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A theorem in the geometry of numbers

By

Moto-0 TAKAHASHI

Let M be the exterior of a knot in the 3-sphere S* (or more generally a
compact 3-manifold with a torus as boundary) and let M(p,r) be the closed 3-
manifold obtained from M by (p,r)-Dehn surgery. (p, r are co-prime integers.)
Roughly speaking, the number of non-trivial representations of the fundamental
group of M(p,r) to PSL (2,C) is given by the formula

n
> lup—firl —e
i=1

So, if this number is positive, then M(p,r) is not simply-connected. So, the
calculation of this number is useful for studying Poincaré conjecture.

In this paper we shall prove a theorem about the functions of the above
form, purely in the geometry of numbers, independent of the topology of 3-
manifolds. We use Minkowski’s theorem in proving this theorem. Moreover we
introduce the notion of C-system as a tool for proving the theorem. In future
we wish to apply this theorem to the study of Poincaré conjecture.

Let L' =Z x Z —{(0,0)}

TueOREM 1. Let o;,8; (i=1,...,m), y,,6; (j=1,...,n), e, f be real num-
bers such that o, — B #0 (i#£k), 70—y, #0 (j#1), e>0, f>0.
Suppose that, for all (x,y)e L,

Z|°‘iX—ﬁiJ’| =e (1)
i=1

and
> lyx—opl = 1. (2)
j=1

Then,
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m n

i=1 j=

|ouid; — ﬁiyjl > ef.
1

Moreover, the equlity in the last inequality holds only when m=n=2 and
|18, — Broa| = €2/2, |y162 — S17o| = f2/2.

COROLLARY 2. Let o, p; (i=1,...,m), y;,,6; (j=1,...,n), e, f be as in the
Theorem 1. Then, for all (u,v)e L,

m n

Z Z |oiy;u — (a:d; + Biv)vl = ef .
=1 j=1
Moreover, the equality in the last inequality holds only when either
(1) u==x1, v=0, or (i) m=n=2.

We first prove that implies [Corollary 2. Let (u,v) e L'.

Case 1. v=0.
Then, u # 0 and, since u is an integer, |u| > 1. According to the hypothesis

(1). (2) of the [Corollary 2] with (x,y) = (1,0), we have

m n
Solulze and Y lyl>/.
i=1 j=1

Therefore,
m n
|oiy;| = ef .
i=1 j=1
So,
m n m n m n
|y~ (a0 + Biv)ol = D D " laayllul = DD " Jouy,| > ef.
i=1 j=1 i=1 j=1 i=1 j=1

Moreover, if |u| > 1, then
m n

|oiyju — (0:0; + Biy;)v| > ef .
=1

i j=1

Case 2. v #0.
Let (x,y) € L. Then, (uy — vx,vy) € L. Then, by the hypothesis (2), we have

n

> yi(uy — vx) — 8;(vp)| > f,

Jj=1
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that is,

n

D o)x = (u— o)yl = 1, (3)

j=1
for all (x,y)elL’. Moreover, if J#L,

(ij)(yfu —0¢v) — (Vju —0v)(y,0) = —(7]‘5{ - 5]‘?’()”2 # 0.

So, we can use for (1) and (3) (that is, we take y;v and y;u —dv
instead of y; and J;, respectively).
Then, we have

m

h
> D lulyu =) — Biyw)l = o,
i=1 j=1

that is,

m n

Z Z |oiy;u — (0:d; + Biv)v| = ef

i=1 j=1

as was to be proved. Moreover, if the equality holds in the last inequality, then
by Theorem 1, we have m =n =2 (Q.E.D.)

In order to prove Theorem 1, we can assume that e = f = 1 without loss of
generality. First prove the following lemma, which is a special case of [Theorem 1.

LEmMMA 3. Let a;, B; (i=1,...,m) be real numbers such that o;f; — p;ox # 0
(i # k). Suppose that, for all (x,y)e L,

m

Z |oix — Byl = 1.

i=1

Then,

14

m
=1 j

|°‘iﬂj ‘“ﬁiaj| (: 2 Z |°‘i,3j —ﬁi“jl> > 1.
=1

i<j

Moreover, the equality holds in the last inequality only when m =2 and
By — Broa| = %

Proor oF LEMMA 3. Case 1. m = 1.

Clearly, the hypothesis of the lemma never holds.
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Case 2. m=2.
Then, the hypotheses are:

ufy — Broa #0

and
larx — Byy| + |o2x — Bry| = 1,

for all (x,y) e L'. The conclusion of the theorem becomes

2|y — froa| = 1.
Now, the domain

A = {(x,y) € R?|.|a1x — B1y| + |oax — Bry| < 1}

is the interior of a parallelogram which is symmetric with respect to the origin,
and the vertices of which are

+(B1/lo1fy — Broz|, 1 /|y — Broa|)

and

(B, /| fy — Broa|, a2/ |01y — Brzl).

y
/alx—ﬂ1y=0
x
A [
\azx—ﬂzy=0
/
Figure 1

So, the area of A is 2/a;8, — B,a2|. By the hypothesis of the lemma, A does
not contain elements of L. So, by Minkowski’s theorem, the area of A must be
less than or equal to 4. Thus, 2/|x18, — fio2| < 4, that is, 2|a; 5, — B = 1, as
was to be proved. If the equality holds, then |18, — B 02| = 1/2.
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Case 3. m > 2.

We shall prove that
m m
: i — Bioi| > 1.
=1 j=1

J

Consider the domain

i=1

3 Jax— Byl < 1}.

A= {(x,y) € R’

A is the interior of a convex 2m-gon D which is symmetric with respect to the
origin. Let Py, P, ..., Py, be the vertices of D (we assume that these are ordered
counterclockwise). By changing the subscripts of «;, B;, if necessary, we can
assume without loss of generality that P; and P;,, are on the line o;x — By=0
(i=1,...,m). Let (a;,b;) be the coordinate of P;. It holds that a;m = —a;,
biym = —b;.

Figure 2
Since P; is on the line a;x — B;y = 0, there is a A; # 0 such that a; = 4;b; and

ﬁi = /l,-a,-. It holds that )“i+m = —ﬂ.i (l = 1, N ,m). Let u; = Mz' = Mﬂ_ml. Since
P; = (a;,b;) is on D, we have

m
> lowea; — Bibil = 1,
k=1
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m
> mlbea; — acbi] = 1.
k=1

So, if we put c(k,i) = |bra; — arb;|, we have

{c(k, i)

Cl.

C2.
Cs3.

C4.

i,ukc(k,i)zl i=1,...,m) (4)
k=1

:1 <k,i <m} satisfies the following.

(1) C(k, k) =0,

(ii) c(k,i) >0 (k#i),
c(k,i) = c(i, k),

for 1<i<j<k<{<m,

c(i, k)e(j, £) = e(i, j)e(k, €) + c(i, €)c(j, k).

