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ROOTS OF KAC-MOODY LIE ALGEBRAS
By
Jun MORITA

0. Introduction.

The notion of Kac-Moody Lie algebras has recently been introduced and
studied as a natural generalization of a finite dimensional split semisimple Lie
algebra with successful applications to Macdonald type identities (cf. Lepowsky
[3]). Such a Lie algebra has a root system, which is a natural analogue of the
usual root systems in the sense of Bourbaki [1]. In this paper, we will give a
characterization of positive root systems of Kac-Moody Lie algebras as a subset
of a lattice. (See and below.)

Let A be a generalized Cartan matrix and L the Kac-Moody Lie algebra
associated with A, and let 4 (resp. 4.) be the root system (resp. the positive
root system) of L (for the definition, see §1). In §2, we will consider the special
positive root system P(A) associated with L. This system P(A) satisfies the
conditions (X1), (X2), (Y1), (Y2) and (Y3), which are specified in § 2. Conversely
we will show that any set satisfying these conditions coincides with the system
P(A) arising from some Kac-Moody Lie algebra. In particular, 4. is uniquely
determined by (Y1), (Y2) and (Y3) when A is given.

On the other hand, there are two kinds of roots in 4, called real roots and
imaginary roots respectively. In §3, we will present a characterization of
imaginary roots. In §4, we will give a way to produce the roots of L inductively
from simple roots. ‘

- The author wishes to express his sincere gratitude to Prof. N. Iwahori for
his valuable advice. Also he wishes to thank the referee for showing him several
comments on this paper—especially a simplification in the proof of

1. Kac-Moody Lie algebras.

In this section, we will review the notion of a Kac-Moody Lie algebra and
its root system (cf. Kac [Z], Lepowsky [3] Moody [4]. Let [ be a positive
integer, and set I={1, -+, [}. Let A=(a;;) be an [XI generalized Cartan matrix
—that is ayeZ for all 1, jel, a;=2 for all iel, a;;=0 for distinct i, jEI,
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a;;—0 whenever a;;=0 for each i, jel. For any generalized Cartan matrix
A=(a;;) and for any field K of characteristic zero, L denotes the Lie algebra
over K generated by 3!/ generators e,, -+, e, hy, .-, hy, f1, --+, 1 with the defining
relations [hy, h;1=0, [eq, f;1=0:;hs, Lhs, ej]=ayje;, [he, fil=—ayf;for all i, jel,
and (ad e;)~%i5*le,;=0, (ad f;)~ %" f,=0 for distinct i, jeI. We call the algebra
L the (standard) Kac-Moody Lie algebra over K associated with A.

Let '=Xic;Za; be the free Z-module with free generators ay, -, a;. We
give the structure of a [-graded Lie algebra to L by defining deg (e)=ay,
deg (h;)=0 and deg (f;)=—a; for all iel. For any acl, let L, be the subspace
of L consisting of all elements with degree a. Set H=L, which equals
KhP - PKh,. We call a nonzero element a<l a root of L if L,#0. Let 4
be the set of all roots of L, called the root system of L, so L=H®> ,c4sL.. Then
4 is contained in I,\J(—I7), where I'n={a=3ickia;"|k;=0, a#0}. Set
d,=4dNI'y and 4_=A~(—T",). We call 4, the positive root system of L. We
note 4.=—4,. For each a=3Xic;ka;e4d, (resp. 4.), L, is the subspace of L
spanned by the elements

[eil, [eiz, ) [ei,._l; ei,] - 1]
(reSp- [fil; [fig! Tty [fir_ly fir] :I:l) ’

where ¢; (resp. f;) occurs |k;| times. In particular, L,,;=Ke; and L_,,=Kf;
Set II={a,, ---, a;}, called simple roots. For each i/, let U; be the subalgebra
of L generated by e;, h;, fi, which is isomorphic to si(2, K).

LEMMA 1. (cf. Lepowsky [3, Proposition 1.4]). The subspace Xacg,-1apLla 15
a direct sum of finite dimensional irreducible U;-modules for each i<1.

