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THE H.-WELLPOSED CAUCHY PROBLEM FOR
SCHRODINGER TYPE EQUATIONS

By

Akio BABA

§1. Introduction.

We study the Cauchy problem for a Schrédinger type operator
L=L(, x, D,, Dx)—_—Dc“i_'é—jél(Dj—’aj(t, xNc(t, x),

where a;(, x), c(t, x) CY[0, T]; B8=(R™), (T>0), a;t, x)= aft, x)+iak, x)
(a®(t, x) and ai{t, x) are real valued functions) for j=1, ---, n and D,=—id/dt,
D;=—i0/0x;. Here B~(R™) denotes the set of C>-functions whose derivatives
of any order are all bounded in R™ and g(¢, x)eC¥[0, T]; X) (=0, 1, 2, ---)
means that the mapping: [0, T]=t—g(t)eX is k-times continuously differentia-
ble in the topology of X.

In this paper we give a sufficient condition for the Cauchy problem

1.1) {LO‘, x, Dy, Dult, x)=f(, x), (&, x)€[0, TIxR"*, (T>0),

u(0, x)=u,(x), x&R"

to be H.-wellposed in [0, T] (T'>0), where H, denotes the Sobolev space of
order s and H.=\_.cs<e Hs. :

We say that the Cauchy problem is H.-wellposed in [0, T] if for any
initial data w,=H. and f(t, x)eC¥[0, T]; H.) there exists a unique solution
ut, x)eC¥[0, T]; H.), and for any s R! there exist constants C(s, 7)>0 and
s’€R! such that the energy inequality

(1.2) futt, Y= Ces, Tluallwn+| 17 landz}

holds for t<[0, T]. Here, ||u(t, *)|¢ denotes the H, norm.

Let us briefly recall some known facts. In [3], Ichinose obtained a neces-
sary condition of the Cauchy problem to be H.-wellposed. The sufficient
conditions for the Cauchy problem to be H.-wellposed are given by Ichi-
nose [2] and Takeuchi [6]. | '
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The following theorem, which is the main result of the present paper, gives
a sufficient condition for the Cauchy problem to be H.-wellposed.

THEOREM 1.1. Assume that the coefficients a,(t, x)=a%(t, x)+iait, x) satisfy

lajt, x)| =C<{x>71,
1.3)
[Dgayt, x)| SC x>~}
for (t, x)[0, T1X R™ and for any multi-indices a (|a| =1) and j=1, ---, n, where

C and C, are positive constants and {x>=(1+|x|®"%. Then the Cauchy problem
for is H.-wellposed in [0, T].

REMARK 1.2. If there is £¢>0 such that a;(t, x) satisfy

lajt, x)| =C<x>7,
(1.4)
|Dgaj(t) x)l éca<x>_l
for (¢, x)€[0, T]XR" and for any multi-indices a (|a|=1) and j=1, ---, n,

where C and C, are positive constants, then the Cauchy problem (1.1) is L?*-
wellposed in [0, T].

REMARK 1.3. In the case of T<0, we can prove Theorem 1.1 in the same
way.

To prove Theorem 1.1 we modify the method given in [5], Ch. 7, §3.
Conjugating L by a pseudo-differential operator K(t, x, D;) with its symbol
a(K)(t, x, &)=exp A(t, x, §), where A, x,&) is a solution of the following
equation
iM<$>=

x5

(Drf-j::]l 5101)/1(!, x, &)+ 0,

A0, x, §)=0,

(1.5)

we reduce L to K~ ' L-K=D,—P(t). Then taking a parameter M>0 sufficiently
large, we can make the imaginary part of P(f) nonnegative in L?(R*) and there-
fore can obtain an energy estimate in L:-sense for the operator D,—P(t).

REMARK 1.4. If (1.4) is valid, we replace <{x> in (1.5) by <{x>'*¢. Then
K(t, x, D;) becomes a bounded operator from L2*(R") to L%*(R™").

