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APPROXIMATIVE SHAPE III
—FIXED POINT THEOREMS—

By

Tadashi WATANABE

§ 0. Introduction.

This paper is a continuation of [45-46]. We introduced approximative shape
in [45], and discussed approximative shape properties of spaces and generalized
ANRs in [46]. In this paper we shall discuss approximative shape properties of
maps and fixed point theorems.

The Lefschetz-Hopf fixed point theorem is a well-known fixed point theorem
formulated in homological or cohomological terms. It was first discovered by
Lefschetz for compact manifolds and then extended by him to manifolds with
boundary. Hopf gave a completly different and simple proof for finite polyhedra
and then Lefschetz extended it to compact metric ANRs (see Lefschetz [33]).
It was extended to compact metric AANRyS by Granas [22], to compact metric
AANR.s by Clapp and to metric AANRs by Powers [40].

Borsuk [3, 5] introduced nearly extendable sets, in notation NE-sets, and
nearly extendable maps, in notation NE-maps, between compact metric spaces.
He [4, 6] showed the Lefschetz-Hopf fixed point theorem for NE-maps and
Gauthier [19-21] extended it to NE-maps between compact spaces.

Borsuk and Ulam introduced symmetric products. This notion was
generalized as G-product where G is a subgroup of all permutations of co-
ordinates. Maxwell showed a fixed point theorem for maps into G-products
of finite polyhedra. The Maxwell fixed point theorem contains the Lefschetz-
Hopf fixed point theorem as a special case. The Maxwell fixed point theorem
is extended to maps into G-products of compact metric ANRs by Masih and
to maps into G-products of compact metric AANRys by Vora [42].

In this paper we investigate the following topics. In §1 we introduce NE-
sets and NE-maps between arbitrary spaces. We show that the notions of ap-
approximative movability and NE-sets are equivalent. We show that the notions
of AANR; and NE-sets are equivalent for compact metric spaces, but not for
compact spaces. This gives a negative answer to a question of Gauthier [20].
In §2 we show that products, suspensions and cones preserve NE-maps. In §3
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we investigate approximative shape properties of hyperspaces. In §4 we show
that G-products induce shape functors. In §5 we introduce Maxwell homomor-
phisms for shapings and investigate their properties. In §6 we show the Max-
well fixed point theorem for NE-maps between compact spaces. It contains the
Lefschetz-Hopf fixed point theorem for NE-maps between compact spaces. Our
proofs depend only on the Maxwell and the Lefschetz-Hopf fixed point theorems
for finite polyhedra.

We show the fixed point property of cones and hyperspaces of approxima-
tively movable compact spaces. These give partial answers to questions raised
by Rogers and Nadler [39].

We assume that the reader is familiar with the theory of ANRs and with
shape theory. Borsuk and Hu are standard textboogs for the theory of
ANRs. Borsuk and Mardesi¢ and Segal are standard textbooks for
shape theory. For undefined notations and terminology see Hu [23] and Mardesi¢
and Segal [34], which is quoted by MS [34]. We use the same notations and
terminology as in [45-46]. We quote results in [45-46] as follows ; for example
(I.3.3) and (II.5.5) denote theorem (3.3) in [45] and theorem (5.5) 'in [46], re-
spectively.

The author thanks Professor Y. Kodama who encouraged him to devélop
this theory, and also Dr. K. Sakai and Dr. A. Koyama. They carefully read
the first manuscript and gave valuable advices.

§ 1. Nearly extendable maps.

The notions of nearly extendable maps and nearly extendable sets were in-
troduced by Borsuk [3-6] for compact metric spaces and then by Gauthier [19-
21] for compact spaces. Dugundji introduced the notion of Borsuk pre-
sentations. In this section we show that resolutions and approximative resolu-
tions are better than Borsuk presentations. We discuss these notions for arbitrary
maps and spaces, and we study their properties.

Let (X, U)={(Xas) Ua), Pa'.a» A} and (Y, V)={(Ys, Vs), q»',5, B} be ap-
proximative inverse systems in TOP. Let f={f, f,:b=B}: (¥, U)=> (Y, V) be
an approximative system map in TOP.

We say that f is nearly extendable provided that it satisfies the following
condition :

(NE) For each b= B there exists a,> f(b) with the property ; for each b’>b
there exists a map h: X, —Yy such that (fspa, rorr Qor,oh)<SIV,.

(1.1) LEMMA. Let f, f': (X, U)—(Y, V) be approximative system maps and
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f=:f'. If f is nearly extendable, then so is f’.

PROOF. W‘e'put f’={f’, fs:b=B}. Without loss of generality we may
assume that f=:f’ and show that f’ satisfies (NE). Take any b= B and then
by (AI3) there exists b,>b such that q;ll,;CV,,>stCV},’1'. "By the assumption there
exists a,>f(b,) satisfying (NE) for f and b,. Since f satisfies (AM2) and
f=:f’, there exists a,>f(b), f'(b), a, such that

(D (foDag ro3r @by, 0f b, Pay, raop)<Vp and

(2) (fbpaz,f(b); f;lpag,f'(b))<q}b-

Take any b,>b and then there exists b;>b,, b,. By the choice of a, there exists
a map k: X, —Y,, such that

3 (fo,Day, revps Qog, 5, R)<SEVy, .
By (3) and the choice of b, |

4) (@5, 05 0, Dayg 1035 Qog R Day a )<V,
From (1), (2) and (4)

)] (foDay 17 v>s oy, R Day, a)<SIVs.

(5) means that a, and the map gu, 5,2Pa, q,: Xo,—Y, satisfy (NE) for £/ and b.
Hence f’ is nearly extendable. m o

Thus by (1.1) we say that [f] is nearly extendable provided that f is nearly
extendable. Let g={g, g.:¢c=C}: (@, )—>(X, W)={Z., W,.), rer.c, C} be an
approximative system map.

(1.2) LEMMA. If one of [f] and [g] is nearly extendable, then so is [g][f].

PROOF. Let u:C—C be a l-refinement function of (¥, %). Then [g]Lf]
=[r(u)gf)]. First we assume that [g] is nearly extendable and show that
r(u)(gf) is nearly extendable. Take any c=C. By the assumption there exists
bo> gu(c) satisfying (NE) for g and u(c). By (AM2) there exists a,> fgu(c), f(b,)
such that
(1) (fgu(c)pao,fgu(c): Qbo,gu(c)fbopao,f(bo))<CVgu(c) .

Take any c¢,>c. By the choice of b, there exists a map & :Y,—Z (., such that
(Gucerqog, gucers Tucep, ucerR)<StWaycer. Since u is a l-refinement function,

2) (Tucw.cgu(c)q»o,gu(c)fbopao,fwo), Tucep, RS vgPag reop) <We.
By (1)
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3) (ru(c),cgu(c)fgu(c)pao.fgu(c)’ Yucor, cBuceroy, gu(c)fbopao.fcbo))<cwc-

By (2) and (3) (Fuces.c8ucor S gucorPag. raucor ru(cl),ckfbopao.f(ho))<5tcu}c- This means
that a, and the map 7ucc,>,c,Rfo,Pao rvg : Xag—Z ¢, satisfy the required condition.
Then r(u)(gf) is nearly extendable and hence so is [g][f].

Next we assume that [f] is nearly extendable and show that [g][f] is
nearly extendable. Take any c=C. By the assumption there exists a,>fgu(c)
satisfying (NE) for £ and gu(c). Take any c¢,>c. By (AM2) there exists be>
gu(c,), gu(c) such that

(4) (gu(c)qbo‘ gue)» Vucep, u(c)gu(c,)QDO, gu(cl))<q'Vu(c) .

By the choice of a, there exists a map k: X, —Y,, such that (f gucerPag. £gucers
@oy gucerB)<StV gyucer. Since u is a 1-refinement function, by (AM1) and (2.2)

5) (714(0).cgu(c)fgu(c)pao.fgu(c)’ Yucer, cBuce)og, gucorR)<W,.

By (4) (Fucor. c&ucerqog, gucer®s Tucep, c€uceqoy. gucep®)<We. Then by this and (5)
(Fucor, c8ucorf gucorPag feuterr Tucep, c&uteGoy. gutep k) <SIWe. This means that a, and
the map Zucep, e, @ucepog gucepk : Xag—Ze, satisfy the required condition. Then
r(u)(gf) is nearly extendable and hence so is [g][f]. =

(1.3) COROLLARY. Let (X, U) be an approximative inverse system. Then the
following statements are equivalent:

() lex.an: (X, U)—(X, U) is nearly extendable.

(ii) Any approximative system map f: (X, U)—(Y, V) is nearly extendable
for each approximative inverse system (Y, V).

(iii) Any approximative system map f: (Y, V)—(X, U) is nearly extendable
for each approximative inverse system (Y, V). R

Let f:X—Y beamap. Let p: X—>(X, V), p’: X—(&X,U) and q:Y (Y, V),
q’:Y—(qy, V) be approximative AP-resolutions. Let £:(X, U)—~(¥, V) and
f (X, U)Y—(9y, V) be approximative resolutions of f with respect to p, g and
p’, q’ respectively.

(1.4) LEMMA. If f is nearly extendable, then so is f’.

(1.4) follows from (I.5.1), (iv) of (I.5.3) and (1.1). =

Let p={p.:acA}: X»X={X,, Do'.a» A} and g={q,: bEB}: Yo>Y=
{Ys, g».5» B} be AP-resolutions. Let f={f, f,:b=B}: X—% be a system map
and (f, p, @) an AP-resolution of f. We say that (f, p, q) is nearly extendable
provided that it satisfies the following condition :

(NE), For each b=B and for each cV&Cov(Y,) there exists a,> f(b) with
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the property; for each b’>b there exists a map k:X,—Y, such that
(foDag rds Qo 0k)<V.

(1.5) LEMMA. Let (f, p, q) and (g, r, 8) be AP-resolutions of f. If (f, p, q)
satisfies (NE),, then so does (g, r, 8).

PROOF. Put r={r.:c€C}: X>R={R,, 7e,c, C}, s={sq:d&D}: Y>8=
{S?, s4 4, D} and g={g, gs:d=D}. Take any d=D and any W&Cov(Sq).
Take W, ECov(Sq) such that stow,<9. There exist W,, W;=Cov(Sy) such that
99, satisfies (R2) for r and %,, and 9, satisfies (R2) for ¢ and %,. Take W,
Cov(S¢) such that stW,<W, AW, By (R1) there exist b= B and a map h:Y,—Sq
such that

(1> (hqb, Sd)<W4.
By the assumption there exists a,>f(b) satisfying (NE), for (f, p, q), b and
h~*a,. By (R1) there exist ¢,>g(d) and a map 7: R.,—X,, such that (i, Pa,)

<(hfobay 1) W  Thus (Afoday rritey hfodsw)<Wi Since foprwy=qsf by
(RM2),

) (hfsDag 137 cq hqofI<W,.
By (1) (hqof, saf)<Wi Since saf =garzary=8a" ¢y gcarTc, DY (RM2),
3) (hgof s aT ey gcarst e <Wi.

By (2) and (3) (hfbpao,f(b)irco, gdrco,g<d>7’co)<st‘W4<CI/V2. By the choice of W,
there exists ¢,>c¢, such that

4) (hfoDag 1Ty, cqr avey, gcar) <Wh.

We now show that ¢, is the required index. Take and d,>d. By (RIl)
there exist b,>b and a map j:Y,—S., such that (jg,, Sq4,)<sz} «W,. Thus
(Sq,,a]qv; Sa)<W,and then by (1) (hgs, 596, Sa,, afqs)<SIW,<W,. By the choice
- of 9¥, there exists b,>b; such that

(5) (hGovy. 50 Say, a)Gog,0,) <.

By the choice of a, there exists a map k: X,,—Y,, such that (fypa, r3s @o,0%)
<h™'qy,. Thus

(6) (hfsDag 1@ty cqr Aoy, kI ey, c) <1

By (5) (AQu,,vki?c,,cor Say, aTqbg0.Ri7 ¢y cd <Wi. From this, (4) and (6) (garc,, gcar
Say, a]Qog 0,RI7 ¢}, cg) <StW,<W. This means that ¢, and the map jgo,».ki7¢c; ¢y R,
—Sq, satisfy (NE), for (g, r, 8). Hence (g, r, s) is nearly extendable. m



6 Tadashi WATANABE

By (I.4.9) there exist approximative ANR-resolutions p: X—(X, U) q:Y—
(9, <v) and an approximative resolution f:(%, U)—(y, V) of f with respect to
p and q such that (f, p, q) is an ANR-resolution of f.

(1.6) LEMMA. f satisfies (NE) iff (f, p, q) satisfies (NE),.

In the same way as in (II. 1.6) we can easily show (1.6). Thus from (1.4)-
(1.6) we have the following :

(1.7) THEOREM. Let f:X—Y be a map. Then the following statements are
equivalent : .

