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§1. Introduction

Atomic decomposition for the Hardy spaces H?, 0 < p £ 1, is well known.
In this paper, we shall give a variant of atomic decomposition which applies to
the Sobolev spaces and to the C, spaces of DeVore and Sharpley ([DS]) on
general domains. In this section, we shall briefly review our results.

We shall first fix several notations which will be used throughout the paper.
In this paper we consider functions defined on R” or on a subset of R”; the
letter n always denotes the dimension of the basic space R”. We also use the
letters k, o, p, and Q in the following fixed meaning: £ denotes a nonnegative
integer; o denotes a positive real number; p denotes a positive real number or
oo; and Q denotes an open subset of R”. We shall call a Lebesgue measurable
function merely a function. For a Lebesgue measurable set E = R", the L?(E)-
quasinorm of a function f on E is defined by

1/p
1/lx = 15T /B BNl = (jE If(x)l”dx)

with the usual modification in the case p = oo, and the set of functions f on E
such that |[|f]|,z < co is denoted by LP(E) or by I'(1/p;E). (Thus the two
symbols || f||, z and || f;T(1/p; E)|| denote exactly the same thing and so do the
two symbols I”(E) and I'(1/p; E); we shall use whichever will be convenient.)
We often abbreviate | fl|, = [/;T(1/p;R")|| to |Ifl, =Ilf;T(1/p)|l and
I?(R")=T(1/p;R") to L? =T(1/p). The Lebesgue measure of E < R" is
denoted by |E|. For x = (x1,...,x,) € R", we write

n 1/2
x| = (Z x]2> and |x| = max{|x];i=1,...,n}.
j=1
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By a cube, we mean a closed cube in R” with sides parallel to the coordinate
axes, i.e., a cube Q is a subset of R" of the form Q = {xe R";||x —a| = ¢},
0 < t < oo; we write xg = a (the center of Q) and #(Q) = 2t (the sidelength of Q).
For a cube Q and for 0 < ¢ < oo, we define tQ as the cube with the same center
as Q and with sidelength ¢ times as large as Q. The symbol £, denotes the set of
the polynomial functions on R"” of degree less than or equal to k. If a function
f has classical derivatives 8f for all v with |v| =k, then we write |V¥f| =
2= |0°f|. Some other notations will be explained at the last paragraph of this
section.

Now, let D be a cube or an open subset of R” and let f a function on D.
For cubes Q = D, we define

L po(f) = inf{|Q|"2||f — Pl|, o; P € Pic}.

We define

fi, (%) = sup{¢(Q) "I,p,0(f); Q cube,x € Q = D}, xe€D,

and

1S5 CFD) = 11 5,

We shall often abbreviate |f; C3*(R")| as |f; Co*|.

Variants of the above f* , and |f; C2*(D)| are considered by many people.
At least, DeVore and Sharpley [DS], M. Christ [Chr], and Bojarski [B] gave
almost the same definitions as above. The idea can be traced back to many
older works; cf. Triebel [Tri; Remark 1.7.2/1].

In considering |f; C;‘”‘(D)|, the cases k<a<k+1and kS a<k+1 seem
to be most important. In fact, it is known that the case k =a —1 with a a
positive integer corresponds to the classical Sobolev space (see Remark (1°) to
be given at the last part of this section), and that, at least for sufficiently nice D,
the case k > a is essentially equivalent to the case k< a<k+1 (see [DS;
). We shall, however, give our results without imposing restrictions
on k so long as possible.

Let Q # R". For xe Q and for ¢ with 0 <z < 1, we define

po(x) = min{||x — y||;y € Q°}

and

Qi(x) = {y; lly — xIl = tpa(x)}-
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For functions f on Q and for 0 < ¢t < 1, we define

f*’t(x) = ”f”oo,Qt(x)? xeQ.

We shall often abbreviate f*1/2 to f*.
Now, let Q # R", k+1 = a, and p < co. Suppose g is a smooth function on
Q such that

(1.1) oG =*IV** gl [0 < oo

Also suppose that {¢;} is a sequence of functions on R”, {Q;} is a sequence of
cubes, and {/4;} is a sequence of nonnegative real numbers, and that they satisfy

(1.2) suppg; = @y, 20, < Q, |o; CHH(RM| £ 4,

and

1/¢
(1.3) | H (2}: z}ij>

for ¢ = min{p, 1}. Then it is rather easy to see that the series }_; ¢; converges in
foc(2) for some r >0 and the function f =g+ _; ¢, satisfies

< 0
14

(1.4) |f; 4] < oo

see Theorems and 4.1 of the present paper. It is the main purpose of the
present paper to prove the converse of this fact. To be precise, we shall prove the
following result, which is slightly stronger than the pure converse: Every function
f on Q satisfying can be written as f = g + ) _; ¢; with a smooth function g
satisfying and with (¢;, ), 4;) satisfying and for all ¢ > 0. This
result will be given in Theorems and 5.1. We shall also give similar result for
the case Q = R"; see Theorems and 5.2,

R. G. Duran has already obtained a result which is closely related to
our result. Durdn treats a maximal function which is different from ours, but it
is known that Durdn’s maximal function (for the case where his dilation
operator A, is the usual dilation x — t#x) is equivalent to our fk"; » with
k <a<k+1 (see [DS; Theorem 5.3]). One of Duran’s result in gives an
atomic decomposition of functions f on R" with |f; Cg*k(R")l < o0 in the case
k<a<k+1 and 1+a/n>1/p=1. Compared with this result of Duran,
our results contain the following improvements. First, we treat the functions
on arbitrary open subset of R”"; the function g is peculiar to our situation.
Secondly, we treat the full range 0 < &, p < co0; thus, in particular, our result
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covers also the case of classical Sobolev spaces (cf. Remark (1°) below). Thirdly,

we give several ‘mod 0’ estimates (for example we give L? estimates for the
function g and for the series Ej ¢;), whereas in the convergence of the
atomic series is considered mod polynomials.

In a forthcoming paper, [Mi4], the same author will consider the estimates
of the pointwise product of functions in terms of |-; C;‘vk (R2)|, where the results
of the present paper will be effectively used.

The contents of the succeeding sections are as follows. In Section 2, we give
several preliminary lemmas. In Section 3, we consider the series }; ¢; arising
from and [1.3). In Section 4, we consider functions g satisfying [1.1}; in
particular, we give a method to associate with each function f satisfying a
function g satisfying [1.1). In Section 5, we give the main decomposition
theorems, Theorems 5.1 and 5.2.

The following remarks will help the reader to understand the meaning of
the quasinorm | -; C;"k (Q)|.

REMARK. (1°) If m is a positive integer and 1/p < 1 + m/n, then for locally
integrable functions f on Q the quasinorm |f; C;"v'"‘l(Q)| is equivalent to

> 10flpe Gfp>1) or > [10flme Gf1<1/p<1+m/n),

[v|=m [v|l=m

where 8'f denotes the derivative in the sense of distribution and || - || () denotes
the quasinorm of the H? space on Q as given in [Mi2]. This result for p > 1 is
due to A. P. Calder6n [Cal; Theorem 4 and Lemma 7]; proof can be found also
in [Chr; Lemma 2.2] or [DS; Theorem 6.2]. The result for p < 1 is due to Duran
and Miyachi [Mi3].

(2°) Let k <« <k + 1 and let f be a function on Q. Then |f; C%¥(Q)| < oo
if and only if f can be modified on a set of measure 0 so that the modified
function, which shall be denoted by f again, is of class C*¥ and

If'Lip(a) _ Z sup 10/ (x) — 8f ()] < o

—k
[v|=k Ix — y|*

b

where the sup ranges over distinct points x and y in Q for which there exists
a cube Q such that x,y e Q = Q. Moreover, the quasinorm |f;C%*(Q)| is
equivalent to |f|i ;). This result is due to Campanato [CmI], [Cm2], and N. G.
Meyers [Mey].

(3°) Let m be a positive integér and f a function on . Then
|f; Cm(Q)| < oo if and only if f can be modified on a set of measure 0 so that
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the modified function, which shall be denoted by f again, is of class C”"~! and

Flam= 3 sup 2= 23”f|()(cx4;|y)/2)+av(y)|

|v|=m—1

where the sup ranges over the same x, y as described in (2°). The quasinorm
| f; C™(Q)| is equivalent to |f] A(m)- For a proof of this result, see or [Mil;
§6.2].

(4°) Let k = [a], 1 + a/n > 1/p, and let Q be a bounded C® domain. Then
the quasinorm ||f; Cp“”‘(Q)H is equivalent to the quasinorm of the Triebel-
Lizorkin space F; (). This result is due to Seeger and Triebel [T1]; see
also [T2; 1.7.2, 1.7.3, and 5.3]. .

