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ON THE CAUCHY PROBLEM FOR A CLASS OF

HYPERBOLIC OPERATORS WHOSE COEFFICIENTS

DEPEND ONLY ON THE TIME VARIABLE

By

Seiichiro Wakabayashi

Abstract. In this paper we investigate the Cauchy problem for

hyperbolic operators with double characteristics and hyperbolic

operators of third order whose coe‰cients depend only on the time

variable. And we give su‰cient conditions for Cy well-posedness.

1. Introduction

We say that a (partial di¤erential) operator is an operator with time-

dependent coe‰cients if the coe‰cients of the operator depend only on the time

variable. In [16] we studied the Cauchy problem for hyperbolic operators of

second order with time-dependent coe‰cients. And we gave su‰cient conditions

for the Cauchy problem to be Cy well-posed, assuming that the coe‰cients of

the principal parts are real analytic functions of the time variable. These con-

ditions are also necessary conditions if the space dimension is less than 3, or if the

coe‰cients of the principal parts of the operators are semi-algebraic functions

(e.g., polynomials) of the time variable (see, also, [17]).

In this paper we shall deal with hyperbolic operators with time-dependent

coe‰cients and double characteristics and give su‰cient conditions for the

Cauchy problem to be Cy well-posed, imposing some conditions on the sub-

principal symbols. Our conditions are generalizations of the conditions given

in [16]. If one considers the Cauchy problem for hyperbolic operators of m-th
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order, then one must impose some conditions not only on the subprincipal

symbols but on the lower order symbols of order k (1a kam� 2), in general.

So one needs to define the symbols of order k (1a kam� 2) corresponding

to the subprincipal symbols in order to describe the conditions for Cy well-

posedness. To clarify the situation we consider hyperbolic operators of third

order with time-dependent coe‰cients in this paper. In doing so, we shall define

symbols of first order for operators of third order with time-dependent coef-

ficients, which are called the sub-sub-principal symbols. We should note that

Jackson [8] showed that the sub-sub-principal symbol can not be defined

invariantly under canonical transformations. We shall prove Cy well-posedness

of the Cauchy problem for hyperbolic operators of third order with time-

dependent coe‰cients, imposing some conditions on the subprincipal symbols

and the sub-sub-principal symbols.

Let m A N and Pðt; t; xÞ1 tm þ
Pm

j¼1

P
jaja j aj;aðtÞtm�jxa be a polynomial

of t and x ¼ ðx1; . . . ; xnÞ of degree m whose coe‰cients aj;aðtÞ are Cy functions

of t A ½0;yÞ. Here a ¼ ða1; . . . ; anÞ A ðZþÞn is a multi-index, jaj ¼
Pn

j¼1 aj and

xa ¼ xa1
1 � � � xan

n , where Zþ ¼ NU f0g ð¼ f0; 1; 2; 3; . . .gÞ. We consider the Cauchy

problem

Pðt;Dt;DxÞuðt; xÞ ¼ f ðt; xÞ in ½0;yÞ � Rn;

D
j
t uðt; xÞjt¼0 ¼ ujðxÞ in Rn ð0a jam� 1Þ

�
ðCPÞ

in the framework of the space of Cy functions, where Dt ¼ �iq=qt (¼ �iqt),

Dx ¼ ðD1; . . . ;DnÞ ¼ �iðq=qx1; . . . ; q=qxnÞ, f ðt; xÞ A Cyð½0;yÞ � RnÞ and ujðxÞ A
CyðRnÞ (0a jam� 1).

Definition 1.1. The Cauchy problem (CP) is said to be Cy well-posed if

the following conditions (E) and (U) are satisfied:

(E) For any f A Cyð½0;yÞ � RnÞ and uj A CyðRnÞ (0a jam� 1) there

is u A Cyð½0;yÞ � RnÞ satisfying (CP).

(U) If s > 0, u A Cyð½0;yÞ � RnÞ, D
j
t uðt; xÞjt¼0 ¼ 0 (0a jam� 1) and

Pðt;Dt;DxÞuðt; xÞ vanishes for t < s, then uðt; xÞ also vanishes for

t < s.

