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HAAR NONMEASURABLE PARTITIONS OF
COMPACT GROUPS
By

G. L. ITZKOWITZa and D. SHAKHMATOVb
Abstract. We prove that a compact connected nonmetrizable
group contains a proper dense -bounded subgroup. This is then
used to show that every compact nonmetrizable group
can be
-many pairwise disjoint dense topologically
partitioned into
homogeneous -bounded subsets each of cardinal
and each
Haar nonmeasurable with full Haar outermeasure. This allows us to
then generalize an observation of Kakutani and Oxtoby and to
may be partitioned
conclude that each infinite compact group
-many pairwise disjoint dense subsets of full
into a collection of
Haar outermeasure. A corollary of these results is that the StoneCech compactification
of an infinite discrete space $X$ may be
partitioned into
pairwise disjoint -bounded subsets each of
.
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1. Introduction
In [16] Kakutani and Oxtoby (see also [8, 16.7]) showed that each compact
infinite metric group $G$ contains a family
of subsets, where the
cardinal number of $A,$ $|A|=c=continuum$ , the subsets
are pairwise disjoint,
$G$
and
is Haar outermeasure of . As we shall see in Section
where
2 this implies that the $c=|G|=|A|$ disjoint subsets are each dense in $G$ , and by
$\{X_{\alpha} :

\alpha\in A\}$

$X_{\alpha}$

$\mu^{*}(X_{\alpha})=1$

$\mu^{*}$
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, we see that each compact infinite
to one of the
$|G|$
dense pairwise disjoint nonmeasurable
metric group may be partitioned into
subsets of full Haar outermeasure. It is the purpose of this paper to extend this
fact to all compact groups thus showing that all infinite compact groups $G$ may
be partitioned into $|G|$ dense nonmeasurable subsets of Haar outermeasure 1. As

adjoining

$G\backslash U_{\alpha}X_{\alpha}$

$X_{\beta},$

$\beta\in A$

we shall see, in the case of nonmetrizable groups, surprisingly this fact may be
strengthened so that in addition the sets of the partition are each homogeneously invariant -bounded subsets (see Theorem 7).
In recent years a number of authors (see $[2]-[4]$ ) have investigated the
existence of dense proper pseudocompact subgroups in compact nonmetrizable
groups. Recently we have shown that if
then every nonmetrizable
compact group contains a proper dense countably compact subgroup. It should
be noted that the method of proof employed showed that every compact group
of cardinal greater than the continuum contained such a proper subgroup. This
should be contrasted with an old result of Rajagopalan and Subrahmanian [19]
in which it is shown that in the category of locally compact groups there are
groups which admit no proper dense subgroups. In this paper we will show that
the cardinality restriction may be dropped for nonmetrizable compact connected
groups. In fact we will show that each compact connected nonmetrizable group
contains a dense -bounded subgroup (this parallels the result in [4] for
compact nonmetrizable Abelian groups) and as a corollary we obtain our
Theorem 7 which implies our main theorem.
$\omega$

$2^{\omega}<2^{\omega_{1}}$

$\omega$

THEOREM 7. Let $G$ be a nonmetrizable compact group. Then $G$ can be
partitioned into $|G|$ -many pairwise disjoint dense homogeneously invariant
bounded subsets each of cardinal $|G|$ and each Haar nonmeasurable with full Haar
$\omega-$

outermeasure.

and therefore completely regular, while all topological
All groups will be
spaces will be assumed completely regular. A pseudocompact topological space
is a space on which every continuous real valued function is bounded. A
countable compact space $X$ is one on which every infinite subset contains an
is one on which every
accumulation point in $X$ , and an -bounded space
-bounded
countable subset has compact closure in . It is well known that
$|X|$
to denote the
pseudocompact. We use
countably compact
cardinal number of the set $X$ , and we use $w(X)$ to denote the weight of $X$ ,
which is the smallest cardinal number for the size of a base for the open sets in
$T_{0}$

$Y$

$\omega$

$Y$

$\Rightarrow X$

$\Rightarrow X$

$ X\omega$
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X. We use
to denote the first infinite cardinal,
to denote the first
as the neutral element of our compact groups.
uncountable cardinal and
We make use of the following fact found in Engelking [6, 3.7.2]. If
$f$ :
is a perfect map, then for each compact subspace $Z\subset Y,$ $f^{-1}(Z)$ is
is perfect if $f$ is continuous, $X$ is Hausdorff, $f$ is
compact. (A map $f$ :
closed, and all fibers $f^{-1}(y)$ are compact.). Note that if $f$ is a continuous
surjective map and if $X$ is compact then trivially $f$ is perfect. Immediate
consequences of this fact are:
$\omega$

$\omega_{1}$

$0$

$X\rightarrow Y$

$X\rightarrow Y$

$Y$

FACT 1. Let $f$ be a continuous surjective map of the compact set
. Then $S\subset Y$ is -bounded iff $U=f^{-1}(S)$ is -bounded.
FACT 2.

