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THE SHRINKING PROPERTY OF X-PRODUCTS

By

Yukinobu YAJIMA

1. Introduction.

Concerning the ‘study of the normality of X-products, the following results
have been proved in order: ,

(A) A 2X-product of metric spaces is normal (by Gul ko - and Rudin |
in 1977).

(B) A X-product of paracompact p-spaces is normal iff it has countable
tightness (by Kombarov in 1978).

(C) A JX-product of paracompact 2X-spaces is normal if it has countable
tightness (by the author in 1984).

On the other hand, the shrinking property is between paracompactness and
normality. Rudin in 1983 began to study the shrinking property of X-
products and LeDonne in 1985 extended her results. That is, they respec-
tively proved the following :

(A’) A 2-product of metric spaces is shrinking.

(B’) A 2X-product of paracompact p-spaces is shrinking iff it is normal.

- The main purpose of the present paper is to prove the further extension,
according to (C), as follows:

(C’) A ZX-product of strong X-spaces is shrinking iff it is normal. More-
over, we prove that the “strong X-spaces” in (C’) can be replaced by “semi-
metric spaces”. This gives another generalization of (A’).

The weak @B-property is weaker than the shrinking one. Chiba proved
that a X-product of compact spaces has the weak @-property. So she asked in
[3] whether a X-product of paracompact M-spaces (=p-spaces) has the weak
B-property. Here, we give an affirmative answer to this question.

All results proved here were early announced in as a report.

All spaces are assumed to be regular T;. The letters n, m, k, 7, j and [
denote non-negative integers.
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2. The shrinking and subshrinking properties.

Let S be a space. Let ¢={G,:y=I'} be an open cover of S. We say that
{H,:yel'} is a (regular) shrinking of ¢ if it is a (an open) cover of S such
that H,CG, for each yeI'. Moreover, we say that {H, ,:rl and nx1} is
a (regular) o-shrinking of G if it is a (an open) cover of S and H,, ,CG, for
each el and n=1. A space S is said to be shrinking if every open cover of
S has a (regular) shrinking. A space S is said to be subshrinking if every
open cover of S has a o-shrinking. The following diagram is true:

paracompact ————s shrinking ——> normal

! |

subparacompact —> subshrinking —— subnormal®

We say that a space S has the weak B-property if every monotone
increasing open cover {U,:r<«} (that is, U,CU,, if r<y'<k) has a regular
skrinking. This property is between shrinking one and countable paracom-
pactness.

ProprosITION 1. ([1, Corollary 3.2]). The followz'ng are equivalent for a
space S:

(@) S is shrinking.

(b) S is normal and subshrinking.

(c) Every open cover of S has a regular c-shrinking.

Observe that subparacompact spaces and perfect spaces (each closed set is
G;) are subshrinking. It follows from [Proposition 1| that normal subpara-
compact spaces and perfectly normal spaces are shrinking (cf. [22, Theorems 3
and 47).

Let S be a set. A collection A of subsets of S is said to be directed if
for any A,, A, A there is some A;= A such that A,\UA,C A,.

Since a countable increasing cover of a space is directed, the proof of [1,
Corollary 3.2] also shows

PROPOSITION 2. If every directed open cover of a space S has a regular a-
shrinking, then every directed open cover of S has a regular shrinking.

Fixing an open cover of a normal space, we have

*) A space S is said to be subnormal if for any disjoint closed sets A and B there are
disjoint Gs-sets G and H such that ACG and BCH.
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PROPOSITION 3. Let S be a normal space and G an open cover of S. If G
has a o-shrinking, then it has a shrinking.

This was kindly pointed out by Yasui. Indeed, it follows from

PROPOSITION 4 (The proof of [22, Theorem 4]). Let S be a space and ¢=
{G,:v<TI'} an open cover of S. If there is a regular o-shrinking {U, .:rl’

and n=1} of G such that U, .CU,; n+1 for each yEI and n=1, then G has a
shrinking.

3. Theorems and corollaries.

As XY-products are well-known, they are dealt with not here but in the next
section.

A space X is called a strong X-space (X-space) if there are a ¢-locally
finite closed cover & of X and a cover X of X by (countably) compact sets

such that, whenever K& X and U is open in X with KCU, KCFcU for some
Feg.

