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REPRESENTATIONS OF A LINK GROUP

By

Moto-0 TAKAHASHI

In this paper we shall consider the link L illustrated in the Figure 1, and
construct representations of the link group of L.
The link group =(L) has the following presentations:

(L) =~ (xo, X1, X2, X3, X4, Xs|[X;, X;i-1xy] = 1, i=0,1,...5 (mod. 6))
&~ (.)Co,XI,X2,X3,X4,XS,yo,yl,yz,y3,y4,y5|
[y =1, xixi iy =1, i=0,1,...,5 (mod. 6)),

where [x,y] = xyx~!y~!. Note that, in the last presentation, it holds that
yoy2ya =1 and yyy3ys = 1.

Now, representations of n(L) to PSL(2,C) can be constructed using the
following theorem. We set ¢(z) = (z+ 1/z)/2 and s(z) = (z —1/z)/2.

THEOREM. Let Ao, A2, A4, my, Mo, 44 b€ complex numbers not equal to
0, + 1. Suppose that we can take complex numbers A;, 43, As, u;, U3, 4s not
equal to 0, +1, satisfying the following conditions (i) and (ii): for i=1,3,5
(mod. 6)

() c(4i) = e(p_1)e(pisr)
He(Ai1)e(Aiv1) — e(Air3) ps(pim1)s(pig1) /{s(Ai-1)8(Ais1) },
(i) s(Ai)e(ps)/s(p) = —c(Aim1)e(pipr)s(pi—1)/s(Aiz1)
—c(pim1)e(Wiv1)s(Wi1) /5(Aix1)
—(i43)5(Air3)s(tti_1)s(tip1) /{5 (i 3) s (i) s (1) }-

Then, we can take 4, € SL(2,C) (i=0,1,...,5 (mod.6)) to construct a non-
abelian representation of n(L) to PSL(2,C) by corresponding
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Figure 1

A(lj 0 )A“
j — A ]
Vi 0 1/4)7"

xl'—’Ai(ﬂi 0 )A-_l,
0 1/w/) "

i=0,1,...,5 (mod. 6).

ReMARK. The conditions (i) & (ii) are equivalent to the following (iii) &
(iv), for (i)+(ii) makes (iii) and (i)—(ii) makes (iv):

(i) S(uif ) _ s /Ai1)s(i1 /Aim1)  S(Aiv3tiva)S(lipr)s(tiy)

s(4;) B $(Ai+1)s(di-1) S(t;43)5(Aix1)s(Aicr)
(iv) s(Aip;) — S(Air1phig1)S(Ai-1p4i_1) _ Sty 3/ Air3)s (i1 )s (1)
s(p) 5(Ai+1)s(Ai-1) S(#i43)5(Ai+1)s(Ai-1) .

REMARK 2. Fori=1,3,5 (mod. 6), c(4;) is determined by (i). Let the value
of the right-hand side of (i) be a, then J; is determined by the equation
Ai+1/4; =2a, or the quadratic equation ,1,-2 —2aA;+1=0. In some special
cases the two roots of the equation x?> —2ax+ 1 =0 may be among 0, +1.
Except these cases 4;(# 0, +1) exists.

Suppose that A; exists. Then y; is determined by (ii). Let the value of the
right-hand side of (ii) be . Then y; is determined by the equation (u; + 1/4;)/

(#; — 1/w;) = b/s(4i), so
i = £ /—(s(A) + b/(s(A:) — b).

In some special cases these values are among 0, +1. Except these cases y;
(#0, +1) exists.

REMARK 3. In the theorem we have assumed that A; # +1. But in the
case 4; =+1 (parabolic case), where 0 <i <5, if we modify (i), (ii) by re-
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0 1/4

y,-—+A,~<i(_)1 _:1>A,.‘1 and by replacing x,~—>A,~(/6i 171.)Af1 by x; —
L 1

placing s(u;)/s(4;) by a and by replacing y,-—»A,-(Ai 0 )Ai’ U by

A,-(io1 iail)A,." 1. Then we also have a representation.