We assume throughout the paper that

(A-1) aj;aðtÞ (1a jam, jaj ¼ j) are real analytic on ½0;yÞ, i.e., the coef-

ficients of the principal part of Pðt;Dt;DxÞ are real analytic on

½0;yÞ.
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From (A-1) there are a complex neighborhood W of ½0;yÞ (in C) and d > 0

such that ½�d;yÞHW and aj;aðtÞ (1a jam, jaj ¼ j) are regarded as analytic

functions defined in W. Put

pðt; t; xÞ ¼ tm þ
Xm
j¼1

a0j ðt; xÞtm�j ð1Pmðt; t; xÞÞ;

a0j ðt; xÞ ¼
X
jaj¼ j

aj;aðtÞxa;

Pkðt; t; xÞ ¼
Xm

j¼m�k

X
jaj¼kþ j�m

aj;aðtÞtm�jxa ð0a kam� 1Þ:

We also assume that

(A-2) pðt; t; xÞ is hyperbolic with respect to Q1 ð1; 0; . . . ; 0Þ A Rnþ1 for t A

½�d;yÞ, i.e.,

pðt; t� i; xÞ0 0 for any ðt; t; xÞ A ½�d;yÞ � R� Rn:

Let Gðpðt; �; �Þ; QÞ be the connected component of the set fðt; xÞ A Rnþ1nf0g;
pðt; t; xÞ0 0g which contains Q, and define the generalized flows KG

ðt0;x0Þ for

pðt; t; xÞ by

KG
ðt0;x0Þ ¼ fðtðsÞ; xðsÞÞ A ½0;yÞ � Rn; Gsb 0 and fðtðsÞ; xðsÞÞg is

a Lipschitz continuous curve in ½0;yÞ � Rn satisfying

ðd=dsÞðtðsÞ; xðsÞÞ A Gðpðt; �; �Þ; QÞ� ða:e: sÞ and ðtð0Þ; xð0ÞÞ ¼ ðt0; x0Þg;

where ðt0; x0Þ A ½0;yÞ � Rn and G� ¼ fðt; xÞ A Rnþ1; ttþ x � xb 0 for any

ðt; xÞ A Gg. To describe conditions on the lower order terms we define the

polynomials hjðt; t; xÞ ð1 hjðt; t; x; pÞÞ of ðt; xÞ by

jpðt; t� ig; xÞj2 ¼
Xm
j¼0

g2jhm�jðt; t; xÞ for ðt; t; xÞ A ½0;yÞ � R� Rn and g A R:

Since jpðt; t� ig; xÞj2 ¼
Qm

j¼1ððt� ljðt; xÞÞ2 þ g2Þ, we have

hkðt; xÞ ¼
X

1a j1< j2<���< jkam

Yk
l¼1

ðt� ljl ðt; xÞÞ
2 ð1a kamÞ;
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where pðt; t; xÞ ¼
Qm

j¼1ðt� ljðt; xÞÞ. Let RðxÞ be a set-valued function, whose

values are discrete subsets of ½0;yÞ, defined for x A Sn�1 satisfying the

following:

(i) RðxÞH ½0;yÞ for x A Sn�1 1 fx A Rn; jxj ¼ 1g.
(ii) For any T > 0 there is NT A Zþ such that

afRðxÞV ½0;T �gaNT for x A Sn�1:

Here aA denotes the number of the elements of a set A. First we consider the

case where the characteristic roots are at most double, i.e.,

(D) If ðt; t; xÞ A ½0;yÞ � R� Sn�1 and pðt; t; xÞ ¼ qt pðt; t; xÞ ¼ 0, then

q2t pðt; t; xÞ0 0.

We assume that the following condition (D-L) is satisfied, which is corre-

sponding to a so-called Levi condition:

(D-L) For any T > 0 there is C > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPÞðt; t; xÞj

aChm�1ðt; t; xÞ1=2 for ðt; t; xÞ A ½0;T � � R� Sn�1;

where mins ARðxÞ jt� sj ¼ 1 if RðxÞ ¼ q.

Here sub sðPÞðt; t; xÞ denotes the subprincipal symbol of Pðt;Dt;DxÞ, i.e.,

sub sðPÞðt; t; xÞ ¼ Pm�1ðt; t; xÞ þ ði=2Þqtqt pðt; t; xÞ:

Then we have the following

Theorem 1.2. We assume that the conditions (A-1), (A-2), (D) and (D-L) are

satisfied. Then the Cauchy problem (CP) is Cy well-posed. Moreover, if ðt0; x0Þ
A ð0;yÞ � Rn and u A Cyð½0;yÞ � RnÞ satisfies (CP), ujðxÞ ¼ 0 near fx A Rn;

ð0; xÞ A K�
ðt0;x0Þg (0a jam� 1) and f ¼ 0 near K�

ðt0;x0Þ (in ½0;yÞ � Rn), then

ðt0; x0Þ B supp u.

Remark. The condition (D-L) is necessary for Cy well-posedness if

pðt; t; xÞ1 pðt; xÞ (see [12]). Moreover, (D-L) is the same condition as given

in [16] if m ¼ 2.
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Next we consider the third order case, i.e.,

(T) m ¼ 3.

