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1. Introduction

The quaternionic sectional curvature of an indefinite quaternionic Kéhler
manifold is investigated in [6], where it is shown that its treatment presents
certain analogies with that of the holomorphic sectional curvature of an inde-
finite Kédhler manifold [1].

An important feature of indefinite metrics is the existence of null geodesics,
and the study of the Jacobi operator along such geodesics. A simple examina-
tion of the curvature tensor of an indefinite Kdhler manifold of constant holo-
morphic sectional curvature shows that its restriction to degenerate holomorphic
planes vanishes identically. Such condition R(U, JU, JU, U)=0 is shown in [3]
to be strictly weaker than constant holomorphic sectional curvature. In fact,
the product M;(c)X M,(c) of two positive definite Kédhler manifolds endowed
with the metric g=g,P(—g.) satisfies R(U, JU, JU, U)=0 but its holomorphic
sectional curvature is not constant, unless ¢=0.

When one considers an indefinite quaternionic K&hler manifold of constant
g-sectional curvature, the curvature tensor is expressed in terms of the metric
and the almost complex structures of the quaternionic structure. From that
expression it immediately follows that

1@ RWU, ¢U, ¢U, U)=0, o=1, ], K,

where {I, J, K} is any local basis of the bundle of almost complex structures
on M.

The aim of this paper is to investigate such condition (1), and to prove
that it is characteristic of indefinite quaternionic space forms. This makes a
significant difference in the study of the curvature of indefinite quaternionic
Kidhler manifolds with respect to the complex case. We will show the fol-
lowing.
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THEOREM A. Let (M, g, V) be an indefinite quaternionic Kdhler manifold.
Then M is an indefinite quaternionic space form if and only if

RU, ¢U, ¢U, U)=0
for all null vector U, ¢=1, ], K.

Theorem A has been stated previously in [6, Th. 7.3], but the proof there
seemed to be inadequate because of the lack of convergence, in general, of a
certain real sequence. Moreover, perhaps that approach is too difficult to repair,
because of a counterexample to the complex case [1, Th. 6.5]. For this
reason, we provide a completely different proof.

Finally, considering the expression of the curvature tensor of an indefinite
quaterionic space form, we obtain the form of the Jacobi operator along null
geodesics for such spaces. As a direct application, we show the nonexistence
of conjugate points along null geodesics in indefinite quaternionic space forms.

We will follow the notations of and we refer to it (see also [2], [7]),
for the definitions of the g¢-sectional curvature and some basic facts concerning
the curvature tensor of an indefinite quaternionic K&hler manifold. All mani-
folds are assumed to be connected.

2. Preliminaries

Let (M, g, V) be an indefinite almost quaternionic manifold, i.e., V a 3-
dimensional bundle of almost complex structures on M, and g an indefinite
metric of signature (4p, 4¢), (p+qg=n) satisfying

for all vector fields X, Yex(M), ¢=1, J, K, {I, J, K} being a local basis of V.
(M, g, V) is said to be indefinite Kihler if the bundle V is parallel with

respect to the metric connection V induced by g. As a consequence of such

condition, one has the following identities for the curvature tensor [6]

RX,Y, Z, W)=R(X, Y, IZ, IW)

— 5 (2, JWIRiX, JY)+8(Z, KWRioX, KY)),
RX,Y, Z, W)y=RX,Y, JZ, JW)
1

— 7 {g(Z,IW)Ric(X, 1Y)+ g(Z, KW)Ric(X, KY)},
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RX, Y, Z, W)=R(X, Y, KZ, KW)

1
n+2

{8(Z, IW)Ric(X, IY)+g(Z, JW)Ric(X, JY)},

for all X, Y, Z, W vector fields on M, where Ric is the Ricci tensor of M,
dim M=A4n.

Throughout this paper we assume the existence of null vectors U, (g(U, U)
=0) and hence it must be p, g=1. An important consequence of this fact is
that the metric is Einstein, because dim M=4n=8.

LEMMA 1. Let (M, g, V) be an indefinite almost quaternionic manifold, and
U a null vector, UT M. Then there exist orthogonal vectors X,Y&T M
spanning a totally real plane such that U=X+Y.

PrROOF. Let {E,, ---, E;»} be an orthonormal basis at m, and write U=
SUR, 2B E A+ 8% ' E; where the first 4p-vectors in the basis above are as-
sumed to be spacelike, and the last 4(n—p) timelike. Put X’=32, 1E,, Y'=
4%, #E;, and consider the subspace W spanned by {X’, IX’, JX’, KX, Y’,
IY’, JY’, KY'}.

