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ANALYTIC PROPERTIES OF GENERALIZED

MORDELL-TORNHEIM TYPE OF MULTIPLE

ZETA-FUNCTIONS AND L-FUNCTIONS

By

Takashi Miyagawa

Abstract. Analytic properties of three types of multiple zeta

functions, that is, the Euler-Zagier type, the Mordell-Tornheim type

and the Apostol-Vu type have been studied by a lot of authors. In

particular, in the study of multiple zeta functions of the Apostol-Vu

type, a generalized multiple zeta function, including both the Euler-

Zagier type and the Apostol-Vu type, was introduced. In this

paper, similarly we consider generalized multiple zeta-functions and

L-functions, which include both the Euler-Zagier type and the

Mordell-Tornheim type as special cases. We prove the meromorphic

continuation to the multi-dimensional complex space, and give the

results on possible singularities.

1. Introduction

The Euler-Zagier type of multiple zeta-function zEZ; r is defined by

zEZ; rðs1; . . . ; srÞ ¼
X

1am1<���<mr

1

ms1
1 m

s2
2 � � �msr

r

¼
Xy
m1¼1

� � �
Xy
mr¼1

1

ms1
1 ðm1 þm2Þs2 � � � ðm1 þ � � � þmrÞsr

; ð1Þ

where s1; s2; . . . ; sr are complex variables, and the series (1) is absolutely con-

vergent in the region

fðs1; . . . ; srÞ A Cr jReðsr�kþ1 þ sr�kþ2 þ � � � þ srÞ > k ðk ¼ 1; 2; . . . ; rÞg:
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The Mordell-Tornheim type and Apostol-Vu type of multiple zeta-functions are

defined by

zMT ; rðs1; . . . ; sr; srþ1Þ ¼
Xy
m1¼1

� � �
Xy
mr¼1

1

ms1
1 � � �msr

r ðm1 þ � � � þmrÞsrþ1
ð2Þ

and

zAV ; rðs1; . . . ; sr; srþ1Þ ¼
X

1am1<���<mr

1

ms1
1 � � �msr

r ðm1 þ � � � þmrÞsrþ1
ð3Þ

where s1; . . . ; sr; srþ1 are complex variables. The series (2) and (3) are absolutely

convergent in

fðs1; . . . ; sr; srþ1Þ A Crþ1 jReðsjÞ > 1 ð1a ja rÞ; Reðsrþ1Þ > 0g: ð4Þ

For the meromorphic continuation to the whole space Cr of (1), Akiyama

Egami and Tanigawa [1] and Zhao [11], proved independently of each other.

Matsumoto [5] gave an alternative proof of the analytic continuation using the

Mellin-Barnes integral formula

ð1þ lÞ�s ¼ 1

2pi

ð
ðcÞ

Gðsþ zÞGð�zÞ
GðsÞ lz dz; ð5Þ

where s; l A C, jarg lj < p, l0 0, and c A R, �ReðsÞ < c < 0 and the path of

integration is the vertical line from c� iy to cþ iy. Also, Matsumoto [4]

proved the meromorphic continuation in the same way for (2) and (3). In

particular, Matsumoto introduced the following function in the process of

proving the meromorphic continuation of (3). Let 1a ja r, and define

ẑzAV ; j; rðs1; . . . ; sj; sjþ1; . . . ; sr; srþ1Þ

¼
X

1am1<���<mr

1

ms1
1 � � �msr

r ðm1 þ � � � þmjÞsrþ1
ð6Þ

where s1; . . . ; sr; srþ1 are complex variables. Since ẑzAV ; r; r ¼ zAV ; r and

ẑzAV ;1; rðs1; s2; . . . ; srþ1Þ ¼ zEZ; rðs1 þ srþ1; s3; . . . ; srÞ;

(6) forms a generalized class including as special cases both the Euler-Zagier

type (1) and the Apostol-Vu type (3). He, through the recursive structure

zAV ; r ¼ ẑzAV ; r; r ! ẑzAV ; r�1; r ! ẑzAV ; r�2; r ! � � � ! ẑzAV ;1; r ¼ zEZ; r ð7Þ

(here A ! B means that A can be expressed as an integral involving B; see (12),

(17) and (18) below), discussed analytic properties of those functions.
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As an analogue of (6), in this paper we define the following function, and

prove the results on meromorphic continuation and singularities. The results will

be stated in Section 2.

Definition 1. Let 1a ja r, and define

ẑzMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1Þ

¼
Xy
m1¼1

� � �
Xy
mr¼1

1

ms1
1 � � �msj

j ðm1 þ � � � þmjÞsjþ1 � � � ðm1 þ � � � þmrÞsrþ1
; ð8Þ

where s1; . . . ; sr; srþ1 are complex variables.

Since ẑzMT ; r; r ¼ zMT ; r and

ẑzMT ;1; rðs1; . . . ; sj; sjþ1; . . . ; srþ1Þ ¼ zEZ; rðs1 þ s2; s3; . . . ; srþ1Þ;

we see that (8) forms a generalized class including as specal cases both the Euler-

Zagier type (1) and the Mordell-Tornheim type (2), which can be illustrated in

the following figure.