Strong 2X-spaces and subparacompact J-spaces are coincident. The class
of (strong) Y-spaces is broad in the sense that it contains the classes of o¢-
spaces and (paracompact) M-spaces below.

Our main theorem is as follows:

THEOREM 1. A X-product of strong X-spaces is shrinking iff it is normal.

By and [18, Theorem 1], we have

COROLLARY 1. Let 2 be a 2-product of paracompact Z-spaces. Then the
following are equivalent:

(a) 2 is collectionwise normal.

(b) 2 is normal.

(¢) 2 is shrinking.

Recall that a paracompact M-space (=p-space) means the inverse image
of a metric space by a perfect map.

THEOREM 2. Let X be a X-product of paracompact M-spaces. Then every
directed open cover of X has a regular shrinking.

This result immediately gives an affirmative answer to the question in [3].
That is,
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COROLLARY 2. A 2X-product of paracompact M-spaces has the weak B-
property.

In particular, we have

COROLLARY 3. A 2X-product of paracompact M-spaces is countably para-
compact.

Recall that a o-space is a space with a ¢-locally finite (closed) net.
THEOREM 3. A 2-product of o-spaces is subshrinking.

A space X is said to be semi-metric (cf. [7])) if it has a function g of XX
{n: n=1} into the topology of X, satisfying

(i) {g(x, n): n=1} is a neighborhood (=nbd) base of x for each x& X,

(i) y=N5-18(x4, n) implies that {x,} converges to y.
We call the function g a semi-metric function of X. Note that a space X is
semi-metric iff it is first countable and semi-stratifiable.

THEOREM 4. A X-product of semi-metric spaces is subshrinking.

By and we have

COROLLARY 4. A 2X-product of semi-metric spaces is shrinking iff it is

normal.

4. Notations for 2-products.

Let {X;: 2= 4} be a collection of spaces. Let X=II;c4X; be the product
of X,;, 2=e4. Take a point 0=(0;)eX. For each x=(x;)eX, let Supp (x)=
{A€A: x;#0;}. Then the subspace ¥ ={x=X: Supp (x) is at most countable}
of X is called a X-product of spaces X;, A= 4. Such a point 0=(0,)e2 is
called the base point of 2. Such a space XY is called a Y-product of --- spaces if
each X; is a --- space.

Here we must prepare some notations of X-products for the proofs of our
theorems.

For the index set 4, we denote by A, the set of all non-empty countable
subsets of A. For each ReA,, Xr and X, denote the countable product
IT:cr X2 and the X-product of X;, A= A\R, with the base point (0;):csr, re-
spectively. Moreover, pr and pr denote the projections of X onto Xr and
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2 e, respectively.

Let & be an index set such that one can assign R.= A, for each £=5.
Then Xre, 2/1\35’ pr. and p g, are abbreviated by X, 2 e pe and p 4, respec-
tively.

Note that strong X-spaces, o-spaces and semi-metric spaces are subpara-
compact and that the three classes of these spaces and the class of paracompact
M-spaces are all countably productive. So, in case of 2 being a countable
product, all our theorems are trivial.

Henceforth, all Y-products are assumed to be proper. That is, we assume
without special mention that the index set A4 is uncountable and each space Xj;,
A= 4, contains the point 1, different from 0;.

For each R= 4, and finite rC A with RN\r=), consider an open nbd W, of
Onr (=02)2enr) in ¥4z The open nbd W, is said to be »-basic if

W,.=TI1{X1: A AANRUN} XTI{W 1: 2€rDNE sz,

where W, is an open nbd of 0; in X; with 1,&W, for each icr.
For each Re 4,, a subset E of 2 is said to be R-cylindrically closed in 2

(cf. [20]) if pr 'pr(E)=FE and pgr(E) is closed in Xg.
For two index sets 4 and &, 4@E denotes the disjoint sum of 4 and 5.

5. Basic lemmas.

Let X be the Y-product of spaces X,;, A=/, with the base point 0=(0;) 2.
Let ¢6={G,:reI'} be an open cover of 2.

For each subset of F of X, where Re4,, we put

M*(F)={rC A\R: r is a non-empty finite set and there is an r-basic open
nbd W, of 0z such that FXW,C G, U -+ UG,, for some finite 7y, -+, ¥nEl}.

