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1. Introduction.

In what follows, $\Omega$ is a $nXn$ matrix whose entries are non-negative integers,

and $\Omega$ satisfies:

(0) The characteristic polynomial of $\Omega$ is irreducible over $Q$, the field of rational
numbers, and $\Omega$ has the eigenvalues $\rho_{1},$ $\rho_{2},$

$\cdots$ , $\rho_{n}$ such that $\rho_{1}>1$ and
$\rho_{1}>|\rho_{2}|\geqq\cdots\geqq|\rho_{n}|$ .
Let $(A_{ij})$ be the classical adjoint (the transpose of the matrix of cofactors)

of matrix $\Omega-\rho_{1}E$ , where $E$ is the $n\times n$ identity matrix. For a non-negative

integer $k$ , we put $\Omega^{k}=(0_{tj}^{(k)})$ , and for a n-tuple of independent variables
$z=(z_{1}, \cdots, z_{n})$ , we define

$T^{k}z=(z_{1^{(k)}}, \cdots, z_{n}^{(k)}),$ $z_{i^{(k)}}=\Pi_{j\Rightarrow 1}^{n}z_{j}^{0_{ij}^{(k)}}$ .
Let $F$ be a finite algebraic number field and $f(z)=\sum_{h_{i}\geq 0}a_{h_{1}\cdots h_{n}}z_{1}^{h_{1}}\cdots z_{n}^{h_{n}}$ be a
power series with coefficients in $F$. By $\overline{Q}$ we denote the algebraic closure of $Q$

in $C$, the field of complex numbers. Mahler [4] proved:

THEOREM (Mahler). Let $f(z)$ be not algebraic over $\overline{Q}(z_{1}, \cdots , z_{n})$ and satisfy

the functional equation

$f(Tz)=\Sigma_{i=0}^{m}a_{i}(z)f(z)^{i}/\Sigma_{i\Rightarrow 0}^{m}b_{i}(z)f(z)^{i}$ ,

where the coeficients $a_{i}(z)$ and $b_{i}(z)$ are polynomials with algebraic coefficients and
$m<\rho_{1}$ . $\Delta(z)$ denotes the resultant of $\sum_{i=0}^{m}a_{i}(z)u^{i}$ and $\sum_{i=0}^{m}b_{i}(z)u^{i}$ as polynomials

in $u$ . If $\alpha=(\alpha_{1}, \cdots, \alpha_{n})\in\overline{Q}^{n}$ satisfies that $\alpha_{1}\cdots\alpha_{n}\neq 0$ , the real part of
$\sum_{j=1}^{n}|A_{1j}|\log\alpha_{j}$ is negative, $f(z)$ converges at $ z=\alpha$ and $\Delta(T^{k}\alpha)\neq 0$ for all $k\geqq 0$ ,

then $f(\alpha)$ is transcendental.

For example, $f(z)=\Sigma_{h=0}^{\infty}z^{2^{h}}$ satisfies the functional equation $f(z^{2})=f(z)-z$ .
Then for an algebraic number such that $0<|\alpha|<1,$ $f(\alpha)$ is transcendental. Refer

to Loxton and van der Poorten [2], [3] for other examples. Mahler [5], [6]
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treated matrices of the form $\rho E$ and algebraic independency of values of several
functions satisfying a certain type of functional equation. In [7], Mahler gave a
summary of his earlier work and proposed three problems connected with it. Two
of the three problems have been studied by Kubota, Loxton, van der Poorten and
Masser. The present investigation is concerned with the remaining problem:

RROBLEM. Assume that $f(z)$ satisfies an algebraic functional equation of the
form

$P(z, f(z),$ $f(Tz))=0$ ,

where $P(z, u, v)\neq 0$ is a polynomial in $u,$ $v,$ $z_{1},$ $\cdots,$ $z_{n}$ with algebraic coefficients.
To investigate the transcendency of function values $f(\alpha)$ where $\alpha$ is an algebraic
point satisfying suitable further restrictions.

Our earlier paper [9] considered this problem in the case $n=1$ . Now we
consider the general case $n\geqq 1$ , and treat more generalized power series and
transformations. In [9], the coefficients of power series must satisfy some con-
ditions but in this paper we shall show that the conditions are deduced from the
functional equation.

2. Preliminaries, theorems and lemmas.

As usual, if $\alpha$ is an algebraic number, we denote by $|\overline{\alpha|}$ the maximum of
absolute values of the conjugates of $\alpha$ and by $d(\alpha)$ the least positive integer such
that $ d(\alpha)\alpha$ is an algebraic integer, and we set size $(\alpha)=\max\{\log|\overline{\alpha|}, \log d(\alpha)\}$ .
Assume that $\Omega$ satisfies (0), $t$ is a positive integer, and $\rho_{1}/t>1$ . For a n-tuple
of independent variables $z=(z_{1}, \cdots , z_{n})$ and a non-negative integer $k$ , we put

$T^{k}z=(z_{1^{(k)}}, \cdots, z_{n}^{(k)})$ , $z_{i^{(k)}}=\Pi_{j=1}^{n}z_{j}^{o_{ij}^{tk)}/\iota^{k}}$ .
Let $f(z)=\sum a_{h_{1}\cdots h_{n}}z_{1}^{\hslash_{1}}\cdots z_{n}^{h_{n}}$ be a formal power series with powers being non-
negative rational numbers and coefficients in $F$. We may assume $a_{0\cdots 0}=0$ without
loss of generality. We consider the following four properties on $f(z)$ .
(1) There are constants $c_{1}>0$ and $0\leqq\eta<1/n$ such that for any $h>0$ there

exists a positive integer $\delta_{h}\leqq c_{1}h^{\eta}$ with $\delta_{h}h_{i}\in Z(1\leqq i\leqq n)$ if $h_{i}\leqq h(1\leqq i\leqq n)$

and $a_{h_{1}\cdots h_{n}}\neq 0$ .
By the property (1), for a non-negative number $h$ , the cardinality of terms

$a_{h_{1}\cdots h_{n}}z_{1}^{h_{1}}\cdots z_{n}^{h_{n}}$ with $a_{h_{1}\cdots h_{n}}\neq 0$ and $h_{i}\leqq h(1\leqq i\leqq n)$ is not greater than
$(c_{1}h^{1+\eta}+1)^{n}$ .
(2) $f(z)$ is not algebraic over $\overline{Q}(z_{1}, \cdots, z_{n})$ .
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(3) $f(z)$ satisfies an algebraic functional equation of the form:

(2.1) $Q_{0}(z, f(z))f(Tz)^{l}+Q_{1}(z, f(z))f(Tz)^{l-1}+\cdots+Q_{l}(z, f(z))=0$ ,

where $Q_{i}(z, u)\in\overline{Q}[z_{1}, \cdots , z_{n}, u]$ and $Q_{0}(z, f(z))\neq 0$ .

Since we may assume that $Q_{0}(z, u),$ $\cdots,$ $Q_{l}(z, u)$ have no common divisor as
polynomials in $u$ , there are elements $g_{0}(z, u),$ $\cdots,$

$g_{l}(z, u)$ of $\overline{Q}[z_{1}, \cdots, z_{n}, u]$

such that
$g(z)$ (say) $=\Sigma_{i=0}^{l}g_{i}(z, u)Q_{i}(z, u)$

is independent of $u$ and not zero. We set

$m=\max_{0\leqq i\leq l}\deg_{u}Q_{i}(z, u)$ .

(4) If $d_{h}$ is the least positive integer such that $d_{h}a_{h_{1}\cdots h_{n}}$ is an algebraic integer
for all $(h_{1}, \cdots , h_{n})$ with $h_{i}\leqq h(1\leqq i\leqq n)$ , then there are constants $c_{2}$ and
$L\geqq 1$ such that

$\log\overline{|a_{h_{1}\cdots h_{n}}|}\leqq c_{2}(\max\{h_{1}, \cdots , h_{n}\})^{L}$, $\log d_{h}\leqq c_{2}h^{L}$ .
Let $\alpha=(\alpha_{1}, \cdots, \alpha_{n})\in C^{n},$ $\alpha_{1}\cdots\alpha_{n}\neq 0$ , and fix a branch of $\log\alpha_{i}(1\leqq i\leqq n)$ .

