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INTRINSIC AND EXTRINSIC STRUCTURES OF
LAGRANGIAN SURFACES IN COMPLEX
SPACE FORMS

By

Bang-Yen CHEN

Abstract. Lagrangian H-umbilical submanifolds introduced in [1, 2]
can be regarded as the simplest Lagrangian submanifolds in Kaehler
manifolds next to totally geodesic ones. It was proved in [1] that
Lagrangian H-umbilical submanifolds of dimension >3 in complex
Euclidean spaces are complex extensors, Lagrangian pseudo-spheres,
and flat Lagrangian H-umbilical submanifolds. Lagrangian H-
umbilical submanifolds of dimension >3 in non-flat complex space
forms are classified in [2]. In this paper we deal with the remaining
case; namely, non-totally geodesic Lagrangian H-umbilical surfaces
in complex space forms. Such Lagrangian surfaces are characterized
by a very simple property; namely, JH is an eigenvector of the shape
operator Ay, where H is the mean curvature vector field. The main
purpose of this paper is to determine both the intrinsic and the
extrinsic structures of Lagrangian H-umbilical surfaces.

1. Introduction

Let f: M — M™ be an isometric immersion of a Riemannian n-manifold M
into a Kaehler manifold M™ of complex dimension m. The submanifold M is
called totally real (or isotropic in symplectic geometry) if the almost complex
structure J of M™ carries each tangent space of M into its corresponding normal
space [5] A totally real submanifold M of M™ is called Lagrangian if n = m.
From the symplectic point of view, a local classification of Lagrangian sub-
manifolds is trivial, using local Darboux coordinates [9]. However, from the
Riemannian point of view, Lagrangian submanifolds are far from trivial. In this
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respect, there exist a number of very interesting results, both local and global (cf.
[8]). For instance it was proved in [5, 7] that a minimal Lagrangian submanifold
with constant sectional curvature in a complex space form has to be totally
geodesic or flat.

Totally umbilical submanifolds, if they exist, are the simplest submanifolds
next to totally geodesic submanifolds in a Riemannian manifold. However, it was
proved in [6] that a complex space form of complex dimension >2 admits no
totally umbilical Lagrangian submanifolds except the totally geodesic ones. In
views of above facts the author introduced in [1, 2] the notion of Lagrangian H-
umbilical submanifolds.

According to [1, 2] a Lagrangian H-umbilical submanifold of Kaehler
manifold M" is a non-totally geodesic Lagrangian submanifold whose second
fundamental form takes the simple form:

h(€1,€1) = )"Jel, h(eZ,eZ) == h(enven) = ﬂJela

(1.1)
h(e,e)) = uJej, h(ejex) =0, j#k, jk=2,...,n

for some suitable functions A and u with respect to some suitable orthonormal
local frame field ey,...,e,.

A Lagrangian submanifold with nonzero mean curvature vector H is
Lagrangian H-umbilical if and only if (a) JH is an eigenvector of the shape
operator Ay and (b) the restriction of Ay to (JH)* is proportional to the identity
map.

It is important to point out that condition (b) follows from condition (a)
automatically for Lagrangian surfaces (cf. Lemma 3.1).

Lagrangian H-umbilical submanifolds M of dimension >3 in a complex
space form of constant holomorphic sectional curvature 4c have an important
property; namely, the integral curves of JH are geodesics of M whenever H # 0,
unless M is a real space form of constant sectional curvature c. This important
property does not hold for 2-dimensional Lagrangian H-umbilical submanifolds
in general. Using this important property the author was able to classify in [1, 2]
Lagrangian H-umbilical submanifolds of dimension >3 in complex space forms.
In particular, he proved that, except the flat ones, Lagrangian H-umbilical
submanifolds in C" with n > 3 are either Lagrangian pseudo-spheres or complex
extensors. Lagrangian H-umbilical submanifolds of dimension >3 in non-flat
complex space forms were determined in [2] via Legendre curves and Hopf’s
fibration (see [4] for Lagrangian submanifolds of constant curvature c). The
explicit description of flat Lagrangian H-umbilical submanifolds in C" with n > 2
were established in [3].
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In this paper we deal with the remaining case; namely, Lagrangian H-
umbilical surfaces in complex space forms. Because the integral curves of JH are
not longer geodesics in general, the method utilized in {1, 2] does not apply to
this case.

We point out in section 3 that, except totally geodesic ones, minimal
Lagrangian surfaces in any Kaehler surface are Lagrangian H-umbilical auto-
matically. The main purpose of section 3 is to establish a general existence and
uniqueness theorem for Lagrangian H-umbilical surfaces in complex space forms.
As a by-product, we are able to determine the intrinsic and the extrinsic
structures of minimal Lagrangian surfaces in complex space forms. The intrinsic
and the extrinsic structures of Lagrangian H-umbilical surfaces with constant
Gauss curvature or with constant mean curvature are established in sections 4
and 5, respectively. In section 6 we determine Lagrangian H-umbilical surfaces
such that the functions A and u given in (1.1) are linearly dependent. The
Lagrangian surfaces investigated in sections 4, 5 and 6 share the property that
eopp = 0. The last section determines completely the intrinsic and the extrinsic
structures of Lagrangian H-umbilical surfaces satisfying eju = 0.

2. Preliminaries

Let M"(4c) denote a complete simply-connected Kaehler n-manifold with
constant holomorphic sectional curvature 4c. Let M be a Lagrangian submanifold
in M"(4c). We denote the Levi-Civita connections of M and M"(4c) by V and V,
respectively. The formulas of Gauss and Weingarten are given respectively by

(2.1) VxY =VxY +h(X,Y),
(2.2) Vxé = —A:X + Dy¢,
for tangent vector fields X and Y and normal vector field £, where D is the
connection on the normal bundle. The second fundamental form 4 is related to
the shape operator A; by {A(X,Y),{) = {AeX, Y ). The mean curvature vector
H of M in M?(4c) is defined by H = 1/n trace h, where n = dim M. We put
H?* = (H,H) which is called the squared mean curvature.