We shall end this section by mentioning several other notations whlch will
be used throughout the paper. We use the letter ¢ to denote various positive
constants. The value of ¢ may be different in each occasion. To show explicitly
the dependence of a constant on other parameters, we write as c(«, ,...); this
denotes a positive. constant depending only on the parameters «, f,.... Since 2,
is a finite dimensional linear space, it admits a unique (up to isomorphism)
normed linear space structure. The convergence of a sequence or a series of
polynomials in £, and the boundedness of a subset of 2 refer to the cor-
responding notions with respect to the unique normed linear space structure of
Pi. If D is a cube or an open subset of R”, then for functions f on D we define
the maximal function M, (f) by

Mp(f)(x) = sup{|Q|""”?| f],,0; @ cube,x e Q = D}, xeD.
We simply write M,(f) = M¥'(f). A dyadic cube is a cube of the form
{xeR";2"k; < x; £ 2™(k; + 1),i=1,...,n} with m and k;(i = 1,...,n) integers.
§2. Preliminaries

The first lemma follows from the fact that a finite dimensional linear space
admits unique structure of Hausdorff topological linear space and from the
invariance of #2; under dilation and translation.

LemMMA 2.1. The following inequalities hold for all cubes Q and all P € 2.
(1) For each p,

-1 -1
917" 7)|P), 0 1Pl g < clQI77||P], 0,

where ¢ = c(n,k,p).
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(2) For each a =1,

”P”oo,aQ = cak”P”oo,Q’

where ¢ = c(n, k).
(3) For each multi-index v,

18" Pllos,p < c2(Q) ™™ 1Pl s 0,
where ¢ = c(n,k).
In the rest of this section, we assume D is a cube or an open subset of R"

and f is a function on D.

For each k, p, and each cube Q = D, we define Il , o(f) as the set of the
polynomials n in & such that

IS = =ll,,p = min{||f — Pl|, o; P € Px}.

Since 2 is a finite dimensional linear space, this set Il , o(f) is not empty. (If
f ¢ L7(Q), then Tk p0(f) = Px.)

Lemma 2.2 (cf. [DS; §4, pp. 23-25, and §12, pp. 104-105]). Let Q, R, and
S be cubes included in D.

(1) Ifnénk,p,g(f), then

17 0,0 = €lQI 7211 5,05
where ¢ = c(n,k,p).
(2)If1z26>0, QURCS, and £(Q), /(R) = 6/(S), and if mg € I po(f)
and ng € I p r(f), then
Img — mrllw,s < cs¢(S)" inf £, ,»

where c5s = c(n,k,p,d).
B)If 1st<ow and Qc RctRc D, and if mngellg,o(f) and
TR € Hk,p,R(f), then

g — 7rllw,0 = ct{(R)aiPfo}cﬁt,p’

where ¢, = c(n,k,a,p,t).
(4) If mellkpo(f), then

|f(x) — =n(x)| £ c{(Q)“fk’,’;,p(x) fora.e. xeQ,

where ¢ = c(n,k,a,p).
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For b with 1 £b < o0, we define

fkap( ) = sup{/(Q)_aIk,p,Q(f); Q Cube’ Q E] xabQ < D}

for x € D' (=the interior of D). Thus fka p(x) = £, p(%) for x e D'. Of course,
D' = D if D is an open subset of R" and that D\ D’ has measure 0 if D is a cube;
in either case, fk”’:;f’p is defined a.e. on D.

Lemma 2.3 (cf. [DS; Theorem 4.3])). If 0<g=< o, 1/g+a/n>1/p, and
1 =b< o0, then

N R D 2 fglpn S elf; G D),

where ¢ = c(n,k,o,p,q,b).

Proor. If b =1, the claim follows from the theorem of DeVore and
Sharpley mentioned in the lemma. We shall consider the general case b= 1. We

can easily generalize of to the case of fka . With 521 and,
using the generalized theorem, we see the following: If 1 <b < 00, 0< ¢qy,
g2 < oo, and 1/q; +a/n>1/p(i =1,2), then

—1
” ky“m”%D = || k#,QZHP,D = c” k“,‘Il”P;

Hence, in order to prove the lemma, it is sufficient to prove the inequalities

(21) ” k,a,qnp, ”fkf;,q”p, C“ ka,q”pD

for b > 1 and for ¢ satisfying 0 < g < p. Since the left hand inequality of is
obvious, we shall prove only the right hand inequality. We shall simply write
f b= kcx,q

Fix b>1 and fix a cube R< D. For each cube Q = R, we choose a
ng € i g0(f). Let 4 be the set of the maximal dyadic cubes Q such that
3bQ < R. The interiors of the cubes in ¥ are pairwise disjoint and the union of
all the cubes in ¥ is equal to the interior of R. Fix a cube Qp € ¥ which
contains xg. Let Q be a cube in 4. We can find a finite number of cubes,
Qij=1,...,m), in 4 such that QNQ 1 #F(=1,....m), On=0,
Q < ¢(n,b)Q; for each j, and

i £(0,)" < c(n,b,a)¢(R)".

j=1
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(For example, Q; can be chosen from those cubes in 4 which intersects the line
segment joining xg and xg.) For each j, let Q; = 3Q; if £(Q;) > £(Q;-1) and let
Q} =3Q;1 if otherwise. Then Q;UQ; 1 = @} and, by Lemma 2.2(2),

”an — T, ”oo,Qj = c{(Q],')a qu,f (le],‘)lta,q‘
J

Since ¢Q; > Q and since bQ; = R< D, the above inequality combined with
Lemma 2.1(2) implies that

”an —TnQ,, “oo, s CI(Qj)a anjf f#’b
< ()11 * g g, S €4(Q)" inf MP(f*?).
Taking the sum over j=1,2,...,m, we obtain
I, — oll g S cf(R)*inf MP(f**).
From this estimate, we obtain
If = g lli o < c(llf = moll o + llmo — g, I3 )
q q
< ct(0)10(inf 1**) +ee(RI (inf M2(7*4)) 10

Taking sum over Q € 4, we obtain

q
IS = moullfe < et (R)™ ;’(i%f M) 101 S R MDDl

which implies
L(R) I g r(f) < c|RITVI MP(f#0)]|, &-

Now taking the supremum over R’s, we obtain

S (%) S eMP(MD(f*?))(x) forall x e D.

The right hand inequality of follows from the above pointwise inequality.
is proved.
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LEmMA 2.4 (cf. [DS; Proof of Theorem 12.5, pp. 111-112]). If a > >0,
0<pi<pr =0, and 1/p; —a/n=1/p — B/n, then

. K . oLk
|f; CEK(D)| £ el f; CiF(D),

where ¢ = c(n,k,a, B, p1,p2).

Lemma 2.5 (cf. [DS; Theorem 9.1 and Proof of Theorem 4.3]). Suppose
D=Q is a cube. Suppose l/p>a/n or l/p=oa/n=1. Also suppose
o >1/g>1/p—a/n and nellyyo(f). Then

If —mT(1/p — a/n; Q)| < clf; C*(Q),

where ¢ = c(n,k,a,p,q).

LEMMA 2.6. Let Q be a cube and {f;} a sequence of functions on Q.
Suppose | f;; C]‘j""(Q)l is bounded. Let 0<qg=<o, 1/g+a/n>1/p, and
; € M q0(f;). Then {f; — mj} contains a subsequence which converges in LF(Q).

Proor. If is sufficient to show that the set {f; — m;} is totally bounded in
I7(Q). For each positive integer m, let %, be the set of the dyadic subcubes of
Q with side length 2-"¢(Q). We take mj g € Ik 4 r(fj) for each Re ), %m, and
define f;,,» by

Jim = Z T,RXR-
Re%,
We shall prove the following two facts: (i) As m — oo, the sequence {f;m — 7;},,
converges to f; — n; in L”(Q) uniformly with respect to j; (ii) For each fixed m, te
set {fim — m}; is totally bounded in LP(Q). The totally boundedness of the set

{fi —m} follows from these two facts. We shall simply write £;* = ( j;),ffé g
We shall prove (i) and (ii). First, by [Lemma 2.2(4), we have

15 ~fim S D 15(x) = mr(x) 1= () < c(274(Q) ¥ (%)

Re%,,

Hence, by Lemma 2.3,
1 = fimllpg S 7@ 1 F* 5,0 < c@7"2(Q)°1f5: C¥(Q),

which obviously implies (i) (since |f}; C;‘*" (Q)| is bounded). Next, the function
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fjm — m; can be written as

fim—m= Y (mr—m)xr-
Re%,
Hence, in order to prove (ii), it is sufficient to show that for each fixed R the set
{mj,r — m;}; is bounded in . But this last fact can be immediately proved by the
use of [Lemma 2.%(2). Lemma 2.6 is proved.

LEMMA 2.7. Suppose {f;} is a sequence of functions on D such that
| i — S C;’k(D)| —0 asjm-— .

Then the following (1) and (2) hold.
(1) There exists a function g on D such that

22) -6 C*(D)| = 0 asj— oo
and
(2.3) lg: (D) < Timinf | 5 G*(D).