ẑzAV ; j; r ẑzMT ; j; r

ẑzAV ; r; r ẑzAV ;1; r; ẑzMT ;1; r ẑzMT ; r; r����
����

����
zAV ; r zEZ; r zMT ; r

The series (8) is absolutely convergent in the region

Rj; r ¼ ðs1; . . . ; sr; srþ1Þ A Crþ1

Reðsrþ2�k þ srþ3�k þ � � � þ srþ1Þ > k

ðk ¼ 1; 2; . . . ; r� jÞ
Reðsjþ1 þ sjþ2 þ � � � þ srþ1Þ > r� j

ReðslÞ > 1 ðl ¼ 1; 2; . . . ; jÞ

���������

8>>><
>>>:

9>>>=
>>>;
;

therefore ẑzMT ; j; r is a regular function in Rj; r. This fact can be proved by the

evaluation

Xy
m¼1

1

ðmþNÞs <
ðy
0

dx

ðxþNÞs ¼
1

s� 1

1

N s�1
ðs > 1Þ

and the result on the absolutely convergent region (4).
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Furthermore, we introduce the following L-function which is a w-analogue

of (8), and we obtain the results on meromorphic continuation and singularities.

The results will be stated in Section 2.

Definition 2. Let w1; w2 . . . ; wr be Diriclet characters of the same modulus

q ðb 2Þ. We define

L̂LMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1; w1; . . . ; wrÞ

¼
Xy
m1¼1

� � �
Xy
mr¼1

w1ðm1Þ � � � wrðmrÞ
ms1

1 � � �msj
j ðm1 þ � � � þmjÞsjþ1 � � � ðm1 þ � � � þmrÞsrþ1

ð9Þ

where 1a ja r and s1; . . . sr; srþ1 are complex variables. The series (9) is

absolutely convergent in Rj; r, and so L̂LMT ; j; r is a regular function on Rj; r.

Definition 2 gives a generalized class which includes both

LEZ; rðs1; . . . ; sr; w1; . . . ; wrÞ

¼
Xy
m1¼1

� � �
Xy
mr¼1

w1ðm1Þ � � � wrðmrÞ
ms1

1 ðm1 þm2Þ s2 � � � ðm1 þ � � � þmrÞ sr
; ð10Þ

and

LMT ; rðs1; . . . ; sr; srþ1; w1; . . . ; wrÞ ¼
Xy
m1¼1

� � �
Xy
mr¼1

w1ðm1Þ � � � wrðmrÞ
ms1

1 � � �msr
r ðm1 þ � � � þmrÞsrþ1

ð11Þ

as special cases. The series (10) is introduced by Kamano [2], and he proved

the meromorphic continuation to Cr. Also (11) is introduced by Wu [10] and he

proved some analytic properties (see Theorem 3 in Matsumoto [7]).

Remark 1. Analytic properties of Apostol-Vu type (3) was also proved by

Okamoto [9], whose method is di¤erent from the method of Matsumoto [4]

through the function (6). Okamoto’s method is based on the observation that (3)

has the recursive structure

zAV ; r ! zAV ; r�1 ! zAV ; r�2 ! � � � ! zAV ;2 ! z; ð12Þ

where the right-most z denotes the Riemann zeta-function. Thus, analytic prop-

erties of (3) can be proved without using the function (6) and the recursive

structure (7).
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Remark 2. Matsumoto and Tanigawa [8] defined the multiple Dirichlet

series

Xy
m1¼1

� � �
Xy
mr¼1

a1ðm1Þa2ðm2Þ � � � arðmrÞ
ms1

1 ðm1 þm2Þs2 � � � ðm1 þ � � � þmrÞsr

which is a further generalization of (10). They proved its several analytic

properties.

2. Statement of Results

Theorem 1. For 1a ja r, we have

(i) the function ẑzMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1Þ can be continued meromor-

phically to the whole Crþ1-space,

(ii) in the case of j ¼ r� 1, the possible singularities of ẑzMT ; r�1; r are located

only on the subsets of Crþ1 defined by one of the following equations;

srþ1 ¼ 1;

sj þ sr þ srþ1 ¼ 1� l ð1a ja r� 1; lb�1Þ;

sj1 þ sj2 þ sr þ srþ1 ¼ 2� l ð1a j1 < j2 a r� 1; lb�1Þ;

..

.

sj1 þ � � � þ sjr�2
þ sr þ srþ1 ¼ r� 2� l

ð1a j1 < � � � < jr�2 a r� 1; lb�1Þ;

s1 þ � � � þ sr�1 þ sr þ srþ1 ¼ r� 1� d ðd ¼ �1; 0; 1; 3; 5; 7; 9; . . .Þ:

Also, in the cases of 1a ja r� 2, possible singularities of ẑzMT ; j; r are

located only on the subsets of Crþ1 defined by one of the following

equations;

srþ1 ¼ 1;

sr þ srþ1 ¼ 1� d ðd ¼ �1; 0; 1; 3; 5; 7; 9; . . .Þ;

sr�1 þ sr þ srþ1 ¼ 3� l ðl A N0Þ;

sr�2 þ sr�1 þ sr þ srþ1 ¼ 4� l ðl A N0Þ;

..