For Lagrangian submanifolds we have [5]
(2.4) WX, Y),JZ)=<WY,Z),JX)=<hZ,X),JY).

If we denote the curvature tensor of V by R, then the equations of Gauss,
Codazzi and Ricci are given respectively by
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(2.5) (RX,Y)Z, W) =LAy, 2yX, W) — {Awx,2)Y, W)
+ (KX, WHY,Z) = (X, ZY, W)),
(2.6) (Vh)(X,Y,Z) = (Vh)(Y, X, Z),
2.7) (RP°(X,Y)JZ,IW) = [Asz, Ajw)X, Y
+ (KX, WY, Z) — (X, ZXY, W)),
where X, Y, Z, W are vector fields tangent to M and Vi is defined by
(2.8) (Vh)(X,Y,Z)=Dxh(Y,Z) - h(VxY,Z) — h(Y,VxZ).

We need the following existence and uniqueness theorems for Lagrangian
immersions (cf. [1, 4]).

THEOREM 2.1. Let (M",g) be a simply-connected Riemannian n-manifold. If o
is a symmetric bilinear vector-valued form on M satisfying

(1) g(a(X,Y),2Z) is totally symmetric,

(2) (Vo)(X,Y,Z) =Vxa(Y,Z)—0o(VxY,Z) — o(Y,VxZ)istotally symmetric,

B) RIX,NZ=c(g(Y,Z2)X —g(X,2)Y)+0(c(Y,Z),X) —a(a(X,2Z),7Y),
then there exists a Lagrangian isometric immersion L : (M,g) — M"(4c) whose
second fundamental form h is given by h(X,Y) =Jo(X,7Y).

THEOREM 2.2. Let L),L,: M — M"(4c) be two Lagrangian isometric
immersions of a Riemannian n-manifold M with second fundamental forms h' and
h?, respectively. If

NX,Y),JL1.Zy = (X, Y),JL20Z),

for all vector fields X Y, Z tangent to M, then there exists an isometry ¢ of
M"(4c) such that Ly = L, o ¢.

3. Lagrangian H-umbilical surfaces in complex space forms

We provide some lemmas for later use.

LemMMA 3.1. Let L: M — M?* be a Lagrangian surface in a Kaehler surface
without totally geodesic points. We have

(1) L is Lagrangian H-umbilical if and only if JH is an eigenvector of the
shape operator Ap.

(2) If L is minimal, then L is a Lagrangian H-umbilical surface satisfying (1.1)
with A = —pu.



Intrinsic and extrinsic structures 661

ProOF. (1) follows from (2) and the definition of Lagrangian H-umbilical
surfaces (cf. section 1).

(2) Let M be a minimal Lagrangian surface without totally geodesic points in
a Kaehler surface. We define a function Y by

(3.1) Vp: UMy — R :v— y,(v) = <h(v,0),Jv),

where UM, = {ve T,M : {v,v) = 1}. Since UM, is a compact set, there exists a
vector v in UM, such that y, attains an absolute minimum at v. Since p is not
totally geodesic, it follows from that y, # 0. By linearity, we have y,(v) <0.
Because 7, attains an absolute minimum at v, it follows from that
<h(v,v),Jw) = 0 for all w orthogonal to v. So, using [2.4), v is an eigenvector of
the symmetric operator 4. By choosing an orthonormal basis {e;,e;} of T,M
with e; = v, we obtain

h(e1,e1) = AJer, h(er,ex) = —AJes, h(ey,er) = —AJe;

for some A. Thus M is a Lagrangian H-umbilical surface with u = —A. O

LemMA 3.2.  Except totally geodesic ones, a Lagrangian H-umbilical surface
of constant Gauss curvature c in a complex space form M?(4c) is a Lagrangian H-
umbilical surface satisfying (1.1) with u=0 or with A= p.

Conversely, every Lagrangian H-umbilical surface in M?*(4c) satisfying (1.1)
with u=0 or with A = u has constant Gauss curvature c.

PROOF. Let M be a Lagrangian H-umbilical surface in M?(4c). Then by
and (2.7) we have

(3.2)
RX,Y)Z, W) =L[Adsz, Aiw]X, Y > + c(KX, W)Y, Z) — X, ZXXY,W)),

for X, Y, Z, W tangent to M. If M has constant Gauss curvature c, (3.2) implies
that the shape operators of M commute. Thus, at each point p € M there exists
an orthonormal basis e;, e, such that Ay, 4y, are 51mu1taneously diago-
nalizable. Hence, by [2.4] we obtain

h(el,el) = /1.]61, h(el,ez) = h(ez,ez) =0

for some A with respect to some suitable orthonormal frame field e;, e, unless

A=
The converse follows immediately from the equation of Gauss. O

Lagrangian H-umbilical isometric immersions of a real space form M"(c) of
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constant sectional curvature c¢ into a complex space form M"(4c) of constant
holomorphic sectional curvature 4c were classified in [I] and for ¢ =0 and
¢ # 0, respectively. The explicit description of such Lagrangian immersions was
established in [3] for ¢ =0.

Given a real number b > 0, let F : R — C be the unit speed curve defined by

(3.3) F(s) = 51

With respect to the induced metric the complex extensor ¢ = F ® 1 of the unit
hypersphere of E” via F is a Lagrangian isometric immersion of an open portion
of an n-sphere S"(b2) of sectional curvature % into C" which is called a
Lagrangian pseudo-sphere (see [1] for details).