(2) Suppose, in addition, h is a function on D and suppose for each cube
Q < D there exists an r =rg > 0 such that

(2.4) 15— hll,g— 0 asj— oo.
Then and hold for g = h.
ProoF. The inequality follows from with the aid of the tri-
angular inequality
|f +9; XD 2|13 XD + |g; G*(D)IY, g =min{p,1}.

Hence it is sufficient to show only the assertions concerning [2.2). We shall prove
(2) first.

ProoF OF (2). We shall first show that actually holds with r = p. In
order to prove this, it is sufficient to show that, for each cube Q = D,

(25) ”f]‘ _fmup,Q — 0, asj,m— .

Fix a cube Q = D and let r be a positive number for which holds. Replacing
r by a smaller number, if necessary, we may assume that 1/r +a/n > 1/p. Take
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Tjm € i, 0(f;i — fm). Then, by Lemma 2.2(4), Lemma 2.3, and by the assumption
of the lemma,

(2.6) Sy — S — 7’5j,m”p,Q = C/(Q)d|f;' — fm Cz’k(Q)l — 0 asj,m— oo.
On the other hand, by [Lemma 2.2(1) and by the assumption [2.4),
(2.7) %m0 < QY2711 = fnllng — 0 asjym— co.

The assertion (2.5) follows from and [2.7).
Now, from the fact that holds with r = p, it follows that

From this, we obtain
(f = Wi, (x) S Bminf(fj — fon), (%)
for all x e D. Taking L?(D)-norm and using Fatou’s lemma, we obtain
i — B C¥(D)| < liminf | f; — fum; C*(D)),
from which follows with g = h. Thus (2) is proved.

Proor ofF (1). It is sufficient to show that {fj} contains a subsequence
which converges to a function with respect to |-; C;"k(D)l. We may and shall
assume that |f}; Cl‘j"k(D)| is bounded (if this is not the case, it is enough to
consider f; —f;,, with a fixed j,, instead of f;). For each Q = D, we take
75,0 € Ik, p,o(f5)-

First we consider the case where D = Q is a cube. In this case, by Lemmal
2.6, {f; — mj o} contains a subsequence {fj — mj o} which converges in L?(Q). If
we denote the limit by g, then, by (2) proved above, we have

1 = 9 G =1y — 170 — 9 CFH(Q)] — 0

as desired.

Next, suppose D is a connected open subset of R"”. We shall first show that
if @ and Q' are cubes included in D then {m;g — 7;,¢'}; is bounded in #. This
immediately follows from [Lemma 2.2(2) if there exists a cube R such that
QU Q' = R = D. In the general case, we can find a finite number of cubes Q,,
m=0,1,...,N, and cubes R,,, m=1,2,...,N, such that Qo = Q, Oy = OQ’,
and Qm-1UQm = Ry = D. Then, for each m, the sequence {m; g, , —7,}; is
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bounded in £, as seen above, and, hence, the sum

N
Z(n]? Qm—l - nj:Qm) = TE]'Q - nij,

m=1

is also bounded. Now fix a cube Qp = D. Let Q be an arbitrary cube included in
D. By the sequence {f; —mp} contains a subsequence which
converges in L7(Q). On the other hand, the sequence {n;p — 7; ¢, } is bounded in
# and hence any subsequence of it contains another subsequence which con-
verges in 2. Hence the sequence {f; — mjg,} = {f; — 70 + 7,0 — 7j,g,} contains
a subsequence which converges in L?(Q). Since this is true for every cube Q < D,
we obtain, by the diagonal method, a subsequence {f; — 7; o,} which converges
in IP (D). If we denote the limit by g, then by (2) proved above, we have

S — g C2¥(D)| = | fy ~ 7,0, — g; C2*(D)] — 0

as desired.

Finally, if D is an arbitrary open subset of R", then we can obtain the same
conclusion by considering on each connected component of D. is
proved. )

LeMMA 2.8. Let f be a function on R", Q a cube, and let 0 <¢g, A < .
Suppose suppf < Q and suppose {(R) I, r(f) < A for cubes R with £/(R) <
e/(Q). Then |f;C¥(R™)| < c.A with ¢, = c(n,k,a,p,e).

ProOF. We take mg eIl;,r(f) for each cube R. If R is a cube with
Z(R) < ¢£/(Q), then, by Lemma 2.2(4), we have
| f(x) — nr(x)] < c4¢(R)* fora.e.xeR.

If R and R’ are cubes such that RN R’ # &, /(R) = £(R’) £ &£(0)/2, then, using
LCemma 2.2(2), we see that

llmr — 7tR’”oo,RUR' < cA¢(R)*.
Using these two facts and the assumption supp f = Q, we can easily prove that
|f(x)| £ c.Adis(x, O°)* a.e. x e R".

Thus, in particular, || f||., < c.A¢(Q)". Hence, for cubes R with Z(R) > &/(Q), we
have

((R) " Lepr(f) S C(R) |||l oo S ccA(£(Q)/4(R))" < cod.
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Hence f%, (x) <c.4 for all xeR", and thus |f; C2*(R")| < c;4 (by [Lemmal
2.3). is proved.
The final lemma, below, easily follows from Taylor’s formula.

LeEMMA 2.9. If f is a function of class C**! on a cube Q, then

Lio,0(f) < (@) NIV Sl .0

with ¢ = c(n, k).

§3. Atomic series

Before we state the main theorem of this section, we shall give a remark
and a definition. First, let . ¢; be a series of functions on R" and fix k, o, and
p- The function g on R” satisfying Izjlil @ — g; C;,"k | — 0 as N — oo (if there is
any such g) is not acutually unique but is unique only mod £. Even so we
shall write g =}, ¢; and call it the sum of the series }_; ¢;. Notice that |g; C;"k |
is uniquely determined in spite of the non-uniqueness of g. Next, we define the
function space Cj as follows: A function f on R" belongs to Cp if there exists
a continuous function 2 on R” such that f(x) = h(x) a.e. and A(x) —» 0 as
|x| — co. We regard C, as a Banach space by identifying functions deffering
only on sets of measure 0 and by taking | - |, as the norm.

Now, the purpose of this section is to prove the following theorem.

THEOREM 3.1. Let {9;} be a sequence of functions on R", {4;} a sequence of
nonnegative real numbers, and {R;} a sequence of cubes. Suppose

suppg; < R; and |¢’j3 C:ék(Rn)l < 4

and suppose p < oo and

1/q
[(3 52
J

- We write A =sup?(R;)( £ ). Then the following hold with ¢ = c(n,k,o,p) and
¢ =c(n k,o,p,r).

=M, < oo with g=min{p,1}.
J4

(1) The series 3 _; ¢; unconditionally converges with respect to |-; C;"" | and the
sum 37, @; satisfies | 9;; Co¥| < cM,,.
(2) If 1/p>a/n, then the series ) ;¢; unconditionally converges in

L(1/p—a/n) and || 3,05 T(1/p — a/n)|| < cMp.
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3)If 1/p=a/n=1, then Zj @; converges absolutely in Co and
1550l S cM,.

4) If0<1/p=a/n<1 and A < ©, then, for each r with p <r < oo, the
series ) _; ¢; unconditionally converges in L and | }_; ¢, < cr AM M.

(5) If0<1/p < a/n and A < ©, then }_; ¢; unconditionally converges in Cy
and || 3 9l < cA* P M.

In order to prove this theorem, we use the lemmas below.

LeMMA 3.1. Let f be a function on R" and Q a cube. Suppose supp f < Q
and |f; C%(R")| = A < 0. Then:

(1) After modified on a set of measure zero, f is a continuous function and
If ]l < cA2(Q)* with ¢ = c(n,a,k);

(2) For each p,

fk"’,ﬁ,p(x) < cA(1+2(Q) 7 |x — le)_a_"/p, x€R",
where ¢ = c(n,k,a,p).

Proor. (1) The continuity of f follows from a stronger result of DeVore
and Sharpley [DS; Theorem 9.1]. (DeVore and Sharpley state the result for the
case k = a but their proof works for general k.) The inequality for | f]||,, has
been proved in the proof of [Lemma 2.8.

(2) The inequality is obvious for x € 2Q. Suppose x ¢ 2Q. Then, for cubes R
containing x and intersecting Q, we have /(R) = ||x — xg||/2 and hence

L(R) I pr(f) S C(R) || fll, & < cA(£(Q)/¢(R))*?
< cA(£(Q)/|x — xg|)**"P

(the second inequality follows from the estimate of || f||, as given in (1) and from
the assumption supp f = Q). Taking supremum over R’s, we obtain the desired

inequality. [Lemma 3.1 is proved.