(i) Any/some approximative AP-resolution of f is nearly extendable.

(ii) Any/some AP-resolution of f is nearly extendable. ®

Thus we say that a map f: X—Y is a nearly extendable map, in notation
NE-map, provided that it satisfies one of the conditions in (1.7). A space Xisa
nearly extendable set, in notation NE-set, provided that 1x: X— X is an NE-map.

(1.8) COROLLARY. Let f: X—Y and g:Y—Z be maps. If one of maps f and
g is an NE-map, then so is gf.” | -

(1.9) COROLLARY. Let X be a space. Then the following statements are
equivalent :

(i) X is an NE-set. _ .

(ii) Any map f: XY is an NE-map for any space Y. |

(ili) Any map f:Y—X is an NE-map for any space Y. ®

(1.10) LEMMA. A map f: X—Y is nearly extend_able iff so is CT(f):CT(X)
—CT(Y). ' '

(1.10) follows from-(I.6.8), (I.6.10), (1.1) and (1.2). =

(1.11) LEMMA. Let (€, U) be an approximative inverse system. Then (X, U)
is AM iff 1ex,@>: (¥, U)—(X, V) is nearly extendable.

PrROOF. First we assume that (X, U) is AM. Take any acA. By the
assumption there exists a,>a satisfying (AM) for a. Take any a’>a. By the
choice of a, there exists a map 7: Xa,—Xa such that (peq ar Par.a?)<Ve. Thus
(Lx,Pag a» Par.a?)<stU, and hence lcx,o> is nearly extendable.

Next we assume that 1. @ is nearly extendable. Take any a<A. Then
there exists a,>a such that pz! ,U.>stU,.,. Since 1¢x v, is nearly extendable,
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there exists a,> a, satisfying (NE) for 1.« ¢, and a,. Take any a’>a and take
any a;>a’, a;. By the choice of a, there exists a map r:Xa2—>Xa3 such that
(lxy,Pa5ap Paga,7)<StUa,. Thus (Pay as Pag a?)<U,. This means that a, and
the map pq, o7 : Xo,— Xa satisfying (AM) for (¥, U) and a. Hence (¥, ) is
AM. = o .

(1.11) implies the following :

(1.12) THEOREM. A space X is an NE-set iff X is AM. m

We now consider Borsuk’s approach to NE-maps. Let X and Y be para-
corhpact M-spaces and let f: X—Y be a map. By (I.3.17) there exist closed
embeddings hy: X—My and hy:Y—My into ARPPM)s My and M,. We say
that f is nearly: extendable with respect to hy and hy provided that there ex-
ists a map F: My— My satisfying the following two condltlons

(NEL) Flhx(X)=hyfhY. : '

(NE2) For each cV=Cov(My) there exists a neighborhood U, of Ax(X) in
My with the following property ; for each neighborhood V' of Ay(Y) in My there
exists a map g :U,—V such that (F|U,, ]g)<CV Here ;: V—+MY is the mclu-
sion map.

We say that F reahzes the NE-property of f with respect to hx and hy

(1.13) LEMMA. If F realizes the NE-property of f with respect to hy and hy
and F’': My— My satisfies (NE1), then F’ also realzzes the NE-property of f with
respect to hy and hy. :

It is not difficult to show (L.13). Thus the choice of maps F:My—My
satisfying (NE1) is immaterial. Let Ry : X—>MYy and_h;:Y—»MQ be closed em-
beddings into AR(PM)s M% and M. ' S

" (1.14) LEMMA. If f is nearly extendable with respect to hx and hy, then f s
nearly extendable with respect to W'y and h. : :

By a straightforward argument we can show (l.14). Thus we may say that
f is a nearly extendable map, in notation NE-map, in the sense of Borsuk pro-
vided that f is nearly extendable with respect to any/some hy and hy.

(1.15) THEOREM. - Let X and Y be paracompact M-spaces and let f: X—Y be
a map. Then f is nearly extendable in our sense iff f is nearly extendable in the
sense of Borsuk.

ProoF. By (I.3.17) there exist AR(PM)s My and M, which contain X and
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Y as closed subsets, respectively. Then there exists a map F:My—My such
that F|X=f. By using F and (I.4.10) we have ANR(PM)-resolutions p=
{pa:acA}: X AUX, Mx)={Uaq, Pa'.a» A}, g={gs:bEB}: Y>AUY, My)=
{Vs, q».5, B} and a resolution £F={f, fo: b B}: AUX, Mx)>AU(Y, My) of f
with respect to p and q. By (ii) of (I.3.17) we may assume that all U, and V,
are ANR(PM)-open neighberhoods of hx(X) and hy(Y) in My and My, respec-
tively.

First we assume that f is nearly extendable in the sense of Borsuk and
show that f satisfies (NE),. Take any b€ B and any <V’'eCov(V,). By (ii) of
(1.3.17) there exists b,>b such that V,CV,CV, Put @={V:Ved'}U
{My—V, }ECov(My). There exists a neigborhood U of X in M satisfying (NE2)
for <. By (ii) of (I.3.17) there exists a,> f(b) such that Ue,CUsyNU. We
show that a, is the required index. Take any b’>b and then there exists
b,>b’, b, such that V,,CV, "\V,. By the choice of U there exists a map
g :U—-V,, such that

oy (FIU, 1&)<<V.

Here j:V,,—My is the inclusion map.

For each xeU,, by (1) there exists K&V such that F(x), g(x)e K. How-
ever g(x)eV,,cV,, and F(x)EV, because U,,CU ;0 CF(Vy). Thus K<V’ by
the definition of <V. Since F(x)=foPa, sr(x) and g(x)=(gs,.08 |Uq,)x), this
means that (foPa, s Gor.ot)<V’, Where r=@o, »g|Uas:Uoy™>Ve. Thus f
satisfies (NE), and hence it is nearly extendable in our sense.

Next we assume that £ is nearly extendable in our sense and show that f
is nearly extendable in the sense of Borsuk. Take any Ve Cov(My). Since My
is an ANR(PM)-neigborhood of Y in My, V,=My for some b B. By the as-
sumption there exists a,> f(b) satisfying (NE), for b and <. Take any neigbor-
hood V of Y in My and then by (ii) of (I.3.17) there exists b,>b such that
V,,CV. By the choice of a, there exists a map g:Ug—Vs, such that
(foDag r03r G0,,08)<V. Hence (FlUaqp j8)<V where g’=kg:U,,—V, and
k:V,—V, j:V—>My are the inclusion maps. Hence f is nearly extendable in
the sense of Borsuk. m

The following gives an answer to a question in Gauthier [20].

(1.15) THEOREM. The notions of AANRc(PM) and NE-sets are equivalent for

compact metric spaces, but are not equivalent for compact spaces.

(1.15) follows from (II.2.5), (I.5.10), (II.6.12) and (1.12). =
Let p: X—>X be a resolution and f: X—Y a map. We say that f is ap-
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proximatively extendable with respect to p provided that it satisfies the follow-
ing :

(AE) For any <&WeCou(Y) there exist a= A and a map g,: X,—Y such that
(fs 8aba)<V.

(1.16) LEMMA. Let p and p’ be AP-resolutions of X. If f is approximatively
extendable with respect to p, then so is f with respect to p’.

We easily show (1.16). Thus we may say that f is an approximatively ex-
tendable map, in notation AE-map, provided that f is approximatively extendable
with respect to any/some AP-resolution of X.

(1.17) LEMMA. Let f: X—Y and g:Y—Z be maps. If one of fand g isan
AE-map, then so is gf. M

(1.18) LEMMA. Let f: X—Y be a map. If fis an AE-map, then CT(f): CT(X)
—CT() is an AE-map. m

(1.19) PROPOSITION. If a map f: X—Y is an AE-map, then [ is an NE-
map. R

(1.20) THEOREM. A space X is IAM iff 1x: X—X is an AE-map.

PROOF. Let p: X—X be an AP-resolution. We assume that X is [AM.
Then p is IAM and then p satisfies (C) by (II. 2.14). Thus for each UECon(X)
there exist ac A and a map r: X,—X such that (»p,, 1x)<U. This means that
ly: X—X is an AE-map.

Next, we assume that 1y is an AE-map. Then for each U&Cov(X) there
exist a€A and a map r: X,—X such that (rp,, 1x)<U. Thus p satisfies (C)
and then p is IAM by (11.2.14). Hence X is [JAM. =

(1.21) THEOREM. Let X be a space. Then the following statements are
equivalent :

(i) X is an AP.

(i) 1lx:X—X is an AE-map.

(iii) Any map f:X-Y is an AE-map for any space Y.

(iv) Any map f:Y—X is an AE-map for any space Y.

This follows from (II.2.17), (1.17) and (1.20). =
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§2. Products, suspensions and cones.

In this section we shall show that product, suspension and cone preserve
AE- and NE-maps between compact spaces. Some results are proved by Borsuk
[3-6] for maps between compact metric spaces.

In this section all spaces are compact spaces. Let C be a non-empty set.
Let X. and Y. be non-empty spaces and f.: X.—Y . maps for c€C. Let X=
w{X.:ceC}and Y=n{Y.:c=C} be product spaces. Let f=n{f.:ccC}: XY
be the product of the maps f.. Let p*={p5:ac A(c)}: X.—(&, U)¥={(X§, V),

@.a A()} and q°={qg§: b B(c)}: Y . —~(qy, V)={(Y§, <V5), g5 b, B(c)} be ap-
proximative finite polyhedral resolutions of X, and Y. for each c=C, respectively.

We may assume that A(c)NA(c¢)=@ and B(c)N\B(c)=@ for ¢, c’C with
c+c’. Let A=\U{A(c): ceC} and B=\U{B(c): c&C} and M={m:m is a non
empty finite subset of C}. Take any m={c,, ¢, -=-, c,}EM. We say that a
function g: m—A is a choice function provided that g(c;,) A(c;) for c;=m. Let
F(A)={g:meMand g:m— A is a choice function}. Let g:m—A and g’:m—A
be choice functions. We say that g’>g provided that m’2m and g’(¢c)>g(c) in
A(c) for cem. Since all A(c) are cofinite and directed, (F(A), >) forms a
cofinite directed set. Similarly we may define a cofinite directed set (F (B), >).

For each choice function g:m—A we define a space X,, a covering U,<
Cov(X,) and a map p,: X— X, as follows: To simplify notations sometimes a;
and ¢/ denote a; and ¢;, respectively. X,=X,;ceirXXgeeyX -+ X Xgtenr, Ug=
UGers X o XUPery={U,X -+ XU : U; €U, for i=1, 2, -, k}-and p,((x))=
(P%e(xer), ++» DSkerr(xex)) for each (x)=X. For g’>g we define a map
Par.s: Xg— Xy as follows: pyr o(Xer, Xers =y Xens Xonets s Xea)=(DP e, geerr(Fer),
ooy DY cenr, geen(xer)) for each (xg, -+, xp)EX,. Here g’:m’'={e;; ¢ -+,
Ciks Chtry = Cpr}— AL S

It is not difficult by (I.3.13) and (I.7.1) to show that (&, U)={(X,, U,),
De. s F(A)} forms an approximative finite polyhedral inverse system and p=
{pe: g€ F(A)} : X—(5€, V) is an approximative finite polyhedral resolution of X.
In the same way we can construct an approximative finite polyhedral resolution
g={qn: heF(B)}: Yy, V)={(Yn, “Vn), gn'.2, F(B)} of Y.

Let fe={fs, f5:beB(c)}: (X, U)—(Y, V)° be an approximativé resolution
of f. with respect to p° and ¢° for each cC. We define a function f: F(B)—
F(A) and maps fi: X;in—Y s for h€F(B) as follows: Take any choice func-
tion h:m—B. We define a choice function f(h): m—A by f(h)c)=fh(c)) for
cem. We define a map fn: X;imy—Yr by falxy, x2 -, x2)=Fenr(x1), -+,
fikers(xp)) for (x4, -+, xp)E X n>. It is not difficult to show that F={f, fn.: he
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F(B)}: (¥, U)—(y, V) forms an approximative resolution of f with respect to
p and gq.

" (2.1) THEOREM. (i) f is an AE-map iff all f. are AE-maps.
(i) f 7s an NE-map iff all f. are NE-maps.

Proor. We show (ii). In a similar way we can show (i). First we as-
sume that all f, are NE-maps and show that f is an NE-map. Take any he
F(B) and put h:m={c,, ¢, -+, c,}—>B. There exists a;= A(c¢;) with a;> f°h(c;)
satisfying (NE) for f.; and A(c;). We define a choice function g:m—A by g(c;)
=a; for i=1, 2, ---, k, and then g> f(h). We show that g is the required map.
Take any h’eF(B) with A’>h and put A’ :m’={c,, ¢z, ***, Cry Cr41, ***» Car}—B.
By the. choice of a,; there exist -maps »;: X£i—Y§ iy such that
(D G5 e necoris [ ke DU Fiken) <SSV for =1,2, -, k.