) e(m,1)+c(1,2) > c(m,2),
(i) for 2<i<m-—1,

ci— L) +c(,i+1)>c(i—1,i+1),

(iii) c(m—1,m) + c¢(m,1) > ¢(m—1,1).

Cl and C2 are obvious. We prove C3. From the Figure 2, we have aib; —
biaj > 0, for 1 <i < j<m. Hence, c(i,j) = a;b; — b;a;. Similarly, if 1 <i<j<
k < ¢ <m, then

c(i,k) = aibx — biax, c(j,¢) = ajb, — bjay, c(k,t) = arbs — bray,

c(i,?) = aiby — biay, c(j, k) = ajb, — bjay.

Thus, C3 holds.

Next we prove C4 (ii). C4 (i) and C4 (iii) can be proved similarly. Now, by
(4) above,

m m m
L= meltyi+ 1) =D pee(t,i=1) = pee(¢,i).
/=1 /=1 /=1
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So,

c(i—1,i)+c(i,i+1)—c(i—1,i+1)

= {f: uye(f,i+ l)}c(i -1, + {i ppe(l,i— 1)}c(i,i+ 1)
/=1 /=1
- {f et i)}c(f— Li+1)
/=1

— i we(t,i+ Veli — 1,1) + e(¢,i — De(i,i+ 1) — (¢, i)e(i — 1,i+ 1D}
(=1

If /<i—1ori+1</, then by C3,
c(t,i+ 1)e(i—1,i) +c(£,i— V)i, i+ 1) —c(£,i)e(i—1,i+ 1) =0.
Also, if £ =1i—1, then by Cl1 and C2,
e(,i+ 1)e(i — 1,i) + (¢, i — Ve(i, i+ 1) — e(¢,i)e(i — 1,i+ 1)
=c(i—1,i+De(i—1,)) +e(i—1,i = De(i,i+1)—c(i—1,i)c(i—1,i+ 1)=0.
Similarly, if £ =i+ 1, then
o(¢,i+ (i — 1,i) +c(t,i — Ve(i,i+ 1) — (£, D)e(i — 1,i+ 1)
=c(i+1,i+ De(i—1,)) +c(i+1,i—De(,i+1)—cli+1,)c(i—1,i+ 1)=0.
If /=i, then
e(¢,i+ 1)e(i — 1,i) +c(£,i— Ve, i+ 1) — (£, i)e(i—1,i+ 1)
= 2¢(i — 1,i)c(i,i+ 1).
Hence
ci—1,i)+c(i,i+1)—c(i—1,i+1)
= zm: p{ct,i+ Ve(i —1,i) +e(¢,i — )e(i, i+ 1) — c(Z, e(i—1,i+1)}
/=1
= u;{2c(i — 1,i)c(i,i+ 1)} > 0. (%)
Hence

c(i—1,i) +e(i,i+1)>c(i—1,i+1).
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From (x) follows that

1 1 c(m,2)

Loy = - ,
ML = D) T 3e(1,2) ~ 2e(m, De(1.2)

M2. For2<i<m—1,

v b ei=Li+])
M2 —1,0) T 2eG,i+ 1) 2e(—T1,0)cG, i)’

1 1 c(m—1,1)

M3. o = 2¢(m —1,m) +20(m, 1) 2¢(m—1,m)c(m, 1)

We must show

m m
|°¢iﬂj — Byl > 1.
i=1 j=1
Now,
m m m m
By — Bioyl = D mme(i, )
i=1 j=1 i=1 j=1

Il

Zm: .ui{ 3 /‘jc(i’j)} = z’": Hi
i=1 =]

i=1

J_

1 1 c(m,2)
{ZC(m, 1) + 2¢(1,2)  2c(m, 1)c(1,2)}

m—1 . .
1 1 c(i—1,i+1)
+ ;{2(:(1'— 1) 2 i+ 1) 206 —1,0)c i+ 1)}

1 1 c(m—1,1)
+ {2c(m —1,m) + 2¢(m, 1) 2¢(m — 1, m)c(m, l)}

RS 1 c(m,?2)
"N & Gir) Tem) [ T ) 260m, De(1,2)

T i-1i+1) e(m—1,1)
+ ; 2c(—1,0c(i,i+ 1) | 2c(m — 1, m)c(m, 1)”'

Here we have used (4) and M1, M2, M3. So, we have to show
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=1 1 c(m,2)
{; it D) | cm, 1)} - {2c(m, De(1,2)

c(i—1,i+1) c(m—1,1)
Z 2c(i— 1,0)e(i,i+ 1) +2c(m— 1,m)c(m, 1)} > 1. (5)

Now, the area of the domain A is

m—1

m
Z \aibiy1 — bigir1| = Z |aibiv1 — biais1| + |amb1 — bmai|
i=1 i=1
m—1
= Z c(i,i+ 1)+ c(m,1).
pasy)

By the assumption of the lemma, A does not contain elements of L'. So by
Minkowski’s theorem, the area of A is less than or equal to 4. That is,

m—1

Z c(i,i+ 1) +c(m,1) <4

i=1

So, in order to prove (5), it suffices to show that

m—1 o m—1 1 1
{Z c(i,i+ 1)+ c(m, 1)}[{; it D) + m, 1)}

i=1
c(m,2) c(i—1,i+1) c(m—1,1)
—{Zc(m, De(1,2) Z 2e(i — 1,0, i+ 1) | 2c(m— 1, m)c(m, 1)}] > 4. (6)

DeFINiTION. A system  C = {c(i,j) :i,j=1,...,m) of real numbers
(m > 3) is called a C-system if it satisfies the above C1-C4. We set u(C) =
If C satisfies C1-C3 and
Cc4. (i) c(m,1)+c(1,2) =c(m,2),
(i) for2<i<m-1,

c(i—1,i) +c(i,i+ 1) =c(i—1,i+1),
(iii) c(m — 1,m) + c(m,1) = c¢(m — 1,1),

instead of C4, then C is called a semi-C-system. Also, we set u(C) =

In order to prove Lemma 3, it suffices to show the following.
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LEMMA 4. (i) For every C-system C, (6) holds, i.e.

SR sy 1 —
Z c(i,i+ 1) +c(m,1) E c(i,i+1) * c(m, 1) 2¢(m,1)c(1,2)

i=1 i=1

m—1

C(i—l,i+1) C(m—l,l)
_;2C(i—l,i)c(i,i+1)—2c(m__l’m)c(m,l)} >4, (6)

(i) For every semi-C-system C, the following (7) holds.

m—1 N m—1 1 1 ' c(m,2)
{Z c(i,i+ 1) + c(m, 1)}{2 c(i,i+1) + c(m,1) 2¢(m,1)c(1,2)

i=1 i=1

m—1 c(i—l,i+l) C(m—l,l)
_gzc(i—1,i)c(z‘,i+1)‘2c(m_1,m)c(m’l) > 4. (7)

PrOOF. We prove by the induction on m = yu(C).
Case 1. m = 3.
Then,

1 1 1 c(3,2)
c1,2) T eq2,3) T3, 266, )e(12)

L={c(1,2) +c(2,3) + (3, 1)}{

c(1,3) c(2,1) 4
"~ 2¢(1,2)e(2,3)  2¢(2,3)¢(3, 1)} -

_ {0(1,2) + C(2, 3) — 6(3, 1)}{6‘(2, 3) + 6(3, 1) — C(l, 2)}{6(3’ 1) +C(1,2) — 0(2, 3)}
B 2¢(1,2)c(2, 3)0(3’ 1)

Hence if C is a C-system, then L > 0, and if C is a semi-C-system, then L > 0.