The continuous image of an

FACT 3.

Let

$X=\prod_{i\in I}X_{i}$

2.

is

$\omega$

onto

$\omega$

$\omega$

$X_{i},$

$X$

$i\in I$

$\omega$

, be a collection of

-bounded set is

$\omega$

$\omega$

-bounded.

-bounded Hausdorff spaces, then

-bounded.

Topological Homogeneous Spaces.

We now show that the collection of cosets of a topological group $G$ is a
collection of topologically homogeneous invariant subspaces of the group. In
fact, the stronger condition, that given a coset
of the group and point $x\neq y$
in
there is a homeomorphism $f$ of the group for which $A$ is an invariant set
under $f$ and $f(x)=y$ , holds. From this we conclude that if $X$ is a topological
space homeomorphic to a compact topological group $G$ with a proper dense
bounded subgroup $H$ then $X$ can be partitioned into a collection of dense
pairwise disjoint homogeneously invariant -bounded subsets.
$A$

$A$

$\omega-$

$\omega$

DEFINITION. A topological space $X$ is topologica fly homogeneous if for each
pair of points $x\neq y$ in $X$ there is a homeomorphism $f$ of $X$ onto itself such that
$f(x)=y$ . A subspace $A$ of a topologically homogeneous space $X$ is homogeneously invariant if given any $x\neq y$ in $A$ there is a homeomorphism $f$ of $X$ onto
itself such that $f(x)=y$ and $f(A)=A$ .

$H$

LEMMA 1. Let $G$ be a topological group and let
of G. Then $A$ is homogeneously invariant

$A$

be a coset

of a

subgroup

PROOF. First let $A=H$ and let $x\neq y$ be points of $H$ . Note that the map $f$
defined by $f(z)=yx^{-1}z$ satisfies $f(x)=y$ . Since translations and inversions are
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$f$ is a homeomorphism. Since $H$ is a group, if $z\in H$
homeomorphisms of
then $f(z)\in H$ , so that $f(H)\subset H$ . $f$ is onto because if $w\in H$ the point
$z=xy^{-1}w\in H$ satisfies $f(z)=w$ . Thus $H$ is invariant under $f$ .
Now let $A=aH$ so that $a^{-1}A=H$ . Let $x\neq y$ be in . Then $a^{-1}x\neq a^{-1}y$
are in $H$ . By the previous argument, there is a homeomorphism of $G$ such that
$H$ is an invariant set for
and $g(a^{-1}x)=a^{-1}y$ . Let $\tau_{a}(x)=ax,$ $x\in G$ . Then let
$f=\tau_{a}ogo\tau_{a^{-1}}$ . It is easy to check that
is the desired homeomorphism.
similar argument holds when $A=Ha$ .
$G,$

$A$

$g$

$g$

$A$

$f$

$\square $

COROLLARY 1. If $G$ is a compact nonmetric group and if $H$ is a dense proper
-bounded subgroup of $G$ then each coset of $H$ is a dense proper -bounded
homogeneously invariant subset of $G$ .
$\omega$

$\omega$

In [11] it was noted that in a compact group $G$ , a subset of $G$ has left Haar
in $G$ of positive Haar
outermeasure one iff the subset meets every closed
measure. proof of this fact was given in [13] since Comfort in his 1984 survey
article [2] noted that no proof of this fact had been published. It is immediate
from this fact that in a compact group $G$ a subset of outermeasure 1 must be
a dense subset of $G$ (If $U\subset G$ is open it has positive Haar measure and so by
[8, 19.30] it contains a Baire set $D$ with the same measure as $U$ . By [13, Th.l],
$D$ meets every set in $G$ of outermeasure 1 and so does $U.$ ).
is left Haar outermeasure on a
It is an observation of . Todd that if
and $B$ are disjoint subsets of $G$ such that
compact group $G$ and if
$\mu^{*}(A)+\mu^{*}(B)>1$ then both
is measurable
and $B$ are nonmeasurable. [If
then $1=\mu(G)=\mu(A)+\mu(A^{C})=\mu^{*}(A)+\mu^{*}(A^{C})\geq\mu^{*}(A)+\mu^{*}(B)>1$ , a contradiction. Similarly, if $B$ is measurable.]. In their classic paper, Comfort and
Ross [5] showed that a dense subgroup of a compact group $G$ is pseudocompact
iff it meets every closed
in $G$ . Putting these facts together, we see that every
dense proper pseudocompact subgroup of a compact group $G$ (which now has
outermeasure 1 in $G$ ) and hence every proper -bounded dense subgroup and
its cosets in a compact group must have Haar outermeasure 1 and be nonmeasurable. Thus we have the following theorem.
$G_{\delta}$