.
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sjþ2 þ sjþ3 þ � � � þ sr þ srþ1 ¼ r� j � l ðl A N0Þ;

sk1 þ sjþ1 þ � � � þ sr þ srþ1 ¼ 1� l 0 ð1a k1 a j; l 0
b�ðr� jÞÞ;

sk1 þ sk2 þ sjþ1 þ � � � þ sr þ srþ1 ¼ 2� l 0

ð1a k1 < k2 a j; l 0
b�ðr� jÞÞ;

..

.

sk1 þ � � � þ skj�1
þ sjþ1 þ � � � þ sr þ srþ1 ¼ j � 1� l 0

ð1a k1 < � � � < kj�1 a j; l 0
b�ðr� jÞÞ;

s1 þ � � � þ sj þ sjþ1 þ � � � þ sr þ srþ1 ¼ j � l 0 ðl 0
b�ðr� jÞÞ:

(iii) each of these singularities can be canceled by the corresponding linear

factor, and

(iv) ẑzMT ; j; r is of polynomial order with respect to jImðsrþ1Þj.

Theorem 2. For 1a ja r, we have

(i) the function L̂LMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1; w1; . . . wrÞ can be continued

meromorphically to the Crþ1-space.

(ii) If none of the characters w1; . . . ; wr are principal, then L̂LMT ; j; r is entire.

If wt1 ; . . . ; wtk ð1a t1 < � � � < tk a jÞ and wr�d1
; . . . ; wr�dh

ð1a d1 < � � � <
dh a r� jÞ are principal character and other characters are non-principal,

in the case of j ¼ r� 1, then possible singularities are located only on the

subsets of Crþ1 defined by one of the following equation;

stuð1Þ þ sr þ srþ1 ¼ 1� l ð1a uð1Þa k; lb�drÞ;

stuð1Þ þ stuð2Þ þ sr þ srþ1 ¼ 2� l ð1a uð1Þ < uð2Þa k; lb�drÞ;

..

.

stuð1Þ þ � � � þ stuðk�1Þ þ sr þ srþ1 ¼ k � 1� l

ð1a uð1Þ < � � � < uðk � 1Þa k; lb�drÞ;

st1 þ � � � þ stk þ sr þ srþ1 ¼ k � l ðlb�drÞ;

ð13Þ

where

dr ¼
1 ðwr is principalÞ
0 ðwr is non principalÞ

�
;
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also in the cases of 1a ja r� 2, then possible singularities are located

only on the subsets of C rþ1 defined by one of the following equation;

sr�d1þ1 þ sr�d1þ2 þ � � � þ srþ1 ¼ d1 þ 1� l0 ðl0 A N0Þ;

..

.

sr�dhþ1 þ sr�dhþ2 þ � � � þ srþ1 ¼ dh þ 1� l0 ðl0 A N0Þ;

stuð1Þ þ sjþ1 þ � � � þ sr þ srþ1 ¼ 1� l 0 ð1a uð1Þa k; l 0
b�DjÞ;

stuð1Þ þ stuð2Þ þ sjþ1 þ � � � þ sr þ srþ1 ¼ 2� l 0

ð1a uð1Þ < uð2Þa k; l 0
b�DjÞ;

..

.

suð1Þ þ � � � þ suð j�1Þ þ sjþ1 þ � � � þ sr þ srþ1 ¼ j � 1� l 0

ð1a uð1Þ < � � � < uð j � 1Þa k; l 0
b�DjÞ;

s1 þ � � � þ sj þ sjþ1 þ � � � þ sr þ srþ1 ¼ j � l 0 ðl 0
b�DjÞ;

ð14Þ

where Dj ¼ dr þ dr�1 þ � � � þ dr� j . Moreover, if wr is principal character,

then

srþ1 ¼ 1

is a possible singularity in addition to the above possible singularities (13)

and (14).

(iii) each of these singularities can be canceled by the corresponding linear

factor, and

(iv) L̂LMT ; j; r is of polynomial order with respect to jImðsrþ1Þj.

Remark 3. In both Theorem 1 and Theorem 2, the case j ¼ r is known (see

Theorem 4 and Theorem 5 below). It is interesting that the feature of possible

singularities in the case j ¼ r� 1 is di¤erent from that in the cases 1a ja r� 2.