Lagrangian H-umbilical submanifolds in complex Euclidean spaces satisfying
(1.1) with A =2u were determined in [I] as follows.

THEOREM 3.3. Up to rigid motions of C”", a Lagrangian isometric immersion
L: M — C" is a Lagrangian pseudo-sphere if and only if it is a Lagrangian H-
umbilical immersion satisfying (1.1) with 1 = 2u.

Lagrangian pseudo-spheres have both constant mean curvature and constant
Gauss curvature.

REMARK 3.1. Lagrangian H-umbilical submanifolds satisfying (1.1) with A =
2u in nonflat complex space forms also have constant mean curvature and
constant Gauss curvature [2]. Such Lagrangian H-umbilical submanifolds have
been completely classified in [2] (see Theorems 5.1 and of [2)).

The following lemma is easy to verify.

LemMA 3.4. Let L: M — M?(4c) be a Lagrangian H-umbilical surface. Then
the squared mean curvature and the Gauss curvature of M satisfy 4H? = 9(K — c)
if and only if the second fundamental form of L takes the form:

h(ey,e1) = 2ulde;, h(er,er) = uJez, h(eyz,er) = uJe

for some function u # 0, with respect to some orthonormal frame field e, e.

In views of [Lemma 3.2, Theorem 3.3, [Lemma 3.4 and Remark 3.1, we only
need to consider Lagrangian H-umbilical surfaces in a complex space form
M?(4c) such that K # ¢, ¢+ (4/9)H>.
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Now, assume that M is a Lagrangian H-umbilical surface in M?(4c) sat-
isfying the condition K # ¢, ¢+ (4/9)H?. Then the second fundamental form of
M takes the form:

(3.4) h(e1,e1) = AJey, h(er,ex) = uJey, h(esz,ez) = uJe

for some functions A, u with u # 0, 1/2, with respect to some orthonormal frame
field ey, ér.

Let w!, w? denote the dual 1-forms of e, e; and let (wg) be the connection
forms on M defined by

2 2 2 2
(3.5) Ve; = E w]e; + E w! e+, Vey = Zw{*ej + E wl. e,
i=1 i=1 i=1 J=1

where e = Je;, 0] = ~oj, 0l = -0/, i=1,2.

For a Lagrangian surface M in M?(4c), we have
(3.6) o =0, o= w,’-':, coj’ = Zhj‘kcok
k=1

From and we find
(3.7 o =o', o)l =pw? o =o'

By [3.4), and the equation of Codazzi we obtain

(3.8) eip = (A = 2)wi (e2),
(3.9) erh = 2u— Nw;(er),
(3.10) e = 3pawi(er),

Since Span {e;} and Span {e,} are one-dimensional distributions, there exists
a local coordinate system {x, y} on M such that 0/0x and 0/0y are parallel to
e1, ez, respectively. Thus, the metric tensor g on M takes the form:

(3.11) g = E*dx?® + G* dy?,

for some nonzero functions E and G. Without loss of generality we may assume

1 0 1 0
(312) (4] _Ea_x’ (%) —55;
From [3.11) we find
E G OF G
3.13 o) = 22 2o = O _E 5 _0G
( ) (1)2(6]) EG’ w7 (6’2) EG’ Ey ay’ G Ox
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By [3.10), and we have
(3.14) (Iny), = -3(InE),.
Solving yields

3
(3.15) E=’Zf—73), u:'"E(;‘)

for some function m(x) # 0.

By applying [3.9), [(3.12), [3.13) and [3.15) we find

2 m*(x)E, — AE,.

(3.16) Eh=%

Solving (3.16) yields

(3.17) A=—ﬂ+£-g‘—),

for some function f(x). From (3.15), (3.17) and the assumption 2u # 4, we
obtain f(x) # 3m(x)u®3.
Using [3.8), [(3.12), [3.13), [3.15) and [3.17), we find

(3.18) i = (L7 - 3u) n ),

m(x)

Solving (3.18) yields

(3.19) G = q(y)exp <JX k(x,y) dx), k(x,y) = f(x)#’:;gx_)ﬂ;m(x)ﬂ

for some function g(y) # 0. Consequently, the metric tensor of M takes the
following form:

(3.20) g=E*dx®+G*dy?, E= Z](j? . G=q(y) exp(J kdx).

From it follows that the Gauss curvature K of M is given by

ke {5(5)4(E)

By [3.15), [3.17), [3.19) and [3.21), we conclude that the functions f(x),

m(x), q(y) and u(x, y) satisfy the following second order differential equation:
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(3.22) (%,u —2u33 + c,u“”"’)m(x)q(y) exp (Jxkdx>
_ m(x) [n,exp(— [*kdx) B u 3k exp([™ kdx)
E < 143q(y) ) qm( m(x) )x'

Conversely, suppose that f(x), m(x), q(y) and u(x, y) are functions defined
on a simply-connected domain U of R? such that m(x), ¢(y) and u(x,y) and
nowhere zero, f(x) # 3m(x)u??, and they satisfy (3.22). We define a metric
tensor g on U by

(3.23) g = E?dx* + G*dy?, E=%, G=q(y)exp(J kdx),

where k = k(x,y) is defined by [3.19).
We define a symmetric bilinear form ¢ on (U,g) by

1/3
(3.24) a(el,el) = (I%

- u)el, oler,e) = pey, a(ez,e2) = uey.

By applying (3.22)—(3.24) and a straight-forward computation, we know that
((U,g),0) satisfies conditions (1), (2) and (3) of Theorem 2.1.