We déﬁne a mapr: Xg—>Y,L¢ by r=j n{r,:i=1, 2, --- k}.. Here j: Yﬁ,%(c“X:Yg% 2
X e XY (ck)—ﬂf,u is a nétural inclusion map. Then by (1) we have that
(Gnr n?, fhﬁg,f(h>)<stCVh. Hence f satisfies (NE) and then f is an NE-map.
Next we assume that f is an NE-map and show that all f., are NE-maps.
Take any ¢, C and any be B(c,). \ We deﬁhe a choice function h,: {c,}—B by
ho(c))=b. By the assumption there exists g> f(h,) satisfying (NE) for £ and h,.
Put g(c))=a, and then a,>f.(b). We show that a, is the required index.
Take any b’B(c,) with b’>b. We define a choice function h’: {c,}—B by
h'(c,)=0b'. Since h’>h, by the choice of g there exists a map »: X, — X, =V§
such that ‘ |
@ . : . (Frobs. rcngs Gur a)<StVn,.
We define a map r’': X{§—Y ¢ by r’=rj. Here j: X{{— X, is the inclusion map.
Thus by (2) (f§°0&8, r.ow>» 45°.57")<5tV,. Then f is an NE-map and hence all
f. are NE-maps. m ‘
By a straightforward argument we can show the .following:

: (2.2) LEMMA. We assume that C is finite. Then X satisfies the condition M
iff all X, satisfy the condition M. = '

(2.3). COROLLARY. (i) X is an AP iff all X, are APs.

(i) X is AM iff all X, are AM. )

(iii) X is an AANR; for COM iff all X. are AANR; for COM.
(iv) X is an AAR for COM iff all X, are AAR for COM.

(v) When C is finite, X is an AANRy for COM iff all X. are AANRy for
COM.
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PrOOF. (i) and (iii) follow from (II.5.10), (1.21) and (2.1). (ii) follows from
(1.12) and (2.1). (iv) follows from (i), (II.5.12) and the following fact: X has
trivial shape iff all X. have trivial shape. (v) follows from (II.5.11), (i) and
(2.2). =

Let I be the unit interval. Cone(X) denotes the quotient space XX I/ XX {1}
and ty: XXI—Cone(X) the quotient map. Then any map f: X—Y induces the
unique map Cone(f): Cone(f)—Cone (Y) satisfying Cone (f)tx=ty(fx1;). Let
ZECon(XXI) and put Z*¥={tx(st( XX {1}, 2N} U{tx(Z): Z€Z and ZN(XXx{1})
=@}. Then Z* forms a covering of Cone (X).

Let 4={I;, r;:, N} be an inverse sequence such that I;=/ and r;;=1; for
all j=i. Let r;=1,:1—I,; for all ;. Then r={r;:i€N}:I->4 forms an POL-
resolution. By (I.3.8) there are coverings %;=Cov(l;) such that r:I—(4, W)=
{U;, Ws), 5,5, N} forms an approximative POL-resolution. Let p={p,:asA}:
X—(x, U)={(Xa, Ua), Pa'.a» A} be an approximative finite polyhedral resolution
of a space X. Let AXN be the directed product set. We define X, ), Pca.i>:
XXI-Xa,1>and Par, i, cai>t Xear, iy Xea > for (a’, i")>(a, i) as follows: X, 1)
=XoXI1i, Pa.is=paXr: and Pcar.ir>. ca,ir=D»a’.a X7s¢.s. It is easy to show that
PXr={pw,v:(a,))EAXN} : XXI(X,V)X(F,W)={(Xa, 15U XWi), Dca’, "5 Car i3
AXNY} forms an approximative polyhedral resolution. Similarly we have an
approximative polyhedral resolution gXr:Y XI—-(q, V)X(4, W) for an ap-
proximative polyhedral resolution g={¢,: b= B} : Y (4, )={(Y, ‘W), qv.s, B}
of a space Y.

Let f={f, fy: b= B} : (¥, U)—(Y, <V) be an approximative resolution of a
map f: X—Y with respect to p and q. We put FX1,={f X1y, foX1;: (b, 5)E
BXxN}. Then fX1;:(X, U)X(4, W)Y, V)X(4, W) forms an approximative
resolution of fX1; with respect to pXr and gXxr.

Maps pea.iy: XXI—=XoXI; and P, iy, ca. iy Xa XT3—Xe X I; induce maps
Pla.>r: Cone(X)— Xo X1/ Xa X {1}=X(a,:y (=Cone(X,)) and plar,i's, ca o>t Xiar,in
— Xla. 0. Moreover (X, U)Y={(X(a.00 (Ua XW)*), Dia’.i">.¢a.ir» AXN} forms an
approximative inverse system. It is not difficult to show that p’={pta. i :(a, 7)
€AXN} : Cone (X)—(&, V) is an approximative polyhedral resolution. Similarly
a'=1{qw,: (b, )EBXN}: Cone(Y)> (Y, V)Y ={(Y 4,15 (Vo XW)*), ¢v, 15, BXN}
forms an approximative polyhedral resolution. Maps f,X1;: X oy r=X > X1:
=Y =Y ,XI; induce maps fi, iy: Xy, r—Y %, . It is not difficult to show
that £/'={f X1y, f.iy, BXN}: (X, U)—(Yy, <V)’ forms an approximative resolu-
tion of Cone (f) with respect to p’ and q’.

(2.4) THEOREM. (i) f ¢s an AE-map iff Cone(f): Cone(X)—Cone(Y) is an
AE-map.
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(ii) f ¢s an NE-map iff Cone(f) is an NE-map.

PrOOF. We show (ii). In a similar way we can show (i). First we as-
sume that £ is an NE-map. We show that £’ satisfies (NE). Take any (b, 1)
BXN. Since f satisfies (NE), there exists a> f(b) satisfying (NE) for £ and b.
We show that (a, 7) is the required index. To do so take any (b, /)>(b, 7).
By the choice of a there exists a map »: X,—Y, such that

(1) (foDa, rwrs Qo o) <StV5.

The map rX1;: X,XI—-Y, XI induces a map r': X »—Y % .i». By (1)
(fo. 0D 0, s i G iy, 0¥ ) <SE(SVy XW)*). This means that 7 satisfies (NE)
and hence Cone(f) is an NE-map.

Next we assume that Cone(f) is an NE-map. Then f’ satisfies (NE). We
show that f satisfies (NE). Take any b=B. Put %w={[0, 2/6), (1/6, 3/6), (2/6,
4/6), (3/6, 5/6), (4/6, 1]} =Cov(I). By (R1) there exists 7N such that W>r7'W;
=9¥;. There exists (a, 7)>(f(b), 7) satisfying (NE) for #/ and (b, 7). We show
that a> f(b) is the required index. To do so take any b’>b. By the choice of
(a, j) there exists a map & : X(q, 5—Y &, o> such that (f %, o P, . crw. 0, G, 03, v, &)
<st((VpXW)*). By the choice of 7 (f/(b,i)p,(a,j).(f(b),i)tXa: q,(b’,i),(b,i)ktXa><St((CVb
XW)*). Since [, D%, ». s ot xg=tr,(foPa, sy X1y), for each x& X, there ex-
ists V=<v, such that

2) try(fobPa, rx(%), 0), Qo 5, v, 0kt x (%, 0)ELy, (sHV, ;)X [0, 4/6)).

Thus ktx (x, 0)Ety, (Y X[0, 4/6)). Since ty, |V, %[0, 4/6): Yy %[0, 4/6)—
tyy (Yo X[0, 4/6)) is a homeomorphism, we can define a map £’: X,—Y, by
k'(x)=utyb ktx (x, 0) for x&X,. Here u:Y, XI—>Y, is the projection. Then
(2) means that fypa. rw(%x), go. R/ (x)Est(V, V,). Hence (foDa, rsr qor,sk") <SStV
and f is an NE-map. =

(2.5) COROLLARY. (i) X 7s an AP iff Cone(X) 7s an AP.
(ii) X 7s AM iff Cone(X) 7s AM.
(iii) X 7s an AANR; for COM iff Cone(X) is an AAR for COM.

ProoOF. (i) follows from (1.21) and (2.4). (ii) follows from (1.12) and (2.4).
(iii) follows from (II.5.10), (II.5.12) and the following fact: Cone(X) is con-
tractible and hence has the trivial shape. m

S(X) denotes the suspension of X. A map f: X—Y induces a map S(f): S(X)
—SY).

(2.6) THEOREM. (i) f is an AE-map iff S(f) is an AE-map.
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(ii) f #s an NE-map iff S(f) is an NE-map.

(2.7) COROLLARY. (i) X is an AP iff S(X) is an AP.
(i) X is AM iff S(X) is AM.

(2.8) LEMMA. If X satisfies the condition M, then so does S(X).

(2.9) COoROLLARY. (i) X is an AANR¢ for COM iff so is S(X).
(1) If X is an AANRy for COM, then so is S(X).

In a way similar to the one used in (2.4) and (2.5) we can show (2.6), (2.7)
and (i) of (2.9). By a straightforward argument as used in (2.2) we can show
(2.8). (ii) of (2.9) follows from (II.5.11) and (i) of (2.9). =

Let X°¢ be a connected component of X and X¢ a connected component of
X, with p(XO)CX¢ for acA. Put U={UNX{: UsU,}ECon(XE). Let
pé X X¢ and . pér o1 X§&—X¢ be induced maps by ‘pa and pg,,, for a’>a.
Then it is easy to show that p°={pf:ac A} : X (¥, U)Y={(X¢, V¢), pérar A}
forms an approximative finite polyhedral resolution.

f: X—Y induces a map f°=f|X°: X°>Y. For each b€B fy: X;im—Ys
induces a map f§=/fol Xfwy: Xfw—Y» Since f:(X, U)— (Y, V) is an ap-
poximative resolution of f with p and q, f°’={f, f§: b B}: (X, U)— (Y, V) is
an approximative resolution of f° with respect to p° and q.

(2.10) THEOREM. (i) f: XY is an AE-map iff f¢: X°>Y is an AE-map
for each connected component X°¢ of X.
(ii) f is an NE-map iff all f° are NE-maps.

PROOF. We show (ii). In a similar way we can show (i). First we as-
sume that f is an NE-map. Take any connected component X°¢ of X and let
j¢: X°— X be the inclusion map. Since f°=f;°, by (1.8) f¢ is an NE-map.

Next we assume that all f¢ are NE-maps and show that f is an NE-map.
Take any b=B and any connected component X¢ of X. Since f°: (¥, U)'—
(4, V) satisfies (NE), there exists a(c)>f(b) satisfying (NE) for £° and b.
Since all X, are finite polyhedra, all connected components are open and closed.
Then X¢(» is open and closed. Put U’(X°)=pz' (X)) and then U’(X°) is an
open and closed neighborhood of X¢ in X. Put U’'={U’(X°): X° is a connected
component of X}ECou(X). Since X is compact, there exist finitely many con-
nected components X, X, ..., X°* such that X=U{U’ (X): /=1, 2, -, n}.
Put U,=U"(X*)—U{U(X): j=1, 2, ---, i—1} for each 7 and then
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(1) all U, are open and closed, U;N\U ;=@ for i+;, and
. qJ:{Ui: Z:'_“l) 2’ T n}ECOU(X)-

By (1) there exists a c¢anonical map p: X—N(U) such that
(2) p~YU)=U for UcU and N(U) is 0-dimensional.

Here N(U) denotes the nerve of U. Since N(U) is 0-dimensional by (1), then
by (R1) there exist a>a(cl), -, a(cn) and a map h: X,—N(U) such that

@) p=hpa.

We define K,=\U{T :T is a connected component of X, and TNp.(U;)+ @}
for each 7. Then all K; are open and closed in X, such that

4) Do(X)CU{K;:i=1, 2, ---, n} and p(X)NK;# @ for each 1.

CLaM 1. KiNK;=9Q for i+#j.

We assume K;N\K;#+ @ for some i#j. Then there exists a connected com-
ponent T of X, satisfying TNp,(U;)+@ and TNpU;)*+@. Since NU) is
O-dimensional, A(T)shp,(U;) and A(T)Shp.(U;). Since hp (U;)=pU)={U:}
and hp,(U;)={U;} by (3), h(T)={U;}={U;} and hence i=j;. This is a con-
tradiction. Hence we have Claim 1.

CLAIM 2. Dpa, aceir(K)CT X &by for 1<i<n.

Take any y=K; and then there exists a connected component 7" such that
y€T and TNpU;)+@. Thus there exists x=U; with p,(x)eT. Since
U, CU (XY= pater(Xéhes), Paceir(x)E Xéless. - Since T is connected, pa.accir(),
DaceixX)E pa, aceis(T)CTXE sy, Thus pa,ocein(¥)E X4, and hence we have Claim 2.

