Mot — vaiel| + [lote — @il
<27+ 27 g — eall + 2757 £ 270 |6y — eIl + 275y,
we have
i1 — Bicll < 27%\igy — doll + k27D,

which means that

u, ¢ — u in L2(Q).

It is proved, analogously as in (4), that u is a s#-solution of [Q-I). [

§5. Successive Approximation (Case 2)

In this section, we consider

NON-LINER PROBLEM: To seek a s#-solution u € H* (Q) of

{Au=Q[u]+f in Q

(Q-2) Bu=0 onI (jelJ)

for given f e H-(«—#)(Q), where
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Q[u] = Z 6v7rv{u],
v|s¢
where
U] = > Copyop, (8P0) - (0Pru),

2shsp |Bl=w

and (n/2)(p-1)spu—p —¢.

125

Before saying details, we will prepare some lemmas. Let p, #(= 2) be integers,

then it is obvious that

pi'p2!--- pa!

(1 _'_uz_}_”,_,_uh)p — Z {____ﬂ__(ul)m(uz)m...(u,,)Ph},

pr+pattpr=p

therefore

(oyuy + oy + -+ + opup)?

— Z (1) P (02)?2 - - - (ot )P {_p_l_p’____ (u)?! (P2 - - - (uh)ph}_

1051« pp!
Pr+pattpr=p P2: - Dh*

Conversely, we have

LEMMA 5.1. Let p,h(=2) be integers and
al(t) = 1, dk+1(t) = tak(t)p (k = la oo 7h)

Then there exist {t1,t2,...,tn} and {c1,¢c2,...,cn} such that

{;ﬁh—!(ul)m (uz)m e (uh)p”} — Zl§k§N ck(vk)p

and

v = o (te)ur + aa(te)uz + - - - + on (i) un,
where N is a number of combination (pi,p2,---.,Pn) satisfying

pr+p2+--+pn=p (pk: non-negative integer).

ProOOF. Let us prove that the linear system

V= Y (@) () - (@) Upprps (k=1,2,...

Pr+pat--+pr=p
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can be solved with respect to {Upp,..p,(P1 + P2+ -+ pr = p)}, choosing
{t1,t2,...,tx} suitably. Since N is the number of combinations (pa,..., pxs)
satisfying p, +---+ pp £ p, where py=p— (p2+ -+ pn). Set

Woron = Upipypn (P11 =p— (P2t -+ Pn)),
Cpy-p (1) = (22(2))" - - - (0n(8))™",
and moreover
Z,=Woo,.0 Zr=Wo. 0 Z3=Wro. o0 -1 Zpr1=Wpo,.,o
Z,2=Wor10,.0 Zpsz=Wiro,.,0, ---» Zp1 =Wy 10,0,

Zypi2 = Wo20,.0, Zypss= Wizo,..,00 ---» Z3p=Wp220,.0,

Dy = Cop,.,0, D2=0Cro,...00 D3i=Cho,..0, ---5 Dpr1=Cpo,.. o0,
Dpir = Co0,.,00 Dpis=Cio,...0, .-y Dypy1=Cpy 0.0
Dypi2 = Co20,.,0, Doprs = Ci20,...0, ---, Di3p=0Cp220,..0

Then the above system become

Vie= Zlgjéjv Df(tk)Zj (k = 1,2,...,N).

By the definition of ax(z), we have
Dj — tS(j),

where
0=s(1) <s5(2) <--- <s(N).

Hence, choosing 1 < t; < t; < --- < ty suitably, the above system can be solvable
with respect to {Z;}. O
LEMMA 5.2. Let (n/2)(p — 1) <s. Suppose that
U, uy...,Up € LZ(Q),

then
sz - wp||_g £ C(llaaall + llzll + - - - + |lp]])”-
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PrOOF. For uy,u,...,u, € L?(Q), set

Vg = al(tk)ul + O(z(tk)uz + -+ ocp(tk)up € LZ(Q),
loell = C(lleaall + llaaall + -+ - + llasp ),
where {o;(#)} are given in [Lemma 5.1. Hence we have

v € H(Q), lvgll_, < Cllwell”

from Lemma 3.1. Owing to Lemma 5.1, we have

uiuy - u, € H%(Q)
p p
el £ €S Iofll_y < € (30, loell)” = € (30, ). O
LemMMA 5.3. Let (n/2)(p—1) <s. Then
r—1
-ty = v0n- ], < €1 (0, el + 3, hoel)”™ Fe = o
(Yug, v € L3(Q)).