LEMMA 3.2. Let {4} be a sequence of nonnegative real numbers, {R;} a
sequence of cubes, and let 0 < B< oo and 0<u<oo. We write A=

sup/(R;)(< ), f =3, Axr,, and

95.u(x) = > HE(R)P(1+¢(R) ™ x — xg |) ™.
J

Then the following (1) ~ (6) hold with ¢ = c(n, B, u,p).
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(1) If n/lp>n+ B and u>n/p — B, then

1/p
g T(1/p — B/m)|l = c(z lf-’leI) :
J

(2) If B<n/p<n+p and u> n, then

lggus T(1/p — B/mIl = cllf1l,-
(3) If p=< 1, then

lgnpulle = S HER)Y? < | £l,-
J

4) If p>1 and p>n and if 4; =0 except for a finite number of j’s, then

gn/p,ullBmo = €ll f1Ip-

(5) If n/p< B, p<1, and A < o, then
lgpulleo < > 4R < AP2) 1),
J

6) If nlp< B, 1<p< oo, u>n—n/p, and A < ©, then

lgpullco < AP £,

Proor. (1) Set 1/g=1/p— B/n. Then p<g <1 and u > n/q. Hence

lgpull? = > Me@R)P) 1+ ¢(R)™H - D714
J

q/p
Sed MR =y IR < c(Z ﬂﬁ-’lkﬂ) :
J J J

(3) The left hand inequality is obvious. The right hand inequality is the
same as the inequality 3 ; [|4xg |, < [ 32; 4x&;l, which holds for p < 1.

(4) Let o; be the Dirac measure on R™! concentrated at the point
(xr,£(R;)) and let o =73 /lj|Rj|1/”+la,-. Then we have

pu®) = [ (1 + 871z = y) o, 1).

In order to prove the inequality of (4), it is sufficient to show that the inequality

(3.1) o(T(Q)) = cllfll,|2l, T(Q) = x(0,£(Q)),
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holds for every cube Q in R" (cf. e.g. [Gar; Chapt. VI, Th. 1.6]). If p = 1, then
o(T(Q) = Y LRI =cl'? Y KIRY

< clg|'’? LQ f(x)dx < clf1,)0)

(the first inequality follows from the fact that (xg,7(R;)) € T(Q) imlies R; = 2Q).
If p <1, then

o(T(Q) < Y. KR =0 LIR|
J

R, c2Q

7 .

Thus is proved.
(2) In the case n/p = n+ B, the proof is easy:

(3.2) lgp,us T(1/p — B/ml = llgpully = ¢ > HIRIV? < cl|f1l,-
J

The claim for the case § < n/p < n+ B follows from this result and from (3) and
(4) (proved above) by the use of the interpolation. Some comments shall be
necessary, however, since gg, is not uniquely defined by f but depends on the
representation of f as the sum Zj Ajxr,- First notice that it is sufficient to prove
the inequality in the case where all the cubes R; are dyadic cubes; this can be seen
from the fact that for each cube R; there exists a dyadic cube Q; such that
Q; < R; and #(Q;) > /(R;)/4. Thus we assume R; are dyadic cubes. We may also
assume that A; = 0 except for a finite number of j’s. Now, a key to the real
interpolation method is to decompose f as f=f'+f, 0<t< oo, where
SfH(x) = min{ f(x), ¢} and f;(x) = f(x) — f*(x). In the present case, i.e., in the case
where f = 3_; A;xg With 0 < 4; < o0 and R; dyadic cubes and with 4; = 0 except
for a finite number of j’s, the following holds: For each ¢ > 0, there exist
nonnegative real numbers A; and 4; such that J; = 4; 4+ 4/, f' = 3, Axg, a.e., and
fi=% /IJ’.’ij a.e. (proof of this fact is left to the reader; everyone will convince
this fact once he draws a picture of the graph of f and will see that it comes from
the fact that two dyadic cubes have disjoint interiors unless one is included in
the other). We define g; , and gy, in the same way as gg, using A} and 4],
respectively, in place of 4;. Then we have gg, =g , + gs - Now we can use the
usual techniques of the real interpolation method to deduce the inequality of (2)
for B<n/p <n+ B from (3), (4), and [3.2).
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(5) This immediately follows from (3) since Z(R;)? < AP-"/¢(R))"".

(6) Take a function e C{°R") such that 0 <60(x) <1 for all xeR"
0(x) =1 for xe Qo =[-1/2,1/2]", and supp 6 = 2Qy. For a cube Q, we define
Og by Op(x) = 0((x — x9)/¢(Q)). For t =1, we set

b= Jit(R) Or,.
J
We shall prove that the following inequality holds for every ¢t =1 and every
e>0:
(3.3) ldlloy < ced?="Pem=rle%e| 1],
where ¢, = ¢(n, B, p, €). Once this is proved, the desired inequality can be derived

as follows. We have

(1+¢R)x—xg)# S ¢ D 27™0mp (x)

m=0

and hence

o0
gpu(x) S c Z 27 hom ().

m=0

Thus, using with ¢ satisfying n —n/p + ¢ < u, we obtain

o0
lgpullo < ¢ Y 27mAPP2mE=n2R0)| ]| = c APl £,

m=0

We shall prove [3.3). Fix an arbitrary xo € R"” and set

K, =" 4t (R)POx,
J

where the sum )/ is taken over the ;’s such that 2¢R; > xo. Since £(R;) < 4 < oo,

(3.4) supp X, = O = {x;||x — xo|| < 2t4}.

Take k such that k£ + 1 > B. By lemma 3.1(2) and a change of variables, we have
(O )1 (¥) < £ ((R) P (1 + £(eR) ™ |x — xg )P

and hence

(B Epa () S S Bt P(1 + £(1R)  |x — xg )P
J



76 Akihiko MiIvAcHI

Thus, using (2) twice, we have

Z, AR,
J

Z' At (1 4+ £(R) ™ x — xg [) "
J

”(h;):ﬁ,lnp Sctf

p

<™ < P 1],

p

Hence, using we have
(3.5) s CEPR| < el (W) Egall, < cat #4721 £,
From [3.4), [3.5), and Lemma 3.1(1), we obtain
H,(x0) < clhy; CEMPK|£(Q)F P < coaPrlonripte) £,
which implies since H)(xo) = hi(xo) and xo is arbitrary. is proved.
PROOF OF THEOREM 3.1. ProoF oOF (1). By Lemma 3.1(2),
(36) (0))Fiaq (%) S caby(1+ £(R)) ™ |x — xg )"/

for each g > 0. Suppose first 3 _; ¢; is a finite sum. If p < 1, then, using with
q = p, we have

oGt
7

If 1 <p < o0, then, using [Lemma 2.3, with ¢ = 1, and lemma 3.2(2) with
B =0, we have

Z ®;; C;’k Z((”j)/fa,l Z }vaR,-
J J J

In the general case, where Zj @; is an infinite sum, the unconditional convergence
and the estimate as mentioned in (1) can now be proved by a routine argument.

P
< N let., <> ZIR| = cME.
J J

<c

<c
b4

=cM,.
p

PROOF OF (2) ~ (5). By lemma 3.1,
(3.7) g€ Co and |g;(x)| < cAit(R;) g, (X)-
The assertion (2) follows from [(3.7), (1) and (2) of Lemma 3.2, and the fact that

1/p
Z Axr | = (Z /l‘;IRj|> forp<1.
J r Ji

(3.8)
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The assertion (3) folows from [3.7), Lemma 3.2(3), and [3.8). The assertion (4)
follows from [3.7) and [Lemma 3.2(2); in fact, since £(R;) < 4 < oo, (3.7) implies

|9 (X)| < cA°it (R))™ *xg,(x), 0<e=Za,

and we can apply Cemma 3.2(2) with f = a — &. The assertion (5) follows from
(3.7), (5) and (6) of Lemma 3.2, and [3.8). Theorem 3.1 is proved.

§4. Smooth function

In Sections 4 and 5, we use the following notations. First, we use the letter
b to denote various absolute constants, which may be different in each occasion.
When we need to distinguish a constant » from other b’s, we write it with a
subscript as bg, b1, b2,.... Secondly, we assume a is a sufficiently large positive
number. A close examination of the arguments of Sections 4 and 5 will show
that all the arguments work for each a = 300, for example, but the exact value
of a is not very important. The reader should check that there exists by such
that all the arguments of Sections 4 and 5 work for each a = by and such that,
in particular, the constants b and b; (j = 1) can be found independent of a so
long as a = by. Thirdly, we take a constant b; and define the relation =~ as
follows: For two cubes Q and R, the relation Q ~ R means that Q < bR and
R < b,Q; for two positive real numbers s and ¢, the relation s ~ ¢ means that
s < b1t and ¢ < bys. The reader will easily check that we can find a b; so that the
arguments of Sections 4 and 5 work with this definition of =~

We begin with the following easy theorem.

THEOREM 4.1. Let Q # R" and suppose k+1=wa. Then, for smooth
Sfunctions g on Q,

(4.1) lg; Ci*(Q)] < cllpg IV gI"]l,.0
with ¢ = c(n, k,a,p).

