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CR-SUBMANIFOLDS IN COMPLEX HYPERBOLIC SPACES
SATISFYING AN EQUALITY OF CHEN

By

Tooru SASAHARA

1. Introduction

Recently, Bang-Yen Chen has introduced new type of Riemannian curvature
invariants and obtained sharp inequalities involving these invariants for arbitrary
submanifolds in Riemannian and Kaehlerian space forms. It is natural and
interesting to investigate and understand submanifolds which satisfy the equality
case of this type of inequalities, and such submanifolds have been investigated
by many geometers (cf. for instance, [2-6, 8—10, 12-16]). In this paper, we
investigate CR-submanifolds of complex hyperbolic spaces which satisfy the
equality case of one of Chen’s inequalities.

Let M be an n-dimensional Riemannian manifold. Denote by K(n) the
sectional curvature of M associated with a plane section n < T,M,pe M. For
any orthonormal basis ey,...,e, of the tangent space T, M, the scalar curvature 7
at p is defined to be

(L.1) w(p) = 3 Klei A &),

i<j

Let L be a subspace of T,M of dimension r>2 and {ej,...,e} an
orthonormal basis of L. We define the scalar curvature t(L) of the r-plane section
L by

(1.2) t(L) =) Klexnep), 1<o,f<r

a<p

For an integer k > 0, denote by & (n, k) the finite set consisting of unordered
k-tuples (mj,...,n;) of integers >2 satisfying ny <n and n +---+n <n.
Denote by #(n) the set of k-tuples with & > 0 for a fixed n.
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For each k-tuple (ny,...,n) € S (n), Chen’s curvature invariant o(ny, ..., ny)
introduced in [4,5,6] are given by

o(n, ..., me)(p) = =(p) —inf{z(L1) +--- + (L)},

where L,...,L; run over all £ mutually orthogonal subspaces of T,M such that
diij = nj, j= 1,...,k.

Let M be a submanifold in a Kaehler manifold M. A subspace V < T,M is
called totally real if JV < Tle , where T,M and Tle denote the tangent space
and the normal space of M at p, respectively. A submanifold M of M is called a
CR-submanifold if there exists on M a differentiable holomorphic distribution &
such that its orthogonal complement 9+ = TM is a totally real distribution [1].

For a (2n+ 1)-dimensional CR-submanifolds with 2n-dimensional maximal
holomorphic tangent subspace (i.e, dim 2+ = 1) in complex hyperbolic m-space
CH"™(—4) of constant holomorphic sectional curvature —4, we have the following
sharp inequality involving the intrinsic invariant &y :=J(2,...,2) (2 appears k
times) and the squared mean curvature ([5, 6]):

(2n+1)*(2n — k)
(1.3) % S P 1= k)

where H? denotes the squared mean curvature.
Let M be a real 2n-dimensional Kaehler manifold. For a k-tuple

(2ny1,...,2n) € £(2n), Chen has also introduced the complex J-invariants
0‘(2ny,...,2n;) by

o°(2ny, ..., 2n) = v —inf{t(L{) + - + 7(L{)},

H? - 2(n* +n—k),

where L{,...,L{ run over all k mutually orthogonal complex subspaces of T,M,
p € M, with dimensions 2ny,...,2n;, respectively.

For J; :=6°(2,...,2) (2 appears n times) of a 2n-dimensional Kaehler sub-
manifold in the complex Euclidean space, we have the following result from [5].

(1.4) 6, <0.

It was proved in [5] that a real hypersurface of a complex hyperbolic (n + 1)-
space CH""!(—4) satisfies the equality case of if and only if the real
hypersurface is an open portion of a tubular hypersurface of radius r € R, over a
totally geodesic CH"?(—4)(n+1 is odd, k =n) or an open portion of a
horosphere in CH"!(—4).

B. Y. Chen and L. Vrancken has completely classified in 3-dimensional
CR-submanifolds of complex hyperbolic spaces which satisfy the equality case of

for n=1 and k = 1.
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A submanifold is said to be linearly full in CH™(—4) if it does not lie in any
totally geodesic complex hypersurface of CH™(—4).

In this paper, in case m >n+ 1, we investigate linearly full (2n+ 1)-
dimensional CR-submanifolds with dim 2+ =1 in CH™(—4) which satisfy the
equality case of [1.3). Then we obtain k = n. We are able to establish the explicit
representation of such submanifolds in an anti-de Sitter space-time via Hopf’s
fibration, in terms of Kaehler submanifolds of the complex Euclidean (m — 1)-
space C™~! which satisfy the equality case of (1.4). Our result is a generalization
of Chen and Vrancken’s result with n =1 and k =1 ([(12]). In case m =n+2 we
completely classify such submanifolds.

