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A SMALL REMARK ON THE FILTERED j-MODULE OF

FERMAT VARIETIES AND STICKELBERGER’S THEOREM

By

Go Yamashita
†

Abstract. We show that the weakly admissibility of the filtered

j-module with coe‰cients of Fermat varieties in the sense of

Fontaine essentially expresses Stickelberger’s theorem in Iwasawa

theory. In particular, it gives us a simple re-proof of the weakly

admissibility of it.

This short paper is essentially a letter to Noriyuki Otsubo in July/2013.

1. Introduction

Let V ¼ V n
d be the relatively n-dimensional Fermat variety of degree d over

Z½md �, i.e., the variety defined by the equation

X d
0 þ X d

1 þ � � � þ X d
nþ1 ¼ 0

in Pnþ1
Z½md �. For a prime number p which does not divide d, we fix an embedding

of md into an algebraic closure Qp of Qp. Let Fq denote the residue field of

K :¼ QpðmdÞ and q ¼ p f . Note that d divides q� 1. The fractional field of the

ring of Witt vectors W :¼ WðFqÞ with coe‰cients in Fq is canonically isomorphic

to K since p does not divide d. Let s denote the Frobenius of K .

We consider the following two cohomology groups: Firstly, the de Rham

cohomology group HdR :¼ Hn
dRðVK=KÞ of VK :¼ V nZ½md � K , which is a finite

dimensional K-vector space equipped with the Hodge filtration fFil i HdRgi.
Secondly, the crystalline cohomology group Hcrys :¼ Hn

crysðV0=WÞnW K of
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V0 :¼ V nZ½md � Fq, which is a finite dimensional K-vector space equipped with the

s-semi-linear crystalline Frobenius action j. Via Berthelot-Ogus isomorphism

[BO], the pair ðHdR;HcrysÞ is a filtered j-module in the sense of Fontaine ([F]).

Note that the cohomology groups of other degrees Hq
� (q0 n, � ¼ dR; crys) are

just zero (q: odd) or Tate objects (q: even) by the weak Lefschetz theorem and

the Poincaré duality, hence the structure is well-known.

Both of HdR, Hcrys have natural actions of

S :¼ 0
nþ1

i¼0

md

 !,
DðmdÞ;

which are induced by the action on V given by ½X0 : � � � : Xnþ1� 7! ½z0X0 : � � � :
znþ1Xnþ1� for ðz0; . . . ; znþ1Þ mod DðmdÞ A S, where D is the diagonal homo-

morphism. This action of S induces an action of S on V0 as well. However,

the crystalline Frobenius (i.e., induced by the p-power map) is not compatible

with this action of S. Hence, we consider cohomology groups HdR nQp
K and

Hcrys nQp
K over K nQp

K , where we consider the Hodge filtration and the

crystalline Frobenius via the left K of KnQp
K , and the action of S via the

right K of K nQp
K . To lighten the notations, we put n :¼nQp

in the following.

Then, these cohomology groups H� nK (� ¼ dR; crys) are decomposed as filtered

j-modules with coe‰cient K by this action:

H� nK ¼ 0
a AXðSÞ

ðH� nKÞa;

where XðSÞ denotes the group of the characters of S, and ðH� nKÞa is the a-part

of H� nK , i.e., the sub-KnK-module of H� nK on which z A S acts by aðzÞ.
Note that XðSÞ ¼ fa ¼ ða0; . . . ; anþ1Þ A 0nþ1

i¼0
Z=dZ j

Pnþ1
i¼0 ai ¼ 0g and aðzÞ ¼

za :¼
Qnþ1

i¼0 zaii . It is well-known that ðH� nKÞa is free KnK-module of rank

rankKnKðH� nKÞa ¼
1 a0; . . . ; anþ100; or ða0 ¼ � � � ¼ anþ1 ¼ 0 and n : evenÞ;
0 otherwise:

�

(See [D, Proposition 7.4] and its erratum). (Note that the total chern class

cðVQÞ ¼ c0ðVQÞ þ � � � þ cnðVQÞ of the tangent bundle of VQ :¼ V nZ Q is given

by cðVQÞ ¼ ð1þ xÞnþ2ð1þ dxÞ�1 ¼
�
1þ ðnþ 2Þxþ � � � þ nþ2

n

� �
xn
�
ð1� daþ � � � þ

ð�1Þnd nxnÞ with x :¼ c1ðOð1ÞÞ, hence the Euler characteristic cnðVQÞ is

equal to cnðVQÞ ¼ nþ2
n

� �
xn � nþ2

n�1

� �
dxn þ � � � þ ð�1Þnd nxn ¼ xn ð1�dÞnþ2�1þðnþ2Þd

d 2 ¼
1
d
ðð1� dÞnþ2 � 1Þ þ nþ 2. Thus, the dimension of the primitive part of the

cohomology group is hn
prim ¼ ð�1ÞnðcnðVQÞ � ðnþ 1ÞÞ ¼ 1

d
ððd � 1Þnþ2 � ð�1ÞnÞþ

ð�1Þn: On the other hand, the number of a A X ðSÞ with a0; . . . ; anþ1 0 0

120 Go Yamashita



is ðd � 1Þnþ1 � ðd � 1Þn þ � � � þ ð�1Þnðd � 1Þ ¼ 1
d
ððd � 1Þnþ2 � ð�1ÞnÞ þ ð�1Þn,

which coincides with hn
prim, as expected.) In the case where a0 ¼ � � � ¼ anþ1 ¼ 0

and n is even, ðH� nKÞa is also a Tate object (See the proof of [D, Proposition

7.4]), hence the structure is well-known. Thus, the remaining part is the case

where a0; . . . ; anþ1 0 0.

In the rest of the paper, we assume that a0; . . . ; anþ1 0 0. The pair

ððHdR nKÞa; ðHcrys nKÞaÞ

is a filtered j-module with coe‰cient K with rankKnK ¼ 1. By using the main

theorem of the p-adic Hodge theory (See [T]), we have:

Theorem 1.1 (a consequence of [T]). The filtered j-module ððHdR nKÞa;
ðHcrys nKÞaÞ with coe‰cient in K is weakly admissible in the sense of Fontaine

([F]).

(Strictly speaking, now we are considering the with-coe‰cient-version of the

weakly admissibility.) In this short paper, we show the weakly admissibility of it

without using the di‰cult theorem of [T]. Our (re-)proof shows that the weakly

admissibility of it expresses essentially Stickelberger’s theorem in Iwasawa theory

(Note that Stickelberger’s theorem is based on elementary calculations, and not

di‰cult), and that the concrete content of a special case (i.e., Fermat variety case)

of such a general di‰cult geometric theorem (i.e., the main theorem of the p-adic

Hodge theory [T]) is of highly arithmetic nature.

2. de Rham Side (Hodge Polygon)

First, we introduce some notations. For a ¼ ða0; . . . ; anþ1Þ A X ðSÞ, let haii AN

denote the representative of ai with 1a haiia d, and hai :¼ 1
d

Pnþ1
i¼0 haii A N.

For a A Q, let 0a fag < 1 denote the fractional part of a. For n ¼ n0 þ n1 p

þ � � � þ nf�1 p
f�1 with 0a n0; . . . ; nf�1 a p� 1, we set sðnÞ :¼ n0 þ � � � þ nf�1.