For a non-negative integer $k$ , we put

$\log\alpha_{i^{(k)}}=\Sigma_{j=1}^{n}(0_{ij}^{(k)}/t^{k})\log\alpha_{j}$ .
For a power series $f(z)$ with the property (1), we define

$ f(T^{k}\alpha)=\Sigma$ a $h_{1}\cdots h_{n}e^{h_{1}\log\alpha_{1^{(k)}}+\cdots+h_{n}\log\alpha_{n}^{(k)}}$ ,

if it absolutely converges.

THEOREM 1. Let $f(z)$ have the properties (1) $\sim(4)$ . Let $\alpha=(\alpha_{1}, \cdots, \alpha_{n})\in\overline{Q}^{n}$ ,
$\alpha_{1}\cdots\alpha_{n}\neq 0$, and suppose the real part of $\Sigma_{j=1}^{n}|A_{1j}|\log\alpha_{j}$ is negative. Assume that
$f(T^{k}\alpha)$ is defined and $g(T^{k}\alpha)\neq 0$ for any non-negative integer $k$ . By $n_{0}$ , we
denote the rank of the multiplicative group generated by $\alpha_{1},$ $\cdots,$ $\alpha_{n}$ . If
(2.2) $(\rho_{1}/t)\times\min\{(\rho_{1}/t)^{(1- n\eta)/(L+n(1+\eta)-1)}, (\rho_{1}/|\rho_{2}|)^{(1-n\eta)/n(1+\eta)}\}$

$>(t^{n_{0}}l)^{n+1}\times\max\{\rho_{1}/t, m\}$ ,

then $f(\alpha)$ is transcendental.

THEOREM 2. If $f(z)$ satisfies (1) and (3), then $f(z)$ satisjies (4) with $L=$

$\max\{1+2\eta+\epsilon, (2+3\eta)(n-1)\}$ , where $\epsilon$ is any positive number.

In the previous paper [9], we considered the transformation $Tz=t_{p}z^{p}+\cdots+$

$t_{p+N}z^{p+N}$ , where $t_{p},$ $\cdots$ , $t_{p+N}$ are algebraic numbers, $p$ and $N$ are integers with
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$p\geqq 2$ and $N\geqq 0$ , and $t_{p}t_{p+N}\neq 0$ . In this case, we also have the following theorem.

THEOREM 3. Let $f(z)=\Sigma_{h=0}^{\infty}a_{h}z^{h}$ be a formal power series with powers being

non-negative integers, the coefficients in $F$ and $a_{0}=0$ . If $f(z)$ satisfies (3), then
$f(z)$ satisfies (4) with $ L=1+\epsilon$ , where $\epsilon$ is an arbitrary positive number.

REMARK. Mahler considered the case $t=1,$ $\eta=0$ and $l=1$ , and the condition
$m<\rho_{1}$ is needed. In this case, by Theorem 1 and Theorem 2, we only need

$m<\rho_{1}\times\min\{\rho_{1}^{1/(L+n-1)}, (\rho_{1}/|\rho_{2}|)^{1/n}\}$ .
Note that the part of the minimum in the above inequality is greater than 1.

EXAMPLE 1. Let $a$ be an integer greater than 1, $\Omega=\left(\begin{array}{ll}a & 1\\1 & 0\end{array}\right)$ , and $t=1$ . $\Omega$

satisfies (0) and $\rho_{1}>a$ , $\rho_{2}|<1$ . The power series

$f(z_{1}, z_{2})=\Pi_{k=0}^{\infty}(1-z_{1}^{(k)}z_{2^{\{k)}})^{l^{k}}$ $(l\geqq 1)$

satisfies the functional equation: $f(Tz)^{l}(1-z_{1}z_{2})=f(z_{1}, z_{2})$ . If $a_{1}=a_{2}=1$ and
$a_{k}=aa_{k- 1}+a_{k- 2}$ , then $z_{1}^{(t)}z_{2}^{(k)}=z_{1}^{a_{k+1}}z_{2}^{a_{i}}$ . It is shown that $f(z_{1}, z_{2})$ is trans-

cendental over $\overline{Q}(z_{1}, z_{2})$ , and $f(z_{1}, z_{2})$ satisfies (4) with $L=1$ . By Theorem 1, if
$l^{6}\leqq a,$ $\alpha_{i}\in\overline{Q}$ and $0<|\alpha_{i}|<1$ , then $f(\alpha_{1}, \alpha_{2})$ is transcendental.

EXAMPLE 2. Let $p$ be a positive integer, $t\geqq 2,$ $p$ and $t$ be coprime and
$p/t>1$ . Assume that

$A(z, X)=a_{0}(z)+a_{1}(z)X+\cdots+a_{l}(z)X^{l}\in\overline{Q}[z, x]$

satisfies $a_{0}(0)=0,$ $a_{0}(z)\neq 0,$ $a_{1}(0)\neq 0$ , and the coefficients of $a_{i}(z)(0\leqq i\leqq l)$ are
positive. Put

$w_{0}(z)=0$ , $w_{n}(z)=A(z, w_{n-1}(z^{p/t}))$ $(n\geqq 1)$ .

Then $ord_{z}(w_{n+1}(z)-w_{n}(z))\geqq ord_{z}(w_{n}(z^{P/\iota})-w_{n-1}(z^{P/t}))=(P/t)ord_{z}(w_{n}(z)-w_{n-1}(z))$ .
Since $ord_{z}(w_{1}(z)-w_{0}(z))>0$ , there exists a formal power series $f(z)=\Sigma_{h=0}^{\infty}a_{h}z^{h}$

with the powers being non-negative rational numbers such that $\lim_{n\rightarrow\infty}w_{n}(z)=f(z)$ .

We have $f(z)=A(z, f(z^{p/l}))$ . If $a_{h}\neq 0$ , then $h=n_{0}+n_{1}(p/t)+\cdots+n_{i}(p/t)^{i}$ for

some non-negative integers $n_{0},$
$\cdots$ , $n_{i}$ . Therefore $f(z)$ satisfies (1) with $\eta=$

$\log t/(\log p--\log t)$ . If ord. $a_{0}(z)=i_{0}$ , then $a_{i_{0}(p/t)i}\neq 0$ for any $i\geqq 0$ . Hence $f(z)$

is not a Puiseux series, and $f(z)$ is not algebraic over $\overline{Q}(z)$ . There is a constant
$c>1$ computable from the coefficients of $A(z, X)$ such that

$\overline{|a_{h}}|\leqq c^{h}$ , $d_{h}\leqq c^{h}$ $(h>0)$ .
By Theorem 1, if $(p/t)^{(1-\eta)/(1+\eta)}>(tl)^{2},$ $\alpha\in\overline{Q},$ $0<|\alpha|<1/c$ and $a_{l}(\alpha^{(p/t)^{k}})\neq 0$ for
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any $k\geqq 0$ , then $f(\alpha)$ is transcendental. Especially, if $A(z, X)=z+X$ and $p>t^{5}$ ,
then $f(z)=\Sigma_{h=0}^{\infty}z^{(p/t)^{h}}$ and $f(\alpha)$ is transcendental for any algebraic number such
that $0<|\alpha|<1$ . In the case $n>1$ , we can also construct examples similarly.

We need some lemmas for the proof of theorems. Mahler [4] proved that if
$\Omega$ satisfies (0), then $A_{11},$

$\cdots,$
$A_{n1}$ and also $A_{11},$

$\cdots,$
$A_{1n}$ are linearly independent

over $Q$, having the same sign, and $\Omega^{k}=\sum_{i1}^{n_{=}}\rho_{i}^{k}\Gamma_{i}(k\geqq 0)$ where $\Gamma_{i}$ is independent
of $k$ , the entries of $\Gamma_{1}$ are positive, and $\Gamma_{1}=A_{1}(A_{i1}A_{1j})$ for some nonzero number
$A_{1}$ , these lead the following two lemmas.