In section 2, we provide some fundamental equations on pseudo-Riemannian
submanifolds. In section 3, we present our main theorem. In section 4, we present
the sharp, general inequalities which relate the Chen invariants to the squared
mean curvature for submanifolds in Riemannian and Kaehlerian space forms. In
section 5, we present the inequality for (2xn + 1)-dimensional CR-submanifolds
with dim2+ =1 in CH™(—4), and give necessary conditions for the CR-
submanifolds to satisfy the equality case of the inequality. In the last section, we
provide the proof of our main theorem.

2. Preliminaries

Let M be a pseudo-Riemannian manifold equipped with a pseudo-
Riemannian metric §. Denote by V the metric connection of M and by <, the
inner product induced from the metric §. A tangent vector X to M is called
space-like (respectively, light-like or time-like) if (X,X)> >0 or X =0 (respec-
tively, if (X, X)>=0 and X #0 or if (X,X) <0).

Let M be an n-dimensional submanifold of M. If the metric tensor of M
induces a pseudo-Riemannian metric (respectively, Riemannian metric) on M,
then M is called a pseudo-Riemannian (respectively, Riemannian) submanifold of
M. Let V denote the metric connection on M with respect to the induced metric.

For vector fields X, Y tangent to the submanifold, we have the equation of
Gauss:

(2.1) VxY =VyY +h(X,Y),

where 4 is the second fundamental form of M in M. The mean curvature vector
H of the immersion is given by H = 1 /n trace h. A submanifold is said to be
minimal if its mean curvature vector vanishes identically. Denote by D the linear
connection induced on the normal bundle 7+ M of M in M. For each vector field
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¢ normal to M, the Weingarten formula is given by
(2.2) Vyé = —A4:X + Dyé,

where A is the shape operator. It is well-known that the second fundamental form
and the shape operator are related by <h(X,Y),&) = {4:X,Y).

Denote by R and R the Riemann curvature tensors of M of M, respectively,
and by RP? the curvature tensor of the normal connection D. Then the equation
of Gauss and Ricci are given respectively by

(2.3) RX,Y;Z,W)=R(X,Y;Z W)+ h(X,W),h(Y,Z)>
—<h(X,2Z),h(Y, W),
(2.4) RP(X,Y;&n) = R(X, Y;&n) + (A, 4,)(X), ¥

for vectors X, Y,Z, W tangent to M and &,7 normal to M.
For the second fundamental form A, we define the covariant derivative VA of
h with respect to the connection on TM @ T*M by

(2.5) (Vxh)(Y,Z) = Dx(h(Y,Z)) — h(Vx Y,Z) — h(Y,VxZ).
The equation of Codazzi is given by
(2.6) (R(X, Y)Z)* = (Vxh)(Y,Z) - (Vrh)(X, Z).

The Riemann curvature tensor of a complex space form M (4¢) of constant
holomorphic sectional curvature 4¢ takes the form:

27)  RX,Y)Z=¢e{Y,ZYX —<X,ZYY + (JY,ZYJX — JX,ZDJY
+2{X,TYYIZ},

where J denotes the almost complex structure of M (4e).

3. Statement of Main Theorem

Consider the complex number (m + 1)-space C"*! endowed with the pseudo-
Euclidean metric go given by (for the details, cf. [11, 17])

(3.1) go = —dzodZo + Y _ dz;dz;,
j=1

where Z; denotes the complex conjugate of z.
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On C7"*!' we define

(3.2) (z,w) = —zoWo + szv—vk.
=1
Put
(3.3) HM™ 1 (=1)={z=(20.21..... Zm) € CP 2 (2,2) = —1},

Then H?™*!(~1) is a real hypersurface of C™"' whose tangent space at ze
HP1(—1) is given by T,H?"*1(-1) = {we C™"! :Re(z,w) = 0}. It is known
that H}™*!(—1) together with the induced metric g is a pseudo-Riemannian
manifold of constant sectional curvature —1, which is known as an anti-de Sitter
space time.

We put

Hl ={AeC:il=1}.