Put K;=X,—\U}K,;:0</<n} and then K, is open and closed. Let A=
{K;:0=i=n}eCov(Xy) and then stipa(X), X)=U{K;:1=i<n}. By (B4) there
eXists a@;>a such that p,,, (X, )Cst(pa(X), X). Put L;=p3} (K;) for 1=i<n
and then by Claim 1

(5) All L; are open and closed in X,, and X, =U{L;::=1,2, ---, n}
and L,N\L;=@ for i+#7J.

We show that a, is the required index. Take any b’>b. By the choice of
a(ci) there exists a map ge;: X&ico,—Yy such that (gy,s8ci, 5 D5kcir, reo0) <StV,
ie.,

(6) Qv .58 cts [oDacers, revy | XEkery) SV
By Claim 2

Y] Papacci(L)CTXElery . for 1=i<n.
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Now we define a map g : X,,—Y» as follows: For each ye L; g(¥)=8ciPa, acci>(¥).
By (5) and (7) g is well defined and continuous. By (6) (gv.+8, foPa,. r)) <StVs.
This means that f satisfies (NE) and hence f is an NE-map. =

For any connected component X°¢ of X there exists a connected component
Y? of Y such that f(X9)CY<¢ f induces a map f@¢: X°—-Y<

(2.11) CoROLLARY. (i) If all f©¢:X°>Y? are AE-maps, then f is an AE-
map.
(i) If all fo¢: X°—>Y?* are NE-maps, then f is an NE-map.

PROOF. We show (ii). In the same way we can show (i). Since f=%: X°
Y ¢ are NE-maps, fe=j¢f?: X°—>Y are NE-maps by (1.8). Here j¢:Y¢->Y
is the inclusion map. By (2.10) f is an NE-map. =

(2.12) COROLLARY. (i) If all connected components of X are APs, then so
is X.
(ii) If all connected components of X are AM, then so is X. W

In general the converse assertions of (2.11) and (2.12) do not hold, because
we have the following example.

(2.13) ExAMPLE. Let X be a non-movable compact connected metric space.
For example we can choose for X the 2-adic solenoid. Let X={X;, p,:, N} be
an inverse sequence of finite complexes such that lim £=X. Put Y;=v {Xe:k
=1, 2, ---, i—1}, that is, disjoint sum of X,, ---, X;_, for each /EN. We define
risni: Yin—Y; for each iEN as follows: 744,,:(y)=y for ye¥t, and 7;4,,:(y)=
Pirn () for yE Xy, Put rj:=rj o1 Vi, fOr j2i. Thus Yy={Y,, r;:, N}
forms an inverse sequence of finite polyhedra. Put Y=min ¢ and then Y is a
compact metric space. It is easy to show that Y is an approximative polyhedron
and approximatively movable. Then ly:Y—Y is an AE-map and an NE-map.
X is a connected component of ¥. We assume that 1x: X—X is an NE-map.
Then X is AM and hence X is movable. This is a contradiction. Hence 1x is
not an NE-map and X is not approximatively movable. We see in a similar
way that 1y is not an AE-map and X is not an AP. m

§3. Hyperspaces.

In this section we discuss approximative properties of hyperspaces.
In this section all spaces are compact spaces. Let X be a space. We
denote by 2% the set of all non-empty closed subsets of X, by C(X) the set of



Approximative Shape III 17

all non-empty connected closed subsets of X, and by X(n), n is a positive in-
teger, the set of all non-empty subsets of X consisting of at most n points.
C(X) and X(n) are subsets of 2%.

For open subsets U,, Us,, -+, U, of X we put Uy, U, -+, Upd>={K&2%:
Kcut U, and KNU;+ @ for each 0<:<k}. Then {KU,, Uy, -, Up>: Uy, U,
.-, U, are open subsets of X and k=1, 2, ---} forms a base of a topology of 2*.
This topology of 2% is called the finite topology or the Vietoris topology. 2%
denotes the topological space with the Vietoris topology. We consider C(X)
and X(n) as subspaces of 2¥. These spaces are called hyperspaces of X. X(n)
is the n-th symmetric product of X (see Borsuk-Ulam and Jaworowski [24]).
Concerning hyperspaces see Kuratowski [32], Michael and Nadler [39].

Let UeCou(X) and put <UD={U,, U,, -, Up>: Uy, -, U,eU and k=
1,2, ---}. Then <U) forms an open covering of 2% and {{U): U&Cov(X)} forms
a uniformity of 2¥ by Morita [38]. By the uniqueness of uniformities on com-
pact spaces we have the following:

(8.1) LEMMA. The uniformities {{U>: UECon(X)} and Cov(2%) are equivalent,
that is, for each W Cov(2X) there exists USCov(X) such that W>LU).

Let Y be a space and f:X—Y a map. Then f induces a map f*:2¥-2Y
as follows: f*(K)=f(K) for each K=2*. C(Clearly f* induces maps f*:C(X)—
C(Y) and f*: X(n)—Y(n) for each positive integer n. The following is an easy
consequence of the definitions:

(3.2) LEMMA. Let UECov(X) and VECo(Y). If f'U>SU then f* V)
>LUY, where f*:2X-2Y. Similarly this holds for f*: C(X)—»C(Y) and f*: X(n)
—Y(n), respectively.

Let p={p.: acA}: X—(x, U)={(X,, Ua), Par.a» A} be an approximative
resolution of X.

(3.3) LEMMA. p*={p¥:acA}:2¥-2F D ={(2%¢,{U,s>), p¥ 4, A}, P*: C(X)
—C(&E, U)={(C(Xo), U>| C(Xa), pE . 4, A} and p*: X(n)—(X, U)(n)={(X.(n),
(U Xo(n)), p¥ o4, A} are approximative resolution of 2%, C(X) and X(n), re-
spectively.

Proor. We show the first case. In the same way we can show the others.

(1) 2¢X¥. > i an approximative inverse system.

We need to show (AIl1)-(AI3). Clearly (All) holds and (AI2) follows from
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(3.2) and (AI2) for (¥, U). Take any a=A and any WeECov(2¥e). By (3.1)
there exists U< Cov(X,) such that W>(U). By (AlI3) for (X, V) there exists
a’>a such that pz} U>U, . Thus by (3.2) p¥rl,W> p L, (KUD)>{ Uy >. Then
we have (AI3) and hence (1).

(2) p*:2%¥ - 2% is a resolution.

By (1.3.3) p: X—% is a resolution. Since all spaces are compact, p: X-x
is an inverse limit by (I.7.1). By Lemma 2 of Kodamé—Spiez-Watanabe
p*:2¥2% is an inverse limit. Hence by (I.3.13) we have (2).

By (1), (2) and (I.3.3) p*:2¥—2¢*V> forms an approximative resolution. M

(3.4) LEMMA. Let f, g: X—Y be maps and VCou(Y). If (f, 8)<V, then
(f*, @ <LV) for f*, g*:2X-2¥. Similarly this holds for f*, g*:C(X)—C(Y)
and f*, g*: X(n)-Y(n), respectively.

PrOOF. Take any K=2X. Since (f, g)<<V, for each x&K there exists
V.=V such that f(x), g(x)€V.. Thus f(K)Ug(K)CU{V,:x€X}. Since K
is compact, there exist finitely many points x,, x,, ---, x; X such that f(K)U
KTV UV U - UV,,. Since f(x:), g(x)EV,, for 1lsisk, f(K), g(K)e
V2, Vay =+, Vz,> and hence (f*, g*)<<{<V). Trivially this implies the other
cases. ®

Let g={g»:b=B}: Y, WV)={(Ys, Vs), qv.5» B} be an approximative re-
solution. Let f={f, fo:b=B}: (¥, U)—(¥y, V) be an approximative resolution
of a map f: X—Y with respect to p and q. Let f*={f, f¥:bsB}: 2X. "V~
29V fr={f, f¥|C(Xsw):bEB}: C(X, U)—-C(Y, V) and F*={f, f¥| X;w(n):
beB}: (€, U)n)—(y, V)n). Using (3.4) we can easily show the following :

(3.5) LEMMA. F*:2F V29 M 45 an approximative resolution of f*:2X—-2Y
with respect to p* and q*. This holds for f*:C(&X, U)-»CY, V) and
*:(x, UYn)—>(Y, VXn). ® o

(3.6) LEMMA (Wojdyslawski [47]). Let X be a compact metric connected
space. Then the following statements are equivalent:

(i) X is locally connected.

(ii) 2%7s an AR.

(ili) C(X) isan AR. m

(3.7) LEMMA (Ganea [18]). Let X be a finite dimensional compact metric
space. If X is an ANR, then sa is X(n) for each positive integer n. M

(3.8) THEOREM. (i) If f:X-Y is an AE-map, then f*:2¥-2%, f*:C(X)
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—C(Y) and f*: X(n)—Y(n) are AE-maps for each positive integer n.
(i) If f is an NE-map, then f*:2%¥-52%, f*: C(X)—»C(Y) and f*: X(n)—-Y (n)
are NE-maps for each positive integer n.

ProoF. We show (ii). In the same way we can show (i). By (l.3.15) there.
exist approximative finite polyhedral resolutions p: X—(&X, U) and q : Y (¢, V).
By (I.2.1) and (L. 3.3) st(@)={¢»: b= B} : Y—st(¥y, V) is an approximative resolu-
tion. Then by (3.3) and (3.6) p*:2¥—-2*V> and st(g)*:2¥—2:¥. Y are ap-
proximative ANR-resolutions. Let f:(X, U)—(4, V) be an approximative re-
solution of f with respect to p and ¢, and then so is f with respect to p and
st(g). By (3.5) f* ;20X _,25Y. M jg ap approximative resolution of f*:2¥—-2Y
with respect to p* and st(q)*. ' ' : :

We show that £F*:2(X. V280XV gatisfies (NE). Take any beB. Since

f:(x, U)—-, CV) satisfies (NE), there exists a> f(b) satisfying (NE) for f and
b. Then for each b’>>b there exists a map 7: X,—Y such that ( foda. £y Qor,ot)
<stVy.  Since (f¥DE s, qF . sr*)<<stV,» by (3.4), we have the requxred condi-
tion. Hence f* is an NE-map. m :

(3.9) PROPOSITION I f X satisfies the condztzon M, then so do 2%, C(X) and
X(n).

In a way similar to the one used in‘TheQrem 340f Kodama-Spiez-Watanabe
we can easily show 3.9. m

(3.10) COROLLARY. " Let n be a positive integer.

(i) If X is an AP, then so are 2%, C(X) and X(n).

(i) If X is an AANRg, then so are 2%, C(X) and X(n). If, in addition, X
is connected, then 2%, C(X) and X(n) are AARs. . '

(iii) If X is an AANRy, then so are 2%, C(X) and X(n).

(iv) If X is AM, then so are 2%, C(X) and X(n).

(i) follows from (1.21) and (3.8). (ii) follows from (II. 5.10), (i) and Corollary
1 of Kodama-Spiez-Watanabe _. (iii) follows kfxiom (i) and (II.5.11). (iv) fol-
lows from (1.12) and (3.8). m -

A continuum which is hereditarily unicoherent and arcwise connected is a
dendroid. A dendroid which satisfies the smoothness condition is a smooth
dendroid (see Charatonik-Eberhart [8]). A locally connected dendroid is a
dendrite. A finite tree is a finite l-dimensional sunphclal complex which is
connected and does not contain any circle.

(3.11) PROPOSITION. | (1) Any dendrozd is an AAR
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(ii) Any fan is an AAR.
(iii) Any smooth dendroid is an AAR.

PROOF. We show (ii). Take an AR M which contains X. Take any ve&
Cox(X). By Theorem 1 of Fugate there exist a finite tree T in X and a
retraction » : X—7T such that (jr, 1x)<@U and »|T=1y. Here j:T—X s the in-
clusion map. Since 7 is an AR, there exists a map r’: M—T such that | X=r.
Thus (7’| X, 1x)<4U and hence X is an AAR by (IL. 5.3).

Using Theorem 2 of Fugate [17], in the same way as in (ii) we can easily
show (iii). (i) follows from (iii) and Charatonik-Eberhart [8]. m

(3.12) COROLLARY. If X is a dendrite, fan or smooth dendroid, then 2*, C(X)
are AARs. m

(3.13) PrROBLEM. If X is SAM, are 2¥, C(X) and X(n) SAM?

§4. G-products of spaces.

In this section we discuss approximative properties of G-products of spaces.