REMARK 4. By using this theorem, I would like to construct a bi-rational
representation (i.e. a homorphism into the group of bi-rational transformations
of a certain algebraic variety) of the mapping class group of the closed ori-
entable surface of genus 2. This will be carried out in the subsequent paper.

Roughly speaking, it follows from this theorem that the space of the non-
equivalent representations of n(L) to PSL(2,C) has the complex dimension at
least 6.

PrOOF OF THE THEOREM. For i=0,2,4 (mod. 6), let

Uil Uiz
(]i == 3
Uiz  Uia

where
U = ilﬁ-_z—ww;z-, uip = AoA244 — 1,
Aiv2(Ai, = 1)
Ai — Aiy2hion i (Aica = Aidig)

U3 i4 =

(AR, - 1D)(AE, - 1)’ Ai(Afy — 1)

Then, it is easy to check that UyU,Us = E and

o O A 0 a0
Uy =E
(o 1/10)U4<0 1/,12)U°(0 1/,14) 2=

e=(o 1)

Moreover it holds that, for i =0,2,4 (mod. 6),

s c(Ai) = c(Aix2)c(Ai-2) + s(Air2)s(Ai-2)
e 25(i12)5(hi2)

where

(1)
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and

c(4i) — c(Aiv2)e(Aia) — $(Ais2)s(4i-2)
25(Ai+2)s(Ai-2)

UjrUi3 =

So, by putting Ay = E, Ay = U, A4 = U;!, we have, for i = 0,2,4 (mod. 6),
Ui = A7, Ai—», and

SRR ITCIPR I ACIER 2 o

For i=0,2,4 (mod. 6), let

A0 g 0
Y, =d;| Sloxi =4, A7l
(0 l/ai)"" ’ (0 l/u,) :

Then, we have Y,Y,Y,; = E, which corresponds the relator yoy,ys = 1.

Next we compute the trace of X,~_1Xijr‘1, for i=1,3,5 (mod. 6).

Tr(Xi-1 X))

i 0 1/, 0
—Tr (A,._l (”’ ! )A,.‘_‘IA,-H ( B )A,;‘l)
0 1/p, 0 Hit1
i 0 1/u; 0
—Tr ((.uz 1 )A,-__llAi.H ( /luH-l )A,;llA,-_1)
0 1/m, 0 Hit1
i 0 1/u; 0
Ty ((# 1 ) Ui+3( /s ) Ui:rl3>
0 1/u, 0 1/ pigy

= pi1 (Wis31Uit34/ Hig1 — Hig1Uis3,2i43,3)

+ (ﬂi+1 Uitr3 1Ui+34 — Uip32Uir33 / Hip )/ B

Hi_1 #i+1) ( 1
=\ 7t i3 %34 — \ Hictbin T Uit32Ui33
(ﬂi+1 Hi A T i S

_ (ﬂH 4 /li+1) c(Ai+3) — c(Air1)e(Ai=1) + $(Aiv1)s(Aiz1)
Rl Hio 25(Aiy1)8(Ai-1)

1 ) c(Aix3) — c(Aiy1)c(Ai-1) = $(Aiv1)s(Aiz1)
Hi_ 1Mt 25(Aiv1)8(Ai1) ‘

- (ﬂi—lﬂi+1 +
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by (1). Now,
Hi—1 , Hi
ol il = Z(C(ﬂi—l)c(#m) - S(ﬂi—l)s(#z’+1))a
Hiv1  Hi
MMy + = 2(c(pi—q)c(irr) + s(pizy)s(@irr))-
i—1Mi+1
So,

Tr(Xi-1X;371)

= 2elm1)e(perr) = st 1)s(in)
- (e(Aig3) — e(Ai1)e(Aim1) + 5(Air1)5(4im1)) / (25(Ait1)8(Ai-1))
= 2(e(pi—1)e(@ip1) + s(ui—1)s(1i1))
- (e(Aig3) — c(Air1)e(Aim1) — $(Ai41)s(Ai-1)) / (25(Aiz1)8(4i-1))

= 2(c(pi—1)e(@ir1) + (€(Aim1)e(Ait1) — €(Air3))s(ti1)5(1i11))/ (5(Ai-1)5(Ai11))

= 2¢(4).