$A$

$A$

$\mu^{*}$

$A$

$A$

$A$

$G_{\delta}$

$\omega$

Suppose a compact nonmetrizable group $G$ contains a proper
dense -bounded subgroup H. Then the collection of cosets of $H$ partitions $G$ into
a collection of pairwise disjoint homogeneously invariant dense -bounded Haar
nonmeasurable subsets each of full outermeasure.
THEOREM 1.
$\omega$

$\omega$
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LEMMA 2. Any compact topological space $X$ homeomorphic to a compact
topological group $G$ with a dense -bounded proper subgroup $H$ can be partitioned into a collection
of pairwise disjoint proper dense homogeneously
is equal to the number of cosets
invariant -bounded subsets. The cardinal of
$\omega$

$\Psi$

$\Psi$

$\omega$

of $H$.
be the homeomorphism. If $A$ is an -bounded coset
PROOF. Let :
of $H$ then $A^{*}=h^{-1}(A)$ is an -bounded dense subset of $X$ . Furthermore, by
there is a homeomorphism of
Lemma 1 if and are distinct elements of
$G$ onto
itself such that $g(A)=A$ and $g(h(x))=h(y)$ . Let $f=h^{-1}\circ g\circ h$ , then it
is easy to see that $f$ is a homeomorphism of $X$ into itself which satisfies
$f(A^{*})=A^{*}$ and $f(x)=y$ . It now follows from Theorem 1 that the collection of
sets $\{h^{-1}(aH)\}$ is the desired partition.
$h$

$X\rightarrow G$

$\omega$

$\omega$

$x$

$A^{*}$

$y$

$g$

$\square $

In [15, Lemma 5] the folklore result is noted that a dense subset (not
in the group is
subgroup!) of a compact group that meets every closed
pseudocompact. It then follows from Gillman and Jerison $[7, 6I]$ , and the fact
that every compactification of a topological space $X$ is a continuous image of
in
, that a dense pseudocompact subset of a compact group $G$ meets every
the group. Thus we obtain the folk theorem that a dense subset of a compact
in the group. Hence all
group is pseudocompact iff it meets every closed
dense pseudocompact subsets in a compact group have full outermeasure in the
group. This allows us to state the following theorem.
$G_{\delta}$

$G_{\delta}$

$\beta X$

$G_{\delta}$

can be partitioned into a nonIf a compact group
of pairwise disjoint (homogeneously invariant) pseudocompact
(countably compact, -bounded) dense subsets then each of these subsets are Haar
nonmeasurable and are of full Haar outermeasure.
THEOREM 2.
trivial $co$ llection

$G$

$\omega$

3.

Product-like Group Partitions

We will now show that in the category of nonmetrizable compact product
groups and product-like groups it is always possible to partition the groups into
“large” collections of dense -bounded topologically homogeneous subsets.
Along the way we will show that compact nonmetrizable connected groups are
product-like. We will use this fact to conclude that such groups always contain
proper dense -bounded subgroups. This fact then enables us to get another
characterization of locally compact metric groups.
$\omega$

$\omega$
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, and where each
LEMMA 3. Let
, where
is a
nontrivial compact metric group. Let $J=\{h=\{h_{a}\}\in H:|\{a\in A:h_{a}\neq 0\}|\leq\omega\}$
be the
-product in H. Then $|H/J|=|H|$ .
$|A|\geq\omega_{1}$

$H=\prod_{\alpha\in A}H_{\alpha}$

$H_{\alpha}$

$\sum$

PROOF. Without loss of generality we may assume that $A=B\times\omega_{1}$
with $|B|=|A|$ , i.e. that
and $J=\{h=\{h_{b,\alpha}\}\in H$ :
. Since each
is non-trivial, we can fix
where
. For every $f\in\{0,1\}^{B}$ define $x_{f}\in H$ by
$H=\prod\{H_{b,\alpha} :

$|\{(b, \alpha)\in B\times\omega_{1} :