LEMMA 1. Let R A,. Let F be a non-empty subset of Xgp. If
PR )T U{(par) W ,): re M*(F)},
then there is a pairwise disjoint subcollection {r(0): 0<w,} of M*(F).

PrROOF. The proof is essentially due to Rudin [16]. Take any »(0)= M*(F).
For each d<w,, assume that there is a pairwise disjoint subcollection {r(): {<d}
of M*(F). Let Q=U{r):¢<é}. Then Q=4, with QNR=g. Let N=
{reM*(F): rNQ+@}. It suffices to show that {(p.rr)*WV,): r&N} does not
cover pr~'(F). Pick xF. We take the point y=(y;)€2 defined by pr(y)=x,
y2=1; for each 1=Q and y;=0, for each 2& A\(RUQ). Then we have yc

P ENU{(par)TT W) rEN}.
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Basic LEMMA 1. Let 2, ¢ and M*(-) be the same ones as above. Assume
that the X-product X is normal. If there is a a-locally finite closed cover
{E@©): 4%} of X and for each E=4* one can assign R.<= A; such that

pe ' P EENTU{(P 0 W) rE M*(p(EEN},

then @ has a o-shrinking.

PROOF. Pick §€4*. Let F.=p«E(&)). It follows from Lemma 1| that there
is a pairwise disjoint subcollection {#(8): f<w.} of M*(F,). For each f<w,,
we can choose a finite subset ¢(&, B) of I" such that F}XWT(,g)CU{G,: redé, B}
It follows from the 4-system lemma (for example, see [9, p. 49]) that there is
a d-system {@(&, Bs): 0<w,} with the root §(§). We may rewrite {8;: 0<w;}
by {0:0<w,} for brevity. Then it satisfies

(i) {7(0): 0<w:} is pairwise disjoint collection of finite subsets of A\R,,

(i) FexXW.5CU{G,: rE¢(&, )} and ¢(&, d) is a finite subset of I,

(iii) @&, NGE, 8")=6(¢) for each §, §’'<w, with 54"

By the normality of 2 and (ii), for each d<w, there is a finite collection
{UE, 0, 71):7=0(&, 0} of open sets in 2 such that

FexW, o UlUE, 8, 1) : 16, )},
U, 9, 1)CG, whenever r<¢(, 9).

It should be noted by (i) that the X-product X, (see Section 4) is covered by
{W.w:0<w,}. By (iii), we have

E(E)Cﬁeul(pe):Fexzvj\e:U{FeXWr(a): 5<0)1}
cU{UE, 0, 1: 76§, 0) and d<w,}
C(ULUE, 8, 1): 76, H\0(E) and §<w, NU(U{G,: 7€8(8)}) .

Again by the normality of ¥, there is a finite collection {E(¢, 7): r=6(&)} of
closed sets in Y such that E(¢) is covered by

{UE, 0, 7): 7=, O\O(E) and 6<o}\U{EE, 1): 1606}

and E(&, 1)CG,NE(¢) for each ye0(¢). Put E, 8, 1)=U(E, 6, r)NE(&) for each
red&, o)\0(¢) and 6<w,. Then

{EE, 8, 7): 70, O\O(E) and d<w, }\J{EE, 7): 7=6(8)}

is a collection of closed sets in X such that it covers E(§), E(&, 7r)CG, for each
r<6(§) and E(&, 0, 7)CG, for each r=¢(&, 0)\0(¢) and 0<w,.
We represent 4+=\Uz_.4,* such that {E(£): §=4,*} is locally finite in 2
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for each n>=1. Now, we put
H, .=(J{EE¢, 0, 7): é€4,*, 6<w, and r=¢(&, O\O(E)})
U(U{EE, 1): é€d,t and r=6(8)})

for each ye[' and n=1. It is easy to see that {H, ,:y<I[ and n=l} is a
cover of X such that H, ,CG, for each y&I' and n=1. We show that each
H, , is closed in 2. Pcik any 7,1 and n,=1. By E(&, 7.)CE@&), {EE, 10):
é=d,} with 7,=60(&)} is a locally finite collection of closed sets in X. It fol-
lows from (iii) that