Then we have an H|-action on H{™*!(—1) given by z+— iz. At each point z
in H?*1(—1), the vector iz is tangent to the flow of the action. Since (,) is
Hermitian, we have (iz,iz) = —1. Note that the orbit is given by x(¢) = ez and
dx(t)/dt = ix(t). Thus the orbit lies in the negative definite plane spanned by z
and iz. The quotient space H?™*!'/_, under the identification induced from the
action, is the complex hyperbolic space CH™(—4) with constant holomorphic
sectional curvature —4. The almost complex structure J on CH™(—4) is induced
from the canonical almost complex structure J on CJ**!, the multiplication by i,
via the totally geodesic fibration:

(3.4) n: HM(—1) - CH™(-4).

The main result of this paper is the following.

MAIN THEOREM. Let U be a domain of C" and ¥ : U — C™ ' be a hol-
omorphic isometric immersion in C™ ™ satisfying the equality case of (1.4). Define
z:RPx U— C™! by

1 .
(3.5) z(u, t,wy, .., Wy) = (—1 ~%|‘I’|2 + iu,—zl‘I’l2 + iu, lI’)e”.

Then (z,z) = —1 and the image z(R* x U) in H™'! is invariant under the group
action of H]. Moreover the quotient space z(R* x U)/_ is a (2n + 1)-dimensional
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CR-submanifold with dim 2+ = 1 of CH™(—4) which satisfies the equality case of
(1.3) for k =n.

Conversely, in case m > n—+ 1, up to rigid motions of CH™(—4), every linearly
full (2n + 1)-dimensional CR-submanifold with dim 2+ = 1 of CH™(—4) satisfying
the equality of (1.3) is obtained in such way with k = n.

4. Some Inequalities

Let M be a submanifold of an m-dimensional Kaehlerian space form M ™(4e)
with constant holomorphic sectional curvature 4¢. For any vector X tangent to M
we put JX = PX + FX, where PX and FX are tangential and normal com-
ponents of JX, respectively. For a subspace L = T,M of dimension r we put

W(L)= > <(Pu,u)’.

I<i<j<r

where {uj,...,u,} is an orthonormal basis of L. W¥(L) is an well-defined number
which is independent of the choice of the orthonormal basis {u,...,u}.

For each (ny,...,n) € F(n), let c(n,...,ni) and b(ny,...,n;) denote the
constants given by

nt(n+k—1-3n)

(4.1 c(nyy ..., ng) = k=S
k

(4.2) b(nl,...,nk):%<n(n—1)—2nj(nj—1)).
j=1

We also need the following results from [4, 5]

LemMA 4.1 (General Inequalities). Given an n-dimensional submanifold M in
a Kaehlerian space form M™(4e), we have

(43) -

M~

3
(L) < clny,...,m)H? +b(ny, ... m)e+ 5 IPl1%e — 3¢ > " W(Li)

1

k
i=1 i=

for any k-tuple (ny,...,n;) € ¥£(n). The equality case of inequality (4.3) holds at a
point p € M if and only if, there exists an orthonormal basis e, . .., ey, at p, such
that

(@) L; = Span{en, +..4n_+1,- - ,e,,,+:.+,,j},

(b) the shape operators of M in M™(4¢) at p take the following forms:
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FAI’ .0 0 --- 0

0O .- A 0 --- 0
4.4 A, = g :
(4.4) 0O -~ 0 4 - 0

0 - 0 0 - g

r=n+1,...,2m,
where A, := A, and each Aj' is a symmetric n; X n; submatrix such that
4.5) trace(A]) = - - - = trace(4;) = K,

PROPOSITION 4.2. Let M be a (real) 2n-dimensional Kaehler submanifold of
a Kaehlerian space form M™(4¢). Then, for any k-tuple (2ny, ..., 2n;) € ¥(2n), the
complex d-invariant 6°(2ny,...,2n;) satisfies

(4.6) 0°(2ny, ..., 2m) <2 (n(n +1)— Ek:nj(nj + 1))8.
j=1

The equality case of inequality (4.6) holds at a point p € M if and only if, there
exists an orthonormal basis ey, ..., ey, at p, such that ey, ..., e, are tangent to M
and ey = Jey_1 (1 <1 < k) and the shape operators of M in M " (4¢) at p take the
Sfollowing forms:

C Al 0 0 07

47) d = 0 -~ A4 0 --- 0 |
0O --- 0 0 --- 0

0 0 0 0]

r=2n+1,...,2m,

where each A] is a symmetric (2n;) x (2n;) submatrix with zero trace.