From the conditions f(x) # 3m(x)u?® and u # 0, it follows that K # c,
c+ (4/9)H?2.

Consequently, by and [Theorem 2.2, we obtain the following.

THEOREM 3.5. Let L: M — M?*(4c) be a Lagrangian H-umbilical surface
such that K # ¢, ¢+ (4/9)H?. Then

(1) there exist functions f(x), m(x), q(y) and u(x, y) such that m(x), q(y) and
u(x,y) are nowhere zero, f(x) # 3m(x)u*3, and they satisfy (3.22),

(2) with respect to some coordinate system {x, y} on M, the metric tensor of
M is given by

(3.25) g=E*dx*+ G*dy?, E=m(x)u"'? G= q(») exp (J kdx),

where

_ m(x)
(3.26) 5= TR = 3mon’

(3) the second fundamental form of L is given by
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(3.27)  h(ej,e1) = (M,um — ,u>Je1, h(er,ex) = uJey, h(ey,er) = uley,
m(x)

where ey = E~'0/0x and e; = G™'0/0y.

Conversely, suppose that f(x), m(x), q(y) and u(x, y) are functions defined on
a simply-connected domain U of R* such that m(x), q(y) and u(x, y) are nowhere
zero, f(x) # 3m(x)u*3, and they satisfy (3.22). Let g be the metric tensor on U
defined by (3.25). Then, up to rigid motions of M?*(4c), there exists a unique
Lagrangian H-umbilical isometric immersion of (U,g) into M*(4c) whose second
Sfundamental form is given by (3.27). The Gauss curvature K and the squared

mean curvature H? of such a Lagrangian surface satisfy the condition K # c,
c+4/9H?.

Now, suppose that L : M — M?(4c) is a minimal Lagrangian surface without
totally geodesic points. Then, according to [Lemma 3.1, the second fundamental
form of L satisfies

(3.28) h(ei,e1) = —fiJer, h(er,ez) = jiJes, h(ey, er) = jidey.

for some nonzero function j with respect to some orthonormal frame field e, e;.

Thus, by [3.15), [(3.17), [3.18) and [3.19), we obtain

(3.29) g = P {m*(x) dx* + ¢*(y) dy*}

for some coordinate system {X,7} with e; = 7'/*m(x)"'0/0%, e; = 5'3q(y)"'0/
0y.
After applying the coordinate transformation:

y

(3.30) x=J m(z)dx and y= J () d7,
the metric tensor of M takes the simple form:
(3.31) g = w3 (dx* + dy?)

where u(x,y) = a(x(x), y(»)). With respect the coordinate system {x, y}, equation
(3.22) becomes

(3.32) A(lnp) = 3(c — 24>,
where A = 9%/0x% + 92/dy®. With respect to x and y, (3.28) becomes

0 0 0 Jd 0 0
— Y= 235 — L ) =23y =
h(éx’ax wg ox)’ h ox’ 0y wJ oy)’
(3.33)
0 3\ ap (0
h—,— ) =u""J{—]).
0y’ 0Oy Ox
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Conversely, if x4 is a nowhere zero function defined on a simply-connected
domain U of R? which satisfies [3.23]. We define a metric tensor on U by

g = u23(dx® + dy?)

and define a symmetric bilinear form ¢ on (U,g) by

0 9\ _ a5 0 9 8\ _ 50 0 0\ _ 450
"(ax’ax>‘ . “(ax’ay>_“ oy’ “\ay'ay) ~ " ax
Then, by a straight-forward computation, we know that ((U,g),o) satisfies

conditions (1), (2) and (3) of Theorem 2.1. Thus, by Lemma 3.1, Theorem 2.1

and 2.2, we obtain the following. :

COROLLARY 3.6. Let L:M — M?(4c) be a minimal Lagrangian surface
without totally geodesic points. Then, with respect to a suitable coordinate system
{x, y}, we have

(1) the metric tensor of M takes the form of (3.31) for some nowhere zero
Sfunction u satisfying (3.32) and

(2) the second fundamental form of L is given by (3.33).

Conversely, if u is a nowhere zero function defined on a simply-connected
domain U of R* satisfying (3.32) and g = pu~*/*(dx?* + dy?) is the metric tensor
on U, then, up to rigid motions of M*(4c), there is a unique minimal (U,g) into
M?(4c) whose second fundamental form is given by (3.33).

4. Lagrangian H-umbilical surfaces with constant Gauss curvature

The following result determines the intrinsic and the extrinsic structures of
Lagrangian H-umbilical surfaces with constant Gauss curvature in complex space
forms.

THEOREM 4.1. Let L: M — M?*(4c) be a Lagrangian H-umbilical surface. If
M has constant Gauss curvature K such that K # ¢, ¢+ (4/9)H?, then

(1) with respect to some coordinate system {x, y} on M, the metric tensor of
M is given by

(4.1) g =dx* + G* dy?,
where
1
——cos(VKx , if K>0;
TR ( ) if
(4.2) G=1< x, if K=0;

cosh(v—Kx), if K <0,

1
VK
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(2) the second fundamental form of L is given by
K—c+u?
(4.3) h(e1,e)) = (—ﬂ—ﬁ—t—>./e1, h(ey,ez) = uJes, h(ez,er) = pley,

where e; = 0/0x, e; = G™'0/0y and u is a nonzero function satisfying

K sec?(VKx), if K> 0;
(4.4) K —c—u*| =4 x2, if K=0;
—K sech’(vV=Kx), if K <0.