3. Proof of Theorem 1

The proof of Theorem 1 and Theorem 2 is similar to the argument of

Matsumoto [3], [4], [5], [6], [7]. The basic point is the use of the following integral

representation.
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Lemma 3. We have

ẑzMT ; j; rðs1; . . . sj ; sjþ1; . . . ; sr; srþ1Þ

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� ẑzMT ; j; r�1ðs1; . . . ; sj ; sjþ1; . . . ; sr�1; sr þ srþ1 þ zÞzð�zÞ dz ð15Þ

and

L̂LMT ; j; rðs1; . . . ; sj ; sjþ1; . . . ; srþ1; w1; . . . ; wrÞ

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� L̂LMT ; j; r�1ðs1; . . . ; sj ; sjþ1; . . . ; sr�1; sr þ srþ1 þ z; w1; . . . ; wr�1Þ

� Lð�z; wrÞ dz; ð16Þ

where Lð�z; wrÞ is the Dirichlet L-function attached to wr, 1a ja r� 1 and

�Reðsrþ1Þ < c < �1.

Proof of Lemma 3. We prove only for L̂LMT ; j; r. Using the Mellin-Barnes

integral formula (5) for the multiple sum (9) with l ¼ mr=ðm1 þ � � � þmr�1Þ, we
can formally obtain

L̂LMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1; w1; . . . ; wrÞ

¼
Xy
m1¼1

� � �
Xy
mr¼1

w1ðm1Þ � � � wrðmrÞ
ms1

1 � � �msj
j ðm1 þ � � � þmjÞsjþ1 � � � ðm1 þ � � � þmr�1Þsrþsrþ1

� 1þ mr

m1 þ � � � þmr�1

� ��srþ1

¼
Xy
m1¼1

� � �
Xy
mr¼1

w1ðm1Þ � � � wrðmrÞ
ms1

1 � � �msj
j ðm1 þ � � � þmjÞsjþ1 � � � ðm1 þ � � � þmr�1Þsrþsrþ1

� 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

mr

m1 þ � � � þmr�1

� �z

dz

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ
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�
Xy
m1¼1

� � �
Xy

mr�1¼1

w1ðm1Þ � � � wr�1ðmr�1Þ
ms1

1 � � �msj
j ðm1 þ � � � þmjÞsjþ1 � � � ðm1 þ � � � þmr�1Þsrþsrþ1þz

�
Xy
mr¼1

wrðmrÞ
m�z

r

dz

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� L̂LMT ; j; r�1ðs1; . . . ; sj; sjþ1; . . . ; sr�1; sr þ srþ1 þ z; w1; . . . ; wr�1ÞLð�z; wrÞ dz:

Now, we prove that
Py

m¼1 and
Ð
ðcÞ can be exchanged. Put z ¼ cþ iw

ð�y < w < yÞ. It is enough to prove that

Ij; r ¼
Xy
m1¼1

� � �
Xy
mr¼1

ðy
�y

���� w1ðm1Þ � � � wrðmrÞ
ms1

1 � � �msj
j ðm1 þ � � � þmjÞ sjþ1 � � � ðm1 þ � � � þmr�1Þsrþsrþ1

� mr

m1 þ � � � þmr�1

� �cþiw
Gðsrþ1 þ cþ iwÞGð�c� iwÞ

Gðsrþ1Þ

���� dw
¼ ẑzMT ; j; r�1ðs1; . . . ; sj; sjþ1; . . . ; sr�1; sr þ srþ1 þ cÞzð�cÞ

� 1

jGðsrþ1Þj

ðy
�y

jGðsrþ1 þ cþ iwÞGð�c� iwÞj dw

is bounded for each ðs1; s2; . . . ; srþ1Þ A Rj; r. By using the Stirling’s formula we

have

jGðsrþ1 þ cþ iwÞGð�c� iwÞj

¼
ffiffiffiffiffiffi
2p

p
exp srþ1 þ cþ iw� 1

2

� �
logðsrþ1 þ cþ iwÞ

� �����
����

� expð�srþ1 � c� iwÞj jð1þOðjwj�1ÞÞ ðjwj ! yÞ

¼
ffiffiffiffiffiffi
2p

p
expf�w argðsrþ1 þ cþ iwÞgOðjwjsrþ1þcþ1=2Þ

¼ O exp � p

2
jwj

� �� �
;

hence ðy
�y

jGðsrþ1 þ cþ iwÞGð�c� iwÞj dw ¼ Oð1Þ:

This implies the assertion. r
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These integral representations (15), (16), give the following inductive

structure;

ẑzMT ; j; r ! ẑzMT ; j; r�1 ! ẑzMT ; j; r�2 ! � � � ! ẑzMT ; j; jþ1 ! ẑzMT ; j; j ¼ zMT ; j ; ð17Þ

L̂LMT ; j; r ! L̂LMT ; j; r�1 ! L̂LMT ; j; r�2 ! � � � ! L̂LMT ; j; jþ1 ! L̂LMT ; j; j ¼ LMT ; j: ð18Þ

Theorem 4 (K. Matsumoto [4]). (i) The function zMT ; rðs1; . . . ; sr; srþ1Þ can

be meromorphically continued to the whole Crþ1-space.