Case 2. m > 4.

We assume that (6) holds for every C-system C with u(C) < m and that (7)
holds for every semi-C-system C with u(C) < m. We shall show that (6) holds
for every C-system C with u(C) = m and that (7) holds for every semi-C-system
C with y(C) = m. (From now on to the end of the proof of we fix m
but C varies.)

Under the above hypothesis, we first prove the following.

PRrOPOSITION 5. Let C be a semi-C-system with u(C) = m. Suppose that one
of the following holds.
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1) c(m,1) +c(1,2) = c(m,2),
(ii) c(k—1,k)+c(k,k+1) =c(k—1,k+1), for some k(2<k<m-1),
(iii) e(m —1,m) + c(m,1) = c(m—1,1).

Then, (7) holds for C.

ProOF OF PrOPOSITION 5. By a cyclic change of subscripts we can assume
that

(iti) c(m —1,m) +c(m,1) = c(m—1,1).
Let €' =<c(i,j) 14,j=1,...,m— 1y, C' satisfies C1-C3. Also, it satisfies
c(li—1,1) +c(i,i+1) = c(i—1,i+1)
for 2 <i<m—2. Also,
{em—1,1) +¢(1,2) — c(m — 1,2)}c(1,m)
= c(m—1,1)e(1,m) + ¢(1,2)e(1,m) — c(m — 1,2)e(1,m)
= e(m—1,1)e(1,m) + c(1,2)e(1,m) — c(m — 1,1)e(2,m) + ¢(1,2)c(m — 1,m)
= c(m— 1, 1)e(1,m) — c(m — 1, 1)e(2,m) + c(1,2){c(1,m) + c(m — 1,m)}
= ¢(m—1,1)c(1,m) — c(m — 1,1)c(2,m) + ¢(1,2)c(m — 1,1)
= ¢(m — 1,1){c(1,m) + ¢(1,2) — c(2,m)} = 0.
Hence
c(m—1,1) +¢(1,2) = c(m—1,2).
Also,
{e(m—2,m—1)+c(m—1,1) — c(m—2,1)}e(m — 1,m)
— c(m—2,m—V)e(m — 1,m) + c(m — 1, 1)c(m — 1,m) — c(m — 2,1)c(m — 1,m)
= e(m—2,m— 1)c(m — 1,m) + c(m — 1, 1)e(m = 1,m) — c(m — 1, 1)c(m — 2,m)
+ (1, m)c(m — 2,m — 1)
= c(m—2,m — D){c(m — 1,m) + c(m, 1)} + c(m — 1,1)c(m — 1,m)

—c(m—1,1)c(m —2,m)
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=c(m—2,m—1)c(m—1,1)+c(m—1,1)c(m —1,m) — c(m — 1, De(m — 2,m)
=cm—1,1){c(m—-2,m—1)+c(m—1,m) — c(m - 2,m)} > 0.

Hence

c(m—2,m—1)+cm—1,1) = c(m-2,1).

Thus, C’ satisfies C4’. Hence C’ is a semi-C-system with w(C)=m-1.
Hence (7) holds for C’' by the assumption. So,

m—2 o m=2 1 1
J = {Z c(i,i+1) +c(m — Ll)}{; c(i,i+1) +C(m— 1,1)

i=1

c(m—1,2) c(i—1,i+1)
" 2¢(m—1,1)c(1,2) Z2c(1—1,i)c(i,i+1)

c(m—2,1)
" 2e(m—2,m — )e(m—1, 1)} =4

We must show that

= = 1 c(m,2)
K= {Z c(i,i+ 1) + c(m, 1)}{; EERES) +c(m, D)~ 2, D)e(1.2)

i=1

_2": c(i—1,i+1) B c(m—1,1) -
 2c(i—1,i)c(i,i+1) 2¢(m—1,m)e(m1)[ =
It suffices to show that J = K. Now,

m—2 m—2

c(i,i+1)+c(m—1,1)= c(iyi+ 1) +c(m—1,m) +c(m,1)

i=1 i=1

m—1
= Z c(i,i+ 1)+ c(m,1).
i=1

Also,
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m—2

L, 1 cm—1,2) 2 c(i-1,i+1)
c(i,i+1) c¢(m—1,1) 2¢(m—1,1)c(1,2) 2c(i — 1,i)c(i,i+ 1)

i=1 i=2

c(m—2,1) = 1 1 c(m,?2)
T 2e(m = 2,m = )e(m — 1,1)} - [; cGiv D) Tam1)  2¢(m, De(l,2)
= oci-1,i+1) c(m—1,1)
T RO+ D) 3 Lmjem )

. 1 1 1 c(m—1,2) c(m,2)
T e(m— 1,m) +c(m —1,1)  ¢(m, 1) 2c(m-—1, 1)c(1,2)  2¢(m,1)c(1,2)

c(m—-2,m) c(m—2,1)
+2c(m —2,m—De(m—1,m) 2c(m—2,m—1)c(m—1,1)
c(m—1,1)
t 3em = Lm)e(m 1)
_ 1 1 1 —c(m—1,2)c(m, 1) +c(m,2)c(m—1,1)
T T m—t,m) Tem=1, 1) e(m, 1) 2c(m—T1, D)e(m, De(1, 2)
c(m—2,m)c(m —1,1) — ¢(m — 2,1)c(m — 1,m) c(m—1,1)
2c(m —2,m— 1)e(m — 1,m)c(m —1,1) 2¢(m — 1,m)c(m, 1)
1 1 1 c(1,2)e(m — 1,m)

T e(m—-1,m) +c(m —-1,1) ¢(m,1) +2c(m —1,1)e(m, 1)c(1,2)

c(l,m)e(m—2,m—1) c(m—1,1)
+2c(m —2,m—1)c(m—1,m)c(m—1,1)  2¢(m—1,m)c(m,1)

1 1 1 c(m—1,m)

- e(m— 1,m) + c(m—1,1) c(m, 1) +20(m —1,1)e(m, 1)
c(1,m) c(m—1,1)
+2c(m - 1,m)c(m—-1,1)  2¢(m— 1,m)c(m,1)
1

= 2etm = Tm)e(m 1, De(m. 1) {=2c(m —1,1)c(m, 1) + 2¢(m — 1,m)c(m, 1)

—2c(m — 1,m)e(m — 1,1) + c(m — 1,m)* + c(m,1)* + ¢(m — 1,1)%}

_(elm=1,m) +c(m 1) — ctm— 1,1 _
 2e(m—1,m)c(m—1,1)c(m,1) o

Thus, J = K. [Proposition § is proved. (Q.E.D.)
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Let C be a semi-C-system with u(C) = m. We shall show that (7) holds for
C and (6) holds when C is a C-system. For this purpose we define a one-
parameter family of semi-C-systems C(f) with u(C(t)) = m.