Proor. We have

lurug - - up — 0102+ 0p]| g < Clluruz - - - up — V102 -+ Vpl| L2

from [Corollary, On the other hand, we have

(lmuz - - - 1y — v103 - - Up”Ll/p)z/p
= J'uluZ .. 'up — vy - vp|2/p dx

2/p
= | E G ey (U = Vk)Vka1Dk2 -+~ p| dX

< CZk J luk — Uklz/p(lull 4+ .- 4 Iupl + |vl| + 4 val)z(P_l)/P dx

5 1/p 5 (p=1)/p
< Y ([ o x) " o gl ol Iy ]

< (Xt — vl ™ (X, lhall + 3, oel)) ™
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Now we come back to the non-linear problem (Q-2), under the assumption

(E), loll, < (4ol + 3. <Bo>,,) (Vo HM())

(0 < 4 < m). Moreover, we assume (A), (0= 4 < p).

ADDITIONAL ASSUMPTION. A J-solution u of (P) for fe H ##)(Q)
satisfies

(A)y’ ”u“y' = C”f”—(;l—[l')’
Let us consider a J#-solution u € H* (Q) of non-linear problem

Au=Qu+ f in Q
(Q-2) {Bju=0 on I (jelJ)

for fe H-(»#)(Q), where (n/2)(p—1)Su—u —¢.
What is s#-solution u e H* (Q) of for f e H-(*#)(Q)? Since

(m/2)(p-1) =p—p ¢,
we have
(@Pru),..., (3% u) e L2(Q) (1Bl £ #').
Hence we have
1(0Pru) - (@* )| _ -y < C(llull, )"
from [Lemma 5.2, therefore,
o lall|_ -y S CLCull)* + (llull,)P3-
Hence we have
m ]~ & (H*+~(Q))".
Moreover, we define
O™ : H*#(Q) 30— (v, Q™) = D _ ((—=9)"v,m[4]7)
iss
and we define #-solution u e H* (Q) of for fe H-(»#)(Q) by

{u:A*w, we N
[w,0] = (Qu]~ + f~,v) (VveRN)
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THEOREM IV. Assume (E*), and (A), (0 Spu<m,0=y' < p). Then there
exists a positive number n such that there exists a -solution ue H* (Q) for
f e H-W=#)(Q), satisfying | fIl_ () -

IV is proved analogously to III, by using and
Lemma 5.3.

Appendix

In §2, we considered a generalized linear boundary value problem:

{Auzf in Q

®) Bu=0 (jeJ)onT

for fe H*(Q) (0 < u =< m), where
A= Zlvlgm a,(x)0), a,(x)e C*(Q),

BJ = Z]ﬂgl ij(X)a; (.] € J)a ij(x) € Coo(r)
(T is non-characteristic for {4, B;}).

We proved the existence of a #-solution of (P). We also proved that a -
solution of (P) satisfies Au = f in Q. Does a #-solution of (P) satisfy Bju =10
(j € J) on I'? Here, in Appendix, we will see ““yes” if orders of boundary operators
are less than m — y, that is, J = {0,1,...,m—1—pu} ie. {0,1,...,u—1} cJ*,
where

JUJ={0,1,....m—1}, J°NJ=4¢,
J*={jlm-1-jeJ}.
Relating to (P), there exist linear differential operators {#; (j=

0,1,...,m—1)} of order {;} such that I' is non-characteristic for 4 and the
following holds. The adjoint problem is defined by

A*v=g in Q
(P*) {

Biv=g; (jeJ*) onT.