{E, 8, 70): 0<w, With 7,E¢(&, H\O(E)}
consists of at most one member for each é=4,!. So, by E(, 8, 1.)CE(®),
{E¢, 0, 10): é=4,} and 0<w, with r,=¢(&, H\O(E)}
is a locally finite collection of closed sets in Y. By the choice of H,, ,,, it is
closed in 2. Therefore {H,, ,: 7=l and n=1} is a g-shrinking of ¢. O
Next, for each subset F of Xp, where Re4,, we put

M(F)={rC A\R:r is a non-empty finite set and there is an r-basic
open nbd W, of 04z in 2 4z such that FXW,CG, for some re1'}.

Note that is also true for the M(F) instead of M*(F).
Basic LEMMA II. Let %, @ and M(-) be the same ones as above. If there

is a o-locally finite closed (open) cover {E£): é=4d*} of X and for each £=4*
one can assign Res A, such that

D PLEENCTU{(pad) "W 1) : rE M(p(EEMN},

then G has a (regular) o-shrinking.

PROOF. The proof is simpler than the previous one. Let F.=p(FE(£)) for
each é=4*. It follows from for M (-) that there is a pairwise disjoint
subcollection {r(0): 6<w,} of M(F;). We can choose some 7(¢, )" such that
F_}XWM)CGM,,;) for each £é=4* and d<w,. Without loss of generality, we
may assume that all 7(§, d), 0<w,, are the same or different. So we put

d'={e=d*: All (&, 0), 6<w,, are the same},
A={c=d*: All 7§, d), 6<w,, are different}.

Then 4+=4'@4*. Moreover, we may put 7:=7(&, 0) for each £¢=4"' and §<w,.
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Similarly, we can check that E(§)CG, for each é=4.
Let 4+=\U3.,4,* such that {E(&): é=4,*} is locally finite in X for each
n=1. Here, we put

H,'w=(U{E@): ée4,*N4* with 7.=71})U
(J{(FeXW . )NE&): é=d, N4 and 0<w, with 7(§, 0)=7})

for each y=I" and n=1. Then {H, ,:r<[ and n=1} is a (an open) cover of
2. Moreover, we can show that ﬁ,,,.C:G, for yeI" and n=1. This verifica-
tion is similar to the previous one. Therefore {H, ,:r<I" and nx=1} is a (re-
gular) o-shrinking of ¢. O

Basic Lemmas I and II are necessary for the proofs of and
others, respectively.

6. Proof of Theorem 1.

LEMMA 2 ([13, Lemma 1]). Let X be a strong X-space. Then there is a
sequence {Fn,} of locally finite closed covers of X, satesfying
(@) Fp={F(ai- am): ay, -, a,=82{ for each n=1,
(b) F(a, - azn)=U{F(a, - ar@p+1): anER} for each a,, -, a, €8,
(¢) for each x& X, there is a sequence a,, a,, --- =8 such that
(1) Np=1 F(a, - a,) is a compact set containing x,
(i) 7f {D,} is a decreasing sequence of non-empty closed sets in X such
that DoCF(ay - an) for each n=1, then N21Dn# D.

The above sequence {F,} is a called a spectral strong X-net [13] of X.
Moreover, the sequence {F(a, - a,): n=1} in (c) is called a local X-net at «x.

was used in [17, 18].

For an nXn matrix §=(a:,):,;s» and 1<k<n, the kXk matrix (@), jsz iS
denoted by &|k. In particular, §|n—1 is often abbreviated by &. and £]|0 im-
plies the 0X0 matrix (@).

PROOF OF THEOREM 1. Let X be the X-product of strong X-spaces X;,
Ac A, with the base point 0=(0;)2, and assume that Y is normal. Let ¢—=
{G,:r=I'} be any open cover of X. We use the notation M*(-) defined in the
previous section.

For each n=0, we construct an index set 4,=4,*PE, of nXn matrices
such that for each £é=4, one can assign E(¢)C2Y and for each €5, one can
assign x;,=2 and R.=A4,, satisfying the following conditions (1)-(6) for each
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n=1:

(1) For each pe&,.,, {Flan ' Qnr): Qni, -+, @ €2(p)}, k=1, is a
spectral strong 2-net of X,.