Conversely, suppose that ¢, K are two unequal constants, U a simply-connected
domain of R? such that (4.1) is a well-defined positive-definite metric on U and p is
a function satisfying (4.4). Then

(3) (U,g) has constant Gauss curvature K and

(4) up to rigid motions of M?(4c), there exists a unique Lagrangian H-
umbilical isometric immersion of (U,g) into M?*(4c) whose second fundamental
form is given by (4.3).

PROOF. Assume that L: M — M?*(4c) is a Lagrangian H-umbilical surface
such that K # ¢, ¢+ (4/9)H?. Then the second fundamental form of L takes the
form:

(45) h(e],el) = /1]8], h(elan) = /"Je21 h(e2,e2) = luJel‘

for some functions A, u with u # 0, /2, with respect to an orthonormal frame
field ey, es.

From the assumption K # ¢ + (4/9)H?, we obtain u? # K — c. If the Gauss
curvature K of M is constant, then

(4.6) A — yu* + ¢ = K = constant.

By applying [3.9), and (4.5), we get w?(e;) =0 and e;d = e = 0.

From w?(e;) = 0, it follows that the integral curves of e; are geodesics in M.
Thus, there exists a local coordinate system {x, y} on M such that the metric
tensor of M takes the form:

(4.7) g = dx?* + G*dy?

and e} = 8/0x, e; = G19/0y. From e;A = epu = 0, we obtain A = A(x) and u =
u(x).
From [3.15), [3.17), [3.19)] and [4.7), we get
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@8)  mx)=u" () = Ax) + u(), G:q(y)exp<J"kdx),

where k is defined by [3.19). Equations [3.19), and (4.8) imply

! b
4.9 = = .
(49) k=gt W =i
Solving yields

1

(4.10) k(x) = —i(lan —c— 1)) (x).

Thus, the metric tensor of M takes the form:

2
) q°(y) 2
(4.11) g =dx +——_|K—c-—y2|dy'

After applying a suitable change of variable in y if necessary, we get

1 2

4.12 —dlt— g
(4.12) g=dx TR =AY

From u, =0, (4.6), (4.7), (4.9) and equation of Gauss, we obtain
(4.12) k'(x) + k*(x) = -K.
Solving and using [4.9), we get

( a
, if K > 0;
cos2(vVK(b — x))
a
—c—p¥ = — > if K=0;
a

, if K<0,

[ cosh?(vV—K(x — b))

where a, b are integration constants.

Therefore, by applying a translation in x and dilation in y if necessary, we
obtain and statement (1). (4.3) now follows from (4.5) and [4.6).

Conversely, assume that K, ¢ are unequal constants, U is a simply-connected
domain of R? such that is a well-defined positive-definite metric on U and u
is a function which satisfies [4.4). Then, by a direct computation, we obtain
statement (3).

If we define a symmetric bilinear form ¢ on (U,g) by

K — ¢+ p?
(4.14) oler,e1) = (-—ﬂ—”)el, o(er,e2) = pes, o(ez, e2) = uey,
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where e} = 0/0x, e; = G~19/dy, then, by a straight-forward long computation,
we conclude that ((U,g),o) satisfies conditions (1), (2) and (3) of [Theorem 2.1.
Hence, according to Theorem 2.1, there is a Lagrangian isometric immersion of
(U,g) into M?(4c) with second fundamental form given by 4 = Jo. Moreover, by
(4.14), we obtain statement (S).

The uniqueness of the Lagrangian immersion now follows from [Theoreml
2.2. O

REMARK 4.1. of [1] states that Lagrangian H-umbilical sub-
manifolds of dimension >3 with constant sectional curvature in complex
Euclidean spaces are either flat or open portions of Lagrangian pseudo-spheres.
In contrast, shows that there exist many Lagrangian H-umbilical
surfaces with constant Gauss curvature in the complex Euclidean plane which are
neither flat nor open portions of Lagrangian pseudo-spheres.

REMARK 4.2. The intrinsic and the extrinsic structures of Lagrangian H-
umbilical surfaces in M ?(4c) with constant Gauss curvature K = c + (4/9)H?
have been completely determined in [I] and [2] for ¢ = 0 and ¢ # 0, respectively.

It is obvious that a Lagrangian H-umbilical surface in a complex space form
has constant mean curvature and constant Gauss curvature if and only if both 4
and u are constant. However, yields the following.

PROPOSITION 4.2. Let L : M — M?(4c) be a Lagrangian isometric immersion
whose second fundamental form satisfies

(4.15) h(ey,e1) = AJey, h(ei,e2) = uJez, h(ez,ez) = uley.

with respect to an orthonormal frame field e\,e;. If u is constant, then M has
constant Gauss curvature. Moreover, M is flat unless u =0 or u= /2.

PrOOF. Let M be a Lagrangian surface in M?(4c) satisfies (4.15). If u =0,
then M has constant Gauss curvature c. If u = 1/2, then M also has constant
Gauss curvature according to Theorem 3.1 of [T] and Theorems 5.1 and of [2]
for ¢ =0 and c¢ # 0, respectively. Finally, if x4 # 0, /2, (3.23) implies that E
and G are functions of x and y, respectively. In this case M is flat according to
(3.21). O

ReEMARK 4.3. The converse of [Corollary 3.6 is false. In fact, there exist
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Lagrangian H-umbilical surfaces with constant Gauss curvature in a complex
space form such that the function x of (4.15) is non-constant.

The following result shows in particular that Lagrangian H-umbilical surfaces
with A being constant do not have Gauss curvature in general.

PROPOSITION 4.3. Let L : M — M?*(4c) be a Lagrangian isometric immersion
whose second fundamental form satisfies (4.15) for u # 0, A/2, with respect to an
orthonormal frame field e\, e;. If A is constant, then

(1) there is a coordinate system {x, y} on M such that the metric tensor of M
is given by

dy?
4.16 = dx® + ,
and
(2) u is a function of x satisfying
2
2 _ ()23 H_ A +dc
(4.17) U= (1-2u) {b+2 4(1_2@},

for some constant b.