THEOREM (Green’s [Theorem)). Let ueL*(Q), Au=feH*(Q) (0=
U< m), then

(@fdn)*ulr> i miry S Ul +1F1) (k=0,1,...,m—1—p)
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and
(7 0) = (u,470) = - Zjej Bjulr, Bp_1_;¥lr>
(Vve HZ'"(Q),Q;vh- =0 (jeJ")),

where n = n(x) is the unit outer normal at x on I" and

=Y @ h IA120=D2, 0005,

S0 =) <, (=0)).

Let u be a s#-solution, then u = A*w (3w € H#) satisfies

(U, A0) + Y B, B0y = (f7,0) (Ve ),

therefore, we have
(w,d*0) =(f~,0) (Yoe H™(Q), &jvlr =0 (jeJ")).
Hence, from Green’s we have

Zje.l <Bju|r’ g;t—l—jvlr> =0 (VU € Hzm(Q),g;vh_ =0 (j € J*))’

which means that Bu|r =0 (jeJ).
Hereafter, we prove Green’s Theorem| where
Q=R"=(0,0) x R* ! ={(x,»)|x>0,yeR"'}, T'={x=0}x R

The proof is composed of Lemma A.1, Lemma A.2, and Lemma A.3. We use
notations:

(1) 4= Zogjgm amj(0:), @ = Elvléj 2y (%, )(%)",

A’ = Zogj_s_m(_ax)ja'ln—j’ aJ{ = Z|V|§j(_ay)vaﬂ(x’ ),
where ap =ap =1,
(2) ue2'(R"):veDR") — (u,v), ueP'R" 1) :ve IR - (u,v),.

Let u e L2(R}). Let ve C*([0, ) x R""!) have a bounded support and let
¢ € 2(0,00), then v(x, y)g(x) € 2(R}) and
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CAu, vy = <u, A'(v$))

- Zogjgm<“’ D osks) (;c) (_ax)j_k(“r’n—j”)(“ax)k¢>
= Zogk§m<<u’ D k<i<m (i) <—ax)f""(a:,,_,v)> (—ax)"¢>

&
= ok am <t P03y (=3x) 6D
where
Py = ZOéJ’ék (r’::;c) (=0x)"7aj,  <u, Piv)y, € L'(0, 00).
Set
CAu, vy, = Zoékém(ax)k(u, Pn_ixvy, (ve H™(RL)),
then we have

Au,vpy = KAu, vy, ¢
Let fe H#(R}) be

7= Fesen e OV @ fr S L2RD)
then
Srody=3, §k§ﬂ<2k§j§ﬂ > izus (i) U (=02)T7(=8y) "), (—6x>"¢>
= Zogkgy <Fk[U]3 (_ax)k¢>xa
where
_ J j—k v
Fielo] = Zké]éﬂ Zlvléu—j<k> i (=077 (=0y) 02y,

e [olll L0, 00) = CIS -4l

Set

0Dy =D 0 creal@) Fild),
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then we have

frv8) =S 00y, 905

Hence, if Au = f holds for ue L?(R”) and f e H#(R}), it holds

(*)

> ockam(@) (<t Pmivd, = Fe) =0 in 2'(0,00) (Yo e H"(RY),

denoting Fy[v) =0 (u+1 =<k =m).

LEmMMmaA A.l.

f ZO<;S;1 Z|v|5y —j (6)’

jvy

Let ve H 2’"'(R:‘L) satisfy supp[v] = {x £ 1}. Then
(i) (0x)/<u,v), is absolutely continuous in (0,1) and

SUPg<x<1|(9x)/ <, 03, | + 1(8x) <, vyl

= C(lfall + NAN -0l

holds for 0 < j<m—1—y,
{u,v), — ®;[v] is absolutely continuous in (0,1) and

SUPg<x1|(0x)7 <, 03, — ®;[v]| < C(lluell + | Aull_ )01l

holds for m — u < j < m, where

Djfv] = —@;_1[P1v] — @j2[P2v] — - -+ — Omps[Pjm+u)

ie.

(ii) (9x)’

+ @) R o] +

D—y[v]

@41 (0]

@ p+2[V]

D, [v]

=FF[U]’

= —(I)m_”[Pl v] + (ax)F/l[v] + Fﬂ—l[v]’

Let ue L*(R}) satisfy Au= f € H*(R}), where

five L*(R™).