LEMMA 1. Let $\alpha=(\alpha_{1}, \cdots, \alpha_{n})\in C^{n},$ $\alpha_{1}\cdots\alpha_{n}\neq 0$ , and $\Lambda=\Sigma_{j1}^{n_{=}}|A_{1j}|\log\alpha_{j}$ .
We denote the real part of $\Lambda$ by ${\rm Re}\Lambda$ . Then for any $h_{1},$

$\cdots,$
$h_{n}\in Q$,

$\log|(a_{1}^{(k)})^{h_{1}}\cdots(\alpha_{n}^{(k)})^{h_{n}}|$

$=(\rho_{1}/t)^{k}|A_{1}|({\rm Re}\Lambda)\Sigma_{i=1}^{n}h_{i}|A_{i1}|+\phi(h_{1}, \cdots, h_{n}, k)$ ,

where $|\phi(h_{1}, \cdots , /\iota_{n}, k)|\leqq c_{3}(\sum_{i=1}^{n}|h_{i}|)(|\rho_{2}|/t)^{k}$ and $c_{3}$ depends only on $\Omega$ and $\alpha$ .

LEMMA 2. Let $\alpha=(\alpha_{1}, \cdots, \alpha_{\eta})\in\overline{Q}^{n},$ $\alpha_{1}\cdots\alpha_{n}\neq 0$ . Then there is a constant $c_{4}$

depending only on $\Omega$ and $\alpha$ such that $\log|\overline{\alpha_{i^{(k)}}}|\leqq c_{4}(\rho_{1}/t)^{k}(1\leqq i\leqq n, k\geqq 0)$ , and
there is a positive integer $d$ depending only on $\Omega$ and $\alpha$ such that $d^{[(\rho 1/t)^{k}]}\alpha_{i^{(k)}}$

$(1\leqq i\leqq n, k\geqq 0)$ are algebraic integers.

LEMMA 3. Let $f(z)=\sum a_{h_{1}\cdots h_{n}}z_{1}^{h_{1}}\cdots z_{n}^{h_{n}}$ have the property (1). Assume that
$a_{h_{1}\cdots h_{n}}\neq 0$ , $a_{h}h_{7t}\neq 0i\cdots,$ $(h_{1}, \cdots, h_{n})\neq(h_{1}^{\prime}, \cdots, h_{n}^{\prime})$ and $h_{i},$ $h_{i}^{\prime}\leqq h(1\leqq i\leqq n)$ . Then
there is a positive constant $c_{5}$ depending only on $\Omega$ and $c_{1}$ such that

$|\Sigma_{i}^{n_{=1}}(h_{i}-h_{i}^{\prime})|A_{i1}||\geqq c_{5}h^{-n(1+\eta)+1}$ .

PROOF. Since $A_{11},$ $\cdots$ , $A_{n1}$ are linearly independent real numbers over $Q$ ,
$|A_{11}|,$

$\cdots,$ $|A_{n1}|$ are also linearly independent over $Q$ . Since $\rho_{1}$ is an algebraic
integer, $A_{i1}(1\leqq i\leqq n)$ are algebraic integers and $[Q(A_{11}, \cdots, A_{n1}):Q]\leqq[Q(\rho_{1}):Q]$

$=n$ . By the property (1), there is a positive integer $\delta_{h}\leqq c_{1}h^{\eta}$ such that
$\delta_{h}(h_{i}-h_{i}^{\prime})\in Z(1\leqq i\leqq n)$ . Therefore

$N_{Q\rho\iota}\delta(\Sigma_{i=1}^{n}(h_{i}-h_{i}^{\prime})|A_{i1}|)\geqq 1$

so we have Lemma 3.

LEMMA 4. Suppose that $B_{0}\neq 0$ , $B_{1},$
$\cdots,$

$B_{l}$ are algebraic numbers and
$B_{0}\beta^{l}+B_{1}\beta^{l- 1}+\cdots+B_{l}=0$ . Then

$\overline{|B_{0}\beta}|<|\overline{B_{0}}|+|\overline{B_{1}}|+\cdots+|\overline{B_{l}}|$ .

Futher, if $D$ is a positive integer such that $DB_{0},$ $DB_{1},$
$\cdots,$

$DB_{l}$ are algebraic
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integers, then so is $ DB_{0}\beta$ .

3. Proof of Theorem 1.

Let the power series $f(z)$ and the number $\alpha$ satisfy all the requirement of
Theorem 1 and suppose, in addition, that $f(\alpha)$ is algebraic. Under these assump-
tions, we shall derive a contradiction, which proves the theorem. We set

$\Lambda=\Sigma_{j=1}^{n}|A_{1j}|\log\alpha_{j}$, and $M=\max\{\rho_{1}/t, m\}$ .
In the following, $c_{8},$ $c_{9},$

$\cdots$ denote constants greater than 1 depending on $\Omega,$ $f,$ $\alpha$

and the functional equation in (3), whose coefficients we may assume algebraic
integers.

For any $r\geqq 0,$ $f(T^{r}\alpha)$ and $f(T^{r+1}\alpha)$ are defined. Then by the property (3),

\langle 3.1) $Q_{0}(T^{r}\alpha, f(T^{r}\alpha))f(T^{r+1}\alpha)^{l}+Q_{1}(T^{r}\alpha, f(T^{r}\alpha))f(T^{r+1}\alpha)^{l-1}$

$+\cdots+Q_{l}(T^{r}\alpha, f(T^{r}\alpha))=0$ .
Since $g(T^{r}\alpha)\neq 0$ by hypothesis, at least one of

$Q_{0}(T^{r}\alpha, f(T^{r}\alpha)),$
$\cdots,$

$Q_{l- 1}(T^{r}\alpha, f(T^{r}\alpha))$

is nonzero. We set
$j_{r}=\min\{j:Q_{j}(T^{r}\alpha, f(T^{r}\alpha))\neq 0\}$ ,

and define $Y_{r}(r\geqq 0)$ inductively, as follows:

$Y_{0}=1$ , $Y_{r}=Q_{J_{r-1}}(T^{r-1}\alpha, f(T^{r-1}\alpha))Y_{r- 1}^{m}$ $(r\geqq 1)$ .
Thus $Y_{r}\neq 0$ for all $r\geqq 0$ . The next lemma gives estimates for these quantities.

LEMMA 5. For $r\geqq 1$ ,

$[F(\alpha_{1}, \cdots, \alpha_{n}, \cdots, \alpha_{1}^{(r)}, \cdots, \alpha_{n}^{(r)}, f(\alpha), \cdots, f(T^{r}\alpha):Q]\leqq c_{9}(lt^{n_{0}})^{r}$,

and

size $(Y_{r})$ , size $(Y_{r}f(T^{r}\alpha))\leqq c_{10}rM^{r}$.