(ii) The possible singularities of zMT ; r are located only on the subsets of Crþ1

defined by one of the following equations;

sj þ srþ1 ¼ 1� l ð1a ja r; l A N0Þ;

sj1 þ sj2 þ srþ1 ¼ 2� l ð1a j1 < j2 a r; l A N0Þ;

� � �

sj1 þ � � � þ sjr�1
þ srþ1 ¼ r� 1� l ð1a j1 < � � � < jr�1 a r; l A N0Þ;

s1 þ s2 þ � � � þ sr þ srþ1 ¼ r;

where N0 denotes the set of non-negative integer.

(iii) Each of these singularities can be cancelled by the corresponding linear

factor.

(iv) zMT ; r is of polynomial order with respect to jImðsrþ1Þj.

Proof of Theorem 1. When j ¼ r the assertion is Theorem 4. If j ¼ r� 1,

(15) implies

ẑzMT ; r�1; rðs1; . . . ; sr�1; sr; srþ1Þ

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

zMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ zÞzð�zÞ dz ð19Þ

where �Reðsrþ1Þ < c < �1. By Theorem 4, the poles of zMT ; r�1ðs1; . . . ; sr�1;

sr þ srþ1 þ zÞ as in a z-plane are

z ¼ �sj � sr � srþ1 þ 1� l ð1a ja r� 1; l A N0Þ;

z ¼ �sj1 � sj2 � sr � srþ1 þ 2� l ð1a j1 < j2 a r� 1; l A N0Þ;

..

.
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z ¼ �sj1 � � � � � sjr�2
� sr � srþ1 þ r� 2� l

ð1a j1 < � � � < jr�1 a r� 1; l A N0Þ;

z ¼ �s1 � � � � � sr�1 � sr � srþ1 þ r� 1;

all of which are located to the left of ReðzÞ ¼ c. The other poles of the integrand

on the right-hand side of (19) are z ¼ �srþ1 � n ðn A N0Þ, z ¼ n ðn A N0Þ and

z ¼ �1. We shift the path of integration to the right to ReðzÞ ¼ N � e, where

N is a positive integer. Because zMT ; r�1ðs1; . . . ; sr�1; srÞ is of polynomial order

with respect to jImðsrÞj, using Stirling’s formula we obtain

ðN�eGiT

cGiT

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

zMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ zÞzð�zÞ dz
����

����
f gðTÞe�pT ðT ! yÞ;

where g is a certain polynomial. Hence, the shift of the path of integration is

possible, and we obtain

ẑzMT ; r�1; rðs1; . . . ; sr�1; sr; srþ1Þ

¼ 1

srþ1 � 1
zMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 � 1Þ

� 1

2
zMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1Þ

þ
X½N=2�

n¼1

�srþ1

2n� 1

� �
zMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ 2n� 1Þzð1� 2nÞ

þ 1

2pi

ð
ðN�eÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� zMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ zÞzð�zÞ dz: ð20Þ

The poles of the integrand of the last integral term is listed above, and hence we

see that this integral is holomorphic at any points satisfying all of the following

inequalities;

Reðsrþ1Þ > �N þ e;

Reðsj þ sr þ srþ1Þ > 1�N þ e;
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Reðsj1 þ sj2 þ sr þ srþ1Þ > 2�N þ e ð1a j1 < j2 a r� 1Þ;

..

.

Reðsj1 þ � � � þ sjr�2
þ sr þ srþ1Þ > r� 2�N þ e ð1a j1 < � � � < jr�2 a r� 1Þ;

Reðs1 þ � � � þ sr�1 þ sr þ srþ1Þ > r� 1�N þ e:

Since N can be taken arbitrarily large, (20) implies the meromorphic continuation

of ẑzMT ; r�1; r to the whole Crþ1-space. The first, the second and the third terms on

right-hand side of (20) have a possible singularities that are located only on the

subsets of Crþ1 defined by one of the following equations;

sj þ sr þ srþ1 þ d ¼ 1� l ð1a ja r� 1; lb 0Þ;

sj1 þ sj2 þ sr þ srþ1 þ d ¼ 2� l ð1a j1 < j2 a r� 1; lb 0Þ;

..

.

sj1 þ � � � þ sjr�2
þ sr þ srþ1 þ d ¼ r� 2� l ð1a j1 < � � � < jr�2 a r� 1; lb 0Þ;

s1 þ � � � þ sr�1 þ sr þ srþ1 þ d ¼ r� 1;

where d ¼�1; 0; 1; 3; 5; 7; . . . ð�1adaN � 1Þ. Here, we note that flþ d j l AN0;

d ¼ �1; 0; 1; 3; 5; . . .g ¼ fl A Z j lb�1g. Since N can be arbitrarily large, we

obtain the result in the case of j ¼ r� 1 in (ii).