+ () F_jmi1[v] + F_jimlt] (m—p < j<m)

= —Op_ys1[P18] = Py[P20] + (8x)*Fulo] + (0x) Fui [v] + Fyalv],

= —(D,,,_l[Plv] - q)m_z[sz] — = (I),,,_,,[P,,v],

+ (0x) Fuv) + (0x)* Fuca [0] + -+ +

(0x)F1[v] + Fo[v].
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Proor. (i) Denoting Fy = Fi[v], set

gs = ZO§k§s(ax)k(<u’P —kv>y — Fpstk) (s=0,1,...

i.e.
go = <uav>y — Fpy

g1 = (ax)(<ua v>y - Fm) + (<u7 Plv>y - Fm—l)

g2 = (ax)2(<u, U>y — F) + (0x) (Ku, P]U>y — Fp1) + (<u, P2U>y -

Gm-1 = (8x)" " (<, 0D, — Fn) + (8x)"2(<tt, P10}, — Fonet)
+ o+ (Kty Poyvd, — Fi)
0 = (8:)"(<u, >, — F) + (8x)" " (<, P1v), — Fu_y)
+"'+(<uava>y_F0)
i.e.
go = <u,v>, — Fy
g1 = (0x)go + (Ku, P1v), — Fp1)

g2 = (0x)g1 + (u, Pyv), — Fpu-3)

gm-1 = (0x)gm-2 + ({u, P10, — F1)
0 = (0x)gm-1 + ({u, Pmv), — Fo)
From [m], we have
(0x)gm-1 = — (<, Pmp)y, — Fo),
[I<st, Pmv>y — Foll 10,1y = CUllull + LA - Nl

therefore, g,,—1 is absolutely continuous in (0,1) and it holds
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,m)
...... [0]
...... (1]
Fna)eo....

SUPy<x<1lgm-1] + 1(0x)gm-1ll 10,1y = Cllull + LA NIl -
Step by step, from [m — 1] ~[1], we have “g, is absolutely continuous in (0, 1) and

it holds
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SUPo<x<ilgs| + [1(0x)gsllro,1y = CUllull + AN Jlell (s=0,1,...,m—1)”

(i-2) Since F;,=0 (u+1 < s <m), we have

go = <y, U>y ...... @
) (6X)<ua v>y + <u) Plv>y ......
92 = (ax)2<u7 U>y + (ax)<u7 P U>y + <u, PZU>y ......

Im-p-1 = (0x)" 77 Cu, 0D, + (92) "7 u, Pro),
+-+ <, Pyyyvy, m—u— 1.
From @, we have go = {u,v),, therefore we have
{u,v),: abs. cont. in (0,1),
SUPy<xc1 [t Dy | + 11(0x) <ty 0Dl 11 0,1y = Cllull + LA )10l
therefore we have
{u, Pjv),. abs. cont. in (0,1),
SUPg<x<1|<, Pioy| + [|(0x) <ty Pvdyll 10,1y < CCllull + AN N0l o -

Now, we have

(ax)<u’ v>y =g1 — {u, Plv>y
from [1], we have

(0x)<u,v>,: abs. cont. in (0,1),
SUPo<x<t ] (0x) <tt, 03| + 11(8x) <ty 03, 10,1y S CUlll + AN 0l
therefore we have
SUPg<x<1|(8x) <, PivY, | + [|(0x) <, Pivd |l o,

= C(llull + Aol 145

Step by step, from ~, we have “(0x)°Cu,v), is absolutely continuous

in (0,1), and it holds
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SUPg.< x| (9x) "ty 03, | + 11(0) ™ <t 03, |y 1)
< C(llull + 1 I ollgs (s=0,1,...,m—p—1)7
From [m — /1], we have
(0x)"#<u, vy, — F,v]
= Gy — ((0x) "7 Cu, P1o), + -+ + (8x) <ty Prm—ypm10Dy + tty Prm_y0))),
therefore, we have
(0x)"#<u, vy, — Om_y[v]: abs. cont. in (0,1),

where
Opoylt] = Fl1].