By the property of the second fundamental form of a Kaehler submanifold
of a Kaehler manifold (cf. [18]) we have the following Proposition.
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PROPOSITION 4.3.  Every Kaehler hypersurface of M""!(4¢) satisfies

0¢ = 2(n® +n— 2k)e.

PrROOF. Let M be a Kaehler hypersurface in M"*'(4e). Since JAz,y =
—As41J, at each point p of M, we can choose an orthonormal basis ey, Jey, ...,
en,Je, of T,(M) with respect to which the shape operator A, is of the
following form:

o 0
— A
(4.8) Aopy1 = KR )

An
0 =

It is well known that the shape operators of M satisfy
(4.9) Ajey,,, = JA2n41.-

From and (4.9), we have

[0 A 07
A O
(4'10) Aj€2n+| =
0 A,
[ 0 In O]

It follows from (4.8), (4.10) and [Proposition 4.2 that M satisfies the equality case
of for a n-tuple (2,...,2) € ¥(2n). d

5. Some Lemmas
First we recall the following result on CR-submanifolds from [7].
LEMMA 5.1. Let M be a CR-submanifold of a Kaehler manifold M. Denote

by T*M = J2* @ v the orthogonal decomposition of the normal bundle, where 2+
is the totally real distribution and v a complex subbundle of T-M. We have

(51) <VUZ7X>= <J(AJZU)7X>a
(5.2) AzzW = A;wZ,
(5.3) AjeX = —-A:JX,
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for vector fields Z, W in @+, & in v, U in TM and vector field X in the holomorphic
distribution 9.

We also need the following result using

LEMMA 52. Let x: M — CH™(—4) be a (2n+ 1)-dimensional CR-
submanifold with dim 2+ = 1. Then

2n+1)*(2n — k)
22n+1—k)

(5.4) Sk < H? = 2(n*+n—2k)

Equality sign of (5.4) holds for some k if and only if, there exists an
orthonormal basis ey, ... ey, at p, such that ey,..., ey are tangent to M and
e;=Jey_1 (1 <1<k) and the shape operators of M in M "(4¢) at p take the
following forms:

[A] 0 0 0]

0O --- AT 0 .- 0
5.5 A, = k ,
(55) 0O --- 0 u --- 0

0 -« 0 0 - u

r=2n+2,...,m,
where each A] is a symmetric 2 x 2 submatrix such that

(5.6) trace(A]) = - - - = trace(A4y) = u,.
ProOOF. For mutually orthonormal plane sections L,...,L;, we have

k
1P||* -2 Z‘P(Lj) > 2n — 2k,

j=1
with equality holding if and only if L;,...,L; are complex planes. Combining
this and (4.3) yields [5.4). O

We also need the following lemmas.

LemMmA 5.3. Let x: M — CH™(—4) be a (2n+ 1)-dimensional CR-
submanifold with dim @+ = 1. If M satisfies the equality case of (5.4), then the
mean curvature vector H lies in JOv.
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ProoOF. If m = n+ 1, there is nothing to prove. So, we assume m > n+ 1.
Hence, there is a complex subbundle v of the normal bundle perpendicular to
J2* such that T*M =J2* @ v. Let {e},..., e} be an orthonormal frame field
on M mentioned in [Lemma 5.2. Then from for a nonzero vector field & € v,

(Ager,e1) + {AgJer, Jey) = {AjeJer,e1) — (Ajcer,Jer) = 0.

Therefore the mean curvature vector H lies in J2*. O

LEMMA 54. Let x: M — CH™(—4) be a linearly full (2n+ 1)-dimensional
CR-submanifold with dim 2+ = 1. If m > n+ 1 and M satisfies the equality case
of (5.4), then k =n and, with respect to some suitable orthonormal frame field
{e1,...,eam}, the second fundamental form of M in CH™(—4) satisfies

h(ezr—1,e2-1) = Jeant1 + 6,5, hlexr, €2r) = Jerni1 — L,
(57) h(le—l,ep) =0, h(eZMeq) =0, h(32r—l,e2r) = ¢rJéra

h(er,em+1) =0, h(et1,e241) = 2Je2n41,

wherer=1,...,n,1=1,...,2n and p,q ¢ {2r — 1,2r} and ¢, are functions and ¢,
are in v.