DEFINITION. Let ¢ be a real number. We define
C(t) = EGi,j;1) : 1 <ij <m)

as follows.
() &Gjit) = c(iyj), for 1 <ij<m—2.

(ii) ém—1,m— 1;t) = é(m,m;t) = 0.

(ili) é(m —1,m;t) = é(m,m — 1;t) = c(m—1,m).
(iv) For 1 <i<m-2,

c(i,m—2)t+c(l,i)c(m —2,m—1)

éi,m—1;t) = ém — 1,i;0) = c(1,m—2)

(v) For1<i<m-2,

c(1,d)c(l,m—e(m—2,m) c(1,m)c(i,m—2)
c(l,m—2)t c(l,m—2)

é(i,m;t) = é(m,ijt) =

Let

_ c(l,m=1)c(m—2,m)
cm—-2m—1)+cim—1,m)’

c(1,2)c(l,m — 1)c(m — 2,m)
c(1,m —2){c(m, 1) +c(1,2) — ¢(m,2)} + ¢(1,2)c(m — 2,m)’

r =

s1 = c(m—1,m) + c¢(m, 1),

_e(l,m=2){c(m-3,m—-2)+c(m-2,m—1)—c(m—3,m— D}+c(l,m—1)c(m—3,m—2)
B c(m—3,m-2)

$
a =max(ry,r), b=min(sy,s).

PROPOSITION 6.

i) 0<acx<b.
(ii) For te€[a,b], C(f) is a semi-C-system.
(iii) If t=c(1,m—1), then tea,b] and C(t) = C.
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If C is a C-system, then

(iv) 0 <a<b.
(v) For te (a,b), C'(t) is a C-system.
(vi) If t=c(1,m —1), then te (a,b) and C(t) = C.

PROOF. 0 < a is obvious. We show that C(¢) satisfies the conditions C1, C2
C3. C1 and C2 are obvious from the definition.

PrROOF OF C3: Let 1 <i<j<k<¢<m. We show that
(i, k; 0)c(j, €5 1) = &(i, j; )e(k, £; 1) + &3, 5 )E(J, k; 1).
If £ <m—2, this is obvious, since then

(i ;1) = c(i,k), €(j,¢50) =c(j,¢), &Gi.j; 1) = c(i, ),
ck,t50) = c(k,?), &(i,¢50) = c(i,¢), E(j, k;t) = c(j, k).

Next suppose that £ =m — 1. Then, 1 <i<j<k <m-—2. So,
E(i’ k; t) = C(i, k)? E(ivj; t) = c(ivj)> 5(j, k; t) = C(j,k),

& t5t) = c(j,m—2)t+c(l,j)e(m—2,m—1)

c(l,m—2) )
é(k,¢51) = c(k,m — 2)t t(i(;,lk_)cz(;n -2,m—1) ’
&, 43 1) = c(iym—2)t+c(1,i)e(m —2,m — 1) .

c(l,m—2)
Hence,

c(i,j; 0)e(k, 5 0) + &(i, £50)E(j, ks t) — E(i, k; 0)E(j, 45 1)

o Clk,m—2)t+c(1,k)e(m —2,m—1)
= @) c(1,m—2) ‘

c(i,m —2)t+c(l,i)e(m —2,m — 1)
c(l,m—-2)

+ ¢, k)

C(j,m _ 2)t+c(1,j)c(m — 2,m — 1)
c(l,m—2)

+ ¢(i, k)
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_Aeli, )elk,m —2) + c(j, k)c(i,m — 2) — c(i, k)c(j,m — 2)}¢
B c(l,m—2)

L Ll fe(l,k) + e(f,K)e(1, D) — (i k)e(L, )} _
c(l,m—2) -

since

c(i, j)e(k,m — 2) + c¢(j, k)e(i,m — 2) — c(i,k)c(j,m —2) =0,

c(i, j)e(l,k) + c(j, k)e(1,i) — c(i,k)c(1,j) = 0.

Note that the last equalities hold also when k. =m —2 or i = 1.
Next suppose that £/ =m and kK <m — 2. Then

E(ivk; 1) = C(i, k), E(iaja t) = C(i,j), E(jvk; 1) = c(J, k),
c(1,))e(1,m — 1)e(m — 2,m) " c(l,m)c(j,m—2)

e 41) = c(L,m = 2)1 c,m—2)
- L c(Lk)e(lI,m—1)c(m—2,m)  c(1,m)c(k,m—2)
ek, 431) = c(1,m—2)t c(lm-2)
o oo c(,)e(l,m—1)c(m—2,m)  c(1,m)c(i,m—2)

&h,650) = c(1,m—2)t c(lm-2)

Hence

(i, j, 0)e(k, £ 1) + E(i, £50)E(j, ks 1) — €(i, k; 1)E(j, 45 1)

o Je(Lk)e(,m —1)e(m —2,m)  c(1,m)c(k,m — 2)
_C(I’J){ c(1,m —2)t c(l,m —2) }
) c(L,)e(l,m—1)c(m —2,m) c(1,m)c(i,m—2)
+C(J’k){ c(1,m—2)t c(l,m—2) }
) c(1,))e(l,m—)e(m—2,m) c(l,m)c(j,m—2)
—c(z,k){ c(l,m—2)t c(l,m—2) }

_ c(1,m—1)c(m —2,m)

c(1,m—2)t {e(i, ))e(1,k) + c(j, k)c(1,i) — c(1,k)c(1, /) }

c(1,m)
c(l,m—2)

{c(i, j)e(k,m —2) + c(j, k)e(i,m — 2) — c(i, k)c(j,m — 2)}

= 0.
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Next suppose that £/ =m and kK =m — 1. Then

c(i,m—2)t+c(1,i)c(m —2,m — 1)

c(ik,t) =

o,m—2) )
i, = L i)c(lc,(r;z,; 1_)6»2();1; — 2, m) c(l;r(r;),c’s,_mz—)- 2
ety g = LD LSz 2m = D),
sty = u)ellm = elm = 2,m) | e(1,m)clsm =2)

c(l,m—2)t c(l,m—2)

Hence

é(i,j; ek, 43 0) + 8(i, £, 0)E(j, k; 1) — E(i, ks 1)E(j, 5 1)

o c(l,i)c(l,m — 1)c(m —2,m) c(1,m)c(i,m—2)
_.c(z,J)c(m—l,m)+{ cdm=2) + (1, m—2) }
c(jym—2)t+c(1,j)e(m—2,m—1)
x{ e(l,m—2) }