From , we have
Gmur1 = (8x)" 7 Q0> + {(82) " <tty P10Yy — Py P10]} + Py P10]
+ (0x) ™, Povd, + - -+ (0x) <ty Pruy10),
() (Ctty Prayi0>y — Fulo]) + (<tt, Pruc10>y — Fya [0]),
therefore, we have
(0x)™** U, vy, — @p_ps1[v]: abs. cont. in (0,1),

where

Oyt [6] = By [Pr0] + (0:) Fulo] + Fuca o],

From , we have

Im-ps2 = (0x)" " u, v},
+{(0x)™* Ku, P1v), — Omy1[P10]} + @yt [P19]
+ {(8x)™#<t, P20), — ©pmy[P20]} + Oy [ P20]
+(0x)" N, P3ody, + -+ (0x) <ty Prpe10),

+ (ax)2(<u’ Pm—uv>y - F#[U]) +-+ ((ua Pm—u+2v>y - Fll—Z[v]),
therefore, we have

(8x) ™ #**<u, ), — @pm_yps2[v]: abs. cont. in (0,1),
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where
Orr—s2[0] = ~Drmosus1 [P18] — Prn [ P20] + (0x)*Fult] + (0:) Foct [8] + Fucalo].
In the same way, setting
@;[v] = —®j-1[P1] — j2[P2v] — - = Opn_y[Pjmsp]
+ () T HEL 0] + -+ + (8x) Fojsmen [v] + F_jym[v],
we have

(8x)7 <u, vy, — ®;[v]: abs. cont. in (0,1) (m—u=<j=<m). O
LemeNiz” FormuLA. Let u e L2(R”) and let ve H*™(R”?), then it holds

<(ax)ju’ U>y = <u’ (—ax)jv>y + (-i) (ax)<ua (_ax)j—lv>}’

+ (Q) (02)7<u, (=0:)20), 4+ (3) w0y, (F=0,1,...,m),
therefore it holds

(6x)j<u, U>y = <(ax)ju’ v>}’ + ({) <(ax)j—lu’ (ax)v>}’
+ (é) <(ax)f—2u, (ax)zv>y + -+ <y, (ax)jl’)y (J —0,1,... ’m)'

LEMMA A.2. Let ueL?(R}) satisfy Au= fe H*#R}). Let v(x,y)e
H?™(R?) satisfy supp(v] = {x < 1}. Then
(i) <(0x)'u,v),: abs. cont. in (0,1)

((8x) ttl 0, B(Y)Dy = <(8x) 1, B(P) D)z 0)5
SUPo<x<r|<(0x) 2,03, < C(llatll + 11 £ N0ll s s
(0 1,03y = <(8x) ] 0, (0, ¥)D,,
(0x) Ul gD -m—j172 = C(llull + 1I711-,)

for j=0,1,....m—pu—1,
(i) <(3x)'u,v), — ¥;[v]: abs. cont. in (0,1),

{<(2) 1, 0>, — Fj{o]}H o = <(9x) tl =0, 0(0, ¥)>, — '¥;[(0, »)]
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for j=m—y,...,m, where {¥;[v] (j=m—u,...,m)} are defined by
0o =Bl + (1) Bal(@nl + (§) ¥-l(@)

j Jj—m+pu
\Pm_ . .
R () L I LA L

Proor. (i) From Leibniz’ formula and Lemma All, we have
SUPg<xct [<(0x) 1, 03y | + [1(9)<(9x) 1, 03yl 10,1y = CUlull + AN )0l s
(Vo e H*™(R]),supplv] = {x < 1})
for j=0,1,...,m—pu—1. Set v(x,y) = v(0, y) + xw(x, y), then we have
{(8x)u, 03, = <(0x) 1, 0(0, ), + <(0x) 1, xw(x, ¥)),
= <(0x)u, 0(0, ), + x<(2x) 1, w(x, ).
Since there exists a map
E:H™/72(R™") 3 B (EB)(x, y) e H™(R])
satisfying supp[Ef] < {x < 1}, (EB)(0,y) = B(») and
WEBllpws; = C<BOmrj-1/2>
we have
[<(8x) tl e B(D)Dy| = IK(02) 1, EB) D, | cmol
< C(llull + NANINEBllmsse = Cleell + NS ) <BDmrj-1/2-
(ii) From LeibnizZ Formula and Lemma All, we have