ProoF. Let {ey,...,eun} be an orthonormal frame field on M mentioned
in such that e,,., is parallel to the mean curvature vector field and
{e1,...,em+1} diagonalize the shape operator A,,>. Under the hypothesis, we
have H e J2' according to Lemma 5.3. Without loss of generality we may
assume that Jey,.| = €42, and moreover lemma 5.2 implies A(X,e+1) e J2t
for any X tangent to M. Hence, using

— A2 X + Dx(Jeas1) = Vx(Jems1) = J (Vxeams) + Jh(X, e2n11),

we obtain Dy (Jezy1) € JZL for any X € TM. Since J2* is of rank one and
Jeyu+1 is of unit length, this yields D(Jea+1) = 0. Thus, Jey,y is a parallel
normal vector field. The Coddazi equation yields

(5.8) (R(X,Y)Z,Jermi1) = {(VxAzmi2)Y — (VyAmi2)X,Z)

for X, Y,Z tangent to M.
On the other hand, since

RX,Y)Z = —(Y,Z5X +{X,Z)Y — {(JY,ZYIX + {JX,Z)JY
+ 22X, YYIZ,
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becomes
(5.9) (VxAzi2)Y — (VyAoni2) X = —(X,e11)PY + (Y, e 1 )PX

+ 2{PX, Y )erm1.

‘Next, by differentiating J(Jez,11) = —ez,+1 covariantly and by comparing the
tangential and normal parts, we get

(510) VXe2n+1 = PA2n+2X.

Further, by differentiating Az,i2€2n+1 = Mo, 2€2441 coOvariantly and using

we obtain

(VxAons2)(eam+1) + Aony2PArni2X = (Xtpyy5)€2n41 + Mopyioa PAsni2 X
and hence,
AVxAmi2) Y, em1) + {Amp2PAom2 X, YD
= (Xtioni2)<€mi1, Y + pop 2 (P A2 X, Y ).
Thus
{(VxAami2) Y, em1) — {(VyAmi2) X, eni1) + 2{Am+2PA2n12X, Y )
= (Xtiani2)<€m+1, Y — (Yiouya)<eoms1, XD
+ toni2SPAm2 X, Y ) — oy 2 (P A2 Y, X ).
This and (5.9) yield
(5.11) WUPX,Y> + 2{ Apns2PAsmia X, YD
= (Xtgni2)<ent1, YD — (Yui2)<€2mt1, X
+ toni2{PAm+2 X, Y — pop 2P A2 ¥, XD,
We assume that k < n. Then we have
Azni2€0n-1 = Uppin€n—1, Amy2Jern_1 = Uy, rJ€2n 1.

By choosing X =ey,_1, Y = Jey,—1, We have 2+2u2, , =243 . This is a
contradiction. Therefore, k = n.
On the other hand by the equation (2.7), we have

(5.12) R(X,Y;Jerns1,¢) = RP(X, YiJezi1, &) =0
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by virtue of D(Jes,;1) = 0. Hence, the equation of Ricci yields [Aye,,,, AE] =0
for any £ ev. We put Ayyre—1 = akex—1, Amraten—1 = PrJex—1.
If ay # B, for any k (k=1,...,n), the shape operators take the following

forms:
¥ 0]
-7
(5.13) A, = K ,
Vn
—¥n
r=2n+3,...,2m.

Then, for any &ev, yields Ajzex-; = —AzJex-1. Combining this with
we have Ay,,3 = --- = Ay, = 0. Since Jey,4) 1s a parallel normal vector

field, this implies that M is contained in a totally geodesic complex hyperbolic
space CH"''(—4) of CH™(—4). This is a contradiction. Hence, there exist
orthonormal vectors {ex_i1,Jex—1} such that ox =f;,. Then by choosing
X =ex_1, Y = Jey_, from (5.11) we have

2+ 20(,3 = zakﬂ2n+2,

20 = Uypy2-

Replace ez,+1 by —ez,i if necessary, we have ax =1, u,,,, = 2. If there exist
orthonormal vectors {ey_;,Je—1} such that o; # B;, by choosing X = ey, ¥ =
Jeyi_1, we have

2+ 2ajﬂj = 2(O(j + :Bj)’
Hence, we have o; =f; =1. This is a contradiction. Therefore, for any k
(k=l,...,n), ak:ﬂkzlandﬂ2n+2:2. O
6. Proof of the Main Theorem

Let U be a domain of C" and ¥ : U — C™ ! be a holomorphic isometric
immersion in C™! satisfying the equality case of [1.4). Define z: R* x U —
Ccrt! by