Let X, be an arbitrary spacelike vector in W, and consider the 4-plane W,=
Q(X,), spanned by {X,, IX,, JX,, KX,}. Let W, denote the complementary
orthogonal subspace of W, in W. Since W, is invariant by the quaternionic
structure ¢=1I, J, K and W, is orthogonal to W, W, is also invariant.

Now, since U=W, there exist acW, and B&W, such that U=a+8. The
result follows if we put X=a, Y =4. O

In order to analize (1), the following identities will be used extensively,

LEMMA 2. Let (M, g, V) be an indefimite quaternionic Kdhler manifold satis-
fying condition (1). Then for each pair of orthogonal vectors X, Ye.‘BE_’(M) with
8X, X)=—g(,Y), ’

(a) RX, ¢X, X, ¢Y)—R(X, ¢X, ¢X, V)

=R, ¢Y, ¢Y, X)—R(Y, ¢Y, Y, ¢X)

(b) R(X, ¢X, ¢X, X)+R(Y, ¢Y, ¢Y,‘AY)=2R(X, X, Y, ¢Y)-

+2R(X, ¢Y, Y, ¢X)+R(X, ¢Y, X, ¢Y)+R(Y, ¢X, Y, ¢X)
for all ¢=1I, J, K.

PrROOF. Since X is orthogonal to Y, and g(X, X)=—g(,Y), then X+4Y
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and X—Y are null vectors, and hence
R(X+Y, ¢X+@Y, ¢X+¢Y, X+Y)=0.
Now the result follows by linearizing this expression. [

The next proposition shows the significance of condition (1) in terms of the
Jacobi operator along null geodesics

PROPOSITION 3. An indefinite quaternionic Kdahler manifold, (M, g, V),
satisfies condition (1) if and only if
3) R(U, $U)pU=ctlU
for all null vectors U, and some functions ct, =1, J, K.

PrROOF. It is clear that (3) implies (1). Conversely, if (1) holds, then
RWU, ¢HgU=U>*. Since U e<U>*, it will be enough to show that

g(RWU, ¢U)¢U, V)=0, for all null vectors VelU>*.
For each null Ve<dU)*, U+sV is a null vector, and hence

RWU+sV, gU+s¢V, pU+s¢V, U4-sV)=0.
Linearizing this expression, and considering the coefficient of s, we have
0=2R(U, $U, $U, V)+2RW, $U, $V, U)=4g(RW, $U)¢U, V),
which shows that R(U, ¢U)@U=cgU for every null vector U, ¢=1I, J, K. O
LEMMA 4. Let (M, g, V) be a 4n-dimensional indefinite quaternionic Kdihler

manifold satisfying condition (1), and UT M a null vector. If U=X+Y for
some X, Y spanning a totally real plane as in Lemma 1, then

3S
@ ch=4ezRW, Z, Z, U)— por=ooseslaW, JZY+8U, K2))
for all unit Z such that <{X, IX}>1 Z 1Y, IY}>

3S
(5) ch=4ezRW, 2, Z, U)— o oseslaW, 1Z)+5(U, K2
for all unit Z such that {{X, JX}>1LZ LY, JY}>

3S
6) cf=4s:RWU, 2, Z, U)— o> osenleW, 12+, JZ))

for all unit Z such that {{X, KX}>1 Z 1 {Y, KY}>, where Sc denotes the scalar
curvature of M.

PROOF. Let us show (4). Let X, Y be vectors as in such that
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U=X+Y, and consider V' a null vector such that g(U, V)=—1/2, (V=1/4g(X, X)!
(Y —X)). Let Z be an arbitrary unit vector such that Z&<{{X, IX})>* and Z&
Y, IY}>*. Let w, denote the vector w,=1/+t(U-+te;V), where e,=g(Z, Z).

Since {X, IX}> 1L Z 1Y, IY}>, it is clear that Z e {{U, IU}>Y, Z <
AV, IV}>t, and moreover that

UZ, 1Z}) Lw, oe})>,  g(Z, Z)=—g(w, @) .
Hence, condition (b) in gives us,
R(Z, 1Z, IZ, Z)+ R(w:, lw;, lw;, w:)=2R(Z, IZ, w:, lw;)
+2R(Z, Iw:, w;, IZ)+R(Z, 1w, Z, lw)+R(w:, IZ, w:, 17),
and thus

tR(Z, 1Z, 1Z, Z)—!—%R(U—l—tszV, I(U+tezV), IU+1eV), U+tezV)