In this section all spaces are compact. Let n be a positive integer. S,
denotes the symmetric group on n letters, i.e., it consists of all permutations of
{1, 2, ---, n}. Let G be a subgroup of S,. Let X be a space and X" the n-th
cartesian product with the product topology. Then G can be considered as a
subgroup of homeomorphisms of X" defined as follows: g(xi, x5, ==+, x5)=
(Xgay X2y **» Xgemy) for g€G and x=(x,, %o, -+, x.)EX". X"/G denotes the
orbit space under this action with identification topology. We say that X"/G
is the n-th G-product of X. np=nx: X"—>X"/G denotes the quotient map. % is
open and closed, because 7~ 'np(K)=\U{g(K):g€G} for KCX", all g are home-
omorphisms and G is a finite set.

Let f, f': X—Y be maps. Then f induces a map f":X"—Y" defined by
™%y, Xay -y X2)=(f(x1), f(x2), =, f(x,)). Since f" commutes with the actions
of G on X™ and Y, it induces a unique map f: X"/G—-Y"/G satisfying 7nyf"
=fnx. It is easy to show that g°f=gf and ly=1xa,¢ for any map g:Y—-Z.

(4.1) LEMMA. If f, f', then f=f".

PrROOF. Take a homotopy h: XXI—Y such that h,=f and h,=f’. We
define a map A™: X*XI—-Y™ by h™(xy, X2, **+, Xn, )=(h(xy, 8), h(xe, 1), ==+, (x4, 1))
It induces a function H: X"/GXI-Y"/G satisfying H(npxX1;)=%nyh"™. Since
yx is a quotient map, by Theorem 3.3.17 of Engelking [14, p. 200] nx X1, is
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also a quotient map. Thus H is continuous and H,=f, H,=f’. Hence f=f. nu

(4.2) THEOREM. If X is a compact metric ANR or AR, then X"/G is an
ANR or an AR, respectively.

PrROOF. Maxwell proved that

(1) If K is a finite simplicial complex, then so is K*/G.

First we assume that X is a compact metric ANR and show that X /G is
an ANR. Since G is a finite set, y is a proper (perfect) map and then by
Theorem 4.4.15 of Engelking [14, p. 355] X"/G is compact metric.

Take any WV=Cov(X"/G). There exists USCou(X) such that Ur=UXU
X e XUL9p~'Y. Since X is an ANR, by Corollary 6.2 of Hu [23, p. 139] there
exist a finite simplicial complex K and maps f: X—K, g: K—X such that gf is
U-homotopic to 1y. Take a U-homotopy h: XXI—X such that ho=gf and
hi=1x. By (4.1) h induces a homotopy H: X"/GXI—X"/G such that Hy=h,=
gf and Hy=h,=1xn/e.

(2) H is a <V-homotopy.

Take any x=(x,, x3, -+, x,)€X". Since h is a U-homotopy, there exist
U:;E9U such that h(x;XI)CU, for all i. By the choice of U there exists Vv
such that U,X --- XU,C9™'V. Then H(n(x)XI)=HonpX1(xXI)=ph™(xxI)C
(U, X - XU,)CV. Hence we have (2).

By (1), (2) and Theorem 3.6 of Hu [23, p. 139], X*/G is a compact metric
ANR.

Next we assume that X is an AR and show that X"”/G is an AR. By the
assumption X is a contractible ANR, that is, X is homotopy equivalent to a one
point space *. By (4.1) X"/G is homotopy equivalent to **/G=x. Thus X"/G
is a contractible ANR and hence an AR. m

(4.3) REMARK. (4.2) was formulated by Jaworowski [25]. However Fedorchuk
pointed out a gap in his proof, and gave another proof. This proof depends
on deep results in the theory of Q-manifolds and Fedorchuk used Schepin’s
theory. Our proof, which depends on (1) in (4.2), is elementary and simple.

Let 2={X,, par.a» A} be an inverse system of compact spaces and let p=
{po:asA}: X—> be an inverse limit. Then p*"={pr:acA}: Xr—>x"=
{X2%, p% . ., A} is an inverse limit. Moreover D={p.:acA}: X*/G->X"/G=
{X%/G, par.ay A} forms a system map.

(4.4) LEMMA. p:X"/G—-2X"/G is an inverse limit
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PROOF. Let g={go:acA}: Y>X"/G be a system map. We need to show
that there exists a unique map ¢:Y—X"/G such that g=pg, that is,

oY) ga=pog for acA.

Since p": X*—>X" is an inverse limit, by Lemma 2 of Kodama-Spiez-Wata-
nabe
(2) prr={(pD)*:acA}:2X" 52¥"=={(2%a, (p? o)*, A} is an inverse limit.

Since n,=7x,: Xi—X2/G is open and closed, by Theorem 2 of Kuratowski [32,
I. p. 165] 53" :2%3/-2%2 is continuous. Let j,: X7/G—2%3/¢ and j: X"/G—2%X"/¢
be natural inclusion maps. From the definitions it is easy to show that

3 ' (P2 . )*N2t e =03"TaPa.a for a’>a and

4 | (P2*nET=92"Taba for acsA.

By (3) {92'7aga:acsA}: Y52*" forms a system map. By (2) there exists a
unique map s:Y—2%" such that

(5) (p2*s=n3z'jaga  for aEA.

We show that _ ,
6) | 7%s(V)CH(X"/G).

To prove (6) take any y€Y. Then s(y) is a subset of X". We need to
show that 7x(s(y)) is a singleton set, i.e., for x, x’Es(y), there exists geG

such that x’=g(x). Since 9.p2(s(¥)={q.(y)} for each ac A by (5), n.pa(x)=
Nap2(x’). Thus there exists g,EG such that

) | ERCHENET HEDH

For each a= A we put G,={g<=G: g(p2(x)=p2(x")}. We consider G, as
a space with discrete topology. Since G is a finite set, all G, are compact
spaces. Since G, CG, for a’>a, 8={Gg, ia'.., A} forms an inverse system of
compact spaces, where 7,+,, : Go'—G, are inclusion maps for a’>a. Since G,# @
for all acA by (7), lim¢=N{G.:acA}#@. For each glimg, g=G, and
then p2(x")=g(p2(x))=pg(x)) for all ac A. By (2) x’=g(x). Hence we have
(6). '

Since j is an embedding, by (6) we obtain a continuous map ¢g=j '9%s:Y
—X"/G. We show that ¢ satisfies (1). Take any a=A and any y€Y.
By (B) JaPad(3)=p%ia(3)=p%ii n%s(3)=pinis(y)=n%pa*s(¥)=73%3a"jaqa(¥)=
792 {q(MDN={qa(¥)}=7aga(y). Since j, is 1-1, we have ().

We show the uniqueness of . We assume that ¢’:Y—X"/G is a map such
that p.q’=q, for all ac A, and show that ¢g=¢’. For any a=A and y€Y by
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(1) and (4) p2*0x79"(¥)=73"TaDad’(3)=23"720a(D)=03" T Paq(¥)=DP3*nZ jq(¥). By
(2) 7279’ (9)=70%7q(») and then {¢’(M}=0xZ ¢ N =nx7Z70'(M)=nx9¥7e(y)
={q(»)}. Thus ¢’(y)=¢(y) and hence ¢'=¢. ®B

For UECon(X) we put UP=UX -+ ><CU (n-times)ECov(X™). Since 9y is an
open map, Nx(U")={nx(U. KX -+ XU,): U,V for 1<i<n} forms a covering of
X"/G.

(4.5) LEMMA. Let f, g: X—Y be maps and UECoo(X), VECo(Y).
@) If (f, )<V, then (f, g)<nx(V™).

(i) If (f, 8)<stV, then (f, g)<st(nx(V™)),

(ii) If fr*>, then f'p(CV™)>nx(U™).

PrROOF. We show (ii). In a similar way we can easily show (i) and (iii).
Take any x=(x,, x5, -**, ¥.)=X". By the assumption for each 7 there exists
V.Y such that f(x;), g(x;)Est(V;, V). Then there exist Vi, Vi€V such
that f(x)€Vi gx)eVy, VinV.=® and VINV,#@. Thus f{(x)eV’'=V}
X oo XVh, g (x)EV=VIX - XV, VNV’ @ and VNV”# @, where V=V,
X «+ XV ,. This implies that fyx(x)=7nrf™(x)=nz(V"), gnx(x)En V"), (V")
Nyr(V)#=@ and 7y (V")N9p(V)#@. This means that f9x(x), gnx(x)=st(ny(V),
np(CV™), i.e., (fhx, gnx)<st(ny(cV™). Since 7y is onto, we have the required
conclusion. W |

(4.6) THEOREM. If p={p.:acA}: X—(%¥, CU)?{(Xa. CU’Q% bar,a, A} is an
approximative resolution, then p={p,: a< A} : ’X"/G——>(.‘3€,QJ)"/G:-‘{(XQ/G,%(CUZ)),
Par.ar A} is an approximative resolution. ’

PROOF. We show (AIl1)-(AI3) for (¥, U)"/G. (AIl) is obvious. (AI2) and
(AI3) follow from (iii) of (4.5) and (AI2), (AI3) for (¥, W). Thus (¥, U)*/G
forms an approximative inverse system.

By (I.3.3) p: X—% is a resolution and then by (I.7.1) it is an inverse limit,
By (4.4) p: X*/G—X™"/G is an inverse limit and then by (I.3.13) it is a resolu-
tion. Hence by (I.3.3) p: X*/G—(%€, U)"/G is an approximative resolution. M

(4.7) COROLLARY. If p: X—(¥, V) is an approximative ANR(CM)-resolution
and an approximative POL-resolution, then so is p: X*/G—(X, U)"/G, respec-
tively.

4.7) follows from (4.2) and (4.6). m

(4.8) THEOREM. (i) If f:X—Y is an AE-map, thenso is f: X"/G—-Y"/G.
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(ii) If f is an NE-map, then so is f.

ProOF. We show (ii). In a similar way we can show (i). There exist ap-
proximative finite polyhedral resolutions p: X—(X, V), q={¢,: bE B} : Y (4, <V)
={(Ys, V), q».5, B} and an approximative resolution f={f, f,:q€B}: (¥, V)
—(qj, <) of f with respect to p and ¢ by (1.3.15) and (1.4.3). By (4.7) p: X"/G
—(X, U)*/G and q : Y"/G—~(Y, V)*/G are approximative finite polyhedral resolu-
tions. It is easy by (4.5) to show that £={f, f»:bEB}: (X, U)"/G—(¥, /G
forms an approximative resolution of f:X"/G—Y"/G with respect to p and gq.

We show that f satisfies (NE). Take any be B. By the assumption f
satisfies (NE) and then there exists a> f(b) satisfying (NE) for f and b. Take
any b’>b. Then there exists a map »: X,—Y, such that (fobDa, rwrs o, o7) <SStV
By (4.5) (foPa. s gor.o7)<st(s(V3)) and then f satisfies (NE). Hence [ is an
NE-map. =

(4.9) COROLLARY. If X is UAM, AM or 1AM, then sois X"/G, respectively.

(4.9) follows from (II.5.10), (1.12), (1.21) and (4.8). =

We use the same notations p, g, p and ¢ as in the proof of (4.8). By (I. 5.7)
H(p)={H(pz): ac A} : X>H(X)={Xa, H(por.o), A}, H(@):Y-H), H(p)=
{H(pa): a€ A}: X"/G — H(X"/G)={X%/G, H(pa".a), A} and H(g):Y"/G—
H@"/G) are HPOL-expansions.

Let f:X—Y be a shaping. Let H(f)={/f, H(fy,):beB}: HX)—H(¥Y) be a
system map in pro-HPOL which represents f. For each b’>b there exists a>
f(b), f(b') such that foba. s> =qv o fv Pa.r>. By (4.1) .foQa.f(b):(]b',b.fb'.!}a.f(b')
and then H(f)={f, H(f»:bEB}: H(x"/G)—H@"/G) forms a system map in
pro-HPOL. We take another representation H (FH={f’, H(f;): beB}: H(X)—
H(@) of f. Then for each b B there exists a>f(b), f'(b) such that foba, s
~ fiDa s - Then by (4.1) fopa.sw>=f0oPa.sw- Thus H(f) and H(f’) are
equivalent i.e., they represent the same shaping f: X"/G-Y"/G. It is easy from
the above definition to show that gf=g-f for shapings f:X-Y, g:Y—Z and
1, induces the identity shaping of X"/G. Hence we may define a functor
G P™ : Sh(COM)—Sh(COM) as follows: GP™*(X)=X"/G for a space X and GP™f)
=/ for a shaping f. We summarize as follows:

(4.10) THEOREM. The n-th G-product induces a functor GP™: Sh(COM)—
Sh(COM).

(4.11) CorROLLARY. (i) If X and Y have the same shape type, then X*/G
and Y"/G have the same shape type.
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(i) If X is shape dominated by Y, then X"/G is shape dominated by Y"/G.
(iii) If X has trivial shape, then so does X"/G.

(iv) If X is an ANSR, then so is X"/G.

(v) If X is an ASR, then so X*/G.