Here we have used the hypothesis of the theorem. Thus,

1
Tr(XiX31) =4+ 7
1

X;_1X;} € SL(2,C) and 4; # + 1. So, there exists an 4; € SL(2, C) such that

- A 0 -
X,._IXH}=A,-(O’ I/A->Ai1'

Now we put, for i =1,3,5 (mod. 6),

A 0 u; 0
Y, =A;| ] A7 Xi=A 7 At
(0 1//%‘) l (0 1/#;') '

Then, we have Y; = X,-_IXI-;}, which corresponds to the relator y; = x,-_lx,-;ll, for
i=1,3,5 (mod. 6).

Obviously, [X;, Y] =E, fori=0,1,...,5 (mod. 6). It remains to prove that
Y ~ X,-_lXiﬂ, for i=0,2,4 (mod. 6), where 4 ~ B means that 4 = ¢B, for
some scalar & # 0.
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Now Y; ~ X;_1 X is equivalent to

i 0 _ i1 0 1 }{ (l/um
A; A7~ Ai- l A; A;
(0 l/ai) ' { ‘( 0 l/ui_l) ST 0

or

A0 )V' (ﬂi+1 0 ) '—1~V_—1(ﬂi—1 0
0 1/4) N0 VYm0 1/

where V; = 4,7} 4;.
Now, for i=1,3,5 (mod. 6),

A 0
X =4 AL
xxil Ay, )4

So,

o))
Hiv1 !

)V.- 2)

(3)

j.,' 0 _ A-i -
1

0 1/4 0

Also,

_ B U1 0 Vpwig 0
AN X X A = ( ' ) Ui+3(
0 1/piy 0 Hin1

Hence we have

Ai 0 _1 (,Ui_l 0 ) ( 1/.ui+1 0
Vi V. = Ui
( 0 1/'11') l 0 1/pi 3 0 Hi1

Let

Then,

V_(A'i 0 )V_1_<1iviwi4—vizvi3//1i (1//11'—1;')0;'10;'2)
N0 1/4:) 7\ (A= 1/A)visvia vavia/Ai — Aivizvis )

( i—1 0 )U (1/ﬂi+1 0 ) ~1
i+3 i+3
0 /1y 0 Hiyy a

(ﬂi—l (Uir31Uir34/Piv1 — Uit3pUiy33fis) My (i — 1/ Py Y iz 1 Uiy 32 )

(1/ Hiv1 — Hi+1 )ui+3,3ui+3,4/ Hi (#i+1 Uit3,1Ui+34 — “i+3,2ui+3,3/ Hit1 )/ Biy
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Hence

S i1 (A1 = Airsdinn) (Aodada — 1)
Uilia = — ,

$(Ai)Ai1(Ayy — 1)

S(ip1)Ai-1(Aigs — Aim1Air1) (A1 — Aim1digs3)
ﬂi_ls(ii)/lz%('{zz 1 1) ()"1+1 1)

c(pim1)s(uip){c(dir1)e(4i-1) — ¢(di+3)} + s(i_1)e(ir1)
5(A:)S(Aisr1)$(Ai1) s(4:) ’

for i=1,3,5 (mod. 6). Hence, for i =0,2,4 (mod. 6),

S\H; Ai — Ai_2hi Ao/ —1
Vit1,10i412 = — (i)t —24i12)(AoA244 ),

( l+1)j' (A’H—Z )

Vi3Vig = —

bJ

Vi1Vis + VjoU;3 =

S(ti2)Ai(Aica — Aidiza) (Aiga — Aidi2) @
/‘is()'i+l)j'z"2—2()"2 1)('1:+2 - 1)