1 1 .
(6.1) z(U t, Wi, . Wy) = (—1 - §|‘I’|2 + iu, ——2-|‘P|2 + iu,‘P)e”.
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Then {z,z) = —1. Thus, the image z(R? x U) of R? x U under z is contained in
the anti-de Sitter space time HZ"!(-1).
Let (wy,...,wy) = (x1 +iy,,...,Xn + iy,) denote the standard coordinates of
U< C™ !, Then
0 0 0 0 .0 .0

(62) ox,  ow,  ow, =

) Y

3y, ow, 'ow,

where r = 1,..;,n.
We obtain from and that

z, = (i,i,0)e", z, = iz,

1 /0¥ - 0¥ 1
e ()

Wy
6.3 1 - ¥ j - :
(6.3) Zyrz(_i<0‘P‘P_\P6‘P),_1((')"P\I’_‘P@‘I’)’i&_‘l’)e”’

2 \ ow, ow,
Zyuy = 0, Zur = 12y, Zux, = Zuy, = 0,

Zn = =2, Zi, = 1Zx, Ziy, = 12y,

Let Ej,...,E;, be an orthonormal basis of U mentioned in [Proposition 4.3
for an n-tuple (2,...,2) € ¥(2n) such that E; =iE; | (r=1,...,n). Here we
put

Ep = Ele" + (E[,¥)izy, k=1,...,2n

(64) E2n+l =2+ 2y,
Erpynr = z;.
Then E,...,E,, are orthonormal tangent vector fields such that E,, = iEj,_;
(r=1,...,n) and iEy,.1,iE»,,» are normal vector fields.
If we put
n
(6.5) E{ =Y (fizn +6:290),
r=1
then from (6.4) we have
. _
_ S (0¥ < lih 4
(6.6) E, = ; {f,zxr + 9,2y, + E-l aw,\P — ‘Pé;r Zy

gr (0¥ - 0¥
E(awr\P+\P0_w; Zy ¢,
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where f, and g, are functions. By virtue of [6.6), the second fundamental form &
of z(R? x U) in C[""' satisfies

. - 1 - . - .
6.7)  h(Ex, E) = (Vg E))* = ~5(VeE, (=1,1,0,...,0))iz, + (Ve Ef)*e"

where k,/ = 1,...,2n and {---}* denotes the normal component of {---} and V is
the standard covariant differential in C}"*'.

From (6.3), [6.4), [6.6), (6.7) and Proposition 4.3 for an n-tuple (2,...,2) €
F(2n) we have

h(Ey_1, Esr_1) + h(Eay, Ex) € Span{iEz.2 — iEzni1},

h(Ey_1, E,) € Span{iEzns2 — iEzns1},
(6.8)

h(Eyr, E;) € Span{iEany2 — iEpni1},

h(E}, Esni1) =0, h(E1, Eanp1) = 2iEsni1 — iEani2

where r=1,...,n, I =1,...,2n and p,q ¢ {2r — 1,2r}.
On the other hand, from (6.3)-(6.7) we have

Ch(Eap—1y Ezr1)yiEgni1 ) = 1, <h(Ear_1, Ezr 1), iEsni2) = 1,
Ch(Eary Ezy)yiEanity = 1, <h(Ea, Ey),iEaia) = 1,
<il(E2r—l [} Ep)? iE2n+1> = O’ <il(E2r—-1 ) Ep)a iE2n+2> = 03

Ch(Eary Ey), iEgni1) =0,  <h(Ea, Ey),iEzni2) =0,

(6.9)

where r=1,...,n and p,q ¢ {2r — 1,2r}.
Therefore, we have

h(Ey -1, Ep) =0,

];(EZM Eq) =0,
(6.10) 3 )
h(Ez—1, Ear—1) = iEani1 — iEony2 + 9,6,
h(Ea, Ez) = iEns1 — iEania — $,5,,
where r=1,...,n, p,q¢ {2r — 1,2r} and ¢, are functions and &, are unit normal

vector fields perpendicular to iE,,,iE>,+2. Moreover, from (6.7) and (6.10), we
have

(610,) il(EZr—lvEZr) = ¢ri5r'



CR-submanifolds in complex hyperbolic spaces 579

Since iz is always tangent to z(R? x U), the image z(R? x U) in H™1(-1) is
invariant under the group action of H|. Hence, z(R*> x U) is projectable via the
Hopf’s fibration # : HZ"*!(—1) — CH™(—4). It is known that the Hopf fibration
7 is a Riemannian submersion. The image 7(z(R? x U)) is a (2n + 1)-dimensional
CR-submanifold of CH™(—4) whose holomorphic distribution 2 is spanned by
n.(E1),...,n.(Ey,) and whose totally real distribution 2 is spanned by
T (Eony1).