Proor. We fix a sufficiently large real number s. Then, for x € Q and for
cubes Q satisfying xe Q and sQ < Q, we have Q = Q;/>(x) and hence, by

Ol
I >

£(Q) I 0,0(9) < c£(Q) T H|IVFH gl o < PS5 VEg]* ().

Hence

Taoos (%) < cp5H 7V gl" ().
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This inequality combined with implies the desired inequality. The
theorem is proved.

In the rest of this section, we shall give a method to associate with each
function f on Q a smooth function g on Q. One of the property of the function
g is that the right side of is majorized by c|f; Cp“”‘(Q)|. We shall also give a
corresponding result for Q = R”. We shall begin with some preliminary results.

For open subset U of Q, we define ¥q(U) as the set of the maximal dyadic
cubes Q such that a’Q < Q and aQ = U. Notice that 4o(U) =g if Q=
U=R"

In Lemmas 4.1 ~ 4.3 below, U and V denote open subsets of Q.

Lemma 4.1. (1) If U # R", then the cubes in 9q(U) have pairwise disjoint
interiors and the union of all the cubes in 9q(U) is equal to U.
(2) If Qe %q(U) and xe27'aQ, then

¢(Q) ~ min{a~! dis(x, U°),a? dis(x, Q°)}.

(3) There exists by such that. If U<V, Qe %q(U), Re%q(V), and
27 1aQN271aR # &, then £(Q) < by/(R).

4 If U<V and Qe %q(U), then the number of the cubes R in 9q(V)
satisfying 2~'aQN27'aR # & does not exceed c(n,a).

Proof of the above lemma is left to the reader (cf., e.g., [St; Chapt. VI, §1]).
Let 6 and 6y be the functions as defined in the proof of Lemma 3.2(6). For
Q€ %q(U), we define (pg’U as follows:

Re%q(U)

-1
¢3’U(x) = fp(x) ( Z HR(x)) ifxeU

and qog’U(x) =0 if x¢ U. For convenience’ sake we also define (pg’U =0 for
dyadic cubes Q not belonging to ¥q(U).
Proof of the next lemma is easy and is left to the reader.

Lemma 4.2. (1) ¢5Y € CP(R"), suppgg? =20, and 0 < g3 ¥(x) < 1.
(2) If U # R", then 3 5 g, v) ¢2’U(x) =1 for all xe U.
(3) |8"¢2’U(x)| < c(n,a,v)¢(Q)™" for each multi-index v.

The next lemma can be immediately proved by the use of Leibniz’s formula
on differentiation and (1) and (3) of Lemma 4.2.
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LemMA 4.3. Let {fp; Q € 9a(U)} be a family of smooth functions on U. Set
f= ZQG%(U) qu)g’U. Then, for each nonnegative integer m,

V@I se D> > V&I T ae(x),

m'+m'=m Qe%q(U)
where ¢ = c(n,a,m) and m' and m" denote nonegative integers.
Now, suppose Q # R” and fix k£ (a nonnegative integer) and ¢ such that

0 <g=< . Let f be a function on Q. For each cube Qe %o(Q2), we take a
polynomial ng in Ik, o(f). We define the function gqx4(f) on Q by

darg()x) = D mo(x)eg?(x).

QG gg (Q)

Notice that this function depends also on the choice of 7.

THEOREM 4.2. Let Q # R", f a function on Q, and 0< q < co. Then

g = gakgq(f) satisfies the following.
(1) g is a C* function on Q.
(2) If g <r < o0, then, for each nonnegative integer m,

lpaIV™gl" Ml < emllfl, )

where ¢y, = c(n,a,k,q,m,r).
(3) If 1/g+a/n>1/p, then

e V¥ g [0 < el f; CFH ()]
with ¢ = c(n,a,k,o,p,q).
To prove this theorem, we use the following lemma.

LEMMA 4.4. Let Q # R", f a function on Q, and let ag(Q € 9a(2)) be non-
negative real numbers.

(1) For each t with 0 <t <1 and for each real number B, there exists
¢ =c(n,t,B) such that

cHPhL)™ (%) < pa(x)Pr*(x) < c(pb ) ().

(2) For each t, ' with 0 < t, ¥ < 1 and for each p, there exists ¢ = c(n,p,t,t)
such that

— !
¢ 1||f*’t”p,n = |l “p,g = C”f*’t”p,n-
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B)If0<t<l, 12u<d? and v=u+4a’t/(1 — 1), then

( Z anuQ) (x) = Z agxyo(x) forall x e Q.

Q0e%a(Q) ge%a(Q)

Proor. (1) Easy.

(2) We shall simply write p = pp. We may assume ¢ < ¢’. Then the left hand
inequality is obvious since f*! < f**' pointwise. We shall prove the right hand
inequality. Fix an x € Q and write Q,(x) = Q. Take a positive integer N such
that N-1#/ < ¢(1 — ¢') and decompose Q into N" cubes Q; (j=1,...,N") each
with sidelength £(Q;) = N~14(Q) = N~'¢’p(x) . For every y € Q;, we have 1p(y) =
H(1 - p(x) 2 N '#'p(x) = ¢(Q;) and hence Q; < Q,(y). Hence |fll,q,
infg f** for every j. Hence, for each r > 0,

£ (x) =max{||fllw,g,}; = max{igff*"}‘ = max{lle—l/r”f*’t”"Q’}j

J

S NMQITY S g S NYTMP(S) ().

Thus the desired inequality follows from the boundedness of M%, r < p, in L?(Q).
(3) This can be readily deduced from the following simple geometric fact: If

Qe %q(Q) and uQNQi(x) # &, then xevQ (with v given in the lemma).
is proved.

ProOF OF THEOREM 4.2. In this proof, sums over cubes are taken over
%a(Q). We shall simply write p = pg and f* =f7 .

(1) Obvious.

(2) By Lemma 2.2(1),

I7ellw,0 < €l IIf g < ¢ inf MZ(/):

Hence, using and Lemma 2.1(3), we have
m -m{ - Q
sl e 3 4@ (igf M) e
and, thus,

m|om : Q
(4.2) p"|V"g| S ¢ EQ:(l;g M, (f))sz-
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We take ¢ such that 0 <t <1 and 2+ 4a?t/(1 —t) £ 3. Then using and
we have

1™ 1V"gl*ll,.@ < €ll(0™IV"g)) ll,0 < €

(ng (inf 24201) ng>*’t
Z (ingf M(?(f))XSQ

Q

r,Q

<c < | MZ(Nllna = el fll,.q-

r,Q

(3) Fix a Q € 9o(Q). For cubes R € ¥o(Q) satisfying 2RN Q # &, we have
R~ Q (Lemma 4.1(3)) and, hence,

I = ol 0 < ct(Q)inf S*

(by Lemma 2.2(2)). Using this inequality together with Lemma 2.1(3) and Lemma
4.3, we obtain

k
IV gl 0,0 =

VN " (nr — mo) g
R

< ct(Q)*™ inf f*

0,0

(we used also the fact that VX! S mop%® = VF*ln, =0 on Q). Hence
RTQYR Q
|Vk+lg| <c Z {(Q)oc—k—l (lzngff#>xQ
0o

Taking ¢ such that 0 < < 1 and 1+ 4a4%t/(1 —f) <2 and using Lemma 4.4(3),
we have

pk+1_“|Vk+1g|*’t <c Z(inff#>X2Q = Cf#’
o \¥¢

which combined with (1) and (2) of Lemma 4.4 implies the desired inequality.
Theorem 4.2 is proved.

Finally we shall consider the case Q = R". We introduce some notations.
We define o/ as the set of functions f on R” such that the set {x;|f(x)| > ¢} has
finite measure for every ¢ > 0. If, for a given function f on R", there exists a
polynmial P such that f — P e o/, then such P is unique (since 0 is the only
polynomial contained in /) and we write the unique P as Py(D128;).

THEOREM 4.3. Suppose that either (i) 1/p > a/n or (ii) 1/p=0a/n=1 and
k+1Z=o. Let f be a function on R" satisfying |f; C:’kl < 0. Then the following
hold.
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(1) Po(f) exists and Po(f) € Py.

(2) There exists c=c(nk,a,p) such that |f— Po(f);T(1/p—a/n)| =
c|f; Cr¥|.

(3) Let {R;} be a sequence of cubes such that /(R;) — oo as j — oo and that
there exists a positive number u for which the intersection of the cubes {uRj}j is
nonempty. Suppose 0 > 1/q > 1/p — a/n and nj € g g g, (f). Then m; — Po(f) in
Py as j — 0.

(4) In the case (ii), it holds that f — Po(f) € Cp.

Proor. Here we shall not completely prove the theorem; to be precise, for
the case (i), we shall prove all the claims, but for the case (ii), we shall prove
only a part of the claims. Proof for the case (ii) shall be completed in Section 5.