_ c(p)s(pipa){e(Aira)e(di) — c(Ai2) } s(ﬂi)c(:ui+ )
Vit1,10i+1,4 + Vit120i413 = SE/LH)S(LH)S()LI) om) 2

Viy1,3Vip14 = —

Next, for i=1,3,5 (mod. 6), by (3),

Ai 0 B
Az+1Xl 1X+1Al+l Ax+1A (0 l/ii)Ai 1Ai+l

AISO,

_ #ioy O _ Vi 0
AN X X A = A A ( l )Ai—llAH‘l( g
0 1/py 0 Hit1

_1 [ Hi1 0 Vpwe 0
= Ui+!; ( l ) Uits ( *
0 1/u, 0 Hit1
Hence we have

(A 0 Wi 0 1/ 0
4% Vieg = UZL( T} )U,- ( i+ .
i+l ( 0 1/1i> * '+3( 0 1/p;y + 0 HMir1
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Hence by (1),
S(ui_1 M1 Ai—1(Aik1 — Aic1Aig3) (Rod2ds — 1)
s(A)Air3 (A, — 1)
S(ui_1)(Aic1 = Aigadipr) (Aigs — Aic14ign)
S(A) i hic1Aigs (A — (A5, = 1)?

Dot Dot 8 b D aDes « (i) ){c(4iv3) — e(Aiv)e(hi-1)}  s(uigr)e(piy)
i+1,10i+1,4 + Vit1,20i41,3 5(4:)s(Ai+1)s(Ai1) s(A) ;

Vit+1,2Vi414 = ’

Vit1,10i41,3 =

for i=1,3,5 (mod. 6). Hence, for i =0,2,4 (mod. 6), we have

Vioig = S(pi_2 ) uiAi—2(Ai — Ai—2Ait2)(Aod2ds — 1)
i2V; S(Ai—l)'li+2(/l,'2_2 -1)

_S(pi_p)(Aica = A2 Ai)(Aiva — Aia — Ay)
Dj1vi3 = 3 3 3 s
S(Ai—1)idi-2Aiv2 (4, — 1)(A47 — 1)

c(pi)s(i_n){c(Aiv2) — e(hi)e(Ai2)}  su)e(piz)
S(Ai=1)s(4:)s(Ai-2) s(Ai-1)

’

(5)

Vi1Vi4 + Vi3 =

Now we prove (2). Let

Ai 0 Mty 0 i ar b
Vir Vip1 = )
0 1//1,- 0 l/ﬂi+1 a d
i 0 a b
y-l Hi oy = 2 02 ,
0 1/ui, ¢ d

(i=0,2,4 mod. 6) and we prove that
a) b] a b2
C1 dl (&) d2 .

a = /1i(Ui+1,1vi+1,4ﬂi+1 - Ui+1,2vi+1,3/ﬂi+1),

and

Now,

b1 = /1,‘(1/[1,4_1 - ,U,'+1)Ui+l,lvi+l,2a

c1 = (U Hig)viv1,30i414/ A,
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di = (Vir1,10i41,4/ Bi1 — Vi1 2041 38441) [ A
ax = V1 Viafl; 1 — V203 /i1,

by = p;_y — 1/p_1)vizvia,

c2 = (1/p_1 — m_1)vnvis,

dy = vivia/ ;1 — V231 -

By (4) and (5),

S(Uip2)ti(Ai — Aim2Aig2)(AoA24e — 1)
S(’li+1)li(ii2+2 — 1)

_ S(i1)S(Mivn) (ki — Aimadiya)(Aodods — 1)
$(Aiy1)8(Aiz2) Aixa ’

S(u;_o)ihi—2(Ai — Ai_2hiz2)(Aod2ds — 1)
$(Ai—1)Air2(A], — 1)

_ (e )s(iy) pi(Ai — Aicadin)(hodods — 1)
§(Ai—1)s(Ai-2) Aiy2 '

by = A (=25(pip1)) —

b = 25(s;_y)