Let us sum up the contents of the paper briefly. In Section 2 we shall
prove that there exists the inverse operator of K as a pseudo-differential operator.
In Section 3 we shall give the expression of P(¢) and prove Theorem 1.1.
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§ 2. Existence of inverse of ¢

In this section we shall show the existence of inverse operator of K=
e’(t, x, D;). We can solve the solution A, x, &) of as follows

_ ([t MK&rds _<E(uner Mds
@.1) A, x, 5)“5027—se>—|e|50 ds

_@S”f‘_ Mds -

T1E)e A G—x @)+ x| —(x-w)+1

_@Suel-x-m Mds

T ez AT x| P—(x @)+ 1

s 5$E x—t&>+tiél—x
_Mf?llog‘{ {x>—x-w }

— Mlog {<x—~t5>+t|$|—x-w}

{x>—x-@

+M(%—l> log {<x—tf;;r_tlf.l;x'w}

EAo(t, x, $)+-Al(t; X, 5) .

where w=¢/|&| (£+0).

REMARK 2.1. If (1.4) is valid, we take A(t, x, §) as

2.2) At %, 925:2?%%@ ds.

Then we can see easily | 4{(¢, x, §)| <C, gt'*' for any multi-indices a, B, t€
[0, T] and x, é=R", where A{8, x, §)=0gDEA, x, &).

LEMMA 2.2. One can find C>0 such that
(2.3) A, x, §) = CM(1+log <t&))
for te[0, T] and (x, &) R*".

PROOF. When <{x>=2t|&|, we obtain

A@, x, &)= S‘ McEds _ StM‘/7<5>d5

0 {x—s& T Jol+|x|—t|&|
tMA/2&>
§So—‘m1+z|51 ds<CM.

When <x><2t|§|, since
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1 Ao+ xrw
(y—x-0 (x)*—(x-w)* =82,

we have

A, x, §=MS 10g {FHIFHE 220}

1§ (£)—x-@
& [ 2T +2] 5]
< M3 log {- =Y S T < CM log <a6)

This completes the proof.

LEMMA 2.3. One can find C>0 and positive integer [ such that

2.4 { exp A(t, x+y, =M1+ |y |+tinhH*,

exp A, x, §+p) =M1+ |y|+t|n)*
for |x|=4t|&l, x, 3, § n=R", t[0, T] and M>0.

PROOF. When {x|=2|y]|, since |x+y|=|x|—|y|=|x|/2=2t|&|, we obtain

(M L VZME
2.5) A, x4y, O={ o dss| T ds
'V 2 MG
<\ XYL\ de<
=So Tegl =M
When |x|<2|y|, since |y|=|x|/2=2t|£|, (2.3) implies
(2.6) A, x+y, =CM log <t>=<C'Mlog <y> .

When [§|=|9l, it follows from (2.3) that
@.7) At, x, £4+7)< CM log <t(E+n)><C'M log <tn> .
When |£|=|9|, we have

ME+n> dsSS‘ 2V 2 MK& ds

@8 A erp=| T s Y A

ox—s(E+n)»

¢ 242 M
<[, Z B asscm.

This completes the proof of Lemma 2.3.

Now we put

2.9 fx, O=o—x-(75,).

LEMMA 2.4. One can find C>0 such that
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f(x!, E+np)\=! .
2.10) ( e 5_.) <C{pd

for |x|=4t|&|, x, & neR™ and t<[0, T], where x'=x or x—t§.
PROOF. Since 1/3<f(x’, £)<3 for |x’|<1, (2.10) is trivial for |x/[<1.
When x’-£<0, we have

@11 S ) _ = () 180D 2Dy
f&, 6 =27 (E/1ED D

From now on we assume that x’-é=0and |x’|=1. Using the Taylor’s formula,

we may write

n 11—-4
(2.12)  f(x', E+n)=f(x', §)+1§1 fe, (%7, 5)7]1+2|£§=2§0_a_!f<a)(x/’ g+0n)pdé,
where f;,=0f/0§; and f‘“=0gf. Since |x’|=5t|§|, we have

@13) 5 (1 row, e ommedesr, 9|

oa!