Conversely, suppose that b, ¢, A are constants and u(x) is a non-constant
function satisfying on some open interval 1. Let g be the metric tensor on
U =1 x R defined by [416). Then, up to rigid motions of M?(4c), there is a
unique Lagrangian H-umbilical isometric immersion of (U,g) into M?(4c) whose
second fundamental form is given by (4.15).

PROOF. Assume that M is a Lagrangian surface in M?(4c) satisfying (4.15)
with 4 # 0, 4/2 for some constant A. Then [3.9) and [3.10] yield V. e; = 0 and
eiu = 0. Thus, it follows as before that the metric tensor of M takes the form:

(4.18) g = dx* + G*dy?

with respect to some coordinate system {x, y} with e} = 8/0x, e; = G~19/dy.
From e,u = 0, we obtain u = u(x). Moreover, from (3.17), (3.19), and
(4.18) we have

1 (x) 1 ' q(»)
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Thus,

2
q°(y)
4.20 g =dx* + =2 dy’.

After applying a suitable change of variable in y if necessary, we have

dy2

4.21 = dx? + :
(4.21) g = 2

From (4.15), [4.21), and the equation of Gauss we know that the function
u = u(x) satisfies the following differential equation:

(4.22) kK'(x)+k2(x)=pu? —du—c, k(x)= l“'_(’;)ﬂ.

Solving for 4’ yields equation for some constant a.
Conversely, suppose that b, ¢, A are constants and u(x) is a non-constant

function satisfying on some open interval I. We define a metric tensor g on
U=1IxR by and define a symmetric bilinear map o on (U,g) by

(4.23) aler,e)) = Aey, ol(er,e2) = ey, oalez,er) = pey,

where ¢) = 0/0x and e; = |A — 2,u|l/ 29/dy. Then by a straight-forward compu-
tation we conclude that ((U, g), o) satisfies conditions (1), (2) and (3) of
2.1.

Consequently, by Theorems 2.1 and we conclude that, up to rigid
motions of M?(4c), there is a unique Lagrangian isometric immersion of (U, g)
into M?(4c) whose second fundamental form is given by (4.15) with constant A.

O

[Proposition 4.3 implies that Lagrangian H-umbilical surfaces with constant A
in a complex space form do not have constant Gauss curvature in general.

5. Lagrangian H-umbilical surfaces with constant mean curvature

Let L: M — M?*(4c) be a Lagrangian H-umbilical surface with K # ¢, c+
(4/9)H?. If M has constant mean curvature § # 0, then the second fundamental
form of L takes the form:

(5.1 h(ey,e1) = (2B — p)Jer, h(er,er) = ules, h(ez,er) = puley,

for u # 0, 28/3 with respect to some suitable orthonormal frame field e, es.
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From and we get 0= ey(fB) = Pwi(er) which yields Ve = 0.
Hence, by and [3.10), we also have e;A = eou = 0.
From wi(e;) = 0, it follows as before that the metric tensor of M takes the

form:
(5.2) g=dx*+ G*dy?

with respect to some local coordinate system {x, y} with e; = 0/0x, e; = G~18/
dy.

From e;A = e;u = 0, we obtain A = A(x) and g = u(x). Thus, [3.17), (3.19),
and (5.1) imply k(x) = 1//(2B — 3u). Hence, after applying a suitable change of
variable in y if necessary, the metric tensor of M takes the form:

dy2

_ 2
(5.3) g = dx TR

From (5.1), [5.3), and the equation of Gauss we know that the function u =
u(x) satisfies the following differential equation:

(5.4 ) + 5 = (2 — 3) (20 — 2 — O
: JZ 35— m)(2u 7 :
Solving for u' yields

(5.5) 12 = (3u—28){b(2p - 3p)*" — c — u?},

where b is an integration constant satisfying b(2f — 3,u)2/ 3> ¢+ 42 Such con-
stant exists at least locally, since (28 — 3u)? = (4 —2u)* > 0.

Conversely, suppose that b, ¢ and f # 0 are constants and u(x) is a function
with u # 0, 2f/3 which satisfy on some open interval /. We define a metric
tensor g on U =1 X R by and define a symmetric bilinear map ¢ on (U, g)
by

(5.6) oler,e1) = (2B —wler, o(er,e2) = pez, a(er, e2) = pey,

where e; = 0/0x and e; = (28 — 3,u)1/ 36/6y. Then by a straight-forward com-
putation we conclude that ((U,g),o) satisfies conditions (1), (2) and (3) of
Theorem 2.1.

Consequently, by applying Theorems 2.1 and we obtain the following.

THEOREM 5.1. Let L: M — M?*(4c) be a Lagrangian H-umbilical surface
with K # ¢, ¢+ (4/9)H?. If M has constant mean curvature f # 0, then
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(1) there exist a constant b and a nonzero function p(x) # 2f/3 satisfying
(5.5),
(2) there exists a coordinate system {x, y} on M such that the metric tensor of

M is given by [5.3), and
(3) the second fundamental form of L is given by

(5.7) h(ei,er) = 2B — p)Jer, h(er,ex) = uJes, h(ey,er) = pley,

where e, = 8/0x, es = (28 — 3u)'/%/dy.