When j ¼ r� 2 in (15), and we shift the path of integration to the right to

ReðzÞ ¼ N � e to obtain

ẑzMT ; r�2; rðs1; . . . ; sr�2; sr�1; sr; srþ1Þ

¼ 1

srþ1 � 1
ẑzMT ; r�1; rðs1; . . . ; sr�2; sr�1; sr þ srþ1 � 1Þ

� 1

2
ẑzMT ; r�1; rðs1; . . . ; sr�2; sr�1; sr þ srþ1Þ

þ
X½N=2�

n¼1

�srþ1

2n� 1

� �
ẑzMT ; r�1; rðs1; . . . ; sr�2; sr�1; sr þ srþ1 þ nÞzð1� 2nÞ

þ 1

2pi

ð
ðN�eÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� ẑzMT ; r�1; rðs1; . . . ; sr�2; sr�1; sr þ srþ1 þ zÞzð�zÞ dz: ð21Þ
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The possible singularities on the right-hand side of (21) are

srþ1 ¼ 1;

sr þ srþ1 þ n ¼ 1;

sj þ sr�1 þ sr þ srþ1 þ n ¼ 1� l ð1a ja r� 2; lb�1Þ;

sj1 þ sj2 þ sr�1 þ sr þ srþ1 þ n ¼ 2� l ð1a j1 < j2 a r� 2; lb�1Þ;

..

.

sj1 þ � � � þ sjr�3
þ sr�1 þ sr þ srþ1 þ n ¼ r� 3� l

ð1a j1 < � � � < jr�3 a r� 2; lb�1Þ;

s1 þ � � � þ sr�2 þ sr�1 þ sr þ srþ1 þ n ¼ r� 2� d;

where n; d ¼ �1; 0; 1; 3; 5; 7; . . . ð�1a naNÞ. Since

flþ d j l A f�1g [N0; d ¼ �1; 0; 1; 3; 5; . . .g ¼ fl A Z j lb�2g;

fd þ n j d; n ¼ �1; 0; 1; 3; 5; . . . ð�1a naNÞg ¼ fl A Z j lb�2g;

the above possible singularities can be rewritten as follows;

srþ1 ¼ 1;

sr þ srþ1 ¼ 1� n;

sj þ sr�1 þ sr þ srþ1 ¼ 1� l ð1a ja r� 2; lb�2Þ;

sj1 þ sj2 þ sr�1 þ sr þ srþ1 ¼ 2� l ð1a j1 < j2 a r� 2; lb�2Þ;

..

.

sj1 þ � � � þ sjr�3
þ sr�1 þ sr þ srþ1 ¼ r� 3� l

ð1a j1 < � � � < jr�2 a r� 2; lb�2Þ;

s1 þ � � � þ sr�2 þ sr�1 þ sr þ srþ1 ¼ r� 2� l ðlb�2Þ:

Since N can be taken arbitrarily large, we obtain the results of (ii) in the case of

j ¼ r� 2.

Let k ¼ r� j ðkb 2Þ. Assume that the assertion of Theorem 1 is true in the

case of r� j ¼ 2; 3; . . . ; k � 1, and we prove by induction the assertion in the case
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of r� j ¼ 2. By Lemma 3, we obtain

ẑzMT ; r�k; rðs1; . . . ; sr�k; sr�kþ1; . . . ; sr; srþ1Þ

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� ẑzMT ; r�k; r�1ðs1; . . . ; sr�k; sr�kþ1; . . . ; sr�1; sr þ srþ1 þ zÞzð�zÞ dz; ð22Þ

where 1a ja k � 1, �Reðsrþ1Þ < c < �1. By assumption of induction, we

find that the possible singularities of ẑzMT ; r�k; r�1ðs1; . . . ; sr�k; sr�kþ1; . . . ; sr�1;

sr þ srþ1 þ zÞ as a function in z are

z ¼ �sr � srþ1 þ 1;

z ¼ �sr�1 � sr � srþ1 þ 2� d ðd ¼ �1; 0; 1; 3; 5; 7; . . .Þ;

z ¼ �sr�2 � sr�1 � sr � srþ1 þ 3� l ðl A N0Þ;

..

.

z ¼ �sr�kþ2 � � � � � sr�1 � sr � srþ1 þ k � 1� l ðl A N0Þ;

z ¼ �sj1 � sr�kþ1 � � � � � sr�1 � sr � srþ1 þ 1� l 0

ð1a j1 a r� k; l 0
b�k þ 2Þ;

z ¼ �sj1 � sj2 � sr�kþ1 � � � � � sr�1 � sr � srþ1 þ 2� l 0

ð1a j1 < j2 a r� k; l 0
b�k þ 2Þ;

..

.

z ¼ �sj1 � � � � � sjr�k�1
� sr�kþ1 � � � � � sr�1 � sr � srþ1 þ r� k � l 0

ð1a j1 < � � � < jr�k�1 a r� k; l 0
b�k þ 2Þ;

z ¼ �s1 � s2 � � � � � sr�kþ1 � � � � � sr�1 � sr � srþ1 þ r� k þ 1� l 0

ðl 0
b�k þ 2Þ;

all of which are located to the left of ReðzÞ ¼ c. The other poles of the integrand

on the right-hand side of (22) are z ¼ �srþ1 � n ðn A N0Þ, z ¼ n ðn A N0Þ and

z ¼ �1. We shift the path of integration to the right to ReðzÞ ¼ N � e, where N

is a positive integer. Since the shift of the path of integration is possible as before,

we obtain
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ẑzMT ; r�k; rðs1; . . . ; sr�k; sr�kþ1; . . . ; srþ1Þ