First consider the case (i). Suppose o >1/g>1/p—a/n. Let Qo=
[-1/2,1/2]" and Q, =2"Qp and let n, € It 0, (f). From Lemma 2.2(2), it
follows that

|Om+1]
43 Zoer = Tl S € [ (F#Y () s,

where f# = f;”;’q and (f#)~ denotes the nonincreasing rearrangement of f#.
Since f# € L?, we have (f*)~(s) = o(s"1/?) as s — oo and hence

(4.4) [Cur@emtas<w.

From [4.3) and [4.4), it follows that >, |7}, — Tullc0,0,, < 0 and, a fortiori,
that lim,,_. 7, exists in %%. Set P = lim,,_, m,,. From and Fatou’s
lemma, we see that the inequality of (2) holds if Po(f) is replaced by P. In
particular f— PeI'(1/p—a/n), which in turn implies f— Pe .o/ (since
1/p > a/n) and thus P = Py(f). Finally let R; and =n; be as mentioned in (3). For
each j, let m(j) be the integer such that 2™() < ¢(R;) < 2"()+! Then, from

Lemma 2.2(2),

2R,

|
”TCIm(]) - nj”wer(j) é C J|R| (f#)~(s)sa/n—l dS,
¥

which combined with implies that rc’m( N 0 in &, as j — oo. Hence
lim n; = lim 7, = P = Py(f). Thus the proof is complete in the case (i).

Next consider the case (ii). Since p < 1, it holds that 1”7 < L”! (where 17! is
the Lorentz space; cf. e.g. [SW; Chapt, V. §3]) and, hence, holds again.
Hence, by the same reasoning as in the case (i), we can prove the following: (a)
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If {m;} is a sequence of polynomials as mentioned in (3), then lim;_, 7; exists in
2 and this limit (may depend on g but) does not depend on the choice of {R;}
and {rn;} (we write lim n; = P); (b) the inequality of (2) holds if Po(f) is -
replaced by P. (In fact, the assumption k + 1 = a is not necessary to prove these
results.) In Section 5, Proof of Mheorem 5.2, we shall complete the proof by
showing that f — P e Cy (which will imply P = Py(f)).

§5. Atomic decomposition

Fix k, o, and p such that kK + 1 2 « and p < co. Suppose Q # R" and {g;} is
a sequence of functions on R” which satisfies the assumptions of
with cubes R; such that 2R; = Q and suppose g is a smooth function on Q
satisfying
PG V¥ g[*||,.0 = B < .

Then, by (2) ~ (5) of Theorem 3.1, the series >_; ¢;. converges unconditionally in
loc(€2) for some r > 0. We set f =g+ Y. ¢;. Combining [Theorem 3.1(1) and
Mheorem 4.1, we have

|If; C2H(Q)| < c(B+ M),
where M, is as mentioned in and ¢ = c(n, k,a,p).

The main purpose of the present section is to prove the converse to the
above fact. The results are given in the following two theorems. Recall that we
are assuming a is a sufficiently large positive number.

THEOREM 5.1. Suppose Q #R", k+12a, and p < co. Also suppose
0<g=oo and 1/q+a/n>1/p. Let f be a function on K such that
|f5 C;’k(ﬂ)] < co. Then there exist ¢,,, Qm, and 1, (m=1,2,...) which satisfy
the following (0) ~ (v):

(0) ¢, are functions on R", Q,, are cubes, and A, are nonnegative numbers;

(i) suppg,, < Om;

(i) 27'a%’Q, = Q;

(ifi) @ CZF| < Ams

(iv) for each r > 0,

1/r
(55

where ¢, = c(n,k,a,p,q,a,r);

V) f=9akqs(f)+ 2, On

< olf; CH Q)
P
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THEOREM 5.2. Let k+ 1= a and let f be a function on R" such that
|f; C¥| < co. Then:

(I) If 1/p>a/n or 1/p=a/n=1, then there exist ¢,, Qn, and in
(m=1,2,...) which satisfy (0), (i), (i), and (iv) (with Q =R" and with
cr = c(n,k,a,p,r) of and also satisfy

V') f=Po(f) + 20 P

(II) If0< 1/p<a/nor 0<1/p=a/n <1, then there exist ¢,,, Om, and A,
(m=1,2,...) which satisfy (0), (i), (iii), and (iv) (with the same replacement as in

(I)) of and also satisfy
(V") [ =220 Om € Pi.

ReMARK. The series Y, ¢, in converges unconditionally in
I.c(Q) for some r > 0 as we already saw at the beginning of this section. The
series »_, @, in the case (I) of [Theorem 5.2 converges unconditionally in
I'(1/p—a/n) (when 1/p > a/n) or converges absolutely in Cp (when 1/p =
a/n=1) by (2) and (3) of Theorem 3.1. The series >_,, ¢,, in the case (II) of
Theorem 5.2] converges unconditionally with respect to |-; Cp°‘>k | by
3.1(1) (cf. also the remark given in the first paragraph of Section 3).

In the rest of this section, we shall prove the above theorems and, as a
corollary to the proof of the case (I) of Theorem 5.2, we shall complete the
proof of [Theorem 4.3 The main idea of the proof of is the same
as in [Mi2; §3].

For the proofs of Theorems [5.1 and we use Lemmas 5.1 ~ 5.4 to be
given below. In these lemmas, we fix an Q and assume U, V, and W are open
subsets of Q, and, for open subsets D = Q, we abbreviate ¥q(D) to ¥(D).

LEMMA 5.1. (1) {Qe¥%(Q);3aQ =« U} ={Q e ¥%(U);3aQ < U}.

(2) There exists bz such that: If Q is a dyadic cube satisfying bszaQ < U, then
3V = 22

(3) There exists by such that: If U<V <« W, Re 4(V), bsaR = U, and if Q

is a dyadic cube satisfying 20N 2R # &, then qu’U = (og’W = q)g’g.

Proor. For a dyadic cube Q, we denote by Q the unique dyadic cube such
that 0 > Q and #(Q) = 2¢(Q).

(1) Suppose Q€ 4(U) and 3aQ < U. Then the maximality of Qe %(U)
implies that a’Q ¢ Q or aQ ¢ U. But the latter relation is impossible since
aQ < 3aQ < U. Hence a*Q ¢ Q and, hence, Q € 4(Q). This shows that the right
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hand set in (1) is included in the left hand set. The converse inclusion is obvious
from the definition of %(Q) and %(U).

(2) We may and shall assume Qe %(Q)U%(U). In order to show
9o =g , it is sufficient to show

(5.1) {Re%(Q);2Q0N2R # &} = {Re ¥9(U);2QN2R # J}.

First, suppose 3aQ < U. Then Qe %(Q)N¥%(U) by (1). Hence, for cubes R
belonging to either the right or the left hand set of [5.1), we have Z(R) ~ ¢(Q)
(by Lemma 4.1(3)) and, hence, 3aR < b3aQ for some b3 > 3. Now, with this b3,
assume b3aQ < U. Then: If R belongs to the left hand set of (5.1), then
3aR < b;aQ < U and hence, by (1), R belongs to the right hand set of (5.1); and
the same holds if we interchange ‘left’ and ‘right’. Thus (5.1) is proved.

(3) First suppose Re 4(V) and 3aR < U. Then Re 4(Q)N¥Y(U)NF (W)
by (1). If Qe 9(Q)U%(U)U%(W) and 2RN2Q # &, then £(Q) ~ £(R) (by
Lemma 4.1(3)) and hence b3aQ < bsaR for some by > 3. Now assume Re 4(V)
and b4aR < U and assume Q is a dyadic cube such that 20 N2R # . Then:
If Qe%(Q)UFU)UF(W), then baQ c byaR< U < W and hence g3 =
q)g’U = ¢g’W by (2); and if Q¢ ¥9(QU¥FU)U% (W), then ¢‘Qm = ¢2‘U =
(pg’W = 0. Lemma 5.1 is proved.

LeMMA 5.2. If T is a cube such that a*T < Q and aT & U, and if Q € 9(U)
and 2QNT # &, then ¢(Q) £2¢(T), Q< 7T, and 4aQ ¢ U.

PrOOF. Suppose T and Q are cubes satisfying the assumptions of the
lemma. If Z(T) < £(Q)/2, then, since 2QNT # & and a is large, we have
aT < (a/2 + b)Q = aQ <= U, which contradicts the assumption aT ¢ U. Thus
£(T) 2 £(Q)/2, which combined with the assumption 2QNT # J implies that
Qc7T. If £(Q) < £(T)/3, then, since 20NT # & and a is large, we have
@?Q < (2a*/3 4+ b)T < a*T = Q and hence, by the maximality of Q € 4(U), we
have aQ ¢ U and thus 3aQ ¢ U (since 3aQ > a@). Finally, if £(Q) = ¢(T)/3,
then, since 20N T # &, we have aT < (3a+ b)Q < 4aQ and hence 4aQ & U
(since aT ¢ U). Lemma 5.2 is proved.