Conversely, suppose that b, ¢ and B # 0 are constants and u(x) is a function
satisfying and pu(x) #0, 2/3 on some open interval 1. Let g be the metric
tensor on U = I x R defined by [5.3). Then, up to rigid motions of M*(4c), there is
a unique Lagrangian H-umbilical isometric immersion of (U,g) into M*(4c) whose
second fundamental form is given by (5.7). Such a Lagrangian H-umbilical surface
has prescribed constant mean curvature f # 0.

REMARK S5.1. If we put
du
(3~ 28)\/b(28 — 3> — ¢ —

then ¢,(u) is a monotonic function, since 3y —2f =2u — A is assumed to be
nowhere zero. Hence, ¢, has an inverse function which is denoted by ¢;1. In
terms of ¢;', the solutions of is given either by u(x) = ¢;1(x+a) or by
u(x) = ¢, (—(x +a)), where a is a constant.

MTheorem 5.1 yields the following.

b

u
(5.8) () = j

CorOLLARY 5.2. If M is a Lagrangian H-umbilical surface in C? with
constant mean curvature, then M is one of the following Lagrangian H-umbilical
surfaces:

(1) a minimal Lagrangian surface,

(2) an open portion of Lagrangian circular cylinder: S'(r) x R = C I'wc! =
C?, on a Lagrangian Clifford torus: S'(r) x S'(r) = C?,

(3) an open portion of a Lagrangian pseudo-sphere, or

(4) a complex extensor which is not an open portion of a Lagrangian
pseudo-sphere.

ProoF. Let M be a Lagrangian H-umbilical surface in C? with constant
mean curvature. If M is flat, then the second fundamental form of M takes the
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form:
(5.9) h(ey,e1) = pJer, h(er,ez) = h(ez,e2) =0,

for some constant 8 # 0, according to unless A = u. Thus, [3.8) and
imply w? = 0. Hence, by we obtain DH = 0. These imply that M is a
flat surface with parallel mean curvature vector. Hence, using [5.9), we may
conclude that M is an open portion of a Lagrangian circular cylinder or a
Lagrangian Clifford torus.

If M is a nonflat Lagrangian H-umbilical surface with nonzero constant
mean curvature, then from the discussion given at the beginning of this section,
we know that the integral curves of e; are geodesics in M. Therefore, by applying
Theorem 4.3 of [1], M is either an open portion of a Lagrangian pseudo-sphere or
a complex extensor. O

REMARK 5.2. If a Lagrangian H-umbilical surface M with constant mean
curvature § is a complex extensor, then, up to rigid motions of C?, it is given by
the tensor product F ® G, where G is the unit circle in E? centered at the origin
and F is the unit speed curve in the complex plane C defined by

(5.10) Fs) = y+ J (exp (ir(2ﬂ — (%)) dx) dt),

where y is a complex number and u(x) is given either by u(x) = ¢;'(x + a) or by
u(x) = @5 (—(x + a)), where ¢! is defined in Remark 5.1.

6. Lagrangian H-umbilical surfaces with 4 = au

First we give the following existence theorem.

THEOREM 6.1. For any given constants ¢ and o, there exists a Lagrangian H-
umbilical surface in M?(4c) whose second fundamental form satisfies
(6.1) h(ei,e1) = oudey, h(er,er) = uJes, h(ey, e2) = uley,

for some nonzero function pu with respect to some orthonormal frame field e, e;.

ProoF. When o = —1, this follows from |Corollary 3.6f When o = 2, this
follows from Theorems and of [2] and Theorem 3.1 of [I].

Now, suppose a # —1,2. If we choose a sufficiently large positive number b
such that b > (& — 2)*(c 4+ u2)u?*? on some open interval / = (0, o0), then
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- s
(a—3)/(«x—2) \/b C+ﬂ )uZ/(a—Z)

(6.2) V() =

is an increasing function on 1. Let u(x) = y;'(x) denote the inverse function of
Y, defined on the corresponding open interval, say I.
We define a metric tensor g on U =1 x R by

(6.3) g = dx? + u* @2 gy?
and define a symmetric bilinear map o on (U,g) by
(6.4) o(er,e1) = aue;, o(e1,e2) = uez, (e e2) = e,

where e = 3/0x, ey = u~1/©*=23/9y. Then, by a straight-forward computation
we conclude that ((U,g),o) satisfies conditions (1), (2) and (3) of Theorem 2.1.
Thus, by Theorem 2.1, there exists a Lagrangian isometric immersion from (U, g)
into M?(4c) whose second fundamental form is given by (6.1). O

THEOREM 6.2. Let M be a nonflat Lagrangian H-umbilical surface in C 2
whose Gauss curvature K and squared mean curvature H? are proportional. Then
M is one of the following Lagrangian surfaces:

(1) a minimal Lagrangian surface,

(2) an open portion of a Lagrangian pseudo-sphere, or

(3) a complex extensor which is not an open portion of a Lagrangian
pseudo-sphere.

PROOF. Assume that M is a non-minimal Lagrangian H-umbilical surface in
C? whose Gauss curvature K and squared mean curvature H? are proportional,
that is, K = aH? for some real number a. Since M is Lagrangian H-umbilical, the
second fundamental form of M in C? satisfies

(6.5) h(er,e1) = AJey, h(ei,e2) = uJez, h(ez,er) = uley,

for some function A, u # 0 with respect to some orthonormal frame field e, e,.
From [6.5), the equation of Gauss and the definition of the squared mean
curvature, we obtain

(6.6) al? +2(a = 2)uh + (a+4)pu? = 0.
Solving yields

(6.7) a:é((z—a)yiz,/(l — 2a)u?).
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Since A is real, yields a < 1/2. Thus, there is real number o such that a =
4(oa — 1)/ (a2 4+ 1)%. Thus, we get

(6.8) (4 1)2K = 4(a — 1)H.