¼ 1

srþ1 � 1
ẑzMT ; r�k; r�1ðs1; . . . ; sr�k; sr�kþ1; . . . ; sr�1; sr þ srþ1 � 1Þ

� 1

2
ẑzMT ; r�k; r�1ðs1; . . . ; sr�k; sr�kþ1; . . . ; sr�1; sr þ srþ1Þ

þ
X½N=2�

n¼1

�srþ1

2n� 1

� �
ẑzMT ; r�k; r�1ðs1; . . . ; sr�k; sr�kþ1; . . . ; sr�1; sr þ srþ1 þ 2n� 1Þ

� zð1� 2nÞ

þ 1

2pi

ð
ðN�eÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� ẑzMT ; r�k; r�1ðs1; . . . ; sr�k; sr�kþ1; . . . ; sr�1; sr þ srþ1 þ zÞzð�zÞ dz: ð23Þ

The first, the second and the third terms on right-hand side of (23) have a

possible singularities that are located only on the subsets of Crþ1 defined by one

of the following equations;

srþ1 ¼ 1;

sr þ srþ1 þ n ¼ 1;

sr�1 þ sr þ srþ1 þ n ¼ 2� d ðd ¼ �1; 0; 1; 3; 5; 7; . . .Þ;

sr�2 þ sr�1 þ sr þ srþ1 þ n ¼ 3� l ðl A N0Þ;

..

.

sr�kþ2 þ sr�kþ3 þ � � � þ sr þ srþ1 þ n ¼ k � 1� l ðl A N0Þ;

sj1 þ sr�kþ1 þ � � � þ sr þ srþ1 þ n ¼ 1� l 0 ð1a j1 a r� k; l 0
b�ðk � 1ÞÞ;

sj1 þ sj2 þ sr�kþ1 þ � � � þ sr þ srþ1 þ n ¼ 2� l 0

ð1a j1 < j2 a r� k; l 0
b�ðk � 1ÞÞ;

..

.

sj1 þ � � � þ sjr�k�1
þ sr�kþ1 þ � � � þ sr þ srþ1 þ n ¼ r� k � 1� l 0

ð1a j1 < � � � < jr�k�1 a r� k; l 0
b�ðk � 1ÞÞ;

s1 þ � � � þ sr�k þ sr�kþ1 þ � � � þ sr þ srþ1 þ n ¼ r� k � l 0 ðl 0
b�ðk � 1ÞÞ;

ð24Þ
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where n ¼ �1; 0; 1; 3; 5; 7; . . . ð1a naN � 1Þ. The last integral of (23) is hol-

omorphic at any satisfying all of the following inequalities;

Reðsrþ1Þ > �N þ e;

Reðsr þ srþ1Þ > 1�N þ e;

Reðsr�1 þ sr þ srþ1Þ > 2�N þ e;

..

.

Reðsr�kþ2 þ sr�kþ3 þ � � � þ sr þ srþ1Þ > k � 1�N þ e;

Reðsj1 þ sr�kþ1 þ � � � þ sr þ srþ1Þ > k �N þ e ð1a j1 a r� kÞ;

Reðsj1 þ sj2 þ sr�kþ1 þ � � � þ sr þ srþ1Þ > k þ 1�N þ e

ð1a j1 < j2 a r� kÞ;

..

.

Reðsj1 þ � � � þ sjr�k�2
þ sr�kþ1 þ � � � þ sr þ srþ1Þ > r� 2�N þ e

ð1a j1 < � � � < jr�k�2 a r� kÞ;

Reðs1 þ � � � þ sr�k þ sr�kþ1 þ � � � þ sr þ srþ1Þ > r� 1�N þ e:

ð25Þ

Since N can be taken arbitrarily large, (25) implies the meromorphic continuation

of ẑzMT ; r�k; r to the whole Crþ1 space. By the method similar to that as in the

case of j ¼ r� 2, we obtain the result in the case of 2a ja r in (ii).

Let

Fr�k; r;Nðs1; . . . ; sr�k; sr�kþ1; . . . ; srþ1Þ

¼ ðsrþ1 � 1Þ
Y

�1adaN�1
d :0 or odd

ðsr þ srþ1 � 2þ dÞ

�
YN
l¼0

fðsr�1 þ sr þ srþ1 � 3� lÞðsr�2 þ sr�1 þ sr þ srþ1 � 4� lÞ

� � � � � ðsr�kþ1 þ � � � þ sr þ srþ1 � k � 1þ lÞg

�
YN

l 0¼�k

(Yr�k

j1¼1

ðsj1 þ sr�kþ1 þ � � � þ sr þ srþ1 � 1þ l 0Þ
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�
Yr�k