PROOF. The first part of the lemma follows by induction using (3.1). Let
$\deg_{z}iQ_{j}(z, u)$ be not greater than $s$ , the hause of $f(\alpha)$ and the coefficients of
$Q_{j}(z, u)$ be not greater than $c_{8}$ with $c_{4}^{ns}\leqq c_{8}$ , and $D$ be a common multiple of
$d(f(\alpha))$ and $d^{ns}$ ( $c_{4}$ and $d$ are in Lemma 2). Then for any integer $r\geqq 1$ , we can
prove

$\int|\overline{Y_{r}|},$
$|\overline{Y_{r}f(T^{r}\alpha)}|\leqq\{(l+1)(s+1)^{n}(m+1)c_{8}\}^{1+M+\cdots+M^{r-1}}c_{8}^{rM^{r-1}+M^{r}}$ ,

$(*)$

( $D^{[rM^{r-1}+M^{r}]}Y_{r}$ and $D^{[rM^{r-1}+M^{r}]}Y_{r}f(T^{r}\alpha)$ are algebraic integers,
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by induction. If $r=1$ , then $Y_{1}=Q_{j_{0}}(\alpha, f(\alpha))$ ,

$\left\{\begin{array}{l}Y_{1}f(T\alpha)^{l-j_{0}}+\cdots+Q_{l}(\alpha,f(\alpha))=0,\\|\overline{Q_{j}(\alpha,f(\alpha))}|\leqq(s+1)^{n}(m+1)c_{8}\times c_{s^{1+m}} (0\leqq j\leqq l),\\D^{1+m}Q_{j}(\alpha,f(\alpha)) (0\leqq j\leqq l)area1gebraicintegers.\end{array}\right.$

This implies $(*)$ by Lemma 4. If $r>1$ , then

$Y_{r}f(T^{\tau}\alpha)^{l-J_{r-1}}+\cdots+Y_{r-1}^{m}Q_{l}(T^{r-1}\alpha, f(T^{r-1}\alpha))=0$ .
By the induction hypothesis and Lemma 2, we obtain

$|\overline{Y_{r-1}^{m}Q_{j}(T^{r-1}\alpha,f(T^{r-1}\alpha))}|$

$\leqq(s+1)^{n}(m+1)c_{8}c_{8}^{(\rho 1/t)^{\gamma- 1}}$

$\times\{((l+1)(s+1)^{n}(m+1)c_{8})^{1+M+\cdots+M^{r-2}}c_{8}^{(r- 1)M^{\gamma- 2}+M^{r- 1}}\}^{m}$ ,

$D^{[(\rho t]}1/)r-1(D^{I(r- 1)M^{r-2+M^{r-1}I}})^{m}Y_{r- 1}^{m}Q_{f}(T^{\tau\leftarrow 1}\alpha, f(T^{r-1}\alpha))$

$(0\leqq j\leqq l)$ are algebraic integers.

This implies $(*)$ by Lemma 4.
By (2.2), we have

(3.2) $\min\{(\rho_{1}/t)^{1/(L+n(1+\eta)-1)}, (\rho_{1}/|\rho_{2}|)^{1/n(1+\eta)}\}$

$>t^{n_{0}}l\{(t/\rho_{1})(t^{n_{0}}l)^{n(1+\eta)}M\}^{\eta/(1+\eta)(1-n\eta)}$

$\times\{(t/\rho_{1})(t^{n_{0}}l)^{n(1+\eta)}M\}^{1/(1+\eta)(1-n\eta)}$ .

Then there exists $q_{2}$ such that

(3.3) $q_{2}>\{(t/\rho_{1})(t^{n_{0}}l)^{n(1+\eta)}M\}^{1/(1+\eta)(1-n\eta)}$ $(\geqq 1)$

and

(3.4) $\min\{(\rho_{1}/t)^{1/(L+n(1+\eta)-1)}, (\rho_{1}/|\rho_{2}|)^{1/n(1+\eta)}\}>t^{n_{0}}lq_{2}^{1+\eta}$ .

By (3.3),

(3.5) $q_{2}>(t/\rho_{1})t^{n_{0}}lM(t^{n_{0}}lq_{2}^{\eta})^{n(1+\eta)-1}$ .
By (3.4) and (3.5), there is $q_{1}$ such that

$\left\{\begin{array}{l}(3.6) q_{1}>t^{n_{0}}lq_{2}^{\eta},\\(3.7) q_{2}>(t/\rho_{1})t^{n_{0}}lMq_{1}^{n(1+\eta)- 1},\\(3.8) \min\{(\rho_{1}/t)^{1/(L+n(l+\eta)- 1)},(\rho_{1}/|\rho_{2}|)^{1/n(1+\eta)}\}>q_{1}q_{2}.\end{array}\right.$

By (3.7), $t^{n_{0}}l<q_{1}q_{2}$ so that by (3.8),

(3.9) $t^{n_{0}}l(q_{1}q_{2})^{L}<(\rho_{1}/t)q_{1}q_{2}$ .
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The next lemma is one in relation to the construction of the auxiliary function.

LEMMA 6. Let $k$ be a positive integer and set $\gamma_{1}=2(c_{1}+1)^{n}q_{1}^{n(1+\eta)k}$ and $\gamma_{2}=$

$q_{2}^{(1+\eta)k}$ . Then there are $[\gamma_{1}]+1$ polynomials $P_{j}(z)=\sum_{0\leq h_{i}\leq[\gamma_{2}]}b_{h\cdots h_{n}}^{(j_{1})}z_{1}^{h_{1}}\cdots z_{n}^{h_{n}}$

with degrees at most $[\gamma_{2}]$ whose coefficients are algebraic integers in $F$ with sizes
at most $c_{11}k(q_{1}q_{2})^{Lk}$ , such that the power series

$E_{k}(z)=\Sigma_{j=^{1}0}^{[\gamma]}P_{j}(z)f(z)^{j}=\sum b_{h_{1}\cdots h_{n}}z_{1^{h_{1}}}\cdots z_{n}^{h_{n}}$

is not zero, but all the coefficients $b_{h_{1}\cdots h_{n}}$ with $h_{i}<(q_{1}q_{2})^{k}(1\leqq i\leqq n)$ vanish. Further,

size $(b_{h_{1}\cdots h_{n}})\leqq c_{12}k(\max\{h_{1}, \cdots, h_{n}\})^{L}$ ,

and
$\log|b_{h_{1}\cdots h_{n}}|\leqq c_{13}k(q_{1}q_{2})^{Lk}+c_{13}\max\{h_{1}, \cdots, h_{n}\}$ .

PROOF. Set $f(z)^{j}=\Sigma a_{h\cdots h}^{(j_{1^{)}n}}z_{1}^{h_{1}}\cdots z_{n}^{h_{n}}$ , for $j\geqq 0$ . By the properties (1) and
(4), we have for $j\geqq 1$ ,

$\overline{|a_{h\cdots h_{n}}^{(j)}}|\leqq(c_{1}(\max\{/l_{1}, \cdots, h_{n}\})^{1+\eta}+1)^{nj}\times e^{c_{2}(n\times\max th_{1},\cdots,h_{n}\})^{L}}$

$\leqq(\max\{h_{1}, \cdots, h_{n}\})^{n(1+\eta)j}c_{16}^{j+(\max\{h_{1},\cdots h_{n}\})})^{L}$ .
By the assumption that $f(\alpha)$ converges, $\log|a_{h_{1}\cdots h_{n}}|\leqq c_{17}\max\{h_{1}, \cdots, h_{n}\}$ . Then
for $j\geqq 1$ ,

$|a_{h\cdots h_{n}}^{(j)}|\leqq(\max\{h_{1}, \cdots, h_{n}\})^{n(1+\eta)J_{C_{18}}J+\max th_{1},\cdots,h_{n}\}}$ .