$h_{b,\alpha}\in H_{b,\alpha}$

b\in B, \alpha\in\omega_{1}\}$

h_{b,\alpha}\neq 0\}|\leq\omega\}$

$H_{b,\alpha}$

$h_{b,\alpha}\neq 0$

$x_{f}=\left\{\begin{array}{l}h_{b,\alpha} iff(b)=1\\0 iff(b)=0.\end{array}\right.$

: $\{0,1\}^{B}\rightarrow H/J$ by
be the quotient map. Define the map
$\psi(f)=\pi(x_{f})$ . We claim that
is an injection. Indeed, suppose
and
$b\in
B$
$f(b)\neq
f^{\prime}(b)$
that
. Then
. Now for every
for some
one has
, which together with the definition of
implies that

Let

$\pi$

:

$H\rightarrow H/J$

$\psi$

$f,f^{\prime}\in\{0,1\}^{B}$

$\psi$

$f\neq f^{\prime}$

$\alpha\in\omega_{1}$

$J$

$x_{f}(b, \alpha)\neq x_{f^{\prime}}(b, \alpha)$

$\psi(f)=\pi(x_{f})\neq\pi(x_{f^{\prime}})=\psi(f^{\prime})$

.

Since is an injection, we have $|H/J|\geq 2^{|B|}$ . Since each
is a compact
$|H|\leq
c^{|B\times\omega_{1}|}=2^{|B\times\omega_{1}|}=2^{|B|}\leq|H/J|\leq|H|$
metric group,
. Therefore
,
which implies $|H|=|H/J|$ .
$\psi$

$H_{b,\alpha}$

$|H_{b,\alpha}|\leq c$

$\square $

, where
THEOREM 3. Let
, and where each
is a
nontrivial compact metric group. Then there exists a proper dense -bounded
subgroup
such that $|J^{\prime}|=|H|$ and
has $|H|$ distinct cosets.
$|A|\geq\omega_{1}$

$H=\prod_{\alpha\in\Lambda}H_{\alpha}$

$H_{\alpha}$

$\omega$

$J^{\prime}\subset H$

$J^{\prime}$

PROOF. Write $A=B\cup D$ where $|A|=|B|=|D|$ . Then
. Choose
as in Lemma 1 and define
Then
is dense in $H$ and -bounded, and it is clear that
has
cosets because $|H/J^{\prime}|=|H|$ .

$ H=\prod_{\alpha\in B}H_{\alpha}\times$

$J\in\prod_{\alpha\in B}H_{\alpha}$

$\prod_{\beta\in D}H_{\beta}$

$J^{\prime}=J\times\prod_{\beta\in D}H_{\beta}$

$J^{\prime}$

$J^{\prime}$

$\omega$

$|H|$

.

distinct

DEFINITION. A compact group $G$ is product-like if there is a continuous
surjective homomorphism
, where each
:
is a nontrivial
compact metric group and $|I|=w(G)$ .
$\psi$

$G\rightarrow\prod_{i\in I}H_{i}$

$H_{i}$

COROLLARY 2. Let $G$ be a nonmetrizable compact group which is productlike. Then $G$ may be partitioned into
dense pairwise disjoint topologically
homogeneous -bounded cosets each of cardinal
.
$|G|$

$\omega$

$|G|$
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PROOF. There is a continuous surjective homomorphism $f:G\rightarrow H=$
where each
is a compact metric group and where $|I|=w(G)>\omega$ . By
Theorem 3, $H$ can be partitioned into a collection
of pairwise disjoint dense
-bounded cosets where $|\Psi^{*}|=|G|$ and where each set
satisfies
$|A|=|H|=|G|$ . (Note that $|G|=2^{w(G)}=|H|$ , (see [9, 28.58]).). The collection
$\Psi=\{f^{-1}(A):A\in\Psi^{*}\}$ is the desired collection of cosets by Fact 1.
$\prod_{i\in I}H_{i}$

$H_{i}$

$\Psi^{*}$

$A\in\Psi^{*}$

$\omega$

$\square $

NOTE 1. In view of Corollary 2 it is important for us to determine those
compact groups which are product-like. Comfort and Robertson $[4, 4.10 (d)]$
showed that not all compact groups are product-like. In fact they showed that
,
, with
for every infinite cardinal , there exists a compact group
(even a non-continuous
which admits no group homomorphism :
$G\times
H$
one!) onto a product
of two nontrivial groups. However our Theorem 5
shows that the class of compact product-like groups is large.
The authors have shown in [14] that the following theorem is a consequence
of the Pontryagin duality theorem for locally compact Abelian groups.
$ w(K_{\alpha})=\alpha$