IA

.l @
o (Kx">—x"-(§/1€1)) <&+ 09>*

Sl CKx>+x"-(§/1€1) 1x7[<n>* g
o (KxDP—(x"-(§/1€1))") <&+0n>°

<[l Coniay Caap:
Tl 09> On>® T &)

_ CGte <!
=T

lIA

=C<{p

and

fe,(x', &) _ ((x"-8)8—x51§1)Kx">+(x"-€)/1€1)
fx, & [€1° (x> —((x-8)/1£1))

_ (&) —x)x>+ 5" 0)
161( 2" 1P +1—(x"- @)?)

< 2((x" - @)w;— x7)<x">
T IEHU x|+ 2" o) 27| =2 0)+1)}

2z 1 hy(x', )]
1§ 12" | = %" )+ D}

where ;=¢;/1€] and hix’, @)= -w)w;—xj. Since hj;w, w)=0, we have

(2.14)

| x| hj®, @)=hi(| x|, ®)=0. From the mean value theorem it follows that
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hix', @)=hi(x', @) —h|x' |0, @)
= 33 hysy (4 + 002"~ | 2 @), @)K~ | %' |@4).

Since hji(x’, w) is a homogeneous functions of degree 1 with respect to x’, there
exists a constant ¢>0 such that [h,-x;(x’+0(x’—|x’1w), w)|<c. Hence we
obtain

lhy(x’, @)*<c?| 2"~ x| |P=c(| 2" |*=2(x" @) | 2’ | + | w]|*| x"|?)
=2¢*| x| (| x| — (%" -0)).
Consequently we have
(2.15) |hy(x!, @) < V2| x" V2| x| —(x" - w))"/2 .
Noting that 1<|x’| <5¢t|€|, from (2.14) and (2.15) we have
fe (%', &) < 2V2ec(I X [(| %] —x - )/ x> <C.

fx, 8 = 1EHIx (x| —(x"-o)+1)} T
By (2.11), (2.12), (2.13) and (2.16), we obtain

S, E+7)

(2.16)

2.17 LS Cnp)t.
@D fan g =Cw
Moreover if we put §+9=g, it follows from (2.17) that

[ 6+ f(x, 2)

This proves Lemma 2.4.

LEMMA 2.5. One can find C>0 such that

f(x+y, §)\*!

T ® ) =

(2.19) (

for x, y, §ER™.

PROOF. (2.19) is trivial for |x|<1. When x-£<0, we have

flx+y, 8 <x+y>—(x+y)-(¢/1€])

(&:20) Fa B <ao—x-G/IED
2x+y> o
éT =2%y>.
From now on we assume that x-§=0 and |x|=1. Using Taylor’s formula, we
may write
n 11—-6 .
@2 f(r+3,9=F( O+ 3 2,5, 09,42 B | “L )" wr(x+85, 36,
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where fzjzaf/ax,- and fh,=D2f. If follows that

.22 3 Pl a0y, 90775, 9
1 Clyl|?
<
—So Cx+0y>Kx>—x-(&/1€1)) a6
10yt 1 Clxpdy)? ) s
S| G a5 105 o ayseays A0SO
and
2.23) faf%, &) _ xj—oxx) _ Kx)+(x-)(x;—0Kx))
) f(x, 8 <x>f(x, &) Cxy(|x|P—(x-w)*+1)
2|x—wxy|  _2(x—w|x||+|o|x]—eix)|)
TlxP—(xr0)+1 7T (x|+x-o)(|x|—x-w)+1
2p(x, w) 2
Tlxl(x]—x@)+1 x>+ x|
where w;=¢&,/|&| and p(x, w)=|x—w|x||. Since
p(x, w)l=|x—w|x||?=]x|?=2|x|x -0+ ]|x|*
=2(|x|—x-w)| x|,
we have
(2.24) p(x, @=+v2((|x]—x-@)|x|)"?.
It follows from [2.23) and (2.24) that
%, 8) _ 24/2(x|(1 x| —x @) 2
(2.25) Fn® = Ixllxl—x@+l T <astlx] =0
By [2.20), (2.21), [2.22) and [2.25), we have
fx+y, &) 3
(2.26) TFx 8 =Cy>t.
Moreover if we put x+y=z, it follows from that