(i)-(ii) follow from (4.10). (iv)-(v) follow from (II.6.1), (4.2) and (ii). m

(4.12) THEOREM. (i) If X is internally movable, uniformly movable, strongly
movable or movable, then so is X"/G, respectively.
(ii) If X satisfies the condition M, then so does X"/G.

PROOF. We assume that X is movable and show that X"/G is movable.
We use the same notations as in the proof of (4.10). By the assumption for
each a< A there exists a,>a satisfying (MV) for a. Take any a’>a and then
there exists a map 7: X,,— X, such that pgr o7 =pap e BY (4.1) par.af=Pay a-
Then X"/G satisfies (MV) and hence X"/G is movable.

In a way similar to the one above we can show the other assertions. M

(4.13) COROLLARY. If X is an AANR¢, an AANRy or an AAR for COM,
then so is X"/G, respectively.

This follows from (II.5.10), (II.5.11), (4.9) and (4.11). =

§5. Maxwell homomorphisms.

In this section we prove a stability theorem on pro-vector spaces and using
it we extend Maxwell homomorphisms to compact spaces.

In this section all spaces are compact spaces. Let F be a field. Vec (F)
denotes the category consisting of all vector spaces over F and all linear maps.
dim G denotes the dimension of a vector space G over F. Vec,(F) denotes the
full subcategory of Vec (F) consisting of all finite dimensional vector spaces over
F. The following is an elementary fact:

(5.1) LEMMA. Let G and H be objects of Vecy(F) and f:G—H a linear map.
If f is onto and dim G=dim H, then f is an isomorphism in Vecs(F). =

Let 3={Gq, par.a, A} be an object of pro-Vecy(F). That is, ¢ is an inverse
system on Vec,;(F). Let p={p.:acA}: G=limg—g be an inverse limit of 4.
In general G is contained in Vec (F). Using the method in the proof of Theorem
5.7 of Eilenberg-Steenrod [13, p. 226] and Kelly it is not difficult to show
that
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(5.2) LEMMA. If all bonding maps pa:.o:Gq—G, are onto, then all pa:G
—Gg are onto. m

We say that ¢ is stable in pro-Vec(F) provided that ¢ is isomorphic to a
a vector space G in pro-Vec(F). In the author discussed a stability theorem
in pro-groups.

(5.3) THEOREM. Let G be an object of pro-Vecy(F). Then G is stable in
pro-Vec(F) iff the dimension of lim @ is finite.

PROOF. Let G=Ilim ¢ and dim G=n. First we assume that # is finite. Take
any a< A and put Hf =p,, (G, ) for each a’€ A with a’>a. Since dimG, is
finite, dim H =n,. is also finite for a’>a. Since H% DH?. for a’>a’>a,
ne..=ne. Since all n, are integers, there exists k(a)>a such that 7n,¢,=ng
for each a’>k(a). Hence

€Y H,=H§ for each ¢’ A with a’>k(a).

(1) means that ¢ satisfies the Mittag-Leffler condition (see MS [34]).
Let H,=H%,, for ac A. Then by (1) it is easy to show that

(2) Par.or(Hg)=Hgy: for a”">a’.

By (2) po'.o:Goa—G, induces a linear map p4 .: H,—H, for a’>a. Then
H={H,, po.a, A} forms an inverse system on Vec,(F). Let Ja: Hy;—G,4 be the
inclusion map for a=A. Then j={1,, j.: asA}: £—¢g forms a system map.

Since jaPicar.a=Pkcar.a @04 DPrcar.afkca>=Dicar.a, by Morita’s diagonal theorem
(see MS [34, p. 112]) |

3) J:4— @& is an isomorphism in pro-Vec (F).

Let p'={ps:a€A}: H=lim 4 — 4 be an inverse limit. Then j induces a
unique homomorphism j: H—G satisfying

“) Jjp’=pj.
Since por,aPar=pa for a’>a, p(G)CH, for acA. Then p,:G—G, induce

maps pg:G—H, such that j,pi=p, and pi. . pi =p% for a’>a. Thus p’=
{pi:acsA}: G—4 forms a system map satisfying

6, p=jp”.
Then there exists a unique homomorphism 4 : G—H such that
(6) plthl/.

Since j(p”j)=p")j=pj=jp’ by (4) and (5), by (3)
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(7) p"j=p’,

Since p’(hj)=(p’h)j=p”j=p’ly by (6) and (7), then by the uniqueness of inverse
limits hj=1g. Since p(jh)=(pj)h=j(p’h)=jp"=plc by (4)-(6), then by the
uniqueness jh=1s and hence

(8) j: H—G is an isomorphism and then dim H=dimG=n.

Since all bonding maps p-., are onto by (2), by (5.2) all p5: H—-H, are
onto and then m,=dim H,<dim H=n for all acA. By (2) ms =m, for a’>a.
Then there exists a,=A such that mg, =m, for each a>a,. Thus by (2)
Pl ar s HymH,. is onto and dim H,-=dim H,. for a”>a’>a,, and then by (5.1)
Pl o s Hy—H, is an isomorphism for a”>a’>a,. It follows that p,: H—H,
is an isomorphism for a>a, By this and Morita’s diagonal theorem

©) p’: H— 4 is an isomorphism in pro-Vec(F).

By (3), (4), (8) and (9) p:G—¢ forms an isomorphism in pro-Vec (F). Hence &
is stable in pro-Vec(F). .

_Next we assume that ¢ is stable in pro-Vec(F). By Lemma 2.13 of Dydak
an inverse limit p:G=lim¢—2¢ is an isomorphism in pro-Vec(F). Then
there exists a system map g={q.}: ¢—G satisfying pg=1¢ and gp=1le. Put
¢o:Ga,—G. Since gp=1s, qopa,=1lc and then pg,: G—G,, is 1-1. Thus dimG
=dim po(G)=dim G,,<oo. Hence dim G is finite. W

To show (1) in the proof of' (5.3) we do not use the condition, dim G=n <co.
Thus we have the following :

(5.4) COROLLARY. Any inverse system on Vecs(F) satz'sﬁes‘ the Mittag-Leffler
condition. M

(5.5) COROLLARY. Let G be an inverse system on Vecy(F). If dimension of
lim G #s finite, then there exists a,=A with the following properties:

(i) pe:limG—G, is 1-1 for each a>a,, and

(ii) for each a>a, there exists k(a)>a such that po(lim @)=pur,o(Gor) for
each a’>k(a). W

H(X;F) denotes the 7-th Cech homology of a space X with coefficient F.
A map f:X—Y induces a homomorphism fy;: H{(X; F)-»H Y ; F). We say that
X is of finite type with respect to F provided that there exists an interger n
such that H{X; F)=0 for j>n and H(X;F) isa finite dimensional vector space
over F for j=n.

(5.6) LEMMA. If a space X is of finite type with vespect to F, then there
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exists WeECouv(X) with the following property:
(*) For any space Y and any maps f, g:Y—=X if (f, g)<W, then fy;=
gxj: H(Y ; F)>H{(X; F) for each j.

PROOF. We recall the definition of Cech homology. Let U, U’ECon(X)
with U’<U. Let pgy: X—>N(U) be a canonical map into the nerve of ¢ and
par, s N(U)—>N(U) a projection. pq-,¢ is a simplicial map satisfying py., ¢(U’)
DU’ for each vertex U'eN(VU’). It is well known that if pqr 4, oy v : N(U’)
—N(U) are projections, then pq: y=py .. Pxj={puxj: UEC(X)}: H(X;F)
—pro-Hy(X; F)={H{(N(U); F), pa, uxj Cov(X)} forms an inverse limit.

Since X is of finite type, there exists an integer n such that Hy(X; F)=0
for j>n and H(X;F) is a finite dimensional vector space for j<n. For any
7, 0=7=n we show the following:

1) There exists W;=Cov(X) such that for any space Y and any maps
f, g:Y"—)X if (f, g)<(W_;, then f*jzg*j: Hj(Y;F)ﬁH](X;F).

Since X is compact, we may assume that all coverings U are finite cover-
ings and then H;,(N(VU); F) are finite dimensional vector spaces. Since H(X; F)
is a finite dimensional vector space, by (5.5) there exists U,=Co»(X) such that

) pas;: H(X; F)— H{(N(U); F) is 1-1 for U<U,.

Take any U={U,, U,, ---, U;} ECov(X) with U<U,. Since X is normal, U is
shrinkable. Then there exists U’'={U}, Us, ---, U} ECov(X) such that U,cU;
for 1<i<s. Since U;"\(X—U,;)=@, there exists K;ECo»(X) such that st(T}, X;)
Nst(X—U;, X;)=¢@ for each i1=1, 2, -, s. Put W,=H, AK: N\ ++ AK,ECouv(X)
and then

(3) st(U;, wynst(X—U,;, Wp=@  for i=1,2, -, s.

We show that 9; is the required covering. Take any space Y and any
maps f, g:Y—X such that (f, g)<W;.

4 g NUHCfNU;)  for i=1,2,--,s.

For any yeg~'(Uj) there exists W,e%; such that f(y), g(y)eW,. Since g(y)E
UiNnW,, f(y)est(U;, w,). By (3) f(y)¢st(X—U,, W,) and then f(y)eU,;. Thus
we have (4).

Let g :Y—>N(<V) and gor, o : N(V’)—»N(<V) be a canonical map and a pro-
jection for W’'<<V. Then quj={qwx;: VECw(Y)}: H(Y ; F)»pro-H(Y ; F)=
{H{N(V); F), payr,awsxj Cov(Y)} forms an inverse limit. By (4) we define a
simplicial map v: N(g*U")—»N(f*U) by v(g~'U})=f"'U; for each ;. Then v is
a projection and thus v=~g,-i1q+,s-1y. Hence
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®) Vi =qg-1ar, s L HN(E ™' U') ; F)— H(N(f7'U); F).

f and g induce simplicial maps fy : N(f 'U)—N(U) and g, : N(g~*U’")—>N(U’)
by fo(f"'U;)=U, and g,(g~'U,)=U;} for each i. Since U;cU,CU,; for each i,
we define a simplicial map u : N(U)—»N(U) by u(U};)=U; for each 7. Since u
and pq,q are projections, u= pq- ¢ and hence

(6) U= D, axj s HAN(U"))— H(N(U)).

By the definitions of f,, g4,  and v clearly ug,=f,u and hence
(7) Ui & wj=F sV

By 5)-(7)

) P, uxi8si=SuxiGa-10", s-124i -

Take any z&H(Y ; F). By 8) puxifsi2)="[exiqs-10x(2)=Faxidg-10". s =145
Go-107+K2)=Dr s, ;8 4% 19 -1 +K2)= Pyt . ayx i Dy %18 2)= P ;&x2), that is, Pasx;
[/ (@)=Dux;8x§2). By (2) fejz)=gx«s(z) and then fix;=gx; Hence we have (1),

Finally we put W=W,AMW A -+ AW,ECov(X). By the choice of n and (1)
it is easy to show that 9 satisfies (*). W

For compact metric spaces (5.6) was proved by Dugundji [11].

Q denotes the field consisting of all rational numbers and put Hy(X)=
H{(X;Q). We say that X is of finite type provided that X is of finite type
with respect to Q.

Maxwell defined homomorphisms g% : H(K"/G)—H,(K) for finite poly-
hodra K and integers ; satisfy the following conditions:

(M1) fe;p¥=pL f«; for any map f: K—L between finite polyhedra;

H(K™/G) A > H(L"/G)
ﬂfl 1#?
H{K) L > H{(L)
(M2) 3t mk;=n¥ngs,; for any finite polyhedron K;
H(K™) S SH(K™/G)
LY lﬂf

H{(K)
Here n;=n%¥: K"—K is the /-th projection.
We shall define homomorphisms g% : H(X"/G)—H,(X) - satisyng (M1) and
(M2) for all (compact) spaces.
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Let X and Y be compact spaces. Take any finite polyhedral resolution p=
{pa:a€A}: XoX={X,, pa'.ay A} and gq={g: bEB}: Y->Y={Y, qv.», B}.
Then p*={p":acA}: X">2X"={X3, p% .., A} and p={p.:acA}: X"/G—
x"/G={X%/G, pa'.a, A} are finite polyhedral resolutions (see §4). By (Ml) for
finite polyhedra the Maxwell homomorphisms p$=pu¥e: H(X7%/G)—H(X,) satisfy
DPar.axit =p%Par.ax; for a’>a. Then p2= {1,, pi:ac€A}: H(X"/G)=
{H{(X2/G), par.axjr A} H{(X)={H{Xa), Pa'.ax;y A} forms a system map. By
taking inverse limits we have a homomorphism g2=Ilim p# : H( X"/G)=lim H{X™"/G)
—lim H(X)=Hy(X).

(5.7) LEMMA. fx;u2=pifx; for any shaping f: X—Y. Here f=GP™(f).