B {c(z’,m —2)t —{;(ﬁk;)_c(g —-2,m-— 1)}

c(1,j)c(l,m—1)e(m—2,m) c(1,m)c(j,m—2)
X { c(l,m—2)t + c(l,m—2) }

= m [e(i, j)e(m — 1,m)e(1,m — 2)*t

+ {e(1,m)c(i,m — 2)t + ¢(1,))c(1,m — 1)e(m — 2, m)}
x{e(j,m—2)t+ ¢(1, j)e(m — 2,m — 1)}
—{e(l,m)e(j,m — 2)t + ¢(1, j)e(1,m — 1)e(m — 2,m)}

x {c(i,m —2)t + c(1,i)c(m —2,m — 1)}]

=—————(P* + Qt+R),
c(l,m—-2)2t( e )
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where
P = c(1,m)c(i,m — 2)c(j,m — 2) — c(1,m)c(j,m — 2)c(i,m — 2) =0,
0 = c(i, j)e(m — 1,m)e(1,m = 2)* + (1, m)c(i,m — 2)c(1, j)e(m — 2,m — 1)
+ (1, i)e(1,m — 1)c(m — 2, m)e(j,m — 2)
— c(1,m)c(j,m — 2)c(1,i)c(m — 2,m — 1)
— (1, j)e(1,m — 1)e(m — 2,m)c(i,m — 2)
= ¢(i, j)e(m — 1,m)e(1,m — 2)* + (1, m)c(m — 2,m — 1){c(i,m — 2)c(1, j)
= c(j,m = 2)c(1,0)} = e(1,m — D)e(m — 2,m){c(1, j)e(i,m - 2)
—c(1,i)c(j,m - 2)}
= c(i, j)e(m — 1,m)e(1,m — 2)* + ¢(1,m)c(m — 2,m — 1)c(1,m — 2)c(i, j)
—c(l,m = 1)c(m — 2,m)c(1,m — 2)c(i, j)
= c(i,j)c(1,m — 2){c(m — 1,m)c(1,m — 2) + ¢(1,m)c(m — 2,m — 1)
— c(1,m — 1)c(m — 2,m)}
—0,
R =c(1,i)c(1,m — V)c(m — 2,m)e(1, j)e(m — 2,m — 1)
— (1, j)e(1,m — V)e(m — 2,m)e(1,i)e(m — 2,m — 1) = 0.

Thus, C3 is proved.
Next suppose that ¢ = c(1,m —1). Then, for 1 <i<m -2,

c(i,m—2)c(l,m—1) +c(1l,i)c(m—2,m—1)
c(l,m—2)

é(i,m—1;t) =¢(m— 1,i;t) =

_c(l,m—2)c(i,m—1)
N c(l,m—2)

= c(i,m — 1),
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c(i,m;t) = é(m,i; 1)

_c(L,)e(l,m—1)c(m—2,m) c(1,m)c(i,m—2)
 c(l,m=2)c(l,m—1) c(l,m—2)

_c(1,i)e(m —2,m) + c(1,m)c(i,m — 2)
N c(l,m—2)

_c(l,m=2)c(i,m) .
= tm=2) = c(i,m).

Thus, C(#) = C, when t = c¢(1,m — 1).
Next by C4/,
c(m—2,m) <c(m—2,m—1)+c(m—1,m).
Hence,
c(l,m—1)c(m—2,m) < c(,m—1){c(m—2,m—1) + c(m —1,m)}.
Hence,

c(l,m—1)e(m—2,m)

1.m—
cm—-2,m—1)+c(m—1,m) <e(lm—1),

that is, r; < c(1,m—1).
Also by C4/,

e(m, 1)+ ¢(1,2) > c(m, 2).
Hence,
e(1,2)e(1,m — 1)e(m — 2,m) < c(1,m — 2){c(m, 1) + c(1,2) — c(m, 2)}
+¢(1,2)e(1,m — 1)e(m — 2,m).
Hence,

c(1,2)c(1,m — 1)e(m — 2,m)
c(l,m —2){c(m,1) + ¢(1,2) — c¢(m,2)} + c(1,2)c(m — 2,m)

<c(l,m-1),

that is, r» < c¢(1,m —1).
Also by C4/,

c(l,m—1) <c(m—1,m)+ c(m,1).

Hence, c¢(1,m — 1) < s).
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Also by C4/,
cm—-3m—2)+c(m—-2,m—1)=c(m—3,m-1).
Hence,
c(l,m—1)c(m—-3,m-2)
<c(l,m—=2){c(m—-3,m-2)+cm—2,m—1)—c(m—-3,m-1)}
+c(l,m—1)e(m —3,m —2).
Hence,

c(l,m—1)

< c(1,m—2){cm-3,m—-2)+c(m—2,m—1)—c(m—-3,m—1)} +c(l,m—1l)c(m—3,m—2)
- c(m—3,m-2) ’

that is, ¢(1,m —1) < s,.
Therefore,

a = max(ry,r;) < c(1,m — 1) < min(sy, s;) = b.
Hence, a< b and c¢(1,m — 1) € [a, }].

Thus, (i) and (iii) of Proposition 6 are proved.
Next we shall show that C4’ holds for C(¢) with ¢ € [a,b], that is,

é(m,1;1) + ¢(1,2;¢) = c(m,2;1), (8)
c(i— 1,0 +é(i+1;80)=>¢c(i—1,i+1;0), 9)

for 2<i<m-1, and
ém—1,m;t) +é(m,1;¢t) = é(m—1,1;1) (10)

First we prove (8). Now,
é(m, 1;0) = c(m,1), ¢&(1,2;1) =c(1,2),

- o e(1,2)e(1,m = 1)c(m —2,m) c(1,m)e(2,m—2)
&m, 2,1) = c(l,m —2)t c(l,m—2)
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Hence,
é(m,1;8) +¢(1,2;¢) — ¢(m,2;¢)

=c(m,1) +¢(1,2) — c(1,2)c(l,m —1)c(m —2,m) _ c(1,m)c(2,m — 2)

c(l,m—2)t c(,m—2)
_A{le(m, 1)+¢(1,2))e(1,m — 2) —c(1,m)c(2,m—2)}t — c(1,2)c(l,m—1)c(m—2,m)
- c(l,m—2)t
= _—c(l,ml— 2)t[{(0(m, 1) +¢(1,2)e(l,m —2) — c(1,m — 2)c(2,m)

+¢(1,2)e(m — 2,m)}t — ¢(1,2)c(1,m — 1)c(m — 2,m)]

= ml_—z)t[{(c(m, 1) +¢(1,2) — ¢)(2,m))e(l,m — 2) + ¢(1,2)c(m — 2,m) }¢

—¢(1,2)c(1,m — 1)e(m — 2, m))