LemMma 5.3. If T is a cube such that a*T < Q and aT < U, and if Q,
Q' e%9(U), 20NT # &, and 2Q0'NT # &, then ¢£(T) = bt(Q), T < bQ, and
o~Q.
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The above lemma easily follows from (2) and (3) of Lemma 4.1.

LEMMA 5.4. There exists bs such that: If U<V, Re¥%(V), bsaR ¢ U,
Qe%(U), and 2QN2R # &, then bsaQ ¢ U.

PrOOF. Take bs >3 so that 20N2R # & and ¢(R) < by/(Q) imply
bsaR < bsaQ. Now suppose U, V, R, and Q satisfy the assumptions of the
lemma. We shall prove bsaQ ¢ U. This is obvious if 3aQ ¢ U. Hence we
assume 3aQ < U. Then, by [Lemma 5.1(1) and Lemma 4.1(3), we have Q € 4(Q)
and 7Z(R) < b2/(Q). Hence bsaR < bsaQ, which combined with the assumption
bsaR « U implies that bsaQ ¢ U. The lemma is proved.

PrOOF OF THEOREM 5.1. In this proof, ¢ denotes various positive constants
depending only on n, k, a, p, g, a, and other explicitly indicated parameters (if
any). We simply write f* = f* = and 4(U) = 9q(U).

For each cube Q = Q, we take a ng € Ix 4 o(f). With each pair (Q,R) of
dyadic cubes, we associate a dyadic cube K(Q, R) in such a way that K(Q, R) is
equal to either Q or R, /(K(Q,R)) =min{/(Q),7(R)}, and that K(Q,R) =
K(R,Q) for all Q and R. We set Pyr = nggr) for dyadic cubes Q, R < Q.
Notice that Pgr = Prg.

If | f; Cg’k(Q)| =0, then f = go s 4(f) and the conclusion of the theorem is
obvious. Thus we assume |f; C:’k ()] > 0. We take a continuous function 4 on
Q such that h(x) > 0 for all x € Q and ||A||, o < |f; C]‘j"k(Q)l. For each integer j,
we set

U = {x e Q;f*(x) + h(x) > 2/}.

Since f# + h is a lower semicontinuous function, U; is an open subset of Q. We
shall simply write (o’Q = (og’Uf and qu = ¢3’Q. In the sequel, sums over cubes shall
be taken over all the dyadic cubes unless the contrary is explicitly stated. Now we
define

, .
9’ =fray + D _ Prsoro§ -
RS
It is easy to see that g/*! — g/ can be written as

- =3
R



Atomic decomposition for Sobolev 87
with
= (f ~fXg + Y Porgy =) P R'Swg_l)'
0 S

It is obvious that

(5.2) h% #0 only if R e 4(Uj)
and
(5.3) supp hj < 2R.

The following estimate is the core of the proof:
(54) |hg; C¥| < c2/.

For the moment we assume this estimate, [5.4), and show that this implies the
desired decomposition of f.

It is obvious that g/(x) — f(x) a.e. as j — oo (since U; o Uj41 and |U;| — 0
as j— 00). On the other hand, since U, — Q as j— —oo (this is because
h(x) > 0 for all x e Q), it holds that

g/(x) > Y Prs(x)pR(x)e@(x) asj— —oo
R,S

for every x e Q (cf. [Mi2; Proof of (3.12), pp. 219-220]). Hence
f — Z P&s¢%¢? = Z ( h}() a.c.
RS j=—0 \ R

and, thus,

(5.5) [ = 90iq(f) =D (Prs — mr)opeS + > (Z h{,) a.e..
7S R

j=—o

We shall prove that the right side of this equality forms a series which satisfies the
estimates as mentioned in the theorem.
First, for each r > 0,

© 1/r 1/r
( > 3 2f'm<x)) = (cZ200) et a0,
J J

== REF(U))
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and hence

1/r
H (Z > 2j'12R)
7 RES(Y)

which together with (5.2) ~ (5.4) implies that the families {#%}, {2R}, and {c2/}
each indexed by the set {(j,R);jeZ,Re ¥%(U;)} form a triplet of sequences
satisfying the conditions as mentioned in (0) ~ (iv) of the theorem.

Next, the first sum on the right side of (5.5) can be written as ), hg with

S allf* +hlya < olf; GHQ),
p

R = RS — TR)PRPs -
h (P ) Q Q
S

If 929 £ 0, then 2RN2S # &, £(S) ~ £(R), and S ~ R (by Lemma 4.1(3)), and
hence K(R,S) ~ R and

IV"(Pr;s = 7R)ll w20 < €£(R)* " inf f*

for every nonnegative integer m (by Lemma 2.2(2) and Lemma 2.1(3)) Using
these estimates and Lemma 4.2(3), we obtain

IV¥* Al < cf(R)*™Vinf f*.

oo
From this, using Lemmas 2.9 and 2.8, we obtain

(5.6) [hr; C34| < c inf f*

(here we also used the assumption k+ 1 = a). For each r > 0, we have

, 1/r
inff#) Yok

The estimates (5.6) and (5.7) together with the obvious fact suppigr = 2R imply
that the families {hr}, {2R}, and {cinfoxf*} each indexed by ¥4(Q) also form a
triplet of sequences satisfying the conditions as mentioned in (0) ~(iv) of the
theorem.

Now the rest of the proof is to show (5.4). In order to do this, we first
observe that

< llerf *llp0 = el f; CGH(Q)I.
p

(5.7) ’

(5.8) b =0 if bsaR < Uyy,.
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In fact this can be seen as follows. If R ¢ ¢¥(Uj;), then obviously h%, = 0. Suppose
Re %(U)) and bsaR < Ujyy. By Lemma 5.1(3), we have (p’Q+1 = ¢’Q‘1 = g for all
dyadic cubes Q satisfying 2RN2Q # &. Hence, on 2R,

ST Porelt =3 Prsol ' =) Pored— > Prse§ =0,
Q S o S

where the last equality follows from the symmetry property Pgr = Prg. On the
other hand, f — fxy,, =0 on 2R since 2R bsaR < Ujyy. Hence h}; = 0. Thus
holds.

We shall now prove [5.4). By [5.2) and [5.8), we may and shall assume
R e %(U;) and bsaR & Ujyy. We shall prove the estimate

(5.9) £(T) o, (M) < 27
for cubes T such that
(5.10) TN2R # & and ¢(T) =< ¢(R)/2.

This estimate together with will imply (by Cemma 2.8). In the sequel,
we assume 7T is a cube satisfying [5.10). Notice that T <3R and
@?T < (@®>/2+b)R < a*?R < Q.

Case 1. aT & Uj,.

We decompose 4% as follows:

hf =hy + hy + hs,

hy =(sz(f - nT)XQ\UH_p

hy =gk EQ:(PQ,R —nr)py

hs =gk ;(“T — Prs)ol .
We shall prove the estimate

(5.11) (TY oo, r(r) < 2/

for i = 1,2, and 3, which will of course imply [5.9).
We first estimate 4;. By [Lemma 2.2(4), the following holds for a.e.
xe TN (Q\Ujs):

1f(x) = mr(x)] £ e£(T)f* (x) S e£(T)*2.
Hence ||, r < ¢/(T)*2/, which .implies (5.11) for i=1.
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Next, we estimate 4,. Suppose Q is a dyadic cube such that
(5.12) Qe%Uy1) and 2QN2RNT # .

By we have £(Q) <2¢(T), Q = 7T, and 4aQ & Ujy;. By
4.1(3), we have #(Q) < b/(R) and thus K(Q,R) ~ Q. Thus K(Q,R) < bsT for
some bg > 1. Since 4aQ < b7aK(Q, R) for some b; and since brabsT < a’T < Q,

we can use Lemma 2.2(3) to obtain
I7x(0,R) — TbsTll o k(0,R) = £(T)" ng * < et(T)"2

(the last inequality follows from the relation 4aQ ¢ U;.i). Similarly, using
Lemma 2.2(2), we have
|75y ~ 7l r < c£(T)* inf £* < ct(T)2
’ a

(the last inequality follows from the assumption aT & Uj;.;). Using these
inequalities and using [Lemma 2.1(2), we obtain

I1Po.r — Tl 20 = cllmkior) — Tb6Tll oo k(0,R) + €8T — 7|l 0 1 < c£(T)*27

and thus

<ct(T)*2/,

oo, T

. »
ok Y (Por—nr)py
0:(5.12)

182/l 0,7 =

which implies (5.11) for i = 2.
Finally, we shall estimate A3. Suppose S is a dyadic cube such that

(5.13) Se%(Uv_,) and 2RN2S # &.

By Lemma 4.1(3), we have Z(R) < b7(S) and hence K(R, S) ~ R. We take bg > 3
such that T < bgR and K(R,S) < bgR and take cubes T; (i=0,1,...,N) such
that

T=TOC T1 < - CTN=b3R,
(5.14) ¢(T;) =2¢(Ti_;) for 1<i<N, and ¢(Ty_1)<?(Twn) S 2¢(Tn_1).