PROOF. Take any representation f={f, H(f,): b B} : H¥)={X,, H pa'.a), A}
—H(Yy)={Ys, H(gy,»), B} of ashaping f. Then f={f, H(f,): beB}: HX"/G)
—H(y"/G) represents a shaping f=GP"(f) by (4.10). Thus fs;={f, fox;j: b=B}:
H{(2X)—H{Yy) and fy;={f, fox;: bEB} H(X"/G)->H{(Yy"/G) form system maps
on Vec(Q) by (4.1). Then fi,=limfy;: H(X)-H,Y) and fi;=1im fy;: H(X™/G)
—H(Y"/G). For any beB (]b*jf*jﬂf=fb*ij<b>*j#‘f=fb*j#§(°)2f(b)*j=#'}._fo*j2f(b)*j
=p3qux; [ %i=qox ;3 fx;. By the uniqueness of inverse limits we have the required
one. W '

Let X be a finite polyhedron. Let p(X): X—{X} be the rudimental resolu-
tion of X. From the definition we have that

(5.8) LEMMA. uX¥=u2% for any finite polyhedron K. m

When we take f as the identity shaping, from (5.7) it follows

(5.9) LEMMA. If p: X—X and p’: X—>X’ are finite polyhedral resolutions,
then p2=up?'. m

By (5.9) p¢# does not depend on the choice of finite polyhedral resolutions of
X and then we denote it by p#¥. By (5.8) our homomorphism coincides with
the original Maxwell homomorphisms for finite polyhedra. By (5.7) (M1) holds
for any shaping. ‘By (M2) for finite polyhera and each a€A pas;p?yx«;
=pGPaxiNxx; = #,ﬂa*jpa*j = (2% 1”1*,)1’«1*7 21 (mEaepDs; = Dy DaxiTh; =
Daxj(Zt1 ;). By the umqueness of inverse limits ¥ 9 xs;=p2) xs;= 201 T
This means (M2) for compact spaces. We summarize as follows:

- (5.10) THEOREM. Maxwell homomorphisms can be extended to compact spaces
satisfying (M1) for shapings and (M2). ®
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Let X be an ANSR. Then there exist a finite polyhedron P and shapings
f:X—P, g:P—-X such that gf=SH(1x) by (II.6.1). By (5.10) fg=SH(lxnc).
Put Wef=gupt5 f«;: H(X"/G)—»H X). By (B.7) Wu¥=gu;utffe;=pFgx;f+;=
p¥SH(1xn6)x;=p¥. We summarize as follows: B

(5.11) LEMMA. Wyu¥=pu¥ for any ANSR X. =

Masih introduced the Maxwell homomorphisms Mp%¥ : H(X™/G)—> H{X)
for any compact metric ANR X as follows: Since X is an ANR, there exist a
finite polyhedron P and maps f: X—P, g:P—X such that gf=1y. He defines
My =gx;p¢5 f+; From the definitions MpF=WpuF. Hence by (5.5) we have that

(5.12) COROLLARY. Mu¥=u¥ for any compact metric ANR X.

Vora introduced the Maxwell homomorphisms Vp¥: H(X"/G)—Hy(X)
for any compact metric AANRy X. We define a homomorphism Vu¥ by her
method.

Let X be a compact AANRy. By (4.13) X*/G is an AANRy. By (L.6.1)
and (II.6.6) X and X"/G are shape dominated by finite polyhedra, and then they
are of finite type. By (5.6) there exist UECouv(X) and VECouv(X™/G) with the
property in (5.6) for X and X*/G, respectively. Since X is compact, there ex-
ists Uo=Cov(X) such that U,<U and VUi<U"AnF<V. Since X is an AP by
(II. 5.10)-(II. 5.11), there exist a finite polyhedron P and maps f: X—P, g: P-»X
such that (gf, 1x)<U,. Then (gf, 1)<<V. By the choices of U and <V, gy;fx;
=lxs; and gy;fx;=lxn/ess. Vora defines homomorphisms VuF=gu;uff«;:
H{(X"/G)—>H{(X). By B.7) Vuf=guttif+i=7gxif ;=05 lxnics=p5. We
summarize as follows: |

(5.13) LEMMA. V,ug?’zp‘}" for any compact AANRN' X m

(5.12) and (5.13) mean that our extension of the Maxwell homomorphisms
are natural.

§ 6. Fixed point theorems.

In this section we discuss the Maxwell fixed point theorem for NE-maps.
It implies the Lefschetz-Hopf fixed point theorem for NE-maps and fixed point
theorems for hyperspaces and for cone spaces. ,

In this section all spaces are cqmpact. Let X be a space of finite type and
f: X—-X"/G a map. We say that a point x= X is a fixed point of f provided
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that for each (x,, x,, -+, x,)=X™ with f(x)=nx(x, x,, -+, x,), there exists i,
1<7/<n, suchthat x=x;. We define a Lefschetz number L(f)=37o(—1)tr(p¥ fx;)
of f. Here tr(p¥ f«;) denotes the trace of the homomorphism pf fi;: H(X)—
Hi(X). Here H)(X) is the j-th Cech homology with rational coefficient Q.

(6.1) LEMMA (Maxwell [36]). Let P be a finite polyhedron and f: P—P"/G
a map. If L(f)+0, then f has a fixed point. W

(6.2) THEOREM. Let X be a compact space of finite type and let f: X—
X"/G be a map. If f is an NE-map and L(f)#0, then f has a fixed point.

Using only (6.1) we shall show (6.2). To do so we need some lemmas.
For each 7, 1<i<n we put Fi(f)={x€X: x=r.np~'f(x)} and F(f)=U{F(f):
=1, 2, .-, n}.

(6.3) LEMMA. F(f) is the set of all fixed points of f.

Proor. Take any fixed poont x of f. For each (x,, xs, -+, x,)EX™ with
f(x)=mn(xy, x2, ---, x,), there exists 7 such that x=x;. Thus x=x;€mm (%),
that is, xeFy(f/)CF(f).

Take any x<F(f) and then x=F,(f) for some 7. Thus xe=;7"'f(x) and
then there exists (y,, ¥z, -, ¥2)E 7' f(x) such that x=y,. Take any (x,, xs, -** x,)
€ X" such that 5(x,, xa, -+, Xn)=£(x). Since 7(x,, Xs, -, £2)=FX)=9(Y1, Y3, =, Yu)s
there exists g&G such that g(x,, x5, ==+, X2)=(¥1, Y2, *=*, ¥a). Thus x=y;=
X g¢> and hence x is a fixed point of /. W

Let UeCou(X). We put Fi(f, U)={x=X: st(x, U)Nzm;p~ ' f(x)+= D} for i
and F(f, U)=U{Fi(f, U): i=1, 2, ---, n}. We say that a point of F(f, VU)isa
¢ -fixed point of f. Trivially F(f, U )CFi(f, U) and F(f, U )TF(f, U) for
U'<U. Let j& o F(f, U)—Fi(f, U) and jqprq: F(f, U)—F(f, U) be inclu-
sion maps. Thus we may define inverse systems F.(f)={F:(f, V), j& . @,
(Cov(X), )} and F()={FF, V), ja.v» (Cov(X), >)}. Here U’>U neans that
U’<U, and then (Cov(X), >) forms a directed set.

(6.4) LEMMA. F(f)=limZ;(f) and F(f)=lmZF(f) for each i.

PROOF. Take any 7. Since all bonding maps in F,(f) and F(f) are inclu-
sions, imF(f)="\{F(F, U): USCos(X)} and limF(f)=N{F(f, U): UECov(X)}.
Then we need to show that Fi(f)=\{F(f, U): USCov(X)} and F(/)=N{F(f, U):
UeCou(X)}. From the definitions F,(f)CFi(f, U) and F(f)CF(f, U) for
UeCov(X). Thus it is sufficient to show that
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(1) MNF(f, U): UECou(X)}CF(f) and
(2) NF(f, U): UsCon(X)}TF(S).

CLAIM. For each U&Cou(X) there exists W< U such that F;(f, W)CTFi(f, V).

We put k;=n¥935f: X—»X”/Gi>2X"/G—>2X"—>2X. Here ; is an inclusion
map. Since %z :2%¥"/62%" ig continuous by the proof of (4.4), k, is continuous.
Take any U<Cov(X). Since X is compact, there exists a finite covering Ve
Cov(X) such that stV<U. For each x€X we put m(x)={VevV:VNrp ' f(x)
#@} and m(x)={Vi, Vi, .-, Vi), Since V%, V§, -+, Viey is an open
neighborhood of z;7~'f(x) in 2%, there exists an open neighborhood W/ of x in
X such that

3) (W CKVE VE, -, Vi for each xe=X.

We put W'={W,:xeX} and W= ANV Cov(X).

We show that 9 has the required property. Take any x&F,(f, %). There
exists V,ev with xV,. Since VW is a neighborhood of x in X, V,N
WiNF(f, W)+@. Take any x,eV,N\W,NF(f, %) and then st(x,, )N
7 f(x)#=@. There exists W=V,N\W, such that V,exv, W, . cw’, x, W
and WNn;n~'f(x,)#@. Then there exists x,cWNz;n~'f(x,) and thus

4) X1, %€V, and x,=mp7' f(x,).

Since x, x, €V .NWY%, then kx), k(x)eV%, VE, -, Vi ie.,
®) i) f(x)CVIUVEU - UVE,, and

(6) T f(NVEED for each ¢, 1=t n(x).
By (4)-(5) x.€V¥, for some t,, 1<t,<n(x) and then by (6)

@ x€VE and mop lf(ONVE#D.

Since x, x,€V,N\W%, by (4) and (7)

) xEst(Vy, @) and  st(V,, W)Nmip f(x)#=D.

Since stcV<U, by (8) st(V,, V)Cst(x, U) and st(x, U)N\zmin~'f(x)+@. Then
xeFy(f, U) and hence we have the Claim.

To prove (1) take any x¢& Fy(f). Since x&mn~'f(x), {x} and =, ' f(x) are
disjoint closed subsets of X. Then there exists U&CCov(X) such that st(x, U)N
sty f(x), U)=@. Thus x&F,(f, U). By the Claim there exists W< Cov(X)
such that F(f, W)CF,f, U). Then x&F,(f, W) and hence x&N\{F{f, U): U
€Cov(X)}. This means (1) and hence the first assertion.

To prove (2) take any x& F(f) and then x& Fy(f) for each 7, 1<:<n. Since
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F(f)y=n{F{f, U): U€Cou(X)} by the first assertion, then there exists U,
Cov(X) such that x&Fy(f, Us) for eachi. We put U=U, AU A -* AU ECon(X)
and then x & F(f, U) for all i, 1<i<n. Since F(f, U)=\U{F:(f, V):i=1,2,---,n},
x&F(f, U) and hence x&N{F(f, U): USCox(X)}. This means (2) and hence
the second assertion. H

Since F(f) is an inverse system of compact spaces, the following follows
from (6.3) and (6.4).

(6.5) LEMMA. If f has a U-fixed point for each UECow(X), then f has a
fixed point.

(6.6) LEMMA. Let x=(xy, X2, ***, Xn), ¥=(Y1, V2, =+, Y2)EX". Let UE
Cov(X) and U=U,; XU, X +-- XU, U™ If yp(x), n(y)Est(nU), p(U™)), then for
each i, 1<i<n, there exist j, 1<j<n, and U*SU such that x;, y;,=st{U*, V).

PrROOF. Since %(x), p(y)Esi(nlU), n(U™)), there exist U’'=U;X -+ XUx,
U'=U"% --- xUpreU™ such that
1 n(x)enpU’) and 9(y)enplU”),
) pUNNpU)#+@ and nU")NpU)#QD.

By (2) there exist s’=(s}, s3, -+, Sp)EU’, s=(s4, Sz, ==+, S2)EU, t"=(t7, 15, -+, t7)
eU” and t=(,, t,, ---, tn)eU such that

3 7(s")=n(s)enU)NyU) and

) nt")=n®nU)Nyl).

By (1) there exist x’=(x{, xi, =+, xn)€U’ and y"=(y7, y%, ---, ya)EU” such that
(%) n(x)=n(x") and 7()=9(y").

By (3)-(5) there exist gi, g2, &, 84&G such that x=g.x’, s'=g,s, t=g,t” and
y”"=g,y. Take any 7, 1<i<n, and then

6) xi-_—x'g,(n, S'g,m:nggl(i), tgggICi):tZ3gggl(i) and y'ésgzgl(i)=yg4gsg2g1(i)-
Since x’, s’eU’, s, teU and t”, y”€U”, we have that
@ X0 St EU % s Sgaaiciv taga«vEU gyg,0 and
Begsg1¢i)r Visgas > EUZga08,000-
By (6) and (7) Xi, ¥g,05008:ESHU gy, U).  This means that j=g,g2:8:8:(7)

and U*=U,,, €% are the required index and covering. ™

- (6.7) LEMMA. Under the same conditions as in (6.2) f has a U-fixed point for
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each CZ]ECOU(X).