_Ae(m, 1) +¢(1,2) = c(2,m))c(1,m — 2) + ¢(1,2)c(m — 2,m)}
- c(l,m—2)t

X {t— c(1,2)c(1,m — 1)e(m — 2,m) }
(e(m,1) + ¢(1,2) — ¢(2,m))c(1,m — 2) + ¢(1,2)c(m — 2,m)

_A{(em, 1) + ¢(1,2) — c(2,m))c(1,m — 2) + ¢(1,2)c(m — 2,m) } ;
N c(l,m—2)t (t=r:

) =0.
Next we prove (9). (9) for i <m — 3 is obvious, since then
c(i—1,i0) =c(i—1,i), ¢&(i,i+1;t) =c(i,i+1),
ci—li+ 1) =c(i—1,i+1).
When i =m -2, (9) becomes
ém—-3m—-2;)+ém—-2,m—1;t) = c(m—3,m—1;1).
Now,
ém—-3m—-2)=cm—-3,m-2), ém—-2,m—1;t) =c(m—-2,m—1),

(m—-3,m—2)t+c(l,m—3)c(m—-2,m—1)

< ¢
cm—-3,m-1;t) = )
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Hence,
Em—-3m—-2;t)+ém—-2,m—1;t) —é(m—3,m— 1;1)

c(m—3,m—-2)t+c(1,m—3)c(m—2,m—1)
c(1,m-2)

=cm—-3m—2)+cim—-2,m—1) -

_{em=3,m—-2)+c(m—2,m—1)}e(l,m—2)—c(l,m—3)c(m—2,m—1) —c(m—3,m—2)t
N c(1,m—2)

=c—(l7nl_—2)[{c(m -3m-=2)+cm-2,m—1)}e(1,m—2) —c(1,m—2)c(m—1,m— 3)
+c(l,m—1)e(m—3,m—2) — c(m—3,m-2)i

1

=Lm=2) [e(1,m —2){c(m —3,m = 2) + c¢(m —2,m— 1) — c(m — 3,m — 1)}

+c(l,m—1)e(m—3,m—2) —c(m-3,m—2)i

_c(m—-3m-2)
T (l,m-2)
c(l,m—2){ecm-3,m—2)+c(m—-2m—1)—cm—-3,m—-1)}+c(l,m~e(m-3,m—2) t]
X c(m—3,m-2) -
—i(%(l‘,—;%l(s: —5>0.

When i =m —1, (9) becomes
cm—2,m—1;t)+¢ém—1,m;t) > é(m—2,m;1).
Now,

cm-2m—-1t)=c(m-2,m—1), ém—1,m;t)=c(m—1,m),

c(l,m—2)c(1,m—1)c(m — 2,m) + c(1,m)c(m —2,m — 2)

ém—2,m;1) = c(1,m—2) c(l,m—2)
_c(1,m = 1)c(m — 2,m)
t

Hence,
c(m—2,m—1;t)+é(m—1,m;t) — é(m—2,m;1)
c(l,m—1)c(m—2,m)
t

_A{em—=2,m—1)+c(m—1,m)} ; c(1,m—1)e(m —2,m)
N t { —c(m—2,m—1)+c(m—1,m)}

=cm-2,m—1)+cim—-1,m) —

_ {cm—-2,m—-1)+c(m—-1,m)} (t—n

> 0.
t ) =
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Next we prove [10). Now,
ém—1,m;t) = c(m—1,m), ¢é(m,1;t) =c(m,1), c(m—-1,1;¢) =1t
Hence, _
ém—1,m;t) +¢(m,1;6) —é(m—1,1;8) = c(m — 1,m) + c(m,1) — t

=s5—-t=>0.

Next suppose that C is a C-system. Then by the above proof we have
n<clm-1), rn<clm-1), c(I,m-1)<s;, c(l,m-1)<s,.
Hence,
a = max(ri,r2) < ¢(l,m — 1) < min(sy, s2) = b.

Thus, (iv) and (vi) of Proposition 6 is proved.
Moreover, similarly to the proof of (8), (9), above we can show that,
for t e (a,b),

é(m,1;0) + ¢(1,2;¢) > é(m,2;1),

fi—1,i0) +é(G,i+ 1) >ei—1,i+1;0) 2<ism—1),

and
¢(m—1,m;1) + é(m, 1;¢t) > é(m—1,1;1).
Thus, (v) of Proposition 6 is proved. (Q.E.D.)
Let
m—1 m—1 1 1
f(t) = {; &G, i+ 1;0) + &(m, 1; t)}{; TSN
L #m2n ™ i Li+ 1)
28(m,1;0¢6(1,2;t) 45 28(i — 1,50)E(i,i + 1;2)
B é(m—1,1;1) }_4.
2¢(m — 1,m;t)é(m, 1;1)
Then,

PROPOSITION 7. Let C be a semi-C-system. If t € [a,b], then, f"(f) <O.
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PrOOF. ¢&(i,i+ 1;8) =c(i,i+1) (i=1,...,m—1) and &(m,1;t) = c(m,1)
are constants. Also, é(i—1,i+1;¢) =c(i—1,i+1) (2<i<m—3) are con-
stants. Moreover,

cm—-3,m-1;t) =

c(m—3,m—2)t+c(l,m—-3)c(m—-2,m—1)
c(l,m—2) ’

c(l,m—1)e(m —2,m)

c(m—2,m;t) = -

ém—1,1;0) =1,

c(1,2)e(1,m — 1)c(m —2,m) c(1,m)c(2,m—2)
c(l,m—2)t c(l,m—2)

é(m,2;t) =

Hence,
m—1 ~ 2. "
f”(t) — {Z c(i,i+ 1)+ c(m, l)}{— 202”(”’",1);8 2)
=1 ) )
ém—-3,m—1;t)" &(m—2,m;1)"

"~ 2¢(m—3,m—2)c(m—2,m—1) " 2¢(m—2,m—1)c(m—1,m)

_ Em-—1, 1;¢)"
2¢(m — l,m)c(m,l)}

el c(1,2)c(1,m — 1)e(m —2,m) 2
:{; c(”’+1)+c('"’1)}{_ 2c(m De(l,)c(l,m=1) B

c(lm—1)e(m—2,m) 2
" 2¢(m—2,m—1)c(m — 1,m) t_3} <o. (Q.E.D.)

PROPOSITION 8. If f"(t) < O for each t € [a,b], then f(f) > min{f(a), f(b)},
for each te€ (a,b).

PrROOF. Suppose that f”(t) <0 for each te€ [a,b]. Then, f'(¢) is strictly
decreasing in [aq, b)].