=2R(Z, 1Z, U+tezV, I(U+teV)+2R(Z, IU+tezV), U+tesV, 12)
+R(Z, IU+teZV), Z, IU+teV)+RU+teV, 1Z, U+tezV, 1Z).
Linearizing previous expression and taking limits as 7—0, one gets
2¢zR(U, IU, IU, V)+2¢zRU, 1U, 1V, U)
=2RWU,1IU, Z,12)+2RU,1Z, Z, IU)+R(U,1Z,U,I1Z)+R(Z, 1U, Z, IU).
Using the identities (2), it follows that R(U, IU, IV, U)=R(U, 1U, IU, V), and
hence
@) —2ezch=2RU, 1U, Z, IZ)+2R(U, 1Z, Z, 1U)
+RWU, 1Z, U, 1Z)+R(Z, IU, Z, IU).
Once again, from (2), one has R(Z, I1U, Z, IU)=R(U, IZ, U, 1Z), and hence
(7) becomes
—ezch=RWU, IU, Z, 1Z)+RWU, 1Z, Z, IU)+RU, 1Z, U, 1Z).

Once again, from (2), and using the first Bianchi identity, one gets after
some calculations

(8) ch=ezR(WU, Z, Z, U)+3ezR(U, 1Z, 1Z, U)

__3S¢
4n(n+2)

If we put Z=I1Z in (8), one gets R(U, Z, Z, U)=RU, 1Z, IZ, U), and the
result is obtained from previous equation. The remaining identities (5) and (6)

ez{&(Z, JU)*+g(Z, KU)*.

are obtained in the same way. O
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COROLLARY 5. Let (M, g, V) be an indefinite quaternionic Kahler manifold
satisfying condition (1). Then

for each null U.

PROOF. Let U be an arbitrary null vector, UeT .M, and show that ci=c§.
Put U=X+Y for some orthogonal X, Y spanning a totally real plane as in
LCemma 1, and take Z=JX. Since <{X, IX}> L JX 1Y, IY}> and {X, KX}>
LJX LY, KY}>, it follows from (4) and (6) in previous lemma that cj=c§.
The remaining cases are obtained in the same way. O

COROLLARY 6. Let (M, g, V) be an indefinite quaternionic Kahler manifold
of dim M >8 satisfying condition (1), and UET .M a null vector. If U=X+Y
for some orthogonal X, Y spanning a totally real plane as in Lemma 1, then

(9) 03=4SZR(U, Zy Z: U)! ¢=I’ j: K;
for all unit Z such that Q(X)LZ 1 Q).

PrROOF. It follows directly from (4), (5) and (6) in previous lemma. [

3. Constancy of the quaternionic sectional curvature

In [6], the following criteria for the constancy of the quaternionic sec-
tional curvature is obtained.

LEMMA 7. Let (M, g, V) be an indefinite quaternionic Kdhler manifold of
real dimension 4n=8. If for any meM, there exists a local basis {I, J, K} of
V such that R(X, ¢X, ¢X, Y)=0, for every orthonormal vectors X,Y&T .M
spanning a totally real plane and some ¢=I, J, K, then M is an indefinite quater-
nionic space form.

Next theorem gives conditions on the Jacobi operator along spacelike, time-
like and null geodesics, each of them equivalent to the constancy of the g-sec-
tional curvature.

THEOREM 8. For an indefinite quaternionic Kahler manifold, (M, g, V), the
following conditions are equivalent
(@) The g-sectional curvature is constant,

(b) R(X, ¢X)pX~X, for all spacelike vectors X.
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) RX, ¢X)pX~X, for all timelike vectors X.
d) RU, ¢U)pU=0, for all null vectors U.

where ~ means proportional, and ¢=1, J, K.

PROOF. If the g-sectional curvature is a constant ¢, then R(X, ¢X)pX=
cg(X, X)X, which shows the necessity of (b). To see the sufficiency, we will
look at R(X, ¢X, ¢X, Y) for all possible {X, Y} spanning a totally real plane,
and use Lemma 7. If X is spacelike, then by (b), R(X, ¢X, ¢X, Y)=0.

If X is timelike and Y is also timelike then there exists an unit spacelike
vector Z such that Q(X)1Z 1 Q(); hence R(AZ+X, ApZ+¢X, 29Z+¢X,Y)
=0, for |A|>1, and we get R(X, ¢X, ¢X, Y)=0. If Y is spacelike, then
AY +pX satisfies gAY 4+ pX, AY +pX)=2—p* and QAY +pX) L Q(AX+pY') hence
RQY +pX, 2¢Y +poX, 2¢Y +pugX, AX+pY)=0, for *—p*>0. Linearizing this
expression it follows that R(X, ¢X, ¢X, Y)=0.