$K_{\alpha}$

$\alpha$

$\Psi$

$K_{\alpha}\rightarrow G\times H$

at
THEOREM 4. For a compact $Abe$ lian group $G$ of uncountab le weight
least one of the following conditions is satisfied:
(i) There is a continuous group homomorphism of $G$ onto
, where $T$ is the
circle.
(ii) There exists a sequence $\{p:p\in P\}$ where $P$ is the prime numbers,
corresponding sequence $\{\alpha(p) : p\in P\}$ of cardinal numbers such that
$\sup\{\alpha(p):p\in P\}$ , and a continuous group homomorphism
of $G$ onto the product
$\alpha$

$T^{\alpha}$

$a$

$\alpha=$

$\prod\{Z_{p}^{\alpha(p)} :

$G_{0}$

p\in P\}$

, where

$Z_{p}$

denotes the group

of integers

mod .
$p$

NOTATION. Let $G$ be a topological group, then $Z(G)$ is the center of
is the component of the neutral element of $G$ .

$G$

and

$0$

is product like it is either
THEOREM 5. A compact nonmetrizable group
Abelian or connected. Thus each such group may be partitioned into $|G|$ dense
.
pairwise disjoint homogeneously invariant -bounded cosets, each of size
$G$

$\omega$

$lf$

$|G|$

PROOF. Theorem 4 shows that each compact Abelian group is product-like.
Thus we assume that $G$ is connected. It is a corollary of the Pontryagin-Weil
Structure Theorem for compact connected groups (see [3]) that the following
sandwich stmcture theorem for compact connected groups holds:
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“If $G$ is a compact connected group, there exist continuous surjective
homomorphisms
such that the following holds:
and
$\psi$

$\eta$

$A\times\prod_{i\in I}K_{i}\rightarrow\psi G\rightarrow\eta G/Z(G)\cong K/Z(K)\cong\prod_{i\in I}H_{i}$

,

is a compact connected Abelian group, $ker\psi$ is totally disconnected,
$K=\prod_{i\in I}K_{i}$
where each
is a compact connected simply connected, nonAbelian Lie group with simple Lie algebra and finite center, and each
is a
compact connected non-Abelian Lie group which is algebraically simple.”
It is easy to see that the index set in the two Cartesian products,
$K=\prod_{i\in I}K_{i}$
and $H=\prod_{i\in I}H_{i}$ , is the same. Thus there are two cases to
consider. If $|I|=w(G)\equiv\alpha$ then clearly
is product-like. If $|I|<\alpha$ , we have
$w(K)=|I|<\alpha=w(G)$ . Since the homomorphism
:
is continuous
we have $w(J)\leq w(K)<w(G)$ where $J=\psi(K)$ . Thus if we show that
$w(G/J)=w(G)$ we are done because $G/J$ is a compact connected Abelian group
and therefore $G/J$ and hence is product-like. This fact follows from our next
lemma.
where

$A$

$K_{i}$

$H_{i}$

$G$

$\psi$

$A\times K\rightarrow G$

$G$

LEMMA 4. Let $G$ be a compact connected group and let
Theorem 5. If $J=\psi(K)$ and if $w(J)<w(G)$ then $w(G/J)=w(G)$ .
$\psi,$

$K$

be as in

PROOF. It is shown in [3, 4.3] that if $w(Z(G)_{0})<w(G)$ then
is a continuous
$w(G/Z(G))=w(G)$ . Since $G/Z(G)\cong\prod_{i\in I}H_{i}$ , and
surjective homomorphic image of we must have $w(G/Z(G))\leq w(J)<w(G)$ .
Thus $w(Z(G)_{0})=w(G)$ .
Let : $G\rightarrow G/J$ be the natural map. Then
is 1-1. To see this, note
$\phi(a)=\phi(b)$
$b\in Z(G)_{0}$ , then $a=bh$ where $h\in ker\phi=J$ . Thus
, where
that if
$b^{-1}a=h\in J$ . However $b^{-1}a\in Z(G)_{0}$ , since $Z(G)_{0}$ is a compact subgroup of $G$ .
Since the center of $K$ is totally disconnected so is $\psi(Z(K))$ since is open by [8,
5.29]. Thus $J\cap Z(G)_{0}=\{0\}$ so that $b^{-1}a=0$ , i.e. $a=b$ . Since $Z(G)_{0}$ is compact
and is continuous and 1-1 on $Z(G)_{0},$ $Z(G)_{0}$ is topologically isomorphic to
$\phi(Z(G)_{0})\subset G/J$ . But then $w(G)=w(Z(G)_{0})=w(\phi(Z(G)_{0}))\leq w(G/J)\leq w(G)$ ,
so that $w(G/J)=w(G)$ .
$\prod_{i\in I}H_{i}$