The polynomials $P_{j}(z)$ have $([\gamma_{1}]+1)([\gamma_{2}]+1)^{n}$ coefficients $b_{h\cdot\cdot h_{n}}^{(j_{1})}$ in all. We can
achieve the property required of the auxiliary power series $E_{k}(z)$ by choosing
$b_{h\cdots h_{n}}^{(j_{1})}$ so as to satisfy the linear equations

(3.10) $\Sigma$ a
$h^{\prime}-h,\ldots,$
$h^{\prime}-h(J_{1^{)}1nn}b_{h\cdots h}^{(j_{1^{)}n}}=0$

$(0\leqq h_{i}^{\prime}<(q_{1}q_{2})^{k})$ ,

where the sum is taken over all $h_{1},$
$\cdots,$

$h_{n},$
$J$ satisfying $ 0\leqq$ ] $\leqq[\gamma_{1}]$ and $ 0\leqq h_{i}\leqq$

$\min\{[\gamma_{2}], h_{i}^{\prime}\}(1\leqq i\leqq n)$ . For any $b_{h\cdots h_{n}}^{(j_{1})},$ $E_{k}(z)$ has the property (1) with the
same $c_{1}$ and $\eta$ for $f(z)$ . Therefore the number of linear equations is not greater

than ( $c_{1}(q_{1}q_{2}P^{1+\eta)k}+1)^{n}$ . The integer $D=(\Pi_{r=^{1_{1}}}^{[\gamma]}d_{(q_{1}q_{2})k/r})^{n}$ will serve as a common
denominator for all the $a_{h\cdots h_{n}}^{(j_{1})}$ appering in those equations. The property (4)

gives $\log D\leqq c_{19}k(q_{1}q_{2})^{Lk}$ . By a standard version of Siegel’s lemma, as given, for
example, in Lang [1], page 4, the equations (3.10) have a non-trivial solution in
which the $b_{h\cdots h_{n}}^{(j_{1})}$ are algebraic integers in $F$ and

size $(b_{h\cdots h_{n}}^{(j_{1})})\leqq c_{20}kq_{1}^{n(1+\eta)k}+c_{21}k(q_{1}q_{2})^{Lk}$

$\leqq c_{11}k(q_{1}q_{2})^{Lk}$ $(0\leqq j\leqq[\gamma_{1}], 0\leqq h_{i}\leqq[\gamma_{2}])$

by (3.7). By the construction of $E_{k}(z)$ ,
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(3.11)
$b_{h^{\prime}\cdot\cdot h^{\prime}}=\Sigma a_{h-h\cdots,h^{\prime}-h}^{(j,)}b_{h\cdot\cdot h}^{(j_{1^{)}n}}1n11\prime nn$

where the sum is taken over all $h_{1},$
$\cdots,$

$h_{n},$ $j$ satisfying $0\leqq j\leqq[\gamma_{1}]$ and $ 0\leqq h_{i}\leqq$

$\min\{[\gamma_{2}], h_{1}^{\prime}\}(1\leqq i\leqq n)$ . In estimating $b_{h}i\cdots h_{n}^{\prime}$ we can suppose that $\max\{h_{1}^{\prime}, \cdots, h_{n}^{\prime}\}$

$\geqq(q_{1}q_{2})^{k}$ , since otherwise $b_{h_{1}^{\prime}\cdots h_{n}^{\prime}}=0$ . We have

$\log|\overline{b_{h_{1}^{\prime}\cdots h_{n}^{\prime}}}|\leqq\log([\gamma_{1}]+1)([\gamma_{2}]+1)^{n}+[\gamma_{1}]n(1+\eta)$ Iog $\max\{h_{1}^{\prime}, \cdots, h_{n}^{\prime}\}$

$+([\gamma_{1}]+(\max\{h_{1}^{\prime}, \cdots, h_{n}^{\prime}\})^{L})\log c_{16}+c_{11}k(q_{1}q_{2})^{Lk}$

$\leqq c_{22}k(\max\{h_{1}^{\prime}, \cdots , h_{n}^{\prime}\})^{L}$ .
When $h^{\prime}=\max\{h_{1}^{\prime}, \cdots , h_{n}^{\prime}\}$ , the integer $D_{h^{\prime}}=(\Pi_{r=^{1}1}^{[\gamma]}d_{h^{\prime}/r})^{n}$ will serve as a common
denominator for all the $a_{h_{1}-h_{1}\cdots\cdot\cdot h_{n}-h_{n}}^{(j,)}$ appearing in (3.11), so that

$\log d(b_{h}i\cdots h_{n}^{\prime})\leqq\log D_{h^{\prime}}\leqq c_{23}kh^{\prime L}$ .

Finally, again using (3.11),

$\log|b_{h_{1}^{\prime}\cdots h_{n}^{\prime}}|\leqq\log([\gamma_{1}]+1)([\gamma_{2}]+1)^{n}+n(1+\eta)[\gamma_{1}]\log\max\{h_{1;}^{\prime}\cdots, h_{n}^{\prime}\}$

$+([\gamma_{1}]+\max\{h_{1}^{\prime}, \cdots, h_{n}^{\prime}\})\log c_{18}+c_{11}k(q_{1}q_{2})^{Lk}$

$\leqq c_{13}k(q_{1}q_{2})^{Lk}+c_{14}\max\{h_{1}^{\prime}, \cdots, h_{n}^{\prime}\}$ .
This completes the proof of lemma.

Let $E_{k}(z)$ be the function constructed in Lemma 6. We set

$H=\min\{\Sigma_{i=1}^{n}h_{i}|A_{i1}| : b_{h_{1}\cdots h_{n}}\neq 0\}$ ,

and $H=\Sigma_{i=}^{n}{}_{1}H_{i}|A_{i1}|$ . Let $K$ be the integer such that $(q_{1}q_{2})^{K}\leqq\max\{H_{1}, \cdots, H_{n}\}$

$<(q_{1}q_{2})^{K+1}$ . By Lemma 6, we have $\max\{H_{1}, \cdots , H_{n}\}\geqq(q_{1}q_{2})^{k}$ , so that $K\geqq k$ .

LEMMA 7. For $k\geqq 1$ , we have

$[Q(Y_{K^{[\gamma_{1}]}}E_{k}(T^{K}\alpha)):Q]\leqq c_{24}(t^{n_{0}}l)^{K}$ ,

size $(Y_{K}^{[\gamma_{1}]}E_{k}(T^{K}\alpha))\leqq c_{25}K(q_{1}q_{2})^{LK}+c_{26}((\rho_{1}/t)q_{2}^{1+\eta})^{K}+c_{27}K(q_{1}^{n(1+\eta)}M)^{K}$ .

PROOF. The first assertion follows at once from Lemma 5. For the second,

we use the representation

$Y_{K}^{[\gamma_{1}]}E_{k}(T^{K}\alpha)=\Sigma_{j=^{1_{0}^{J}}}^{I\gamma}P_{j}(T^{K}\alpha)(Y_{K}f(T^{K}\alpha))^{j}Y_{K}^{[\gamma_{1}]- j}$ .

From Lemma 2, 5 and the estimate for the size of coefficients of the polynomials
$P_{j}(z)$ in Lemma 6, we find

size $(Y_{K}^{[\gamma_{1}]}E_{k}(T^{K}\alpha))\leqq\log([\gamma_{1}]+1)([\gamma_{2}]+1)^{n}+c_{11}k(q_{1}q_{2})^{Lk}$

$+c_{28}n[\gamma_{2}](\rho_{1}/t)^{K}+[\gamma_{1}]c_{10}KM^{K}$ .
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This yields the assertion of the lemma.

LEMMA 8. If $k$ is sufficiently large, then $Y_{K}^{[\gamma_{1}]}E_{k}(T^{K}\alpha)$ is not zero and

$\log|Y_{K}^{[\gamma_{1}]}E_{k}(T^{K}\alpha)|\leqq({\rm Re}\Lambda/2)|A_{1}|(\min_{1\leq i\leq n}|A_{i1}|)(\rho_{1}/t)^{K}(q_{1}q_{2})^{K}$ .

PROOF. We can write

$E_{k}(z)=b_{H_{1}\cdots H_{n}}z_{1^{H_{1}}}\cdots z_{n}^{H_{n}}\{1+\Sigma(b_{h_{1}\cdots h_{n}}/b_{H_{1}\cdots H_{n}})z_{1^{h_{1}-H_{1}}}\cdots z_{n}^{h_{n}-H_{n}}\}$ ,

where the sum is taken over all $(h_{1}, \cdots , h_{n})$ such that $\sum_{i=1}^{n}H_{i}|A_{i1}|<\sum_{i=1}^{n}h_{i}|A_{i1}|$ .
By using the fundamental inequality of transcendence theory (If $\beta$ is a nonzero
algebraic number, then $\log|\beta|\geqq-2[Q(\beta):Q]size(\beta).)$ , and Lemma 6,

(3.12) $\log|b_{h_{1}\cdots h_{n}}/b_{H_{1}\cdots H_{n}}|$

$\leqq c_{13}k(q_{1}q_{2})^{Lk}+c_{13}\max\{h_{1}, \cdots, h_{n}\}+c_{29}k(\max\{H_{1}, \cdots, H_{n}\})^{L}$

$\leqq c_{30}K(q_{1}q_{2})^{LK}+c_{31}\Sigma_{i=1}^{n}h_{i}|A_{i1}|$ .