1a j1< j2ar�k

ðsj1 þ sj2 þ sr�kþ1 þ � � � þ sr þ srþ1 � 1þ l 0Þ

� � � � �
Yr�k

1a j1<���< jr�k�1ar�k

ðsj1 þ � � � þ sjr�k�1

þ sr�kþ1 þ � � � þ sr þ srþ1 � 1þ l 0Þ

� ðs1 þ � � � þ sr�k þ sr�kþ1 þ � � � þ sr þ srþ1 � rþ k þ l 0Þ
)

where N is positive integer. By (23) and (ii),

ẑzMT ; r�k; rðs1; . . . ; sr�k; sr�kþ1; . . . ; srþ1ÞFr�k; r;Nðs1; . . . ; sr�k; sr�kþ1; . . . ; srþ1Þ

is shown to be holomorphic, to obtain (iii). Finally we can also prove (iv) also by

the induction assumption on the order ẑzMT ; r�k; r�1 and Stirling’s formula. Hence

the proof of Theorem 1 is complete. r

4. Proof of Theorem 2

Theorem 5 (Wu [10]). The function LMT ; rðs1; . . . ; sr; srþ1; w1; . . . ; wrÞ can be

meromorphically continued to the Crþ1-space. If none of the characters w1; . . . ; wr
are principal, then LMT ; r is entire. If there are k principal characters wt1 ; . . . ; wtk
among them, then possible singularities are located only on the subsets of C rþ1

defined by one of the following equations;

stuð1Þ þ srþ1 ¼ 1� l ð1a uð1Þa k; l A N0Þ;

stuð1Þ þ stuð2Þ þ srþ1 ¼ 2� l ð1a uð1Þ < uð2Þa k; l A N0Þ;

..

.

stuð1Þ þ � � � þ stuðk�1Þ þ srþ1 ¼ k � 1� l

ð1a uð1Þ < � � � < uðk � 1Þa k; l A N0Þ;

st1 þ st2 þ � � � þ stk þ srþ1 ¼ k � l 1� k

r

� 	� �
ðl A N0Þ;

where 1a ha k, 1a uð1Þ < � � � < uðhÞa k, l A N0.
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Proof of Theorem 2. For (iii) and (iv) the method is exactly the same as

in the proof of Theorem 1. When j ¼ r the assertion is nothing but Theorem 5.

If j ¼ r� 1, (16) implies

L̂LMT ; r�1; rðs1; . . . ; sr�1; sr; srþ1; w1; . . . ; wrÞ

¼ 1

2pi

ð
ðcÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� LMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ z; w1; . . . ; wr�1ÞLð�z; wrÞ dz ð26Þ

where �Reðsrþ1Þ < c < �1, and Lð�; wrÞ is Dirichlet L-function. By Theorem 5,

the poles of

LMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ z; w1; . . . ; wr�1Þ

as in the z-plane are located to the left of ReðzÞ ¼ c. The other poles of the

integrand on the right-hand side of (26) are z ¼ �srþ1 � n ðn A N0Þ, z ¼ n

ðn A N0Þ. Also, when wr is principal, z ¼ �1 is a simple pole. We shift the path

of integration of (26) to the right to ReðzÞ ¼ N � e, to obtain

L̂LMT ; r�1; rðs1; . . . ; sr�1; sr; srþ1; w1; . . . ; wrÞ

¼ 1

srþ1 � 1
LMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 � 1; w1; . . . ; wr�1Þ �

jðqÞ
q

� dr

þ
XN�1

n¼0

�srþ1

n

� �
LMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ n; w1; . . . ; wr�1ÞLð�n; wrÞ

þ 1

2pi

ð
ðN�eÞ

Gðsrþ1 þ zÞGð�zÞ
Gðsrþ1Þ

� LMT ; r�1ðs1; . . . ; sr�1; sr þ srþ1 þ z; w1; . . . ; wr�1ÞLð�z; wrÞ dz ð27Þ

where dr is defined in the statement of Theorem 2. Futher, if wt1 ; . . . ; wtk
ð1a t1 < � � � < tk a r� 1Þ are principal and the others are non-principal, possible

singularities of (27) are

stuð1Þ þ sr þ srþ1 ¼ 1� l ð1a uð1Þa k; lb�drÞ;

stuð1Þ þ stuð2Þ þ sr þ srþ1 ¼ 2� l ð1a uð1Þ < uð2Þa k; lb�drÞ;

..

.
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stuð1Þ þ � � � þ stuðk�1Þ þ sr þ srþ1 ¼ k � 1� l

ð1a uð1Þ < � � � < uðk � 1Þa k; lb�drÞ;

st1 þ � � � þ stk þ sr þ srþ1 ¼ k � l ðlb�drÞ; ð28Þ

moreover, if wt1 ; . . . ; wtk ð1a t1 < � � � < tk a r� 1Þ and wr are principal and the

others are non-principal, then

srþ1 ¼ 1

is also a possible singularity. Proof in the case of 1a ja r� 2 is the same as the

proof of Theorem 1; we can prove the assertion using the induction on k with

k ¼ r� j. Also, how to deal with Dirichlet characters is similar to the case of

j ¼ r� 1. r
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