fx+3, 8 f(z 9

This completes the proof of Lemma 2.5.

LEMMA 2.6. One can find C>0 and a positive integer | such that

(2.28) exp {—A(t, x, §+9)+ A, x+y, HE =M (1 y|+t[n |+
for x, 9, & neR", te[0, T] and M>0.
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PROOF. When |x|=4t|&|, we have (2.28) from Lemma 2.3. When |x|<
4t1&|, it follows from (2.1) that

exp {— A, x, E+n)+AE, x+y, )}

:{ Cxp—x-(E+n)/1§+7D) X<x+y—t$>+t|$|——(x+y)~($/|$|)}
x—=té+9)+ié+nl—x-(E+n)/16+7D) Cx+y>—(x+y)-(€/1&1)

xexp{A(t, x, §+n)+A(t, x+y, &)}

:{<x>—x°((5+7})/I$+7)I) % (x—t&d>—(x—18)-(§/1§1)
x>—x-(5/1€1) x—=t)—(x—t§)-(§+n)/1§+7])

x—t&)—(x—t§)-(E+n)/1§+71) % x>—x-(§/1€D)
x—=t+9»—(x—t+n)-(E+n)/1§+9]) ~ <x+3>—(x+)-(§/1&])

x+y—t&>—(x+y—t&)-(&/1&])
x—t&)>—(x—t&)-(§/1€1)

:{f(x, §ty) _SGx—t6, 8 fa—tg, §+y)  f(x )
f(x, &) 7 f(x—t§, §+n) " fx—t+m), é+n) " f(x+y, &

f(x—t§, &)
Because A,(t, x, &) is bounded when |&|=1, (2.28) can be obtained by using
Lemmas 2.4 and 2.5.

S

X

}”xexp {— it x, E+n)+ A, x4y, O}

}”xexp {—At, x, E+ )+ A2, x+y, O}

LEMMA 2.7. For any multi-indices a, B (|la+B|=1), we have
(2.29) [ABE, x, ) =Cy pt'!
for x, EER™ and t<[0, T].

PROOF. For any multi-indices a, 8 (Ja+8]/=1) we can estimate

Slal—l <E>Sla|
C“’ﬁ . a+f +C:‘"/9 _ a+B+1
ang(_ &> )Ié {x—sgHImrA {x—sgrare
C

for |a|=1,

(x—s& <&
) a, B <x—s§>‘”§”_1 for |a|=0

Therefore we have

A, %, O = MEds | ¢, g,

az £So e | =

This proves Lemma 2.7.

Let o(K)(t, x, D) and a(l?)(t, x, D) be pseudo-differential operators with
its symbols o(K)(t, x, §)=exp (A, x, §) and oK), x, &)=exp(—A(, x, &)
respectively. Then the symbol of the product of K(¢, x, D,) and K(, x, D.) is
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given by
(2.30) a(K-K)t, x, ©=1—a(R)¢, x, &),
where

@3) o, %, &= 3 | 0s—|[e-vriDiae, x, grppersc=en
r =
X (oL A, x+0y, )}elt=+0v-0dydndl (dyp=(2x)""dp).
Here an oscillatory integral of a symbol a(x, £ means

OS—SSQ°W'”G(3’, 7])dy677]=1in01§5e"'”"71(sy, ep)aly, n)dydy

for XS in R*"* such that X(0, 0)=1.