It follows from (6.8), (6.10) and (6.10’) that the second fundamental form A
of n(z(R* x U)) in CH™(—4) satisfies

h(ey-1,ex-1) = Jemi1 + @,&.,  h(ex, ex) = Jeai1 — 9,5,
(611) h(le—lyep) =0, h(e, eq) =0, h(exy-1, le) = ¢,J¢&,,
h(er,ens1) =0, h(emt1,emi1) = 2Jemi1,

where r=1,...,n,1=1,...,2nand p,q¢ {2r — 1,2r} and ¢, = n*(f,) are normal
vector field perpendicular to Jeui1, e; = me(E1),. .., e = n.(E>,). Therefore, by
applying [Lemma 5.2 we conclude that the (2n + 1)-dimensional CR-submanifold
n(z(R* x U)) in CH™(—4) satisfies the equality case of (5.4).

Conversely, we suppose that M is a (2n + 1)-dimensional CR-submanifold
of CH™(—4) with dim 2+ =1 which satisfies the equality case of (5.4). Then,
with respect to some suitable orthonormal frame field {e,..., e}, the second
fundamental form satisfy [5.7).

Let M =7n~'(M) denote the inverse image of M via the Hopf fibration
n: H¥' — CH™(—4). Then M is a principal circle bundle over M with time-
like totally geodesic fibers. Let z: M — H2"*!(—1) = C"! denote the immer-
sion of M in C{"™"'. Let V and V denote the metric connections of C"*! and
HX™ (1), respectively. We denote by X* the horizontal lift of a tangent vector
X of CH™(—4). Then we have (cf. [11, 17])

(6.12) Vi Y* = (VxY) 4+ (h(X,Y))" + JX, YDV + <X, YDz,
(6.13) ViV =VpX*=(JX)",
(6.14) ViV =—z,

for vector fields X,Y tangent to M, where z is the position vector of M in C 12m+1
and V =iz e T,HI ' (-1).

Let E1, ..., Est1, &) be the horizontal lifts of ey, .. ., ex11, &,, respectively and
let E5,.» = iz, and let {a),f } be connection forms of M. Then, in same say as [12],
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from (5.1), [6.12) [(6.13) and (6.14), we obtain

2n
(6.15) Ve, \Ey-1 = Zwé,_l(Ezr—l)Ej + iEoni1 + ¢, — iEona,
=
-~ 2” .
(6'16) VEz,_|E2r = Z wér(E?-r—l)E} - E2n+l + i¢ré: + E2n+2’
=1
~ 2” .
(6.17) VEZ,EZr——l = Za)ér_l(EZr)Ej + E2n+l + i¢ré: - E2n+27
i=1
~ 2" .
(6.18) Ve, En =Y 0 (Exy)Ej + iEans1 — $,& — iEans2,
=1
(6.19) Ve, Eant1 = Eay,
(6.20) Ve, Emi1 = —Ex 1,
(6.21) Vi, En+1 = 2iEpni1 — iEopya,
(6.22) Vi, Eani2 = Vi, Ezr-1 = Ea,
(623) 6Ez,E27H-2 = 6E2,,+2E2r = _E2r—l,
(624) sz,,+,E2n+2 = sz,,+2E2n+1 = iE2n+l,
(6.25) 6E2,,+2E2n+2 = iEwmy2,
(6.26) Ve, Epy Vi Ex-t, Vi, Eq, Vg,Ear € Span{Ey, ..., Ew},

where r=1,...,n and p,q ¢ {2r — 1,2r}.

It follows from [6.16), and (6.19)-(6.25) that the distribution 2,
spanned by E\,..., Ey,, Eamy1 — Eaqy2 is integrable. The distribution 2, spanned
by E,.y is clearly integrable, since it is of rank one. Hence, there exist
coordinates {s,,xy, yy,---,%n, Y} such that 8/0s,0/dx,,...,0/0dy, are tangent to
integral submanifolds of 2i,0/0s = Exnt1 — Eant2 and 0/0t = Eopyy.

Applying (6.19)-(6.25), we get

Ve (Ems1 — Eni2) = -+ = Ve, (Eani1 — Ezni2)

= VEp1—Epiz (Ent1 — Eany2) = 0.