PrOOF. By (I.3.15) there exists an approximative finite polyhedral resolu-
tion p={p,:asA}: X%, U)={(X., UL), Par.a, A4}. By (1) in the proof of
(4.2) and (4.6) p={p.: acA}: X"/G—(X, U)"/G={(X2/G, 9.(UM), Pa'.ar A}
forms an approximative finite polyhedral resolution. Since all X, and X*/G are
finite polyhedra, there exist UZeCov(X,) and V2 Couw(X?/G) such that st2U”
and st?’cV] satisfy (+x) in (I.5.6). By (I.4.4) there exist U,=Cov(X,) for all
a< A such that U, <V, Vi<nzV4 for ac A and (¥, U)={(Xa, Ua), Da'.a» A}
forms an approximative inverse system. By the choice of U, and (I.3.3) p: X
—(X, U) is an approximative POL,-resolution. By (4.6) p: X"/G—(Zx, U)"/G
is also an approximative POL;-resolution. By the choice of U, for each ac A
and for any space Y
1) if g, h:Y - X, are st?*U,-near, then g~h and

(2) if g, h:Y—X2/G are st’n,(U?)-near, then g=h.

By the continuity of Cviec‘h homology H,(X)=lim{H(X,), Da’.axm, A}. Since
X is of finite type and all X, are finite polyhedra, by (5.5) there exists a,€A4

satisfying
(3) Dasxm : Hn(X)— Hy(X,) are 1-1 for all m and all a>a, and
4) for each a’>a, there exists k(a’)>a’ such that

Im (porsm)=Im(pq, o xm) for all m and all a>k(a’).

Here Im (p, «m) denotes the image of pg sm : Hn(X)—>Hn( X, ).

Let f={f, fo:asA}: (%, QJ)—>(:X’, U)*/G be an approximative resolution
of f with respect to p and p. Since f is an NE-map, f satisfies (NE).

Take any UeCorv(X). Then by (AR1) there exists a,>a, such that Paist’U,,
<U. By (NE) for f there exists a,> f(a,) satisfying (NE) for f and a,. Take
any as>ai, ;. We put A(a;)={a<€A: a>a;s}, Fi={xEX,: st(pq,a,(x), tUay)
NTNa1fa,Pa reap(X)#=D} for each a=A(a;) and i=1,2, -, n, and F,=\U
{F&:i=1,2, -, n}. It is easy to show that p. (Fi)CF¢ and then pgr o(Far)
CF, for a’>a and all 7. Thus p,, «(F.)CF, for a’=a. This means that F=
{F., Dar.a, A(a,)} forms an inverse system consisting of compact spaces.

CLAaM 1. F,#+Q for all a<A(a,).

Take any a& A(a;). By the choice of a, there exists a map 7 : Xo,— Xitar/G
such that

(5> (falpa.g,f(al): 2k(a),a17)<5t77a1(cuall)-

By (5) (fa,Prcapr Prcara,r Da,) <Sthe (UZ). Since f is an approximative resolu-
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tion of f,

(6) (oS> fa,Prap<na, (Vi)
Since (Pa,fs Prcar.a,FPay) <5t*9a (U3, by (6), by (2)
%) Pa,f=Prcara" Pa,-

Take any integer m. By (7) pamfem=Drca>. axm?smPa,xm and by (M1)
(8) Da.agkmPakmttm fem=DPa. akmPrcar, axmtim  TiemDaykm -
By (3) and (4)
9) ba aprm!IM(Pasm): IM(Poxm) = Hn(Xe) is 1-1 and Im (paxm)=Im(Prca>. axm) .
Then by (8) and (9)
(10) Paxmllm fxm=Drcar, axmtm > smDaykm -

Let £=Prca>. a”Pa.a,: Xo—X2/G and then by [10) and (M1)
(11) Paxmftm frem=pn8smDaxm «

Let hn=(Paxm) P>, axmts® 7 smPa, agim : Hn(Xo)—Hn(X). By 9) hn is well
defined and by (M1)

(12) pa*mhmzﬂgng*m—
By and DaxmPmPakm=Dasxmtm f+m and then by (3)
(13) hmpa*mzﬁmf*m-

By and tr([lmf*m):tr(hmpa*m):tr(pa*mhm)_——tr(ﬂ?ng*m)- Then L(f):‘
ol = D™t (pm fam)=Dm-o(—1)™tr(ehgxm)=L(g), that is,

(14) L(f)=L(g).

By the assumption L(f)+#0, then by L(g)#0. By (6.1) there exists a
fixed point x, of g. Take any x=(x;, xs, =+, x2)E X2 such that n.(x)=g(x,).
Since x, is a fixed point of g, there exists 7,, 1<7,<n such that x,=x;. By
the definition of g and (5) (fa,Pa.rcapr Pa.a,8)<StNa,(V%,) and then there exists
U=U,X - XU,€U}g, such that

(15) falpa.f(al)(xo); Pa.alg(x0>65t(77a1(U): ﬂal(qjgl))t

Then fu,Pa. rap(X0)=17aq,(y) for some y=(yy, ¥z, =+, ¥Y2)EX7,. Since pg,aq,g(xo)
=Pa.a,Na(X)=7a,D% 0 (X1, X2, =+, X2)=Na(Pa.a (%1), Pa,a)(X2), =5 Da.a,(X0)),
means that 7, (¥, Yo, = » Yn)» Nay(Pa.a)(X1), 5 Pa.a(Xa)ESHNa,(U), 7a,(Uz))
Thus by (6.6) there exists j, 1<j<n and U*€vU,, such that

(16) Pa.ay(xig), ¥;ESHU*, Vo).
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Since xo=x;, and y,E7;93! fo,Da. rcap(*o); means that st(pq,q,(%0), StUqa )N
TNaifa,Da rap(X0)# D, that is, xo&F{CF,. Hence F, is not empty. We have
Claim 1.

CLamM 2. All points of lim&F are U-fixed points of f.

Take any zeF=1im%, any a<=A(a,) and put z,=pq.(z2)EF,. There exists
UtEU,, such that pg, q,(2.)=p.,(2)EUY. By (6) there exists U'=UiX --- XUy
€Uz, such that
(17) Z_’a.alf(z), falpa.!(a1)<za)e nal(Ul)-

Put W=p3!a,(UHYN(fa,Pa.7cap) ' (9a,(U")) and then W is an open neighborhood
of z, in X,. Since z,=F,, then WNF,#@®. Take any weWNF,. Since
weW, then

(18) pa.al(w)EUT and falpa,f(al)(w)eva‘(U,)-

Since weF,, there exists 7,, 1=<7,<n, with weF{ and then there exists U}
U,, such that

(19) Pa.a(W)ESHUY, U,,) and
(20) SZ‘(U’;, qja1>m7ri177;ifa1pa, f(a.l)(w)i @ .

By there exist z,=(z{, 24, -, z5)€X™ and w'=(w{, wj, -+, wyp)U’
such that f(z)=7(zy) and fa,Pa, rcap(W)=nq,(w’). By there exists w”=
(w4, w§, -+, wi)e X2, such that f4 pa, rap(w)=2q,(w”) and

(21) wiestlU%, U,,).
Since 7,,(w”)=7n,,(w’), there exists g,=G such that g,(w’)=w”, and then
(22) w'IiIl:w,gl(il)-

By there exists z'=(z}, z5, -+, 2)&U’ such that p,, f(2)=94,(2’). Since
pa f@=pan(z)=00, 0%, (2)=Na,(Pa,(2]), -+, Pa,(2])), there exists g:€G such
that z’=g,(pq,(2]), -+, Da,(24)) and then

(23) 2 ip="Da,(Z,e,¢i0)-

Since w', Z’EU’, then w’gl(il)’ Z’gl(il)EU,gl(il). By @‘(23)

(24) pal(zfrzgl(il))EU;l(il) and Uj,apNstU%, Vs )+ D .
Since p, (2)€U%, by and (19)
(25) Po,2)EU¥ and UINstUF, U )#+D.

By [24) and [25) po,(2), Pa, (25,0, p)EststUS, Ua,), stUq,). Since pgist*U, <V,
there exists U**4U such that z, z§,, € palst(stU%, U,,), stU.,)CU**.  Since
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2L, pE T gpe,apn f(2), we have that si(z, U)N7Tgy ., f(2)#@ and then
2€F g, 5,ap(f, UYCF(f, U). Hence z is a U-fixed point of f. We have Claim 2.
Since all F, are non-empty compact spaces by Claim 1, F=lim% is not
empty and hence by Claim 2 f has a U-fixed point. Since U&Cov(X) is arbi-
trary we have the required assertion. W
(6.2) follows from (6.5) and (6.7). =

(6.8) COROLLARY. Let X be a compact space of finite type, and let f:X—
X"/G be a map. If X is approximatively movable and L(f)+#0, then f has a
fixed point.

(6.9) COROLLARY. Let X be a compact AANR¢ of finite type, and let f: X—
X"/G be a map. If L(f)#0, then f has a fixed point.

(6.10) COROLLARY. Let X be a compact AANRy and let f: X—>X"/G be a
map. If L(f)#0, then f has a fixed point.

(6.11) COROLLARY. Let X be a compact ANR and let f: X—X"/G be a map.
If L(f)#0, then f has a fixed point.

(6.8) follows from (1.9), (1.12) and (6.2). (6.9) follows from (I.9.3) and (6.8).
(6.10) follows from (II.5.11) and (6.9). (6.11) follows from (Il.4.6) and (6.8). ®

We assume that n=1. Since S, consists of only the identity element, G is
the trivial group. Thus X*/G=X and 5: X"/G—X is the identity map. Then
by (M2) p;: H(X"/G)=H{X)—»H (X) must be the identity homomorphism.
Hence L(f)=3%o(—1)Ytr(p;fe)=27=o(—1)tr(fs;), that is, L(f) is the usual
Lefschetz number A(f) of f. Thus we have the following from (6.2).

(6.12) THEOREM. Let X be a compact space of finite type and and let f:X
—X be a map. If f is an NE-map and A(f)#O0, then f has a fixed point. =

When n=1, (6.1) means the Lefschetz-Hopf fixed point theorem for finite
polyhedra. Hence the proof of (6.2) asserts that (6.12) follows from the usual
Lefschetz-Hopf fixed point theorem for finite polyhedra.

(6.13) COROLLARY. Let X be a compact space of finite type and let [ : X—X
be a map. If X is approximatively movable and A(f)#0, then f has a fixed point.

(6.14) COROLLARY. Let X be a compact AANR; of finite type and let f: X
X be a map. If A(f)#0, then f has a fixed point.

(6.15) COROLLARY. Let X be a compact AANRy and let f: X—X be a map.
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If A(f)#0, then f has a fixed point.

(6.16) COROLLARY. Let X be a compact ANR and let f: X—X be a map.
If A(f)#0, then f has a fixed point. ‘

In the same way as for (6.8)-(6.11) we have (6.13)-(6.16) from (6.12). =

(6.17) COROLLARY. Let X be a compact space.

(i) If X is approximatively movable, then Cone(X) has the fixed point pro-
perty. )
(i) If dim X=n<oo and X is LC"', then Cone(X) has the fixed point pro-
perty. :

(6.18) COROLLARY. If a compact connected space X is approximatively mov-
able, then 2% and C(X) have the fixed point property.

(6.19) COROLLARY. If X is a dendrite, fan or smooth dendroid, then 2% and
C(X) have the fixed point property. '

(6.17) follows from (I.3.1), (2‘.5) and (6.15). (6.18) follows from (3.10) and
(6.15). (6.19) follows from (3.11) and (6.15). m

(6.20) REMARK. Kinoshita [27] constructed a contractible continnum X
withoutTthe fixed point property. Also he showed that Cone(X) does not have
the fixed point property. Kbnill studied the fixed point property for cones.
(6.17) is better than Theorem 2.7 of Knill [28]. Rogers constructed a con-
tinuum X such that C(X) does not have the fixed point property. (6.18) gives
a partial answer to problems in Rogers and Nadler [39]. (6.19) was proved
by Fugate [16, 17].

(6.21) REMARK. Masih proved (6.11) and Vora proved (9.10) for
compact metric spaces. Note that their Maxwell homomorphisms are equivalent
to ours by (5.6) and (5.7). Knill proved the Lefschetz-Hopf fixed point
theorem for Q-simplicial spaces. Using his results Clapp proved (6.14) for
compact metric spaces. Granas [22] proved (6.15) for compact metric spaces.
(6.12) was proved by Borsuk for compact metric spaces and by Gauthier
for compact spaces. Their proofs depend on (6.16). Our proof depends only on
the Lefschetz-Hopf fixed point theorem for finite polyhedra and then (6.16) is
our corollary.
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