For any nonnegative integer $y$ , we set

$B_{y}=\Sigma(b_{h_{1}\cdots h_{n}}/b_{H_{1}\cdots H_{n}})e^{(h_{1}- H_{1})\log\alpha_{1^{(k)}}+\cdots+(h_{n}- H_{n})\log\alpha_{n}^{(k)}}$

where the sum is taken over all $(h_{1}, \cdots, h_{n})$ satisfying

$(**)$ $\Sigma_{i=1}^{n}H_{i}|A_{i1}|+y+1\geqq\Sigma_{i=1}^{n}h_{i}|A_{i1}|>\Sigma_{i=1}^{n}H_{i}|A_{i1}|+y$ .
Then

(3.13) $E_{k}(T^{K}\alpha)=b_{H_{1}\cdots H_{n}}e^{H_{1}\log\alpha_{1^{(k)}}+\cdots+H_{n}\log\alpha_{n}^{(k)}}(1+\Sigma_{y=0}^{\infty}B_{y})$ .

Using the fact that $E_{k}(z)$ has the property (1) with the same $c_{1}$ and $\eta$ for $f(z)$ ,

Lemma 1 and (3.12), we have

$\log|B_{y}|\leqq\log c_{32}((q_{1}q_{2})^{K+1}+y+1)^{n(1+\eta)}$

$+c_{30}K(q_{1}q_{2})^{LK}+c_{31}\max\{\Sigma_{i1}^{n_{=}}h_{i}|A_{i1}|\}$

$+(\rho_{1}/t)^{K}|A_{1}|({\rm Re}\Lambda)\min\{\Sigma_{i\approx 1}^{n}(h_{i}-H_{i})|A_{i1}|\}$

$+c_{3}\max\{\Sigma_{i=1}^{n}|h_{i}-H_{i}|\}(|\rho_{2}|/t)^{K}$ ,

where $\max$ and $\min$ are taken over all $(h_{1}, \cdots , h_{n})$ satisfying $(**)$ . If $y\geqq 1$ ,

then $\min\{\Sigma_{i=1}^{n}(h_{i}-H_{i})|A_{i1}|\}>y\geqq 1$ . By (3.8), if $k$ is sufficiently large, then

(3.14) $\log|B_{y}|\leqq({\rm Re}\Lambda/2)|A_{1}|(\rho_{1}/t)^{K}y$

for any $y\geqq 1$ . If $y=0$ , then by Lemma 3, for any $(h_{1}, \cdots , h_{n})$ satisfying $(**)$ ,

$\Sigma_{i1}^{n_{=}}(h_{i}-H_{i})|A_{i1}|\geqq c_{33^{-1}}(q_{1}q_{1})^{(-n(1+\eta)+1)K}$ .

By this inequality and (3.8),
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(3.15) $\log|B_{0}|\leqq({\rm Re}\Lambda/2)|A_{1}|(\rho_{1}/t)^{K}c_{33^{-1}}(q_{1}q_{2})^{(-n(1+\eta)+1)K}$ ,

if $k$ is sufficiently large. By (3.14) and (3.15), we have

$|\Sigma_{y=0}^{\infty}B_{y}|<1$ ,

if $k$ is sufficiently large. Therefore, by (3.13), $E_{k}(T^{K}\alpha)$ is not zero, if $k$ is
sufficiently large. By Lemma 1, 5, 6, (3.7) and (3.8), we have

$\log|Y_{K}^{[\gamma_{1}]}E_{k}(T^{K}\alpha)|$

$\leqq 2(c_{1}+1)^{n}q_{1}^{n(1+\eta)k}c_{10}KM^{K}+c_{13}k(q_{1}q_{2})^{Lk}+c_{13}\max\{H_{1}, \cdots, H_{n}\}$

$+(\rho_{1}/t)^{K}|A_{1}|({\rm Re}\Lambda)\Sigma_{i}^{n_{=1}}H_{i}|A_{i1}|+c_{3}(\Sigma_{i=1}^{n}H_{i})(|\rho_{2}|/t)^{K}+\log 2$ .

$\leqq({\rm Re}\Lambda/2)|A_{1}|(\min_{1\xi i\leq n}|A_{i1}|)(\rho_{1}/t)^{K}(q_{1}q_{2})^{K}$ ,

if $k$ is sufficiently large.

To complete the proof of Theorem 1, we apply the fundamental inequality

of transcendence theory to the number $Y_{K^{[\gamma_{1}]}}E_{k}(T^{K}\alpha)$ . By Lemma 7 and Lemma 8,

we obtain

$({\rm Re}\Lambda/2)|A_{1}|(\min_{1\lessgtr i\leq n}|A_{i1}|)(\rho_{1}/t)^{K}(q_{1}q_{2})^{K}$

$\geqq-2c_{24}(t^{n_{0}}l)^{K}\{c_{25}K(q_{1}q_{2})^{LK}+c_{26}((\rho_{1}/t)q_{2}^{1+\eta})^{K}+c_{27}K(q_{1}^{n(1+\eta)}M)^{K}\}$ ,

providing $k$ is sufficiently large. Since ${\rm Re}\Lambda<0$ and $K\geqq k$ , this contradicts (3.6),

(3.7) and (3.9).

4. Proof of Theorem 2.

At the first, we prove the theorem in the case where $f(z)$ is a power series
with powers being non-negative integers and $t=1$ . Adopting $\Omega^{r}$ for $\Omega$ , if neces-
sary, we may assume that the entries of $\Omega$ are greater than 1. Let

$S=\{(\lambda_{1}, \cdots, \lambda_{n}):0\leqq\lambda_{i}\in Z\}$ ,

and we define $(\lambda_{1}, \cdots, \lambda_{n})<(\lambda_{1}^{\prime}, \cdots, \lambda_{n}^{\prime})$ if and only if $\lambda_{1}+\cdots+\lambda_{n}<\lambda_{1}^{\prime}+\cdots+\lambda_{n}^{\prime}$ or
$\lambda_{1}+\cdots+\lambda_{n}=\lambda_{1}^{\prime}+\cdots+\lambda_{n}^{\prime}$ and $\lambda_{1}=\lambda_{1}^{\prime},$

$\cdots,$
$\lambda_{i}=\lambda_{i}^{\prime},$ $\lambda_{i+1}<\lambda_{i+1}^{\prime}$ . Then $S$ is a totally

ordered set. For $\lambda=(\lambda_{1}, \cdots, \lambda_{n})\in S$ and $z=(z_{1}, \cdots , z_{n})$ , we set $|\lambda|=\lambda_{1}+\cdots+\lambda_{n}$ ,

$\lambda!=\lambda_{1}$ ! $\cdots\lambda_{n}$ !, $z^{\lambda}=z_{1}^{\lambda_{1}}\cdots z_{n}^{\lambda_{n\frac{\partial^{\lambda}}{\partial z^{\lambda}}}},=\frac{\partial^{\lambda_{1}}}{\partial z_{1}^{\lambda_{1}}}\cdots\frac{\partial^{\lambda_{n}}}{\partial z_{n}^{\lambda_{n}}}$ . Then $f(z)=\sum_{\lambda\in S}a_{\lambda}z^{\lambda}$ . By

the property (3), there is a polynomial $P(z, u, v)\in\overline{Q}[z_{1}, \cdots, z_{n}, u, v]$ with coeffi-
cients being algebraic integers such that