$J$

$\phi$

$\phi|_{Z(G)_{0}}$

$a,$

$\psi$

$\phi$

$\square $

NOTE 2. It was shown in [15] that a connected locally compact group is
metrizable iff every element of the group is a metric element. An element of a
group is a metric element if the closure of the group generated by is a metric
group. Now a compact group that is metrizable has no proper pseudocompact
$x$

$x$
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-bounded noncompact subgroups (in a metric space pseudocompactness is
equivalent to compactness) and all compact nonmetrizable connected groups
have proper dense -bounded subgroups by our theorem. Furthermore, the
Iwasawa Decomposition Theorem (see [15] for an exact statement of this
theorem) contains the statement that each locally compact connected group $K$ is
where $G$ is a maximal compact contopologically homeomorphic to
nected invariant subgroup of $K$ . Thus we see in fact that the following theorem
is true.

or

$\omega$

$\omega$

$R^{n}\times G$

THEOREM 6. Let $K$ be a connected locally compact group. Then the
lowing are equivalent:
(a) $K$ is a metric group.
(b) Every element of $K$ is a metric element.
(c) $Kcon$ tains no proper -bounded noncompact subgroups.

fol-

$\omega$

4.

$\omega$

-bounded Partitions

We are now ready to prove our main results. We can now show that each

compact nonmetrizable group can be partitioned into a collection of dense
homogeneously invariant -bounded subsets. We will also derive an application
of this fact to general topology. One immediate application is the conclusion
of each infinite discrete space $X$ may
that the Stone-Cech compactification
be partitioned into many proper “large” -bounded subsets (though not dense).
$\omega$

$\beta X$

$\omega$

COROLLARY 3. Every totally disconnected nonmetrizable compact group $G$
may be partitioned into a collection
of pairwise disjoint homogeneously
invariant dense -bounded subsets, where $|\Psi|=|G|$ , and where each $ A\in\Psi$
$\Psi$

$\omega$

satisfies

$|A|=|G|$ .

By [8, 9.15] every such group $G$ is topologically homeomorphic to
$H=\{-1,1\}^{w(G)}$ . By Theorem 3, there is a partition
of $H$ into pairwise
-bounded cosets of $H$ , where
disjoint topologically homogeneous dense
$|\Psi^{*}|=|H|=|G|$ , and where each
satisfies $|A^{*}|=|H|$ . If $f:G\rightarrow H$ is
the homeomorphism then $\Psi=\{f^{-1}(A^{*}):A^{*}\in\Psi^{*}\}$ is the desired partition of $G$
by Lemma 2.

PROOF.

$\Psi^{*}$

$\omega$

$A^{*}\in\Psi^{*}$

$\square $

NOTE 3. At this point one might be tempted to use a theorem of Kuzminov
[16] which states that every infinite compact group $G$ is dyadic with $G$ a
continuous image of $\{0,1\}^{w(G)}$ . While it is true that the continuous image of an
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-bounded set is an -bounded set there is no way of knowing whether such an
-bounded set in $\{-1,1\}^{w(G)}$ maps onto all of $G$ or even whether such a
continuous map preserves partitions.
$\omega$

$\omega$

$\omega$

THEOREM 7. Let $G$ be a nonmetrizable compact group. Then $G$ can be
partitioned into $|G|$ -many pairwise disjoint dense homogeneously invariant
bounded subsets each of cardinal $|G|$ and each Haar nonmeasurable with full Haar
$\omega-$

outermeasure.