<(ax)m_”u7 U>y - (Dm——,u[v]

= 100" w3, = ) = { (" )@ e,

+ (m ; ﬂ><(0x)m_”"2u, (8x) 20D, + - -+ <u, (5x)m—””>y}: abs. cont. in (0, 1),

that is,
{(0x)™ Hu, 0>, — ¥m_u[v]: abs. cont. in (0,1),
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where ¥,,_,[v] = ®p—,[v]. Next, we have

@03, = { Ol = (" T4 ) 001

= (@)™ 03, = Oyl = (" 1)

x {<(0x)" Hu, (0x)vDy — ¥m-u[(0x)v]}

~{("7 )@ tw@at, + (M4 @t @,

+ -+ <u, (ax)'”‘/‘+lu>y}: abs. cont. in (0, 1),

that is,
(8x)™ * 0>, — Won_ui1[v]: abs. cont. in (0, 1),
y u

where

Wn—pr1[v] = (Dm—_u+l [v] - (m - i‘ - I)Tm—ﬂ[(ax)v]-

In the same way, we have
(0lu,vy, — ¥;[v]: abs. cont. in (0,1),

where ¥;[v] is defined by
o) =1l + (1) ¥-al0u] + (3) B-al@

+t <j_rf;+#)‘l‘m_y[(0x)j""+”v] (J=m—p,...,m).

Now, set v(x, y) = v(0, y) + xw(x, y), then we have
{(8x) u, vy — ¥jlo] = {<(8x) 1, 0(0, »)>, — ¥j[v(0, Y)]} + x{<(8x) u, w), — ¥;[w]},
therefore we have

{<(0x) u, 0>, — ¥i[0]}H e ro = {K(0x)u,0(0, »)>, — ¥i[0(0, W Hyror O

{4/} anD {aj}. Set

Allc:: ngk(—ax)k_ja; (k:o,l,...,m),



then we have
(1)
Aj
45

and
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(=0x)* (=)

(_ax')m—Z (_ax.)m~3
\(_ax)m——l (_ax)m—Z

/ 1 1 o -
ay \ ((6x) 1

a 0 (0x)

a,/n._z O ....... 0
\a,’n_lj \ 0 ...

At/n = (_ax)ma(’) + (—ax)m—lai + e

1 0o ---
( (_ax) 1

[ 0 a
1 a;
(—0x) 1 0 a,,_»
...... (—0y) 1/ \a'_l
............ 0\ 1 \
0 ( 1
: A}
(0x) 1 A2
@) 1)\ 4

+a,=A"
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Hence we have
CAu, vy, — Cu, A0y = (0:){<0)" 4, v, + (0x)" "1, 40>, + -+ + <, Ay 10Dy}
for ue L>(R}) and ve H>"(R").

{4;} anp {P;}. From the definition of {P;}, we have

EA N ———
pl () (e 0 0 e ol| o
s (Z)(—:ax)""z ("5 ‘).(-ax)’“ (§)<—a) t o[ g
P (T)(_ax)m—l (ml—l)(_ax) 2 G)(_ax) 1} \a’/"_l

therefore
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1 0 e 0 1
P (Z B :;)(_5)‘) 1 0 e, 0 Al
P, (Z B ;) (=8.)° (Z B i) (=3 1 0 e 0 A}
Pua| | ("7 ‘):(—ax)’"‘2 ("7 2)‘<—ax)'"‘3 () (—;)” C o]
\ Pmﬁl) \(m(; 1) (o™ (m(; 2) (0)™2 e ((1)) () 1 I\ A
therefore
1N /10 e, ( \
( A} ( (Z:l;)(ax) (1) 0 e 2\ ;1
A (rr: : ;) (92)2 (:: B §) @) 1 0 e 0 P;
. ("7 lj @ ("7 Zj - () W 1 o[
4 ) | (m; 1)(ax)'"“ (m(;2) (@)™ e ((1)) @) 1|\ Pu
that is,