$P(z, f(z),$ $f(Tz))=0$ ,

$P_{u}(z, f(z),$ $f(Tz))=(put)\Sigma_{\lambda\in S}A_{\lambda}z^{\lambda}\neq 0$ ,
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where $P_{u}(z, u, v)$ is the partial derivative of $P(z, u, v)$ in $u$ . We denote by $\lambda_{0}$ ,
the least $\lambda$ with $A_{\lambda}\neq 0$ , and put $|\lambda_{0}|=m_{0}$ . Let $\{y_{\lambda}\}_{\lambda\in S}$ be variables, and we set

$f(y, z)=\Sigma_{\lambda\in S}y_{\lambda}z^{\lambda}$ ,

$P_{u}(z, f(y, z), f(y, Tz))=\Sigma_{\lambda\in S}A_{\lambda}(y)z^{\lambda}$ ,

$P(z, f(y, z), f(y, Tz))=\Sigma_{\lambda\in S}B_{\lambda}(y)z^{\lambda}$ .
If $\lambda\in Z^{n}$ and $\not\in S$ , then we put $A_{\lambda}(y)=B_{\lambda}(y)=0$ . Hence $A_{\lambda}(y)$ and $B_{\lambda}(y)$ are
polynomials in $\{y_{\lambda}\}_{\lambda\in S}$ with coefficients being algebraic integers. Substituting
$a_{\lambda}$ to $y_{\lambda}$ in $A_{\mu}(y)$ and $B_{\mu}(y)$ , we obtain $A_{\mu}$ and $0$ respectively.

LEMMA 9. Let $\nu,$ $\mu\in S$, and $2|\nu|>|\mu|$ . Then $\deg_{y_{\nu}}B_{\mu}(y)\leqq 1$ and the coeffi-
cient of $y_{\nu}$ in $B_{\mu}(y)$ is $A_{\mu-\nu}(y)$ .

PROOF. Since $2|\nu|>|\mu|,$ $\deg_{y_{\nu}}B_{\mu}\leqq 1$ . The coefficient of $y_{\nu}$ in $B_{\mu}(y)$ is
equal to

\langle 4.1) $\frac{\partial}{\partial y_{\nu}}\cdot\frac{1}{\mu!}\cdot\frac{\partial^{\mu}}{\partial z^{\mu}}P(z, f(y, z), f(y, Tz))|_{z=0}$

$=\frac{\partial}{\partial y_{\nu}}\cdot\frac{1}{\mu!}\cdot\frac{\partial^{\mu}}{\partial z^{\mu}}P(z, \Sigma_{\lambda\leq\mu}y_{\lambda^{Z^{\lambda}}}, \Sigma_{\lambda\Omega\leq\mu}y_{\lambda}z^{\lambda\Omega})|_{z=0}$

Since $2|\nu|>|\mu|,$ $y_{\nu}$ does not appear in $\sum_{\lambda\Omega\leq\mu}y_{\lambda}z^{\lambda\Omega}$ and therefore (4.1) is equal to

$\frac{1}{\mu!}\cdot\frac{\partial^{\mu}}{\partial z^{\mu}}\{P_{u}(z, \Sigma_{\lambda\leq\mu}y_{\lambda}z^{\lambda}, \Sigma_{\lambda\Omega\leq\mu}y_{\lambda}z^{\lambda\Omega})z^{\nu}\}|_{z=0}$

$=\frac{1}{\mu!}\cdot\frac{\partial^{\mu}}{\partial z^{\mu}}\{P_{u}(z, f(y, z), f(y, Tz))z^{\nu}\}|_{z=0}$

$=A_{\mu-\nu}(y)$ .
Let $P(z, u, v)=\Sigma_{i\in S}\sum_{j=0}^{J}\sum_{k=0}^{K}b_{ijk}z^{i}u^{j}v^{k}$ , where $b_{ijk}$ are algebraic integers.

We set
$M=\max\{\Sigma_{i\in S}\Sigma_{j=0}^{J}\Sigma_{k=0}^{K}\overline{|b_{ijk}}|, 1\}$ .

Let a constant $c_{40}\geqq 1$ and a positive integer $D$ satisfy

(42) $\{DA_{\lambda}^{\lambda}(|\lambda|=m),Da_{\lambda}^{\lambda}(|\lambda|\leqq m),D(1/A^{\lambda_{\lambda_{0}^{0}}})areaIgebraic|\overline{A}|(|\lambda|=m_{0^{0}}),|\overline{a}|(|\lambda|\leqq m_{0^{0}}),\overline{|1/A}|\leqq c_{40}$

,

integers.

Then we can prove (4.3) and (4.4) in the case $n=1$ and $n>1$ respectively, for
any $\mu\in S$ with $|\mu|=m_{0}+m(m\geqq 1)$ by induction in $m$ .

(4.3) $\left\{\begin{array}{l}|a_{\mu}|\leqq\{Mc_{40}(m_{0}+1)^{J+K}\}^{2m-1}(m!)^{J+K}c_{4o^{?n(2m_{0}+1)}},\\D^{2m- 1}D^{m(2m_{0}-1)}a_{\mu}isanalgebraicinteger.\end{array}\right.-$
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(4.4) $\left\{\begin{array}{l}|\overline{a_{\mu}}|\leqq(4c_{40^{2}})^{(m_{0}+2)^{n- 1}m^{2(n- 1)}}\{M(m_{0}+1)^{n(J+K)}\}^{2m- 1}(m!)^{n(J+K)}c_{40}^{m(2m_{0}+1)},\\D^{2(m_{0}+2)m}n- 12(n- 1)D^{m(2m_{0}+1)}a_{\mu}isanaIgebraicinteger.\end{array}\right.$

In the case where $f(z)$ is a power series with powers being non-negative integers,
(4.3) and (4.4) lead the theorem. Since the proof of (4.3) is easier than the proof
of (4.4), we only prove (4.4). We give a number to each element of
$\{\mu:|\mu|=m+m_{0}\}$ as: $\mu_{1}<\mu_{2}<\cdots<\mu_{l(m)}$ . Note that

$l(m)\leqq(m+m_{0}+1)^{n- 1}\leqq(m_{0}+2)^{n- 1}m^{n- 1}$ .
By Lemma 9, we have

(4.5) $B_{\lambda_{0}+\mu i}(y)=\Sigma_{2m_{0}+m\geqq|\lambda|\geq m_{0}+m}A_{\lambda_{0}+\mu i^{-\lambda}}(y)y_{\lambda}+C_{\lambda_{0}+\mu\iota}(y)$ ,

where $C_{\lambda_{0}+\mu i}(y)$ is the coefficient of $z^{\lambda_{0}+\mu i}$ in

$\Sigma_{i\in S}\Sigma_{J=0}^{J}\Sigma_{k}^{K_{=0}}b_{ijk}z^{i}(\Sigma_{|\lambda|<m_{0}+m}y_{\lambda}z^{\lambda})^{j}(\Sigma_{|\lambda|<m_{0}+m}y_{\lambda}z^{\lambda\Omega})^{k}$ .
If $\lambda>\mu_{i}$ , then $\lambda_{0}+\mu_{i}-\lambda\not\in S$ or $\lambda_{0}+\mu_{i}-\lambda<\lambda_{0}$ . In any case, $A_{\lambda_{0}+\mu i^{-\lambda}}=0$ . Sub-
stituting $a_{\lambda}$ to $y_{\lambda}$ in (4.4), we have

$A_{\lambda_{0}+\mu i^{-\mu_{1}}}a_{\mu_{1}}+A_{\lambda_{0}+\mu i^{-\mu_{2}}}a_{\mu_{2}}+\cdots+A_{\lambda_{0}}a_{\mu i}=-C_{\lambda_{0}+t^{t}i}$ ,

where $C_{\lambda_{0}+\mu i}$ denotes the values of $C_{\lambda_{0}+\lambda_{i}}(y)$ at $y_{\lambda}=a_{\lambda}(\lambda\in S)$ . Therefore