PROOF. There is an observation based on a result of Mostert [18] in the
thesis of J. Cleary[l] that tells us that considered only as topological spaces, $G$
and $G_{0}\times G/G_{0}$ are homeomorphic. Thus one of the following hold: (a)
$w(G)=w(G_{0})$ and $w(G/G_{0})<w(G),$ $(b)w(G)=w(G/G_{0})$ and $w(G_{0})<w(G)$ , or
(c) $w(G)=w(G_{0})=w(G/G_{0})$ . Let $f:G\rightarrow G_{0}\times G/G_{0}$ be the homeomorphism.
If (a) holds, there is a partition
of
into $|G|$ dense pairwise disjoint
topologically homogeneous
-bounded cosets each of cardinal $|G|$ . Let
$\Psi^{*}=\{B\times G/G_{0} : B\in\Psi^{\#}\}$ . If (b) holds, then $G/G_{0}$ is totally disconnected so
that by Corollary 3, $G/G_{0}$ may be partitioned into a collection
of $|G|$
pairwise disjoint dense topologically homogeneous -bounded subsets each of
$|G|$ .
Let $\Psi^{*}=\{G_{0}\times C:C\in\Psi^{\wedge}\}$ . Finally if (c) holds, construct
as in (a).
Thus in each case the partition
consists of a collection of $|G|$ dense pairwise
disjoint topologically homogeneous -bounded subsets each of cardinal
.
$\Psi=\{f^{-1}(A)
:
A\in\Psi^{*}\}$
Now let
. It is clear that
has the desired proper$\Psi^{\#}$

$G_{0}$

$\omega$

$\Psi^{\wedge}$

$\omega$

$\Psi^{*}$

$\Psi^{*}$

$|G|$

$\omega$

$\Psi$

ties.

$\square $

THEOREM 8. Every infinite compact group $G$ can be partitioned into
pairwise disjoint dense nonmeasurable sets of full Haar outermeasure.

$|G|$

NOTE 4. At the present time an attempt is being made to characterize
resolvent topological spaces. topological space is resolvent if it can be written
as a disjoint union of two proper dense subsets. subtopic of this investigation
is to characterize topological spaces that are maximally resolvent.
space $X$ is
maximally resolvent if it can be partitioned by a collection
of dense
subsets where $|A|=|X|$ . We have therefore shown that all infinite compact
groups are maximally resolvable into a collection of nonmeasurable sets each
of full Haar outermeasure. Furthermore, each compact nonmetric group is
maximally resolvable into a collection of -bounded homogeneously invariant
subsets.
$A$

$A$

$A$

$\{X_{\alpha} :

$\omega$

\alpha\in A\}$
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PROBLEM 1. Characterize the topological homogeneous spaces that are
maximally resolvable into homogeneously invariant subsets.
EXAMPLE. Let $A$ be an infinite discrete topological space. Then its StoneCech compactification
may be partitioned into a collection of size
pairwise disjoint -bounded sets each of which is itself of size
. To see this,
$G=T^{\alpha}$
, where $T$ is the circle and
let
. Then $G$ can be partitioned into a
of $|G|$ dense pairwise disjoint -bounded cosets each of cardinal
collection
$|G|$ .
It is shown in [12] that $G$ has a dense subset $D$ for which $|D|=|A|$ .
Let $f:A\rightarrow D$ be any surjective 1-1 function, then $f$ is continuous. The
Stone extension of $f,$
, is surjective and continuous. Thus
$\Psi=\{(f^{\beta})^{-1}(B):B\in\Psi^{*}\}$ is the desired partition of
. Note that each of the
$C=(f^{\beta})^{-1}(C^{*}),$
sets
, cannot be compact since if $C$ were, it would then
follow that $f^{\beta}(C)=C^{*}$ would be compact and so would be all of $G$ .
This example is the motivation for the following theorem.
$\beta A$

$|\beta A|$

$|\beta A|$

$\omega$

$\alpha=2^{|A|}$

$\Psi^{*}$

$\omega$

$f^{\beta}:\beta A\rightarrow T^{\alpha}$

$\beta A$

$C^{*}\in\Psi^{*}$

THEOREM 9.
a compact group

If a

admits a continuous map $f$ :
onto
$G$ such
that $w(G)=w(X)\geq\omega_{1}$ , then there exists a partition
$X=\cup\{X_{\alpha} : \alpha<|X|\}$
where $X_{\alpha}|=|G|$ . If
of size $|X|$ into -bounded subsets
in addition $f$ is open, then each of the -bounded subsets
is dense in $X$.
compact space

$X$

$X\rightarrow G$

$X_{\alpha}$

$\omega$

$\omega$

$X_{\alpha}$

PROOF. By Theorem 6, $G$ admits a decomposition into dense pairwise
$\alpha<|G|$ .
disjoint -bounded subsets
Thus each set
is
bounded and
. However it is a classical theorem (see [10,
$|X|\leq
2^{w(X)}=2^{w(G)}=|G|$
Th. 3.1] and [9]) that
. Since $f$ is surjective $|X|\geq|G|$ ,
so that in fact $X_{\alpha}|=|X|=|G|$ . It now follows as in the previous example that
$\alpha<|X|$ are
the sets
-bounded but not compact sets. The last statement of
the theorem is clear.
$H_{\alpha},$

$\omega$

$X_{\alpha}=f^{-1}(H_{\alpha})$

$\omega-$

$|X_{\alpha}|\geq|H_{\alpha}|=|G|$

$X_{\alpha},$

$\omega$

$\square $

As a corollary to the proof we get:
COROLLARY 4. If a compact space $X$ admits a continuous map $f:X\rightarrow G$
onto a compact group $G$ and if $w(X)=w(G)$ then $|X|=|G|=2^{w(X)}=2^{w(G)}$ .