Let
by = pu;(Ai — Aic2diz2)(Aodads — 1)/ Aisa.
Then,

s(@ip1)S(Hiy2) s(pi—1)s(1i_2)
by = S )SHhiya) g S Wig) 6
VT 5(in)s(hin2) 27 5(i1)s(hia) 3 (6)
Similarly, if we put

 (him2 = Aihi2) (isz — Aidicg)
ﬂi'liz—z/li+2('1i2 - 1)2

Cc3 =

)

then, we have

S(,U,-.H )S(ﬂi+2) CH = MM (7)

] =——"7FT 77"+ (3, = c3.
Y 5(i)s(hira) s(i_1)s(Aizz2)
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Next we compute a; and as.

a1 = Ai(Vip1,10ir 140501 — Vit1,20i41,3/ Hit1)
= A{(vi31,10i01.4 + Dit1,20i41,3)5 (Wi 1) + (Vir1,10ig1,4 = Vi1 20i41,3) (1) }
= Ai{(Di41,10i41.4 + 0i11,20641,3)S(i11) + (1)}
= Ais(ti1){(Vir1,10i41,4 + Vig1,20i41,3) + (1) /5(1311)}

~ as(w () s(tizn){c(Aisa)e(A) — c(Ai2)} | s(u)e(pipa) | c(igr)
=4 (#'H){ $(Air1)8(Air2)s(4:) - S(Aiv1) +S(ﬂi+1)}
_ ,l's('u"*‘) {C(/‘Hl)s(/‘i+2){c()”i+2)c(}“i) ~c(hi-2)}

"$(Ai+1) s(A142)s(A:)

S(Aiy1)e(lii1) }
s(Miv1) ‘

+s(u)c(iy2) +

Here we have used (4).
Now by the hypothesis of the theorm,

S(Ai+l)c(:ui+l)/s(/*‘i+l)
= —s(p;)c(Ai)e(Hiya) — (i) (i) c(Aiv2) /5(Aiv2)

— $(Ai=2)s () (ti2) e (i—2) /{5 (pi-2)$(A:)s(Aix2) }-
So,

a = l_s(/‘i+1) {C(#i)s(ﬂi+z){C(li+2)c(li) — c(Ai=2)}

T s(Aiv1) 5(Ai+2)s(41)

T s(ug)c(ptnz) — %% c(A)c(ptz) — % c()c(hirz)

| SCi)s)s()
SCar2)5()s (i) (’“—2’}

()5 (i) A {c(ﬂ,.)cu,.ﬂ)cu,-) — c(u)e(Ai-2)

 5(Air1)s(Air2)s(4:)
c(Hiy2)s(Ais2)s(A)  s(ui)e(Ai)e(piy2)s(Air2)
o sl) S(tiv2) S(Hi2)

s(Ai—2)s(u;)e(mi_s) }

— c(u;)c(Air2)s(Ai) — s(#i—2)
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s )Ai . (1) — s(i
_s(,li+1+)ls(/1,~+;)2s(,1,-) {c(ﬂf)c(iwrz){ (4) = s(4:)}

+ s(ﬂi)c(ﬂi+2)s(.j~(i;?2{)s(li) —c(4)} — e(u;)e(Aisz)

_ s(Ai—2)s(p)e(@i—2) }
s(ti—2)

_S(i41)S (M 2) A {C(ﬂi)cum)_S(ui)C(#i+z)s(/1,.+2)
S(Ai1)s(4i+2)s(4:) Ai s(lis2)Ai

. S(ii—Z)S(#i)c(ﬂi—z)}
s(t;—2)

— c(p;)c(hi-2)

_ S(#i1)S(Wir2) c(h: _S(Ni)c(ﬂi+2)s(/1i+2)
= )5 Cira) () {c(’"’) (his2) SQter2)