The equivalence between (c) and (a) is obtained in an analogous way.

To prove that (d) is equivalent to (a), we proceed as follows. If the g-
sectional curvature is a constant ¢, for every tangent vector X, R(X, ¢X)¢pX=
cg(X, X)X, and hence R(U, ¢U)pU=0 for every null vector U.

For the sufficiency we use again[Lemma 7. Let X and Y be unitary tangent
vectors spanning a totally real plane. If g(X, X)=—g(,Y), then X+Y and
X—Y are null vectors, and therefore using (d)

RX+Y, $X+¢Y, ¢X+¢Y, X—Y)—R(X—Y, pX—¢Y, X —¢Y, X+Y)=0,
from which we get
(10) R(X, ¢X, ¢X, Y)—R(Y, ¢Y, ¢Y, X)=0.
Considering now and (a) in it follows that R(X, ¢X, ¢X, ¥V)=0.
Now, if g(X, X)=g(,Y) then consider Z a unit vector with g(Z, Z)=
—g(X, X) such that QX)1Q(Z)1L Q). Since {X, AZ+Y} spanns a totally

real plane, it follows that R(X, ¢X, ¢X, 2Z+Y)=0 for values of [2|>1, and
hence R(X, ¢X, ¢X, YV)=0. O

It is clear now that what remains for proving that condition (1) is equi-
valent to constant g-sectional curvature in quaternionic Kdhler manifolds is to
show that the functions ¢f vanish identically.

PROPOSITION 9. Let (M*", g, V) be an indefinite quaternionic Kdhler mani-
fold satisfying condition (1). Then the Ricci tensor satisfies
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(11) Ric(U, U)=(n+4)c§,
for any null vector U T .M.

PROOF. Let m be an arbitrary point on M, U a null vector UeT .M, and
consider X, Y T, M unit vectors spanning a totally real plane with U=k(X+Y)
as in Lemma 1. Decompose the tangent space T.M=<X, IX, /X, KX>P
Y,1Y, JY, KYY>®KZ,, -, Zin-g», wWhere <Z,, -, Zn_s> is an orthonormal

basis of (Q(X)PQ(Y))*. With respect to such a basis, the Ricci tensor has the
expression

(12) Ric(U, Uy=R(X, U, U, X)—RY, U, U, Y)+RUX, U, U, I1X)
—RUIY, U, U, IY)+R(JX, U, U, JX)—R(JY, U, U, JY)
+R(KX, U, U, KX)—R(KY, U, U, KY)
+“"2"fg<zi, ZOR(Z, U, U, Z,).

Now,
RX, U U X)—RY,U,U,Y)

=k*R(X, X+Y, X+Y, X)—k*R(Y, X+Y, X+Y, YV)=0,
and

R(¢X, U, U, ¢X)—R(¢Y, U, U, ¢Y)
=R’R(¢X, X+Y, X+Y, ¢X)—k*R(¢Y, X+Y, X+Y, ¢Y)'
=k’R(X+Y, ¢(X+Y), (X+Y), (X-Y))
=g(cgU, k™M (X—Y))=2cf .
Using the identities in and Corollaries 5 and 6, we obtain the
result from (12). O
Now, we can prove the anounced
THEOREM A. Let (M, g, V) be an indefinite quaternionic Kdhler manifold.
Then M is an indefinite quaternionic space form if and only if
RU, ¢U, ¢U, U)=0
for all null vectors U, ¢=1, ], K.

PROOF. Since any indefinite quaternionic Kdhler manifold of dim M=4n=8
is Einstein, it follows from that
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(n+4)cg=Ric(U, U)=0.
This shows that ¢g=0 for all null U, ¢=1, J, K, and the result follows from
(d) in [Theorem 8 O

As a direct consequence of and Theorem A, we state the
following result on the boundedness of the g-sectional curvature.

THEOREM 10. Let (M, g, V) be an indefinite quaternionic Kdhler manifold.
If the g-sectional curvature is bounded from above (or from below) on spacelike
quaternionic planes and bounded from below (or from above) on timelike quater-
monic planes, then it is constant.