Note that ðHdR nKÞa has rank one over KnK GK � K s � � � � � K s f�1

,

and HdR nKGHn
dRðVK=KÞlHn

dRðVK s=K sÞl � � �lHn
dRðVK s f�1=K s f�1Þ. Thus,

5
K
ðHdR nKÞa is isomorphic to

5
K

ððHdRÞa l ðHdRÞpa l � � �l ðHdRÞp f�1aÞ;

where pka :¼ ðpka0; . . . ; p
kanþ1Þ and ðHdRÞpka is the pka-part of HdR (not of

HdR nK as before), i.e., the sub-K-vector space of HdR on which z A S acts by
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ðpkaÞðzÞ. Note that dimKðHdRÞpka ¼ 1. By [D, Proposition 7.6], we have

Fil iðHdRÞa ¼
ðHdRÞa ia hai� 1;

0 ib hai:

�

Therefore, the only jump of the Hodge filtration on 5
K
ðHdR nKÞa happens at

the degree

ðhai� 1Þ þ � � � þ ðhp f�1ai� 1Þ

¼
Xnþ1

i¼0

haii

d

� �
þ
Xnþ1

i¼0

phaii

d

� �
þ � � � þ

Xnþ1

i¼0

p f�1haii

d

� �
� f :

On the other hand, elementary calculation [W, Lemma 6.14] says that�
n

q�1

�
þ
� pn

q�1

�
þ � � � þ

� p f�1n

q�1

�
¼ 1þpþ���þ p f�1

q�1 sðnÞ ¼ 1
p�1 sðnÞ. Then, by noting

pkhaii
d

¼ ððq�1Þ=dÞpkhaii
q�1 and d divides q� 1, the above quantity is equal to

1

p� 1

Xnþ1

i¼0

s
ðq� 1Þhaii

d

� �
� f :ð*ÞHodge

3. Crystalline Side (Newton Polygon)

First, we introduce some notations (See also [D, pp. 84–85]). Let p denote

the prime ideal in QðmdÞ over p corresponding to the embedding QðmdÞ ,!
QpðmdÞ. The reduction modulo p defines an isomorphism ðQðmdÞ �ÞmdðQðmdÞÞ !

@

mdðFqÞð� FqÞ. We set t to be its inverse. We fix a A XðSÞ with a0; . . . ; anþ1 0 0.

We define a character ei : F
�
q ! md to be

eiðxÞ :¼ tðxð1�qÞ=dÞai

(Note that xð1�qÞ=d lives in mdðFqÞ). Then
Qnþ1

i¼0 eiðxiÞ is well-defined for

ðx0 : � � � : xnþ1Þ A Pnþ1ðFqÞ, since
Qnþ1

i¼0 ei ¼ 1. We define a Jacobi sum

Jðe0; . . . ; enþ1Þ :¼ ð�1Þn
X

ðx0:���:xnþ1Þ APnþ1ðFqÞ;x0þ���þxnþ1¼0

Ynþ1

i¼0

eiðxiÞ A QðmdÞ;

where we put eið0Þ :¼ 0. Let c be a non-trivial additive character c : Fq ! QðmqÞ,
and we define Gauss sums

gðp; ai;cÞ :¼ �
X
x AFq

eiðxÞcðxÞ A Qðmd ; mqÞ;

and

gðp; aÞ :¼ q�hai
Ynþ1

i¼0

gðp; ai;cÞ:
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Then [D, Lemma 7.9] says that Jðe0; . . . ; enþ1Þ ¼ qhai�1gðp; aÞ, hence in particular

gðp; aÞ is independent of c, and lands in QðmdÞ. By [D, Proposition 7.10] and

the comparison of the Lefschetz trace formula for crystalline cohomology and

étale cohomology, the K-linear Frobenius action j f on ðHcrys nKÞa is given by

the multiplication by

qhai�1gðp; aÞ ¼ q�1
Ynþ1

i¼0

gðp; ai;cÞ:

Then, (an essential part of ) Stickelberger’s theorem [W, Proposition 6.13] says

that

vp q�1
Ynþ1

i¼0

gðp; ai;cÞ
 !

¼ 1

p� 1

Xnþ1

i¼0

s
ðq� 1Þhaii

d

� �
� f ;ð*ÞNewton

where the valuation vp is normalised as vpðpÞ ¼ 1. Then, the quantity ð*ÞHodge in

Section 2 coincides with the quantity ð*ÞNewton in Section 3. This means the

weakly admissibility of the filtered j-module ððHdR nKÞa; ðHcrys nKÞaÞ.
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