— Aic(u))c(Aia) — Ais(Ai—2)s(;) (Hi—2) }

s(ti—2)

So, if we put

az =

{c(/‘i)c()ui+2) - S(#i)ci'l(‘ :iz‘;(ltﬂ)

Ais(Ai—2)s(u;)e(p;_r) }
s(pi—2) ’

1
s(Z:)

— Aic(p)e(Ai-2) —

then, we have

_s(ui11)s(Big2)
a= S(/li+i)s(/1i+§) @ ®)

Also,
ax = v Viafli_y — ViaVi3/Miy
= (vi10i4 + Vi20i3)S(@i_1) + (Vitvis — vi2vi3)c(U;_1)
= (vi10ia + vi20i3)s(1i_1) + c(ti1)

= s(u;_1){(virvia + viovi3) + c(p_y) /s(pi1) }
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_ sty ] CW)sio){c(Aiva) — c(Ai)e(Aia)}  s(u)epioy) | (i)
- (ﬂ’_l){ $(Ai-1)s(4,)s(4i-2) s(4i-1) +S(:ui—l)}

_ S(uizy) S e(ui)s(pia){e(Air2) — e(Ai)e(Ai=2)}
B s(l,-_:) { : s(l,-):(z,l,-_z) — () e(pi—p) +

Here we have used (5). Now, by the hypothesis of the theorem,

c(pi1)s(Ai-1 )}
s(ti-1) .

c(”;_(.lu)ii(;;i*‘) = - igﬁ:j; c(Ai—2)e(p) — % c(u;_p)e(Ai)
_ S(isa)s(p o) e(ut;) c((iza)
S(@i42)5(Ai=2)s(4:) i+2)-

Hence,
ay = s(ui_1) {C(#i)s(ﬂi—z){c(lwz) — c(Ai)c(Ai-2)}
s(Ai-1) s(4:)s(Ai2)

= sa)eli ) = S clh-)en) — 553 el 2)e(d)

_ S(Air2)s(pi_g)s(p4)
St 2)3 Ciz)o() c(""“)}

- s( ;,.(f‘li)_;()ji(_/f)_ sz(),l,-) {C(ﬂi)c (Aig2) — c(u;)c(Ai)c(Ai—2)

_ s(ui)e(pia)s(Aiza)s(4i) s(Ai)c(Aiz2)

i) c(u;)
_ s(ui)s(Ai=2) (i Nelds) — S(Aiv2)s(ui) c(iya)
) CW2)ed) SCtrra) }

_ s(pi—1)s(1;_2)
= i 050250 {c(“")““f“) = c(w)e(Rim2){s(4) + c(4)}

_ cl)sCi2)s s + G} oy o oy SGa)sa)(tusa)
P (ici-a)en) — 2Rzl

. s(u_y)s(_5) ) __S(.Ui)c(ﬂi 2)8(Aiy2)
= 1) (i) 5(h) {c(‘“‘)c”'“) P

— Aic(u;)c(di-2) —

Ais(Ai—2)s(u;)c(1t;_,) }
s(pi2) .
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Hence
_ s(ui)s(pi2)
a) = s(i,-_l)s(l,-_z) as. (9)
Similarly, if we put
dy = — Cl)e(is2)s(pisg) + S(4:)8 (i) c(Mis2)
S(Ai)s(i2)

c(u;)e(di-2)s(pi_y) — s(u;)8(Ai-2)c(li—a)
Ais(i)s((i-2)

I

we have
_s(t31)5(Uiya) sy )s(1;_)
G = s & = St (10)

By (6), (7), (8), (9), [10),
(al bl) _ s(pi41)s(Big2) (a3 b3)

¢ di)  s(Ais1)s(ir2) \c3 ds
and
<a2 bz) _ s(pi—1)s(Wi—2) (“3 bs )
¢, dy s(Aic1)s(Ai2) \e3 d3 )
Hence

(&)~ ()
C1 d] C) d2 ’

Thus, (2) is proved. (Q.E.D)
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