-1

" __ m-—1 _j i-jip.
4; = Zogjgi(m—l ) (0x) 8-

LemMa A3. Let ue L2(R}) satisfy Au= fe H*R"). Let ve H*"(R")
satisfy supp[v] = {x < 1}. Then it holds

<f~, U> - <uvA,v>

= _{{((ax)m—lu, v>y - \Pm—l [v]}|x=0 + {<(ax)m_2u’A;v>y - \Pm*z[Aiv]}lx=0
+ o+ {K000) " U, 410Dy — mulA, 0] o

+ {<(8x) " U, ALpd | o + -+ A 0Dy], 0}

where

sy =| Rl de= 3, | A0, y) dedy.



Energy method for numerical analysis 141

Especially when v|,_q = (0x)v|,ug =+ = (0:)* | _y =0, it holds

<f~a U> - <u’ A’U> = __{<(ax)m—/l~1u’ A;Ilv>ylx=0 pa <u7 Ar’n—lv>y|x:0}'

ProoF. Since
CAu, vy, — <u, 4'v),
= (0){<(@0) ™ w0y + <(0x)" 2, A0y + -+ <ty Ay 10D}
and
(Au, vy, = (f 0>, = (8x) Fufo] + (0:)" " Fumt [0] + - - + Folv],
we have
Fo[v] — <u, 4'v),
= (0:){{<(3) ™ ", 0y — W1 [0]} + {<(02)"*u, A]0>, — 2l A]0]}
+ o+ {0 u, A, 0y — Pmul4],_ 0]}
+ {0 " u, Appd, + -+ Cuy 4y, 0y}
+ {¥m-1[v] + Pm2[4]v] + - + Prmpl4,, ]}
= {(0)* 7 Fule] + (82)* P Fuca 0] + - + Fu[o]} ).
Since
D1 [V] + P2 [P10] + - - - + Dy [Pu—2] + P [Pr—19)
= (8)" T Fulo] + (8" *Fuca[t] + - - + (0x) F2[0] + Fi[0]
from the definition of {®;}, we have
Folv] — <u, A'v),
= (3:){{<(@x) ™ ", 0>, — Pt [0]} + {<(02) ", A{0>, — Pm2[A{0]}
+ o+ {K(0) ™ u, A0y — Byl _y0]}
+{<@x) " U, ), + -+ Cuy Ay, o)y}
+ {1 [t] + BaA]0] + - + P[4, 0]}

- {(I)m_l[v] + d)m_z[Plv] + -+ (Dm_'u[P _10]}}.
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From the definition of {¥;}, we have

<I>,,,_1[v] + (I)m_z[Plv] +---+ (Dm_,,[P,,_lv]

(et + ("] ) tmcal@el + (" ) aal(@r)

T ('Z: :)\Pm_#[(ax)ﬂ—lv]} + {‘Pm_z[Plv] + (’” N 2) ¥m-3[(0x) P1]

m-—2

) ¥l 2}

+ (m N 2)\11,,,_4[(0x)2P1u] 4ot (

+ -+ e[ Pu—19)]
= W1 [V] + Pm_2[A10] + Pms[A20] + - + P u[A,_10)].
Hence we have
Folv] —<u, 4'v),
= (0){{<(@0) ™, 0> — W [0]} + {<(0x) ", A]0>, — ¥pa[A]0]}
+ o+ {K(0) " U, Ay 0Dy — Pl A, 0]}
+ {<(B) ™ u, o), + -+ uy Ay, 0,}
From Lemma A.2, we have
(0> = Cu, A'v)
= —{{<(@0) " "4, 0>, = ¥[8} xmo + {<(0) " 7w, A]0Dy — Wm-2[A] 0]} g
+ o+ {K(00) " u, A, 10Dy — U p[A4, 101} cmo
+{<(00) ", Ayl emg + -+ <ty Apy 10Dy}

by integrating both sides of the above equality with respect to x in (0,1).