From [6.5) and [6.8), we know that the second fundamental form of M in C?
satisfies (6.1) for some nonzero function u. Hence, by applying and [3.10),
we get (1 + a)epu = 0 which implies that either M is minimal or eou = 0. If eou =
0, (3.9) yields (2 — a)uwl(e;) = 0. Thus, we have either « =2 or V,e; = 0.

If « =2, M is an open portion of a Lagrangian pseudo-sphere according to
Theorem 3.1 of [1]

If V. e; = 0, then, according to Theorem 4.3 of [I], M is either a flat surface
or a complex extensor. However, the flat case cannot occurs. O

REMARK 6.1. We are able to determine the intrinsic and the extrinsic
structures of a Lagrangian surface in a complex space form M?(4c) which
satisfies (6.1) for a # —1,2, too. In fact, by applying the same method utilized in
section 5, we may prove that the function u of such a Lagrangian surface is a
function of x which is a solution of

(6.9) u'(x)? = 20D (0 - 2)% (e + p?)u¥ D}

for some constant b and, moreover, the metric tensor of such a Lagrangian
surface is given by

(6.10) g = dx? + u#=D dy?
with respect to a coordinate system {x, y} satisfying e, = 8/0x, e = u'/?=%3/0y.

REMARK 6.2. If the Lagrangian H-umbilical surface M mentioned in
is a complex extensor, then, up to rigid motions of C?, it is given by
the tensor product F ® G, where G is the unit circle in E? centered at the origin
and F is the unit speed curve in the complex plane C defined by

(6.11) F(s)=y+ Js (exp (th op(x) dx) dt) ,

where y is a complex number, o a real number and u(x) a solution of [6.9).
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7. Lagrangian H-umbilical surfaces with = u(y)

All of the Lagrangian H-umbilical surfaces studied in sections 4, 5 and 6
satisfy the condition e,u = 0.

In this section we determine the intrinsic and the extrinsic structures of
Lagrangian H-umbilical surfaces in M?(4c) whose second fundamental form
satisfies

(7.1) h(ey,e1) = AJey, h(e1,er) = udes, hier,ex) =uley, eu=0

for 4 #0, /2 with respect to some suitable orthonormal frame field e;, e;.
From section 3 we know that, with respect to some coordinate system {x, y},
the metric tensor of such a Lagrangian H-umbilical surface M takes the form:

(7.2) g=E?dx*+G*dy?>, E= 252) , G=q(y) exp(J kdx),

where e; = E~19/0x, e; = G™'0/3dy and k is defined by

B m(x)u,
(7.3) K I) = FomP = amon

for some function f(x) and nonzero functions m(x), g(y). Moreover, from
section 3 we also have

(7.4) A= —u+%.

The assumption e;u = 0 is equivalent to u, = 0, that is, 4 = u(y). Thus
yields k = 0. Hence, equation (3.22) reduces to

0 (o (5

which implies in particular that f(x)/m(x) is a constant, which is denoted by b.
Therefore, (7.5) can be rewritten as

/ / /
(7.6) L)) - (L5) a0) = =36 — 26 + cu™ P ().
Solving (7.6) yields

(7.7) q(»)? = W {9a+ bu* — p** + )},

where a is an integration constant.
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Consequently, the metric tensor of M takes the form:

mz(x) 2 s 2
(78) g:-—’uz/3 dx +9(a+bﬂz/3—ﬂ4/3+Cﬂ“2/3)dy .

Thus, by applying a suitable change of variable in x if necessary, we obtain

/

(7.9) g=ud®+Gdy?, G= ”_3_((1 + b2 — P 4 c,u‘2/3)“1/2,

Using (7.1), and we conclude that the second fundamental satisfies
(710) h(el,el) = (b,ul/3 — ,u)Jel, h(el,ez) = ,uJez, h(eg,ez) = ,uJel.

Conversely, suppose that a, b are constants and x4 = u(y) a nowhere zero
function which satisfy a > u=%/3(u* — ¢ — bu*/?) on some open interval I. We
define a metric tensor g on U = R x I by and define a symmetric bilinear
map o on (U,g) by

(7.11) oler,e1) = (bu'® — pey, aler,ex) = ues, oler, e2) = uey,

where e; = u'/30/0x, e; = G"19/0x. Then we can verify by a straight-forward
computation that {(U,g), o} satisfies conditions (1), (2) and (3) of Mheorem 2.1.
Consequently, by applying Theorems 2.1 and 2.2, we obtain the following.

THEOREM 7.1. Let L: M — M?*(4c) be a Lagrangian H-umbilical surface
whose second fundamental form satisfies

(7.12) hei,e1) = AJer, h(er,e2) = plez, h(ez, e2) = ule

for u#0, /2 with respect to an orthonormal frame field e, e;. If eju =0, then
there exist constants a and b such that

(1) A=bu'? -y and A

(2) the metric tensor of M is given by (7.9) with respect to a coordinate system
{x,y} such that e; = u'30/0x, e; = G~19/0y.

Conversely, if u = u(y) is a nowhere zero function and a, b are constants which
satisfy a > u~*3(u* — ¢ — bu*?) on some open interval I, then, up to rigid motions
of M?(4c), there is a unique Lagrangian H-umbilical isometric immersion of (U, g)
into M?*(4c) whose second fundamental form is given by (7.10), where U = R x I
and g is the metric on U defined by (7.9).

Finally, we remark that, unless the function u is constant, the integral curves
of JH are not necessary geodesics for the Lagrangian H-umbilical surfaces given
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in Theorem 7.1. Consequently, these Lagrangian surfaces cannot be complex
extensors in the complex Euclidean plane when ¢ = 0.
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