From the assumption aT & Uj,i, it follows that inf,r, f # < 2/+! for each i
(notice that aT; < abgR < a®*R < Q). Hence, by lemma 2.2(2) and Cemma 2.1(3),

1977, — 71, o7, S c6(T)*™ inf £* < ct(Tiy*™2!
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and
[V*(PRrs — 1)l oo 1y < €2(Tw)*™" ‘i}}ff# < of(Ty) "2/,

and thus

N
IV*(Prs = nr)llo,r = V" (Prs = 71 loo,7y + D IV (77, — 71l oo

i=1
N

<y (T,

i=1

where m denotes an arbitrary nonnegative integer. Using this inequality, Leibniz’
formula on differentiation, and [Lemma 4.2(3), we obtain

(5.15) IV sl pr e > > z(R)—'"(sz: z(T,-)“-'”’)/(S)-'"",
i=1

mm',m" S:(5.13)

where the sum with respect to m, m’/, and m” is taken over the nonnegative
integers m, m’, and m” satisfying m +m’ +m” = k + 1 and m’ < k (the restriction
m’ £ k comes from the fact that V'"'(PR,S —nr) =0 for m > k). Using (3) and
(4) of [Lemma 4.1, we see that the right side of (5.15) is majorized by

2/ i £(R)*1Hm i(z"f(r))“-m.
i=1

m=0

Evaluating this series and using we finally obtain the following
estimates: If k£ < o, then

£(T) " Ioo,r(h3) < €27 (¢(T)/¢(R))H' ™%

if £ = a, then

H(T) oz (h3) S 2 (@)HM (1 +log

b¢(R) ¢(T)
7(®) 7) 5w

¢(T) ¢(R)

(the log term is necessary only when a is a positive integer). Since kK + 1 = « and
since /(T) < /(R)/2, the above estimates imply for i =3. Thus is
proved in Case 1.

Case 2: aT < Ujy;.
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From the cubes Q satisfying [5.12), choose a cube Qp. On Uj;; (and hence
on T in particular), the function k% can be written as follows:

hh = hy + hs,

hs=0% > (Por— ”Qo)%“,
0

hs =93 > (g, — Prs)o§ -
S

We shall prove that holds for i =4 and 5.

Suppose Q is a dyadic cube satisfying [5.12). In the present case, we have
£(T) £ b£(Q), T < byQ with some by, and Q =~ Qp (by Lemma 5.3). By [Lemmal
4.1(3), we have £(Q) < b/(R) and, hence, K(Q,R) ~ Q and K(Q,R) =~ Qo. By
we have bsaQ ¢ U1 and hence infpaof* < 2/F1.

Now we shall estimate k4. For Q satisfying [5.12), we have

1Po,r — 7gylleo,0, < ¢£(Qo0)” bing f* £c2/¢(Q0)*
sal’o

and hence
19" (P — 7o) loir < V™ (Po.k = 70))loigy < €274(Q0) ™
for every nonnegative integer m. Using this estimate and Lemma 4.3, we obtain
IV*4 ha| - < €272(Q0)* 7.

Hence, by [Lemma 2.9,
¢(T) " Ix.o.1(ha) < 27 (£(T)/2(Q0)) '™ < 2.

This proves for i =4.

Next we shall estimate As. The argument is similar to that given in the
estimate of A3 in Case 1. In the present case, we take bjp such that Qo & b1oR
and that K(R,S) = bjoR for every S satisfying [(5.13). We take cubes T;
(i=0,1,...,N) such that Qy=To< T < --- =« Ty = bjoR and that (5.14)
holds. Since bsaQo ¢ U1, we have infp,r,f* <2/*! for every i. Hence,
arguing in the same way as in the estimate of 43 in Case 1, we obtain

k N
IVE RS || o oy < €273 £(R)FTI™ D " (214(Q0))* ™.
1

From this and from the fact that T < byQp, we obtain, using [Lemma 2.9 the
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following estimates: If & < «, then
¢(T) o, r(hs) < €27 (¢(T) /¢ (R))%
if £k = a, then
o (C(T)\H® b¢(R £(T) [ £(T)\™
e 50 (2 v 0) 2 (40)

(the log term appears only when o 1is a positive integer). Since
b~1¢(T) £ ¢(Qo) < b¢(R), the above estimates imply [5.11) for i = 5. Thus
is proved in Case 2 as well. is proved.

PROOF OF THEOREM 5.2. We use the same notations as in the proof of
Theorem (we only replace Q by R"). We take g such that 0 < ¢ < p and
define g/ and hj in the same way as in the proof of (notice that
U; # R"). By exactly the same argument as in the proof of Theorem 3.1, we see
the following: (1°) The families {A}, {2R}, and {c2/} each indexed by the set
{(j;R);je Z,Re 9(U;)} form a triplet which satisfies the conditions as men-

tioned in (0), (i), (iii), and (iv) of Mheorem 5.1; (2°) for each integer N,
(5.16) fx) —g¥(x)=>_ (Z h;;(x)) ae..
=N \R

In the rest of the proof, we shall treat the cases (I) and (II) separately.
Case (I) 1/p>a/nor 1/p=a/n=1.
It is sufficient to show that

(5.17) g¥(x) > Po(f)(x) as N — —oo forall xeR"

If 1/p > a/n, then is easily seen from [Theorem 4.3. (Recall that
4.3 for the case 1/p > a/n is completely proved.) Suppose 1/p = a/n = 1. Let P
be the polynomial as given in the claim (a) in the proof of Theorem 4.3. Then, by
that claim (a), we have g"(x) — P(x)(N — oo) for every x € R". By the above
(1°) and by [Theorem 3.1(3), the series 3, ) converges absolutely in Cj.
Conbining these facts with the above (2°), we see that f — P e Cy and hence
P = Py(f). Thus is proved in the case 1/p = a/n = 1 as well. (Notice that
this argument also completes the proof of Theorem 4.3.)

Case (II) 0<1/p<a/mor 0<1l/p=a/n<]1.

The series ;¢ k% unconditionally converges with respect to |; Cl‘j"k | (thig
follows from (1°) and Theorem 3.1(1)). For each integer N, the series Zj,R h}
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unconditionally converges in Cp (when 0<1/p<a/n) or in LP (when
0 < 1/p =a/n < 1); this follows from the assertion (1°) and the fact that /(R)
for Re 4(U;), j 2 N, is bounded, with the aid of (4) and (5) of Theorem 3.1.
Hence the function on the right side of coincides mod % with the
|5 C;’kl-unconditional sum )5y p h% (cf. Lemma 2.7). Thus it is sufficient to
show that

N, ok
(5.18) lg";Cy*| -0 as N — —co.

To show this, we shall prove that the following two estimates hold for all integers
j and all xe R™

(519) (gj)]fa,q(x) é C2j,
(5.20) (9))Eag(%) < cMy(f*)(x)-

The claim [(5.18) will follow from these estimates with the aid of Lebesgue’s
convergence theorem.

The estimates and can be proved in a way similar to the proof
of given in the proof of [Theorem 5.1; here we shall only indicate the key
steps. (A similar argument can also be found in [DS; Lemma 8.1].) To make the
reference to the proof of Theorem 5.1 easy, we shall treat g/*! instead of g/. We
fix a cube 7. We shall prove

(5.21) £(T) " Ieqr(g’*") < e min{2/, |TI7/9)| £ ]|, 1},
which will imply and (5.20), We write
(*) = (the right side of [(5.21)).

First, suppose aT ¢ U;.1. We consider g/t! — n7, which can be written as
g/t — iy = hy + hy with

h=(f —nr)tawy, and k=) (Por- nr)ol " ok-
o.R

For h;, we have
ITl—a/n—l/q”hl”q’T é ITl—a/n—l/q”f —_ nT“q,T é C 131;]’# é (*)

If Q and R are dyadic cubes for which ng'I(o{Q #Z0on T, the Q< 7T and

I1Po.r — rlle g = ¢£(T)* min{2j, izngff# }
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Hence
|hy(x)| £ ¢£(T)*min{2/,f#(x)} forallxeT
and thus

T~ ||k |, 7 < ().

The inequality follows from the above estimates of A; and h;.

Next, suppose aTl < Uj;. We fix a cube Qpe%(Ujy1) such that
200NT # . If Q and R are dyadic cubes for which ¢’+1¢II{ #0 on 7, then
T < bQp and

IV"(Po.& = 7gy)lleo,r = €£(Qo)*™ inf f*S4(Q0) ()
for every nonnegative integer m. Hence

< £(Q0)* (),

[VEIgH = ]

1
VS “(Por — mo,)0l ok
O.R

from which follows [5.21). Theorem 5.2 is proved.
As we mentioned in the above proof, [Theorem 4.3 is also completely
proved.

oo,T
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