(4.6) $\left(\begin{array}{lllllll}A & \lambda_{0} & & & & & \\ & & A & \lambda_{0} & 0 & & \\ & & & & \ddots & & \\ & & * & & & A & \lambda_{0}\end{array}\right)\left(\begin{array}{l}a_{\mu_{1}}\\a_{\mu_{2}}\\\vdots\\ a_{\mu\iota(m)}\end{array}\right)=\left(\begin{array}{l}-C_{\lambda_{0}+\mu_{1}}\\-C_{\lambda_{0}+\mu_{2}}\\\vdots\\-C_{\lambda_{0}+\mu l(m)}\end{array}\right)$ ,

where the entries in $*consist$ of $A_{\lambda}(|\lambda|=m_{0})$ . Hence by (4.2) we have

(4.7) $|\overline{a_{\mu i}|}\leqq c_{40}^{l(m)}l(m)2^{l(m)}c_{40}^{l(m)}M(m_{0}+m)^{n(J+K)}$

$\times\max|\overline{a_{\lambda_{1}}\cdots a_{\lambda_{\tau}}a_{\nu_{1}}\cdots a_{\nu_{s}}|}$ ,

$\leqq\max(4c_{40^{2}})^{(m_{0}+2)}$
n-ln-l $M(m_{0}+1)^{n(J+K)}m^{n(J+K)}$

$\times|\overline{a_{\lambda_{1}}\cdots a_{\lambda_{n}}a_{\nu_{1}}\cdots a_{\nu_{s}}|}$ ,

where $\max$ is taken over all $(\lambda_{1}, \cdots, \lambda_{r}, \nu_{1}, \cdots, \nu_{s})$ such that

(4.8) $\left\{\begin{array}{l}\lambda_{i},\nu_{j}\in S,|\lambda_{i}|=m_{0}+m_{i}with1\leqq m_{i}<m,|\nu_{J}|\leqq m_{0},\\(m_{0}+m_{1})+\cdots+(m_{0}+m_{r})+|\nu_{1}|+\cdots+|\nu_{s}|\leqq m+2m_{0}.\end{array}\right.$

If $d$ is a common multiple of all $d(a_{\lambda_{1}}\cdots a_{\lambda_{r}}a_{\nu_{1}}\cdots a_{\nu_{s}})$ with $(\lambda_{1}, \cdots, \lambda_{r}, \nu_{1}, \cdots , \nu_{s})$

satisfying (4.8), then $D^{2l(m)}da_{\mu\iota}$ is an algebraic integer. If $m=1$ , then $r=0$, and

$\overline{|a_{\nu_{1}}\cdots a_{\nu_{s}}}|\leqq c_{40^{2m_{0}+1}}$ ,

$D^{2m_{0}+1}a_{\nu_{1}}\cdots a_{\nu_{s}}$ is an algebraic integer.
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This implies (4.4). If $m>1$ , then by the induction hypothesis,

$\overline{|a_{\lambda_{1}}\cdots a_{\lambda_{r}}a_{\nu_{1}}\cdots a_{\nu_{s}}}|\leqq(4c_{40^{2}})^{(m_{0}+2)}$

n-l $m_{1}2(n-1))$

$\times\{M(m_{0}+1)^{n(J+K)}\}^{2(m_{1}+\cdots+m_{r})-r}(m_{1} ! \cdots m_{r}!)^{n(J+K)}$

$\times c_{40}^{(m_{1}+\cdots+m_{r})(2m_{0}+1)}c_{40^{m+2m_{0}-(m_{0}+m_{1})-\cdots-(m_{0}+m_{r^{)}}}}$ .

If $r=0$ , then $|a_{\nu_{1}}\cdots a_{\nu_{s}}|\leqq c_{40}^{m+2m_{0}}$ and

$(4c_{40^{2}})^{(m_{0}+2)m^{n-1}}n-1M(m_{0}+1)^{n(J+K)}m^{n(J+K)}|a_{\nu_{1}}\cdots a_{\nu}s|$

$\leqq(4c_{40^{2}})^{(m_{0}+2)m^{2(n-1)}}n-1\{M(m_{0}+1)^{n(J+K)}\}^{2m-1}(m!)^{n(J+K)}c_{40}^{m(2m_{0}+1)}$ .
If $r=1$ , then

$(4c_{40^{2}})^{(m_{0}+2)^{n-1}m^{n- 1}}M(m_{0}+1)^{n(J+K)}m^{n(J+K)}|a_{\lambda_{1}}a_{\nu_{1}}\cdots a_{\nu_{s}}|$

$\leqq(4_{C_{40^{2}}})^{(m+2)}$
n-l $n-12$ (n-1)

$\times(m\times(m-1)!)^{n(J+K)}c_{40}^{m(2m_{0}+1)}$

$\leqq(4c_{40^{2}})^{(m_{0}+2)m^{2(n- 1)}}n-1\{M(m_{0}+1)^{n(J+K)}\}^{2m-1}(m!)^{n(J+K)}c_{40}^{m(2m_{0}+1)}$ ,

by the inequality $m^{n-1}+(m-1)^{2(n-1)}\leqq(m+(m-1)^{2})^{n-1}\leqq m^{2(n-1)}$ . If $r\geqq 2$ , then
$m_{1}+\cdots+m_{r}\leqq m$ by (4.8), and

$(4c_{40^{2}})^{(m_{0}+2)}$
n-ln-l

$\{M(m_{0}+1)^{n(J+K)}\}m^{n(J+K)}|a_{\lambda_{1}}\cdots a_{\lambda_{r}}a_{\nu_{1}}\cdots a_{\nu_{s}}|$

$\leqq(4c_{40}^{2})^{(m_{0}+2)}$
n-l

$\times\{M(m_{0}+1)^{n(J+K)}\}^{2m-1}(m\times m_{1} ! \cdots m_{r}!)^{n(J+K)}c_{40}^{m(2m_{0}+1)}$

$\leqq(4c_{40^{2}})^{(m_{0}+2)}$
n-l $\{M(m_{0}+1)^{n(J+K)}\}^{2m-1}(m!)^{n(J+K)}c_{40}^{m(2m_{0}+1)}$ ,

by the inequalities $m\times m_{1}$ ! $\cdots m_{r}!\leqq m!$ and

$m_{1}^{2(n-1)}+$ $\cdot$ .. $+m_{r}^{2(n-1)}+m^{r-1}$

$\leqq(m_{1^{2}}+ \cdot.. +m_{r}^{2}+m)^{\tau-1}\leqq m^{2(r-1)}$ .

The denominator of $a_{\mu i}$ is also estimated in the same way. These imply (4.4).

In general case, there is a polynomial $P(z, u, v),\overline{Q}[z_{1}, \cdots, z_{n}, u, v]$ such that

$P_{u}(z, f(z),$ $f(Tz))=\Sigma A_{h_{1}\cdots h_{n}}z_{1^{h_{1}}}\cdots z_{n}^{h_{n}}\neq 0$ .
$m_{0}^{\prime}$ is the least number in all $h_{1}+\cdots+h_{n}$ with $A_{h_{1}\cdots h_{n}}\neq 0$ . Let $a_{\lambda_{1}\cdots\lambda_{n}}\neq 0$ and
$\lambda_{i}\leqq h(1\leqq i\leqq n)$ . Substituting $z_{i^{t\delta_{nh+m_{0}^{\prime}}}}$ to $z_{i}$ , we can treat { $a_{h_{1}\cdots h_{n}}$ : $h_{1}+\cdots+h_{n}$

$\leqq nh\}$ in the same way as above with $m_{0}=t\delta_{nh+m_{0}^{\prime}}m_{0}^{\prime}(\leqq c_{41}h^{\eta})$ and $m_{0}+\uparrow=$

$(\lambda_{1}+\cdots+\lambda_{n})t\delta_{nh+m_{0}^{\prime}}(\leqq c_{42}h^{1+\eta})$ . Thus we have the theorem.
Similarly we can prove Theorem 3, and we omit the proof.
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