LEMMA 2.8. Assume that A(t, x, &) satisfies [(2.28) and [(2.29). Let R.(¢, x, D)
be a pseudo-differential operators with its symbol r.(t, x, &) satisfying

(2.32) |72 882, x, &)| S Cy, p<&O™ = xD k2 A 2.6

for te[0, T] and x, E&R™, where m. and k. are real numbers. Then q(t, x, &)
=c(R_-R.)t, x, &) satisfies

1g$83(t, %, &) S C o g<Om-*m+{x k- ks
for t€[0, T] and x, é=R".

PROOF. g¢(t, x, & is written by

9, x, S)IOS—SSe‘”"?r_(t, %, 6+, x+v, Odydy .

Noting that (2.32), (2.28), (2.29) and e~ *¥'7=(y)>"*™(D,>*me~t¥'1 = {p>~EmLD,HEm
e”'¥'71 are valid, we get by use of integration by parts

98¢, x, 9|
3, NNy
B'sg
XD, ™M ), %, S+ )G 1+, O] dydy

IA

éCa'ﬁ'm<$>m_+m+<x>k_+k+S§<y>—2m+k+<77>—2m+m_
Xexp {—AQ, x, E+)+ A, x+y, &)} dydy
éC;,ﬂ.m<§>m_+m+<x>k_+k+SS<y>—2m+k++Ml<77>—2m+m_+Mldyd7] .

Taking m=max([(k,+Mil+n)/2+1], [(m_+MIl+n)/2+1]), we get Lemma 2.8.
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Here [s] denotes the largest integer not greater than s.

It follows from Lemma 2.7 and Lemma 2.8 that ¢(R)(¢, x, & given in (2.31)
satisfies |o(R){§)(t, x, §)|<tC,..p for t€[0, T] and x, §ER™. So we get the
inverse operator of K by the following Lemma 2.9.

LEMMA 2.9 (Ichinose [2], Lemma 2). If T, (0<T,<T) is small, for te
[0, To] the inverse operator (I—R)™'(t, x, D;) of (I—R)(t, x, Dz) exists as the
continuous map from H, to H, space (s&R') and a(I—R)™')t, x, §) belongs to
S8 o uniformly in t€[0, Ty]. Moreover the inverse operator K~'(t, x, D:) of
K(t, x, D) is given by

(2.33) K-'(t, x, Do)=(I—R)(¢, x, D) K(t, x, D).

§3. Proof of Theorem.

We put u(t, x)=Kuv(t, x), where a(K)(t, x, §)=exp (A, x, §). Then noting
that A(t, x, &) satisfies we have

3.1 Lu(t, x)=L-Kv(t, x)

1
=K°(DL_§'A)U(t’ X)
+Se”'e(D¢A(t, X, 5)_;21 a,t, x)fj—}—jgn; E,D,A)eﬂﬁ(t, &de

+Seu-e{% fi“x ((D,A)H—(D,a,)—Za,D,A+a§)-%A/H-C(t, x)}
Xet(t, &)dé

=KD~ —;—A)v(z, %)

—k-(er= (21 S0 Yo, £det B Kat, D=1, ),
where A=317-, 0*/0x3,
(3'2) 0(K1)<ty X, S)

={3 B(DAG, %, O +Dsast, ) —2a,D,4+a3)— 5 A+, D)o’
and

(3.3) (K¢, x, E):_Irlz-ﬂgtl)os_gse—iy.ﬂ {eAt 5.8 m) @)

M<&

<{ B ake, x+098+ L5 es

} dydndo .
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LEMMA 3.1. One can find C, p,u and Cq g, u such that
a4 { |GV, %, O] S Capue™™
|o(K){8, x, )| <tCh g ulE){x)> e =0
for te[0, T] and x, E=R".