(2) dp={=(ai;)i, jsn:E-€EE5,-1 and a,;€2(€|i—1) for 1<i, j<n} and 4,=
{(D)}.

(3) For each &=(a; ) jxn<=4dy,

E@&)=NE1(pe1i-0) " (F(ai - asn))
and E(@)=2.

@) d.r={6€d,: EE)CU{(pae )W) reEM*(pe (EEN}}.

() For each §€&,, x.€ EGENU{(pae) '(W,): r& M*(p: (EEN))}.

(6) For each ¢=&,, R:=R:_\USupp (x¢).

Using Cemma 2, this construction is easily performed. Note that E(&) is
an R, _-cylindrically closed set in X (see Section 4) such that E(§)CE(£.) for
each é¢=4, and n=1. It is verified that {E(£): é€4,} is locally finite in X for
each n=1. Let 4*=U5.,4,*. Considering R._ instead of R, the ¢-locally

finite collection {F(§): §=4*} of closed sets in X satisfies the conditions of
Basic Lemma I except the following:

LEMMA 3. {E(&): &=4d*} covers 2.

PROOF. Assuming the contrary, pick some yeX\\U{E(): é=4d*}. By (1)
and the choice of y, we can inductively choose a sequence {a;;: 7, 7=1} such
that for each n=1 &(n)=(ai;)i, jsn =&, and {F(aqu; - @n:): =1} is a local X-
net at pgn-1(¥) in Xen-1, Where a,,=2(&(n—1)) and £0)=(®). Let R=
Un=1R¢cny. Then ReA,. In this proof, peu-1» is abbreviated by p,.,. Put
Ko=NiznPn-(EE(E)) for each n=1. Since p.-(E&k)) is contained in
F(an: - ay) for each k=n, it follows from (i) of (c) in that K, is
compact. Since y=E(&(k)) for each k=1, we have p,..(y)=K,. Note that
pr-1(Kni)TK,, where p2_, is the projection of X;,, onto Xe-15. Hence
{Ka., pr-11K,} is an inverse sequence of non-empty compact spaces. Then the
limit K=lim{K,, p3-.|K,} is non-empty and compact. Since each p2_, is the
projection, we can consider that K is a subspace of Xz. So there are some
finite 74, -+, ¥n €1 such that KX {0nz}CG,,U - UG,,,. Take some open sets
U and V in Xg and X 4\g, respectively, such that KCU, 04z<V and UXVC
G, \J - UGy, ..

CLAIM. P (EEM)X XewnyCU for some n=1, where Q(B)=R\R¢r-1, k=1.
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PROOF. Assume the contrary. We can take some

Un € (Pr-1(EEM)X Xoamy)\U

for each n=1. Pick n=1. Put L,,={p5-1(ur), pr_1(urs,), ---} for each k=n,
where p5%_; is the projection of Xz onto Xe,-15. Since L,.Cp.-(EE(R))), we
have

LaxC P o(EERNMCTF (s -+ @ns)

for each k=n. Since {F(an: - anz): =1} is a local X-net at p,-,(¥) in Xecn-13,
it follows from (ii) of (¢) in that Ns2nLax is non-empty. Let L,=
MNeznLlnr. Then we have L,CK,. Moreover, by p2_,(Ln41z)=Lns, We have
pr-(Lps)CL,. Hence {L,, p2_,|L,} is an inverse sequence of non-empty
compact spaces. Then the limit L=lim{L,, p%-,| L.} is a non-empty subspace
of K (CXg). Pick some ze L. Since p3_,(z)e L,CL,, for each n=1, the z
is a cluster point of {u,} in Xg. Since each u, is not in U, z is not in U.
On the other hand, we have ze LCKCU. This is a contradiction. Claim has
been proved.

Now, let p,_«(E@E®)X X CU. Since XgnyX V is an open nbd of 0¢cn-1
in X f\¢n-1y, there are some finite gC A\R and a g-basic open nbd W, of Onecn-1

in ¥ pecn-1> such that W,C Xgm>X V. Then we have
P EENXW o= pn-(EEnN)XW,CU X VT Gy U -+ UGy, .