PrROOF. Let UeT, M be an arbitrary null vector, and Z an unit vector
orthogonal to UU. Then Z,=U-+1/nZ is a sequence of non null vectors aproxi-
mating U. The Z, are spacelike or timelike if and only if Z is so, and hence

R(Zu, @Zn, @Zr, Za)SA(Zr, Z0)®
for some constant A if g(Z, Z)=1, and
R(Zy, @Zn, §Zn, Z2)ZBg(Zy, Z4)?,

for some real B, if g(Z, Z)=—1.
Taking limits in previous expressions as n-—oo, one gets

R, ¢U, ¢U, U)=<0, R, ¢U, ¢U, U)=0,
and hence R(U, ¢U, ¢U, U)=0 for all null U. Now the result follows from
Theorem Al O

REMARK 11. Using the expression obtained in for the curvature tensor
of an indefinite quaternionic space form,

(13) R(X, Y)Z:—Z— {g(V, 2)X—g(X, Z)Y +gUY, Z)IX—g(IX, Z)IY
+8UY, 2)JX—g(JX, 2)]JY +g(KY, Z)KX—g(KX, Z)KY
+2¢X, IVIZ+2g(X, JY)]Z+2g(X, KY)KZ}

it follows that for any totally real degenerate plane #=<{{X, Y}>,

(14) RX,Y,Y, X)=0,

and

(15) R(X, ¢X, ¢V, V)=0, o¢=I, ], K.



282 Eduardo GARrcia-Ri0 and M. Elena VAZQUEZ-ABAL

Now, if U is a null vector, then {U, ¢U} spanns a degenerate totally real
plane (¢=1, J, K), and hence, applying either or to {U, ¢U}, it must
be R(U, ¢U, ¢U, U)=0, which shows that the quaternionic sectional curvature
is constant, according to previous [Theorem Al Hence, it is clear that for an
indefinite quaternionic Kéihler manifold, conditions (1), and are, each
of them, equivalent to constant quaternionic sectional curvature. (Compare with
the results in [3] for the complex case). O

4. The Jacobi equation along null geodesics

Finally, we shall solve the Jacobi equation along a null geodesic y in an
indefinite quaternionic space form. We will follow the notations in [4]. Let
7* denote the nondegenerate normal bundle of 7, 7+=7*/{y">, R, the projection
on 7+ of the Jacobi operator, R, X=R(X, y")y’ and X=n(X) for any vector field
X along 7, with z: y*—7* the projection. Also let X’ be the covariant deriva-
tive of X along y defined by X’==(¥,-X), for any X vector field along 7.

Since y'()&T;wyM is a null vector, there exist spacelike and timelike X, Y
&T;wyM spanning a totally real plane such that y’(f)=X+Y. Complete Q(X)D
Q) to an orthogonal basis of T, M, and consider the parallel frame along 7y
given by

{X,V, 1.X, I.Y, J.X, J.Y, K.X, K.Y, Z,, -+, Zin_s},

where {I., /., K.} denotes a rotating basis of the bundle V along y(¢) such that
the covariant derivatives V, ()¢, vanish for ¢=1I, /, K. Hence the projection

(I.X, I.Y, J.X, .Y, K.X, K.Y, Zy+, Zun_s},

of the basis above, is a parallel basis of 7. Considering the expression (13)
of the curvature tensor of an indefinite quaternionic Kidhler manifold of con-
stant quaternionic sectional curvature ¢, the matrix of the Jacobi operator R,
with respect to the basis above is block diagonal

L

0
where L is the 2X2 matrix

Lo, X)  —SaX, X

XX, X —SeX, X)
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Now, we state the following result on the existence of conjugate points
along null geodesics.

THEOREM 12. Let (M, g, V) be an indefinite quaternionic space form. Then
there are no conjugate points along null geodesics.

PROOF. Let A(¢) be a solution of the Jacobi equation, A”+R,.A=0, satis-
fying the initial conditions A(0)=0, A’(0)=Id. Then, y has a conjugate point
of zero at t if and only if det A(#)=0 [4].

Considering the expression above of the Jacobi operator R, one can solve
explicitely the Jacobi equation, and obtain the endomorphism-valued function A
to be a block diagonal matrix of the form

P@)
(H= P() ,

with P(¢) the 2X2 matrix

—58X, Dp+t  cgX, X
P(t)=
58X X £glX, X+t

Hence det A(#)=t*""2, which shows the nonexistence of conjugate points
along y. O

REMARK 13. If y is a nonnull geodesic, and the g-sectional curvature is
constant ¢, one can also show the nonexistence of conjugate points along geo-
desics y with ¢<7’, y’><0, and the existence of a conjugate point of zero at
each t=(c<y’, y’>)"'*kx, for positive values of k&, if ¢<{y’, y/>>0.
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