Case 1. f'(b) < f'(a) < 0.
Then, f'(t) < 0 for each t e (a,b). Hence, f(¢) is strictly decreasing in [a, b].
Hence,
f(1) > f(b) = min{f(a), £ ()},

for each t € (a,b).
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Case 2. 0 <f'(b) < f'(a).
Then, f'(z) > 0 for each ¢ € (a,b). Hence, f(¢) is strictly increasing in [a, b].
Hence,
f() > f(a) = min{f(a), f(b)},
for each t € (a,b).
Case 3. f'(b) < 0 < f'(a).
Then, there is a unique d e (a,b) such that f'(d) =0. f(¢) is strictly
increasing in [a,d] and strictly decreasing in [d,b]. So, if € (a,d], then
f(8) > f(a) =z min{f(a), /(b)},
and if ¢t € [d,b), then

f(8) > f(b) = min{f(a), f(b)}.
This completes the proof of [Proposition & (Q.E.D.)

Now we can show that (7) holds for the semi-C-system C. Since
C(c(1,m — 1)) = C, it suffices to show that f(¢) > 0, for ¢ € [a,b]. By
7 and 8, it suffices to show that f(a) >0 and f(b) > 0.

a = max{ry,r}. So, a=r; or a=r.

Case 1. a=r.

Then, C(r;) is a semi-C-system such that u(C(r;)) =m and

c(l,m—2)c(l,m—1)e(m—2,m) c(l,m)c(m—2,m—2)
c(l1,m-2)n + c(l,m—2)

c(m—2,m;r) =

_c(l,m—1)c(m—2,m)
r

=cm—-2m—-1)+c(m—1,m)

=¢m—2,m—1;r)) +ém—1,m;r).

Hence, by [Proposition 3, (7) holds for C(r;), that is, f(r;) > 0.
Cases 2. a =r;.
Then, C(r,) is a semi-C-system such that u(C(r2)) = m. Now,
¢(1,2)e(1,m — 1)c(m — 2,m) N c(1,m)c(2,m — 2)
c(1,m—2)r, c(l,m—2)

é(m,2;r;) =

_c(l,m—2){c(m,1) +¢(1,2) — ¢(m,2)} + c(1,2)c(m — 1,m)
N c(l,m—2)
c(l,m)c(2,m —2)
c(l,m—2)




474 Moto-o0 TAKAHASHI

c(1,2)c(m —2,m) + c(1,m)c(2,m — 2)
c(l,m—2)

=c(m,1) +c(1,2) — c¢(m,2) +

c(1,m—2)c(2,m)
c(l,m—2)

=c(m,1) +¢(1,2) — ¢(m,2) +
=c(m,1) +¢(1,2)

= ¢(m, 1;r) + &(1,2;1).

Hence, by [Proposition 5, (7) holds for C(rs), that is f(r2) > 0.

Thus, we have proved that f(a) > 0. Next we prove that f(b) >0. b=
min{s;,s2}. So, b=s, or b=s.

Case 1. b=s.

Then, C(s;) is a semi-C-system such that x(C(s;)) =m and

c(1l,m—1;8)=s51=c(m—1,m)+c(m,1)

= ¢(m — 1,m;s1) + ¢(m, 1;51).

Hence, by [Proposition 5, (7) holds for C(s;), that is f(s;) = 0.
Case 2. b =s,.
Then, C(s;) is a semi-C-system such that u(C(sy)) = m and

&m—3,m—1;5) = {c(m — 3,m—2)s, + c(1,m — 3)c(m — 2,m — 1)} /c(1,m — 2)
= [c(1,m —2){c(m—3,m—2) + c(m —2,m — 1) — c(m—3,m— 1)}
+c(1,m — Vc(m — 3,m —2)
+c(1,m— 3)e(m — 2,m — 1)]/c(1,m — 2)
=c(m—3,m-2)+cm—2,m—1)—c(m—3,m—1)

c(1,m—2)e(m—-3,m—1)
c(l,m—2)

=cm-3,m-2)+cm-2,m-1)

=¢é(m—3,m—2;5)+ém—2,m—1;s).

Hence by [Proposition 3, (7) holds for C(sz), that is, f(s2) = 0. This completes the
proof of (7) for the semi-C-system C.
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Next suppose that C is a C-system. Then, by Proposition 6,
C(c(1,m —1)) = C and ¢(1,m — 1) € (a,b). Hence by [Proposition 7 and 8,

f(e(1,m — 1)) > min{f(a), f(b)} = 0.

Hence f(c(1,m —1)) >0, that is, (6) holds for C. This completes the proof of
and hence of Lemma 3.

PROOF OF THEOREM 1.
Suppose that o8y — Biax # 0 (i # k), ;0 — v, #0(j #¢), e>0, f >0 and
that for all (x,y) e L,

m n

Z lo;x — B;y| =1 and Z ly;x —d;y] = L.

i=1 i=1

We shall prove that

Z |oid; — Byl = 1. (11)

Now, by [Lemma 3, we have

n

m n
Z loiBr — Biox] =1 and E Z |7;0¢ — 67, = 1.
/=1

k=1 j=1

m
i=1

So, it suffices to prove that

1

z’”: |ociB "ﬂi“k|}{i i |y;0¢ —5j7/|}- (12)

k=1 j=1 ¢=1

{i Xn: |6 —B,-yjl}z > {

m
i=1 j=1 =1
Moreover, if (12) is proved and if the equality in [II) holds, then by (12) we
have

n

Z ;B — Biowe| =1 and Z Z |y0¢ — 67, = 1.
/=1

m
=1 k=1 j=1

I

By Lemma 3, we must have m = 2, n =2 and |8, — f102| = 1/2, |7102 — d17,| =
1/2. Thus we have only to prove (12).
In order to prove (12), it suffices to prove that the quadratic form
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2
|oid; — ﬁiyjlxi}

_ {Z > By — ﬂ,-aklxixk} {Z > yioe - 5j7{|}

j=1 ¢=1

is positive semi-definite, i.e. F(xy,...,xn) >0 for every real numbers xi, ..., Xp.
Now, let

Sik = {Z |oid; — ﬁi?j|} {Z |k — ﬁk7/|}
=1 Py

- = el 3 3 e .
1 =1

j=

Then, &, = &, and

m m
F(Xl, v ,xm) = Z 6ikxi-xk-
i=1 k=1

PROPOSITION 9. A quadratic form

m

m
G(X1,- . Xm) = D ) PcXiXe
i=1 k=1
(with px = pu;) is positive semi-definite if and only if
(%) for each sequence iy,...,i, (r>1) of natural numbers such that 1 <
1 <ih<---<i<m,

pi] i] p'l i2 ........ pll i,
Plzll plzlz plzlr > 0.
piril pi,iz ........ pi,i,

The proof of [Proposition 9 on matrix theory is omitted.
By [Proposition 9, it suffices to prove that

éil i éi] i STttt éil i
éizil éiziz ........ éizi,- > 0

........................
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for every sequence ij,...I such that 1 <i; <---<i, <m. By the change of
subscript i, to k, it suffices to prove that

for every oy, B, ), 9.
n n n
Now, let a; = Z} i — Bivjl,  die = 0B — Biowel, 8= 32 30 107 = 97|
]=