Hence, along each integral submanifold of 2|, Z =: Ez,y1 — Eza42 is a constant
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light-like vector in C}"*'. Moreover, from [6.21) and [6.24), we have Vg,  Z =
iZ. Since Ej,q1 = 0/0t, we get 0Z/dt =iZ. Solving this differential equation
yields

Z=e"Zy, on M,

where Z, is a light-like constant vector. Without loss of generality, we may
assume Zo = (i,,0,...,0) e C7"".

Let M; be an integral submanifold of 2;. Without loss of generality, we may
assume that M is defined by ¢ = 0. Then in the same way as [12], we can write

2(5,0,wi,...,wy) = f(s,w1,...,wn)(,,0,...,0) + ¢(1,-1,0,...,0)
+ (0,0, ¥1(Wiy. .. sWn) oo, o1 (Wi, ... wp)),

where c is a constant determined by the initial conditions and w, = x, + iy,, and
f,¥1,...,¥,_1 are functions.

Let M, be an integral submanifold of 2; and Let y denote the map which
is the projection of z : M; — C*! onto the complex Euclidean (m — 1)-subspace
cm! spanned by the last m — 1 standard coordinate vectors &3, ..., &,+1 of C{"“.

In the same way as [12], we have

(6.27)
1
Z(8S, 5, W1,...,Wy) = (C+ZZ(1 + |¥)?) +i(s+t+k(w1,...,w,,)>,

1 .
- C+%(l + |\P'2) —+—i(s+t+k(W1,...,Wn)),\P(Wl,.-.,Wn))e”,

where k(wy,...,w,) is a real valued function. Moreover W (wy,...,w,) : Y(M;) —
C™ ! is a holomorphic isometric immersion. Since orthonormal tangent vector
fields Ey,..., Es, lie in Span{zy,,z,,,...,2x,,2,,,2s}, We have

N 1 - . .
(6.28) Vg E = —-5 (VEkEl, (—1, 1,0,... ,0))125 + Vn/z*(Ek)lp*(EI),

where k,/=1,...,2n.
From (6.15), (6.18), and we have

Vo B )W (E2r1) + Vy ()W (E2r) € Span{y(E1), ..., ¥,(Ea)},
(629) vlP,.<(E2,_1)|/1>i= (EP) € Span{l//*(El)s SRR w* (EZn)}’

6l//,,(Ez,)‘//* (Eq) € Span{w* (El)a CI) l//*(EZM)})

where r=1,...,n and p,q ¢ {2r — 1,2r}.
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It follows from that the second fundamental form 4’ of Y(M;) in C™"
satisfies

B (Y. (Ex-1),¥.(Ex_1)) + h' (Y (Ex), ¥, (Ex)) = 0,

(630) hl(l//* (E2k—l)a l//*(EP) = 07
h (. (Ex), ¥.(Eg)) =0,

where r = 1,...,n and p,q ¢ {2r — 1,2r}. [Proposition 4.3| and [6.30) implies that
W (M,) satisfies the equality case of (1.4). If we regard s+ ¢+ k(w) as a new
variable and denote it by u, then (6.27) yields

1
(6.31) (S, W, ... W) = (c+4—c(1+|‘1’|2)+ui,

1 .
—~c+ %(1 + ¥ + ui,‘P(w))e”.

By choosing the initial conditions z(0,0,0,...,0) = (—1,0,...,0), we obtain from
that ¢ = —1/2. Consequently, we obtain from (6.31). This completes
the proof of theorem.

Finally, for m = n + 2, we have the following corollary to the main theorem
using Proposition 4.4.

COROLLARY 6.1. Let U be a domain of C" and ¥ : U — C"*! be a holo-
morphic isometric immersion in C""'. Define z: R*> x U — CI""? by

1 1 4
(6.32) z(u, t,wy, ..., wy) = (——1 —-§|‘P|2 —f—iu,—§|‘l’|2 + iu,‘P)e”.

Then {z,z) = —1 and the image z(R* x U) in H 12"+3 is invariant under the group
action of H\. Moreover the quotient space z(R* x U)/_ is a(2n + 1)-dimensional
CR-submanifold with dim @+ = 1 of CH""?(—4) which satisfies the equality case
of (1.3) for k =n.

Conversely, up to rigid motions of CH"*'(—4), every linearly full (2n + 1)-
dimensional CR-submanifold with dim 2+ =1 of CH"t?(—4) satisfying the
equality case of (1.3) is obtained in such way with k = n.
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