LEMMA 2. Let acd,—1II. Then there is a;€ Il such that a—a;< 4,.

PROOF. Since L,+#0, there is a nonzero generator [e;,, [es,, -+ [es,_,, €]+ 1]
in L,. Then [e;, ---[es_,, €:;,] -] is a nonzero element of L“"“il' Therefore
such a—ay, is in 4.. q.e.d.

2. Abstract positive root systems.

Let I'=3;c;Za; be the free Z-module with free generators I1={a;, -+, a.},
and let I,={a=ic;kia;='|k;=0, a0} as in §1. Set I'*=Hom ([, Z), the
dual of I A pair @=(X, Y) consisting of a subset X of I'* and a subset Y of
I’ is called an abstract positive root system (in the lattice I') if the following
axioms (X1), (X2), (Y1), (Y2) and (Y3) are satisfied. |

(X1) X consists of / distinct elements ¢,, ---, ¢;, labeled by I.
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(X2) ¢a)=2 for all icl.

Y1) IIcYy<d,.

(Y2) For each iel, if acY—{as}, then there are nonnegative integers
p=7p(, a) and q=q(i, a) satisfying

(x) p—q=¢ia)
and

(x+) a-+ka;eY if and only if —p=<k=q, where kEZ.

(Y3) If acY—II, then there exists a;=II for which a—a;€Y.

Let L be the (standard) Kac-Moody Lie algebra associated with a generalized
Cartan matrix A, and let 4, be the positive root system of L (see §1). Let
&1, -, ¢ be elements of I'* defined by ¢i(a)=ay; for all jel. Set ¥={¢, -,
¢} and P(A)=(¥, 4,). We call P(A) the special positive root system of A or of
L. For each a=Yic ;kia;el, let ht (a)=Fk,+ --- +k;, the height of a.

PROPOSITION 1. Let A be a generalized Cartan matrix. Then the special

positive root system P(A) is an abstract positive root system.

PROOF. By and we see that (Y2) and (Y3) hold. The
other conditions are easily verified. . q.e.d.

For each abstract positive root system @, set Co=(c:;), where c;=¢i(a;) for
all i, jel.

TTEOREM 1. Let @ be an abstract pasitive root system. Then: (1) Co is a

generalized Cartan matrix,
(2) O=P(Cyp).

ProOF. (1) By the definition, ¢;(a;)eZ. The axiom (X2) says di(a)=2.
For distinct i, j&I, we see a,—a;& Y by (Y1), so p(i, a)=0 and ¢:(a;)=—q(, a;)
<0 by (Y2). Furthermore, for distinct i, j=l,the condition ¢:;(a;)=0 means
a;+a;€Y. Therefore ¢;(a;)=0 if and only if ¢;(a)=0.

(2) This follows from below.

PROPOSITION 2. Let @=(X, Y) and @'=(X', Y’') be abstract positive root
systems in the lattices I’ and I’ respectively. Suppose Co=Cq. Then there is
an isomorphism A:I'—I"" such that A(P)=’.

PROOF. Let [=rank I'=rank I"”. Since Cy=Cp, we have ¢i(a)=¢aj for
all i, jeI, where ¢;€X, ¢;=X’, a;€1l, and ajIl’. Let 2 be the isomorphism
of I' to I'” defined by A(a;)=aj. Then ¢;=¢;-2"'. Put Y,={asY|ht(a)=n}
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and Y,={acsY’|ht (@)<n}, where n€Z-, If n=1,then A(Y,)=Y|=II'" by (Y1).
Assume n >1 and A(Y,-)=Y%... Let aeY,. By (Y3), there exists a;=/I for
which a—a;€Y,.,. Since AY,.,)=Y,_,, we have A(a)eY, by (Y2). Hence
AY,)EY},. Similarly 2-%(Y,)SY,. Therefore A(Y,)=Y, for all neZ-, which
implies A(Y)=Y". g.e.d.

Moreover we will prove the following two results without recourse to the
theory of Lie algebras.

PROPOSITION 3. Let @®=(X, Y) be an abstract positive root system. Then
Za;NY={a} for any a;1l.