Then, &5 = a;ax — dit. Now,

Epp  ceeees & ai —dut  ama—dpt oo aram — dimt
m
............... @may —dnt @i —dpt - @ay — domt
fml ______ {mm .............................................
Ama; — Apit Amaz — dppt - - - a: — dmmt
ap —dppt —-dizt ------ —dimt
a —dpt —dpt - —domt
am —_ mzt —_ m3t ...... — mmt
_dllt a _d13t ...... _dlmt
—dyt ay —dypt - —dymt
+a2 21 2 23 2m
— mlt am J— m3t ...... _ mmt
+ .................................
—dnt —dipt - —dim—1t a
_d t —dort e _d 1t a
ta,| T 22 om-11 @
—dmit —amat - _dmm—lt am
—dut —dpt - —dim-1t  —dimt
+ —dyt —dpt .- —dyn_1t  —domt
—dmt — m2t """ _dmm—lt —dmm!
a dip diz - dim
ay dy dy - dom
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diy a dyz - dim
(=1, dy a dpy - dom
dmi Gm dmy - Amm
+ .................................
dn dip - dim-1 @
1y, dy dp - dm-1 @
dml dm2 """ dmm—l am
dn dip - dim-1  dim
H(=1)"e" dy dp - dm-1  dom
dml dm2 """ drﬁm—l dmm
t al a2 ...... am
a dn dip - dim
=" N(-1)"ay dy dn - dom |-
aym dp Ay e dom
Since ¢ > 0, it suffices to prove that
t ai a2 ...... am
a duy dip - dim
K=(-D)"a dn dn - dom | Z 0.
am dml dm2 """ dmm

Since
n n
t= (Z ijég — 5jy(|)

and

n n
W= Zl los; = Bivj| = ; |oidz — Byl
j= =



we have
;3_1 00 — el loudj — Byl a2b; — Bayl
n
El |17 — By7/| dn diz
n -
K = D" =
;( ) /21 o0, — By, dy dx
& I“mél - ﬂmyll dmi dmz
¥i0¢ — vl lond; — Byl lo2d; — oyl
n lotide — Brv,l di di2
= (=)™ |aads — By, d dy
=L 0= et
lam5/ - ﬁmyt’l dm dm2
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So, it suffices to prove that

L=(-1)"

>0,

for every re

loov — Bou| oy — Byu laav — Boul
|l By — Broo] By — Brou| o By — Btz
laaflo — Broo| |2y — o] 2By — Bra|
|amﬁ0 - ﬂmaol |am/31 - ﬂma1| l“mﬂZ - Bma2|

al numbers u,v,a;,8; (i=0,1,...,m).

..............

................

)

..................

479

I(Xméj - ﬂmyjl

dlm

dlm

Iamv —ﬂmul
lalﬁm - ﬁlaml

|a2ﬁm - ﬂZaml

Iamﬂm - ﬂmaml

The following Proposition is rather obvious. So the detailed proof of it is

omitted.

ProroSITION 10. Let

o(u,v) = Z 6:|Ciu — piv|,
i=1

where 0;, (;, p; are real number. If ¢(p;{;) =0 for all i=1,2,...,n, then
@(u,v) =0 for all u,v.
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Now, the above L is of the form

L = L(u,v) = i |oiv — By

i=0

By [Proposition 10, L(u,v) >0 for all u,v, if we prove that L(a; ;) >0,
(i=0,1,...,m).

Now, L(a;,B;) =0 (i=1,2,...,n) is obvious. So, it remains to prove that
L(ao,ﬂo) = 0, i.e.

leoBy — Boxo|  |o0B) — Boxa|  |xofy — Box2| ... |00, — Bootm|
l1Bo — Brao|  |ouBy — Brou|  |aif, B ... |uf, — Bioml
S= (D" By — Bt @2y — Bros| 2By — Boaa| ... [02Byy — Brom|
|°‘mﬂ0 — Bmo| |ompBy — ﬁm“l| lmBy — Bm2| ... |°‘mﬂm — B %m|

> 0.

Because of symmetry, we can assume that
LU . 3
Bo B B2 Brm
where ;>0 (i=0,1,...,m) and if §;=0 then o; >0 and o;/B; is regarded

as +oo. (If necessary, (a;,f;) is replaced by (—a;,—f;)). Then, |x;8; — Bio;| =
wf; — Bioy, if i <j. Hence

0 aofy — Boor  aof, — Booa ... 0B — Boom

a0y — Bor 0 aufy — P ... a1f, — Biom

S = (_l)m wfy — Box2  a1fr — P 0 cor 0By — Brdtm
aOﬂm - ﬂo“m alﬂm - ﬂl ®m aZﬂm ,Bz‘xm 0

So, § = 0 follows from the following.

ProposiTION 11.

S = 2m*1(a0ﬁ1 - ﬂoal)(alﬁz - ﬂl a2) e (am—lﬂm - ﬁm—lam)(aoﬂm - ﬂo“rn)-

Proor. S is a homogeneous polynomial in («;,f;) (i=0,1,...,m) and
vanishes when a; = a;11, f; = f;,;. Also, it vanishes when oy = o, By =B,
Hence S can be divided by

(20f1 — Boo1)(a1fy — B122) - (tm—1B — Bn—1%m) (00, — Bom)-
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So,

S = k(aoﬂl - ﬂo“l)(“lﬁz - ﬂl(xz) tr (“m—lﬂm - )Bm—lam)(aoﬂm - ﬁ()am),

for some constant k.

0 1 2 ... m
0 1  ee.. m—1
S=(—1)m2 O ..... m_2
m m—1 m-—2 0
-1 1 | 1
1 0 1 e m—1
=(-D" 2 1 0O ----- m—2
m m-—1 m-=2 0
-1 1 1 ... 1
-1 -1 | 1
=(-1D" 2 1 [\ m-—2
m m-1 m-=2 0
-1 1 1 | B 1
-1 -1 | 1
_(—l)m '—'1 —1 -—_1 1 eees 1
-1 -1 -1 -1  eeee -1
m m—-1 m—-2 m-3 -.... 1
0 2 0 o ... 0
-1 -1 1 1 ... 1
i I '
-1 -1 -1 -1 ... -1
m m-1 m-2 m-3 ..... 1

481

In order to determine k, let o, =m—i, f;=1
(i =0,1,... ,m). Then, diﬂj —ﬂ,-cxj =j—Ii. So,
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0 2 0 0 - 0 0
0 0 2 o .- 00
= (=1)" -1 -1 -1 | BRI 1 1
-1 -1 -1 -1 ... -1 1
m m—-1 m-2 m-3 -.... 1 0
0 2 0 o .-.--. 0 0
0 0 2 0O ----. 0 0
0 0 0 o T 0 0
= (=1)]
0 0 0 o -.-- 2 0
-1 -1 -1 -1 ... -1 1
m m—-1 m-2 m-3 ---.. 1 0
=2m—1m

Hence,
2"y —k.1-1----1-m.

Hence k =2™"1, as was to be proved.
This completes the proof of Theorem 1.
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