Hence ge M*(p,-,(E(&(n)))). Remember &n)s&,. By (5), xem>& pr-1(EE(n)))
XW, is true. By (6), Supp (x¢n)) T RenyCR. Since R and ¢ are disjoint, we
obtain

ey € Dr-s(EEM))X Xons X {04} C pra i EEmN)XW, .

This is a contradiction. has been proved. [

Thus, Basic Lemma 1l assures that ¢ has a ¢-shrinking. Since X is normal,
it follows from or 3 that ¢ has a shrinking. The proof of Theo-
rem 1 is completed. O

7. Proofs of other theorems.

LEMMA 4. Let X be a M-space. Then there is a sequence {<V,} of locally
finite open covers of X, satisfying

(a) Wp={V(a, " am): ay, -, a,€R} for each n=1,

(b)) V(ay - an)=J{V(a, - @n@n+1): an1 €2} for each a,, -, a, =2,

M®) if Ne=1V(ay - a)+@ and {D,} is a decreasing sequence of non-empty
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closed sets in X such that D,C V(a, - a,) for each n=1, then N5-1Dn#+ D.

This lemma easily follows from the definition of M-spaces in [II]. The
proof is similar to that of [12, Theorem 1] or [13, Lemma 1.4]. Note that the
intersection N&.,V(a; --- a,) is compact if X is a paracompact M-space. The
above sequence {CV,} is called a spectral M-base of X, for the sake of con-
venience.

Since Theorems 2 and 3 are obtained below by modifying the proof of
Theorem 1, we also use the same notations as in it except AM(-) instead of
M*(-).

PROOF OF THEOREM 2. Let 2 be the 2-product of paracompact M-spaces
X,, 2= 4, with the base point 0=(0;)2. Let ¢={G;: A= 4} be any directed
open cover of 2.

For each n=0, we construct an index set 4,=4,*®5, of nXn matrices
such that for each £€=4, one can assign U(§)c2 and for each £=5, one can
assign x.=2 and R,=4,, satisfying the conditions (1)-(6) in the proof of
Theorem 1, where E, F, M*(-) and “spectral strong X-net” should be replaced
by U, V, M(-) and “spectral M-base”, respectively.

Using Lemma 4, this construction is also easy. Let 4*=\Ug.,4,*. In the
similar way to the proof of Lemma 3, we can show that {U(§): é=4*} covers
2. It should be noted there that the G, \U---\UG,, can be replaced by some
G,=4, because ¢ is directed. So we may use M(p,-(U(§(n)))) instead of
M*(pn-(EEn))). After all, {U(§): é=4*} satisfies the conditions in the
parenthetic part of Basic Lemma II. Hence ¢ has a regular ¢-shrinking. It
follows from Proposition 2 that ¢ has a regular shrinking. O

LEMMA 5 ([12, Theorem 1]). Let X be a o-space. Then there is a sequence
{F,} of locally finite closed covers of X, satisfying

@) F.={F(a; - a): ay, -, a, =R} for each n=1,

(b) F(a; - a)=\U{F(a; -+ an@ns1): A1 ER} for each a,, -+, a, =8,

(¢) for each x<=X, there is a sequence a,, &, -+ €2 such that xe&
NeoF(ay -+ a,) and each open nbd of x contains some F(a, - ay).

The above sequence {F,} is called a speciral o-net of X and the sequence
{F(a, - a,): n=1} in (c) is called a local o-net at x.

PROOF OF THEOREM 3. Let X be the X-product of o-spaces X;, €4,
with the base point 0=(0;)eX. Let ¢={G,:7<I"} be any open cover of 2.
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For each n=0, we construct the same 4,=4,*®~%,, E(¢)cCy, x.c2 and
R.= A4, as in the proof of [Theorem 1. They also satisfy the same conditions
(1)-(6) except that only “spectral strong X-net” in (1) is replaced by “spectral
o-net”. Similarly, it suffices from Basic Lemma II to show the following:

LEMMA 6. {E(§): é=d*} covers 5, where 4+=\Uz_,4,*.