PrROOF. Let a;Il. Clearly ma;&Y if m=<0. Suppose ma;&Y for some
meZ-,. By (Y2), we see ay, 2a;, -+, ma;€ Y. Thus p@i, ma;)=m—1 by (Y1)
and (Y2). Then m—1=p(i, ma,)—q(i, ma;)=¢(ma;)=2m by (Y2), so m=—1, which
is a contradiction. q.e.d.

For each i/, let w; be an involutive endomorphism of I defined by w.(a)
=a—¢a)a; for all ac!.

PROPOSITION 4. Let @=(X, Y) be an abstract positive root system. Then
Y —{a;} is wq-stable for any ie1l.

PROOF. Let f€Y—{a;}. Then wi(B)=F—¢(Ba;=F+(@—p)a;. By (Y2),
we see wi(B)eY since —p=<qg—p=q. Suppose wB)=a; then B=(@:(B)+1a;
€ Za;N\Y={a;}, which is a contradiction. Therefore w;(f)e Y — {a:}.

q.e.d.

3. Imaginary roots.

Let W be the subgroup of GL(I") generated by w; for all i€/. The group
W is called the Weyl group. Set 4=W(II), real roots, and set AJm=4—Jre,
imaginary roots. Put 4ir=4,4™ For each a=3c;k:a;=I, let S, be the
diagram, called the support of a, with vertices v; for all ; satisfying %;0 such
that v; and v; are joined whenever ¢;(a;)#0 for distinct 7, j. Let J be the set
consisting of all elements a of I, such that the support S, is connected, and
let J°=Nywew(w/]). We call a generalized Cartan matrix indecomposable if the
corresponding Dynkin diagram is connected (cf. Kac [2], Lepowsky [3], Moody

[4D-
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THEOREM 2. Let A be an indecomposable generalized Cartan matrix. Then
dir=]°.

PROOF. We note that the support S, of a root a4 is connected. There-
fore 4m< ], and 42 J° since 4i™ is W-invariant. Conversely let a<J°. Then
choose an element wea in the orbit W(a) of minimal height. Then wa<] and in
fact in the fundamental set M, where M= {a<]|d(a)=0 for all i€I}. We know
Mc 4i» (see Kac [2], or Remark (3) below). Hence wasd4i® and ac4im.

q.e.d.

4. Successive computation of roots.

Let A be a generalized Cartan matrix. For each a</l’,, it is difficult to
determine whether « is in 4, or not, since in general the Weyl group is infinite.
Here we will give an actual method of constructing the positive roots inductively
from II. Let P(A)=(X, Y) be the special positive root system of A. Let
Y,={asY|ht(a)<n} for each neZs,.

PROPOSITION 5. Suppose n=1. Let ¢;=X and a; €Il for each i€l, and let
acsY,.

1) If ¢(a)<0, then at+a;EY p41.

(2) If ¢i(a)=0, then a+ai;€ Yy if and only if a—(¢dia)+1a;€Yn.

Therefore we can construct the set of roots recursively. (That an inductive
construction is possible is already known—cf. Moody [4, Proposition 17.)

REMARKS.

(1) We can prove Propositions 2 and 3 without the condition (Y3).
(2) Let

2 -2 0 0

—2 2 -1 0

A= 0 —1 2 —1
0 0 —1 2 —

0 0 0 —2

NN O OO

and S=Nwew(wly). Set Y=4,US. Then we see that Y satisfies the conditions
(Y1) and (Y2). Take a minimal height element « in Y—4,. This is possible
since d=a,ta,+a,+as;sY—4,. For such an element «, there is no element
a;<IT such that a—a;<Y. (This example appears in a letter from Mr. M. Kaneda
to Prof. N. Iwahori.)
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(3) (Kac [2]). Let 4i», W and M be the positive imaginary roots, the Weyl
group and the fundamental set respectively. Then 4ir=W(M).

(4) In Moody and Yokonuma [5], a geometric axiomatic foundation for real
root systems of Kac-Moody Lie algebras has been developed.
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