Proor. By (2.28) and (2.29), the first estimate of (3.4) can be shown by
simple computation. Noting that (2.28), (2.29) and e *¥'7={y) *™(D,>*™e~*¥7
={P>7*™(D,>t™e" ¥ 1 are valid, we get by use of integration by parts

B % g(ang)mzl §°OS_SS “tyey fgact B84} (prat)

@e/l(z,zve)
x>

xexp {A@, x, E+n)—A¢, x, &)} dydy

<£> A(t x, e)
x5 ¢

where [ is a positive integer given in Lemma 2.6. Taking m=max([n+1)/241],
[(n+MD)/24+1]), we get the second estimate of (3.4).

<tCupm [[crsmamercyymom

_S_tca,ﬁ.m SS<y>—zm+1<77>—2m+Mzdydv’

Therefore we can transform the Cauchy problem (1.1) to the following

problem
35 { (D, —P@)W(t, x)=Ff, x), & x)€[0, TIXR", (T>0),
' 20, )=vo(x) (=uo(x)), r&R™

where f(t, x)=K~'f(t, x) and

(3.6) P, x, D)=+ A+a(t X, Dz)-—EK Yo K(t, x, D).
Here
3.7) 0@t 5, §="2E2+ 31 a0, 08,

x>

Then it follows from Lemma 2.7, Lemma 2.9 and Lemma 3.1 that ¢(K'-K))
X(t, x, & and o(K~'-K,)(, x, & satisfy

{ IU(K 1°K1) ‘E;(t x, 5)' gca,ﬁ.M ’
lo(K 1K) (8@¢, x, O)1tCh g u<EX<x>7"

3.8)
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for t[0, T,] and x, EER™.

THEOREM 3.2. Suppose is valid. Then thereis 0<T ,<T such that for
any vo&H,., and F@, x)eCUA[0, T,]; H,,») there exists a unique solution v(t, x)
of which belongs to CX[0, T.]; H)NCY[O0, T.]; Hs.2) and moreover for any
s& R! there exists a constant C(s, T)>0 such that

(3.9) 10t, MeaenSCCs, THlvoll e+ 17 Masndr}

for te[0, T,], =0, 1, 2.

The proof of this theorem is the same way as that of Theorem 4.1 in [1].
Following the idea of Kumano-go we introduce the series {{.(§)};: as

() «in &1
(3.10) c,(e)_(y sin !, -, v sin —)
and define P,(t)=p,, x, D,) as

@3.11) put, x, =10, x, L) -

We consider the following Cauchy problem

va Dw,— Ptv,=s( t O,T ,
3.12) { v v Ov=7@t  ¢<[0, T])

Uyl e=0=1s -

We define the series of weight functions {4,(§)};=; as

(3.13) WO=CCE»={1+ 3 (v sin )},

Then {4.(&)}:, satisfies
J ) 1=24,8)=<min (K&, VI+m?),
i

i) |9gABI<AA8)0,
@14 |9¢ 4,(8) | é
Iiii) @ —><& (v—> ) on RE,
(uniform convergence in a compact set).
Denote by ST ,; (0<d<p<l, 6<1) the set of symbols ¢(x, &) C=(R®") satis-
fying
(3.15) 1g¢8(x, ©)| S CapA(§)m-rrar+dihy

for any multi-index a, 8 and S;s=S%. ,.5. Then we get the following lemma
(Kumanogo [4], Ch. 7, Lemma 3.3).
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LEMMA 3.3. For g(x, ST, (0<8<p=<1, 8<1), we put g,(x, E)=q(x, L(E)).
Then q.(x, §)ESZT, .6 0=d=p=1, d<1), and for any a, B there is constant A, g
which is independent of v and q such that
3.16) { 1B (%, ) S(Aa.plgl(RLpDAE™FI1+018,

qu(x, &) —> q(x, &) (uniformly) (v—oo) in REXK,

where K is an arbitrary compact set of R} and |q|{”= maX,,.pis:SUPz,ecrn X

{1at8(x, OI1}.
We get the following lemma (Kumano-go [4], Ch. 7, Theorem 1.6).