PROOF. Assume the contrary. Pick some yeX\\U{E(§): é&4*}. We can
inductively choose a sequence {a;;:7, =1} such that for each n=1 &(n)=
(@is)i,jsn €5, and {F(an, - ans): k=1} is a local o-net at pecn-1n(¥) in Xen-y,
where a,,€2(6(n—1)) and §0)=(@). Let R=\U%?_,R;u>. Abbreviate pecs-1,
with p,_,. Pick the point z& X defined by pr(z)=pr(y) and p sr(2)=0sr Take
some 7,1’ with z&G,,. Moreover, take an open nbd B of z in J such that
BcG,, and

szm_l(B)X XR\RG(m—l) X pA\R(B>

for some m=1. By the choice of {F(ay - a;i): =1}, for each i<m we can
choose some 7n;=1 such that

Pi-v(@)=pi-1(MEF (@i -+ @in )T pi-1(B).

Let /=max{n,, --, nm, m}. Then we can easily verify p,_,(EE))Cp,-(B). Let
Q=R\R;-1». Since XoXpnr(B) is an open nbd of Oneq-1y in 2 peq-n, there
is some finite gC A\R and a g-basic open nbd W, of Os¢u-1y in 2 seq-1» such
that W,C XX pnr(B). Then we have

D1 (ECDN)XW = p1-(EEUN)YXW S pr-1( BYX XX p sr(B)
=BCG,,.

Hence g M(p,-.(E((0)))). So we can obtain a contradiction in the same way
as the last part of the proof of Lemma 3 [Lemma 6 has been proved. Con-
sequently, the proof of is completed. [

Let & be a set consisting of finite sequences and (@). For each &=
(ay - anan)e&, £ and £Pa denote (a; - a,-,) and (a, --- a,a), respectively.
The 0-tuple sequence is only (@).

PROOF OF THEOREM 4. Let X be the X-product of semi-metric spaces X;,
Ae 4, with the base point 0=(0;)2. Let ¢={G,:r=I'} be any open cover
of 2.

For each n=0, we shall construct a collection €, of closed sets in 3 and
an index set &, of n-tuple sequences such that for each £=5, one can assign
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R.eA,, EG)Z, x¢cX:_, {y::}C2 and a function g, satisfying the follow-
ing conditions (1)-(7) for each n=1:

(1) C.=uicp): p&,-,} is o-locally finite in 2.

(2) Each Cec(y), p=E,-1, is an R ,-cylindrically closed set in 2 such that
Cau{pap) W) reM(p(CN)}.

(3) &=%&, implies §.€5,_,.

(4) {E():&=&,} is o-locally finite in &, for each é=&, E(§) is an R._-
cylindrically closed set in 2 and E(@)=2.

(6) For each pe&,_,,

DEWNCT P (UCNI(I{P(EE): §EE, With E-=pu}).
(6) For each £=5,, g. is a semi-metric function of X; such that
pet(gelx, RNCge (pf(x), k)

for each x&X; and k=1, where p,¢ denotes the projection of X, onto X, and
g is a semi-metric function of X,.
(7) For each &5,

a) pe (E@)Cge(xe, n),
b) yerEpesN(ge (e RINU{(Pae) W) rEM(gs _(x¢, k))} for each k=1,
¢) Re=R; \J(\J{Supp (ys1): k=1}).
The basic idea of this construction is found in [20]. The case of n=0 is
trivial. Assume that it has been already performed for no greater than n.

Pick é=&, and fix it. Put

Y={V: V is a non-empty open set in X, such that
P (VHICUH{(Pae) W) rEM(V)}.

Let D.=p(E(£)). Observe that D.=(p:2) ' (p:_(E&))) if n=1 and Dy=X,. So
D, is closed in X;. Since D. is subparacompact, there is a o-locally finite closed
cover & of D, which refines

{VNDg: Ve U{gdx, n+1)NDe: xED\UV}.

Let g+*={Feg: FCVND; for some Ve<’} and g-=F\g*. Put C§)=
{C=psY(F): Feg+*}. Then each C=c(¢) satisfies (2) and CCE(§). Let 5(§)
be an index set of (n+1)-tuple sequences such that F-={F;s.: EPacsE(§)}.
Take any n=EPacsE(§). Let E(n)=ps'(F,). We can choose some x,<
DA\UV(C X,) such that pe(E(9)=F ,Cgexy, n+1)N\D:. By x,& UV, we have
ge(x,, R)EV for each k=1. So, we can find a sequence {¥,, .} of points in %,
satisfying (7b). Define R, as in (7c). We can take a semi-metric function g,
of X, which satisfies (6). Here, ranging & over Z(§), we set
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Con=U{C¥): éc&,} and Z,.,=P{5¢): 8.}

It is easy to check that the conditions (1)-(7) are satisfied for n-+1.
By (1) and (2), \Us-,C, satisfies the conditions of Basic Lemma II except
that it covers 3. So it suffices to show

LEMMA 7. C=\U%_,C, covers 2.