Especially when o|,_y = (0x)v],_0 = - - = (8x)* 'v|,.o = 0, we have

<f~a v> - <u,Alv> = _{<(aX)m_ﬂ_lu’ A;,tv>y|x=0 +-t <u’ Arln—lv>ylx=0}' O

ADJOINT BOUNDARY OPERATORS.
Adding {B; = (dx)’ (jeJ¢)} to boundary operators {B; (j €J)}, we have



Energy method for numerical analysis 143

Bm—l bm—l 0 bm—l | bm—l m—1 (ax)m_l
B> 0 bm-20 - bm-2 m-2 (85)™2
By 0 0 boo 1

where

b = bic(7,8) = 3", b (9)(@)" (b = bp(») #0).

Then we have

m—1
(0x) Cm—1 0 Cm—11 ="+ Cm—1 m—1 B,
)2 0 Cm—20 -+ """ Cm—2 m—2 Bp_»
= . )
1 0 v 0 Co0 B()

where

cik = Cik(y, 0y) = Z|v,§k cikr(¥)(8y)" (o = cpo(y) #0).
Let us define {#; (j=0,1,...,m—1)} by

/,%'(’,\ ((Cmqo)/ 0 eeeeeen 0 \( 1 \

B (em-11) (em-20) 0 0 A
"2 (em-1 m-2)" (em—2m-3)" -+ (cr0)’ O Ay s
\ ) \(enrmr) (emama) oo (co0)’ ) \ 4, )

where

Here we have

(0x)™! 1 B, _1 B,
(65)™2 Ay Bp> B
u, Uy = < . u, U>y
1 Ay Bo B
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Since J < {0,1,...,m — 1 — u}, the above equalities are specialized as follows.
((Bur ) \ [ @
B3 1 0 (85)™2
Bm—/l _ (ax)m—-,u
Bm—y—l B bm—/z—l o T bm—,u—l m—u—1 (ax)m_”—] ’
By 0 0 bu-p-20 ° bmyp-2 mp-2 (ax)m_ﬂ_z
\ Bo / \ 0  -ee--- 0 boo ) \ 1 )

(@ \ [ Bur )

(85)™2 1 0 B>
(8x)"7* _ By
(6x)m_ﬂ—; Cm—p—-10 oovenn Cm—p—1 m—pu—1 y; S—— ,
(0x)™7H" 0 0 Cm—p-2 0 Cm—p-2 m—p-2 By

\ 1 ) \ 0 eee- 0 €00 ) \ By )

AE 0 p
'@,u (cm—,u——l 0), 0 A 0 A/‘
/
'@/H-l 0 (cm—,u—l ]) (cm——,u—20) 0. 0 A/,1+l
\'@'In—lj \ (Cm—,u—l m—y—l), (Cm_#_z M—p—Z), e (COO),) \AI _1)

Here we remark that #; = 4] (j=0,1,...,u—1).
Now we have from Lemma A.3, which means Green’s
(@ =R}), where #; = %,.

CorOLLARY. Let ue L*(R}) satisfy Au= f e H#{R}). Let ve H™(R")
satisfy supp[v] = {x < 1}. Then it holds
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<f~,U> - <u7Alv>
= —{{<(8)" 4, vy, — W1 [1]}H oo + {<(8)" 2w, A[0>, — ¥rma[A]0]}H o

+ o+ {K0x) " u, A, 10Dy — YmeulA, 0] o
+ {<Bm—p-1%, B,0) | 1o + - - - + {Bott, Bp,_10D) |0} }-
Especially when v| _y = (8,)v],_g = -+ = (0x)* 'v|,_y = 0, it holds
o) —Lu,A'v) = —{<Bm—u—1u, g;/;v>y|x:0 + -+ + {Bou, ’ggr,n—lv>y|x=0}7

that is, it holds

S0y = Aoy ==3  (Bjlyg, Bpu_1_vle0dys
lf '%J{vl.XZO =0 (.] € J*)
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