LEMMA 34. Q=q(x, D,)ES}, is a continuous mapping from L, to L, and
there are C>0 and a positive integer | such that

(3.17) 1Qull,=(Clgli)ull, for ucL.(R™).
PROPOSITION 3.5. Suppose is valid. Then there is T, (0<T <T,) such

that for any v, L, and any f(t, x)e CX[0, T.]; L.) and there exists a unique solu-
tion v,(t, x) € C¥[0, T1]; Ls) of which satisfies the energy inequalities

(3.18) oIS T Il +{ 1 F@Ide} ¢elo, T,

(3.19) |4 CUT{ I Al + 1 47 @ 1de} ¢eto, T.D),
@20 a0 SCuro{iar e+ max 4 Fol} eero, T,
G2) A S CATlt—1{ AL vl +max] A7) |

(t: t,E[O, Tl:l)

where C(T,), Cy(T,), Cs(T,) and C(T,) are constants which are independent of
v, and A,=A(Dz), |I-II=]"llz, 7=0, 1, 2.

Proor. 1) If we fix v arbitrarily, we have p.(¢, x, §) € 8Y[0, T]; B=(R%:)).
Since B*(R%¥:)=S},, from Lemma 3.4 it follows that P, (#) is an L,-bounded
operator uniformly with respect to ¢. Therefore there is a unique solution
v, CH[O, T,]; L% of the integral equation
(3.22) v,,(t)=vo+z'S:P,(r)vp(r)dz'+z'S: Foydr .

II) By straitforward computation we have
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(3.28) (xyteA,=Af-A,+B,,
where a(A,)E)=2A(6), A¥=AL2(x>7?, A,=<(x>""%A)* and o(B,)(x, §) €S0,
uniformly in v. If follows from (3.12) that
620 Liv, Hr=2Re(Z0s, v.)
=Re(iAw,, v,)—2M Re({x>" ' A,, v,)
—Re(al(t, x, D2)v,, v,)+Re(iaft, x, D)v,, v,)
—Re(i(K o Ky),v,, v,)— Re((K oK)y, v,)+2Re(if, v,),

where ¢(A,)(@)=—37-1 (v sin (&:;/1))%, a(ad)@, x, =271 al(t, x)§,,(6) and o(af)
¢, x, =71 aft, x)C,;6). We put

Jt, x, D)=<Lx>"% A;12(K 1o Ky),o A7 2o x D2,
Then we have

(3.25) T8¢, x, ©)1=tCa.p

for te[0, T,] and x, §&R". In fact, it follows from (3.8) and Lemma 3.3 that
W.,=(K'-K,), satisfies

(3.26) (W8, x, §)| <tCa,p. wA(§)<xD™

for t[0, T,1, x, £R™ and v=1, 2, ---. Moreover we can express
I, x, §=0s—{{e- TPt gy G+ WL, 245, 477

X1;1’2(5—1-7]3)(76+§s>”2dyldyzdysdﬂldnzdﬂa ,

where 7-7°=y'-9'+y-9*+y°-9* and §/=y'+ --- +y7 (=1, 2, 3). By virture
of (3.26) we get (3.25) in the same way as the proof of Lemma 3.1. By (3.25),
Lemma 3.4, and the Schwartz’ inequality, we have

(3.27) Re((K 1 K,),v,, v,)=Re(J(x, D)Xx> 2 AV, (x> 12 AL%,)
< J(x, DYXx> V2 AP0 | IKxD 7 AL P, |
StCou | JHV KA 20,7
Since a%(t, x) (=1, ---, n) are real valued, we have
Re(iaf(t, x, Dz)v,, v,)SCllv®.