PROOF. Assume the contrary, pick some yesX\\UC. Then there is a
sequence {&(n): n=0} of finite sequences such that &(n)e&,, &(n+1).=§&(n) and
ye E(&(n)) for each n=0 (see Claim 1 in the proof of [20, Theorem 1]). For
each m=1, the sequence {p=%i(xewmy): n=m} of points converges to pn-,(¥) in
Xecm-1, Where pr-Y and p,-, denote the projections of X.,-,, and X, respec-
tively, onto Xgm-1» (see Claim 2 in the proof of [20, Theorem 1]). Let R=
\Ug-1Ren>. Pick the point ze2 defined by pr(z)=pr(y) and psr(z2)=04z.
Take some y,=I" with z&G,,, and an open nbd B of z in 2 such that BCG,,
and

B=pm-1(B)X Xp\R¢ (-1, X D 1\r(B)
for some m=1. Since PEA(Xen)—Pm-1(y) (n—o0), there is some k=m such
that p&li(xee))EPm-1(B). Let gr-1=ger-15. Since p,-,(B) is an open nbd of
xery and {gr-1(xecry, ©): 721} is a nbd base of x¢xy in Xecx-1), We can choose
some /=1 such that g,_,(Xeckr, DT Pr-1(B). There is some finite gC A\R and a

g-basic open nbd W, of Oecz-1> in X pecr-1> such that WQCXQXpA\R(B), where
Q=R\R¢z-»». Then we have

Zre-1(Xecr, l)qucpk—l(B)XXQXPA\R(B):BCGTO .

Hence qu(gk_l(xe(“, l)). BY (7b), ye(k),l$gk-1(x$(k), Z)XWq is true. On the
other hand, by (7c), Supp (¥ecx>.1)TR:xyCR. Since R and ¢ are disjoint and
Pr-1(Yecrrs Z)Egk—1(X5(k), l), we have

Ve 1 E&r-1{Xecry, DX XgX{0nr} T gr-1(Xery, HXW,,

which is a contradiction. has been proved. Therefore, the proof of
is completed. O

8. Questions.

The subshrinking property of X'-products seems to be important for the study
of the shrinking one of them. So we raise

QUESTION 1. If a X-product of strong 2X-spaces is subnormal, is it sub-
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shrinking?
We can obtain an extension of if this is solved in the affirmative.
The referee of [20] asked to the author whether the results (A’) and (B’)
in the introduction can be generalized to the semi-stratifiable case. Here, we
state it more concretely.

QUESTION 2. Is a Y-product of semi-stratifiable spaces subshrinkinng (@f it
has countable tightness)?

QUESTION 3. If a X-product of semi-stratifiable spaces is normal (and has
countable tightness), is it shrinking?

Of course, if the answer to Question 2 is affirmative, then so is that of
Question 3. Since o-spaces and semi-metric spaces are semi-stratifiable, Theo-
rems 3 and 4 are partial answers to Question 2. It is assured by [20, Theorem
3] that a X-product of semi-stratifiable spaces is at least subnormal.

Finally, we raise the following two questions concerning the normality of
2-products of B-spaces. The definition of B-spaces is seen in [5, Definition 7.7].

QUESTION 4. Let X be a X-product such that each finite subproduct of it
is a paracompact B-space and has countable tightness. Is then X normal?

QUESTION 5. Let X be a X-product such that each finite subproduct of it
is a paracompact B-space. If ¥ is normal, is it collectionwise normal?

Observe that both JX-spaces and semi-stratifiable spaces are [B-spaces (cf.
[b, Theorem 7.8]). If Question 4 (Question 5) would be solved in the affir-
mative, we could obtain a nice extension of [17, Theorem 1] and [20, Theorem
17 ([18, Theorem 1] and [20, Theorem 21).
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