PROBLEM 2. Characterize those compact spaces that are maximally
resolvent into -bounded subsets.
$\omega$

262

G. L. ITZKOWITZ and D. SHAKHMATOV
Bibliography

Cleary, J., On the structure of locally compact Hausdorff groups, Doctoral dissertation at School
of Mathematical and Information Sciences, La Trobe University, Bundoora, Victoria,
3083, Australia (1989).
[2] Comfort, W. W., Topological groups, Handbook of Set Theoretic Topology, Kunen, K., and
Vaughan, J. E., editors. North Holland, (1984), 1143-1263.
Comfort,
[3]
W. W., and Robertson, L. C., Cardinality constraints for pseudocompact and for totally
dense subgroups of compact topological groups, Pac J. of Math., 119, No. 2, (1985).
[4] Comfort, W. W. and Robertson, L. C., Extremal phenomena in certain classes of totally
bounded groups, Dissertationes Math CCLXXII, Institute of Mathematics, Polish
Academy of Sciences, Polish Scientific Publishers, Warsaw, (1988), 5-42.
[5] Comfort, W. W., and Ross, K. A., Pseudocompactness and uniform continuity in topological
groups, Pac. J. of Math., 16, (1966), 483-496.
[6] Engelking, R., General Topology, Sigma Series in Pure Mathematics, Vol. 6, Helderman Verlag
Berlin, (1989).
[7] Gillman, L. and Jerison, M., Rings of Continuous Functions, D. Van Nostrand Co., Inc.,
Princeton, N.J. (1960).
[8] Hewitt, E. and Ross, K. A., Abstract Harmonic Analysis 1, Grundlehren der math. Wissenschaften, Vol. 115, Springer Verlag, Berlin (1963).
[9] Hewitt, E. and Ross, K. A., Abstract Harmonic Analysis II, Grundlehren der math. Wissenschaften, Vol. 152, Springer Verlag, Berlin (1970).
[10] Hodel, R., Cardinal Functions 1, Handbook of Set-Theoretic Topology, Ed. by Kunen, K. and
Vaughan, J., North-Holland, (1984), 1-62.
[11] Itzkowitz, G. L., Extensions of Haar measure for compact connected Abelian groups, Doctoral
Dissertation at the University of Rochester (1965).
[12] Itzkowitz, G. L., On the density character of compact topological groups, Fund. Math, 75,

[1]

(1972),
[13]

[14]
[15]

201-203.

Itzkowitz, G. L., Pseudocompactness, measurability, and category in compact groups, Annals of
the New York Academy of Sciences, papers on general topology and applications, sixth
summer conference at LIU, 659, (1992), 111-117.
Itzkowitz, G. L., and Shakhmatov, D., Dense countably compact subgroups of compact groups,

Math. Japonica, 45, No. 3, (1997), 497-501.
Itzkowitz, G. L., and Wu., T. S., The Stmcture of locally compact connected groups and
metrizability, Annals of the New York Academy of Sciences, Papers on general topology
and applications, Seventh Summer conference at the University of Wisconsin, 704, (1993),

164-174.
[16]
[17]

[18]
[19]

Kakutani, S. and Oxtoby, J. C., Construction of a nonseparable invariant extension of the
Lebesgue measure space. Ann. of Math. (2) 52, (1950), 580-590.
Kuzminov, V., On a hypothesis of P. S. Alexandroff in the theory of topological groups,
Doklady Akad. Nauk. SSSR N. S. 125, (1959), 727-729.
Mostert, P. S., Sections in principle fibre spaces, Duke Math. J., 23, (1956), 57-71.
Rajagopalan, M. and H. Subrahmanian, Dense subgroups of locally compact groups, Colloq.
Math., 35 (1976), 289-292.

G. L. Itzkowitza,
Queens College, Flushing, N.Y., 11367, U.S.A.
D. Shakhmatovb,
Ehime University, Matsuyama, Japan
and Moscow State University, Moscow, Russia