Putting M,=supie(o. 71, zern {(x>lal’(@, x)|}, we have

(3.28) Re(ajt, x, Do)v,, v,) SMIKx>TVEA 0,2+ Cllull®
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Therefore by (3.24), (3.27) and [3.28) we get

(3.29) %Hvy(l‘, MNP (—2MAM+tCop)||[Kx>™ 12 AP0, )
+Culvst, HIPHCIUFE v, Dl -

We take M (>M,/2) and T,=min(CM—M,)/Cxy, Ty). Then

(3.30) —2M+M,+tCy =0

for t[0, T,]. By we get

d ~
3.31) c-i‘tHvu(t)lléc'{“vu(l‘)ll*i-llf(f)ﬂ} t<l0, T.1; v=1, 2, --).
Therefore we get [3.18). Moreover from we have
3.32) & Min=iPo LA, P M, +idiF

and moreover
(3.33) la([AL, PIAHEE, x, ) =Cap.n

for t=[0, T,] and x, é&&R™ uniformly with respect to v. Here, [A, B] denotes
the commutator of operators for A and B, that is AcB—B-A. In fact, we have

0'([./1{,, Pv])(t; x; E)

:os—SSe—iv-m«sm)Py(t, x+y, Odydn—PJt, x, &HE®

= 3 [ 0s={{e-r 1) EtnPont, x+6, Hdydndo .

= 2 [[os={ermare+n

171

X

—t—

a(@,)ont, x+0y, E)*Jélo'((K““Kj)v)(r)(t, x+0y, 5)}613"777‘10 .

Repeating the same argument as in the proof of [3.25), by use of [3.8),
and we can estimate

(3.34) la(C4L, PDBE, x, )] Ca, g nAlE) .

This implies [3.33). Hence by [(3.32) and [3.33), we get [(3.19) similarly to 3.18).
On the other hand, noting

%Aivv:i{AzeP,oA;"Z} Ao F

and o(Ai P, A;772)(t, x, £)€S), for t<[0, T,] (uniformly in v), by Lemma 3.4
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we have

(3.35) | &40 s Clazma 14271

By [3.29] and (319} we get (3.20). Noting v.(t)—u.(t)=| (d/dD,(0)dz, we get
(3.21) from (3.20). This completes the proof of Proposition 3.5.

From Proposition 3.5, we can prove Theorem 3.2 in the same way as
Kumano-go [4], Ch. 7, Theorem 3.2.

PROOF OF THEOREM 1.1. By Theorem 3.2 we can see that there exists a
solution »(t, x)e CX[0, T,]; H.) of the Cauchy problem (3.5) and by (3.9) we
get the energy inequality

[0, e =CGs, THlol o+ {17 lewde}

for any seR!' and te[0, T,]. Hence, we obtain the unique solution u(¢, x)=
Ku(t, x) of the equation (1.1) in [0, T,] and by using Lemma 3.4 we get the
energy inequality

(3.36 utt, M =Cs, TH ol s+ 1@ esssaerrde}

for any s€R! and t<[0, T,]. We can extend the existence interval [0, T,] of
the solution u(¢t, x) to [0, T] as follows. Consider the Cauchy problem

Lw(t) X)Zf(t, x) on [Th Tz]Xng w(le x)'_—u(Tl» x)'
Then, we get the solution w(t, x)e C¥[T,, T.]; H.) where T,=min(@2T,, T) in
the same way as in the construction of u(t, x)e C{([0, T,]; H.). Define

u(t, x) for 0=¢t<T,,

wu(t, x):{
w(t, x) for T, Zt<T,.

Then #(t, x) belongs to C'[0, T.]; H.) and satisfies (1.1) in [0, T;]. Repeating
this process, the solution wu(t, x) satisfying (1.1) in [0, T] is obtained. The
energy estimate (3.36) implies the uniqueness of solution of (1.1).
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