We define the sub-sub-principal symbol sub2 sðPÞðt; t; xÞ of Pðt;Dt;DxÞ by

sub2 sðPÞðt; t; xÞ ¼ P1ðt; t; xÞ þ ð1=6Þq2t q2t pðt; t; xÞð1:1Þ

þ ði=12Þq2tP2ðt; t; xÞ � qtq2t pðt; t; xÞ;

and assume that the following condition (T-L) is satisfied:

(T-L) For any T > 0 there is C > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPÞðt; t; xÞjaCh2ðt; t; xÞ1=2;

min min
s ARðxÞ

jt� sj2; 1
� �

jsub2 sðPÞðt; t; xÞjð1:2Þ

aCh1ðt; t; xÞ1=2 for ðt; t; xÞ A ½0;T � � R� Sn�1:

Now we can state our main result.

Theorem 1.3. We assume that the conditions (A-1), (A-2), (T) and (T-L) are

satisfied. Then the conclusion of Theorem 1.2 also holds.

Remark. If pðt; t; xÞ1 pðt; xÞ, then the condition (T-L) is necessary for Cy

well-posedness (see [12]).

We should note that Colombini-Orrú [1], D’Ancona-Kinoshita [3], Colombini-

Taglialatela [2] and Ishida [7] investigated the Cauchy problem for higher-order

hyperbolic operators with time-dependent coe‰cients and gave su‰cient con-

ditions for Cy well-posedness. In their su‰cient conditions they also imposed

restrictions on

ðjqtljðt; xÞj þ jqtlkðt; xÞjÞ=jljðt; xÞ � lkðt; xÞj:

This means that the principal parts of the operators must satisfy some conditions

in general. On the other hand, one believes that the Cauchy problem for hy-

perbolic operators with time-dependent coe‰cients is Cy well-posed with suitable

choices of the lower order terms if, for example, the coe‰cients of the principal

parts are real analytic.
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The remainder of this paper is organized as follows. In § 2 we shall give

preliminary lemmas. Theorem 1.2 will be proved in § 3. Theorem 1.3 will be

proved in § 4. In § 5 some remarks and examples will be given.

2. Preliminaries

We begin with a simple lemma concerning polynomials with real analytic

coe‰cients.

Lemma 2.1. Let f ðt; zÞ be a polynomial of z ¼ ðz1; . . . ; zdÞ whose coe‰cients

are real analytic functions of t in ½0;yÞ. Then, for any T > 0 there is NT A Zþ
such that

XNT

k¼0

jqk
t f ðt; zÞj0 0 for t A ½0;T �;

aft A ½0;T �; f ðt; zÞ ¼ 0gaNT

if z A Rd and f ðt; zÞ2 0 in t.

Proof. Write

f ðt; zÞ ¼
X
jajam

faðtÞza;

where m A N and a ¼ ða1; . . . ; adÞ A Zd
þ. We put L ¼afa A Zd

þ; jajamg, i.e.,

L ¼ dþm
m

� �
, and

Fðt;ZÞ ¼
X
jajam

faðtÞZa;

where Z ¼ ðZaÞjajam A RL. Define

V ¼ fZ A RL;F ðt;ZÞ1 0 in tg:

Then V is a subspace of RL. So there are r A Zþ and an L� L non-singular

matrix Q such that

V ¼ f ~ZZQ; ~ZZ 0 ¼ 0 A Rrg;

where ~ZZ 0 ¼ ð ~ZZ1; . . . ; ~ZZrÞ A Rr for ~ZZ ¼ ð ~ZZ1; . . . ; ~ZZLÞ A RL, and ~ZZ 0 ¼ 0 and V ¼ RL

if r ¼ 0. Then we can write

Fðt;ZÞ ¼ ~FFðt; ~ZZ 0Þ ¼
Xr
j¼1

~ffjðtÞ ~ZZj;
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where Z ¼ ~ZZQ. Note that

~FFðt; l ~ZZ 0Þ ¼ l ~FFðt; ~ZZ 0Þ for l A R;

~ZZ 0 0 0 , Z ð1 ~ZZQÞ B V , Fðt;ZÞ2 0 in t:

Let T > 0 and ðt0; ~ZZ0 0Þ A ½0;T � � Sr�1. From the Weierstrass preparation theorem

it follows that there are d0 > 0, a neighborhood U0 of ~ZZ00 in Rr, m0 A Zþ, a

real analytic function c0ðt; ~ZZ 0Þ defined in ½t0 � d0; t0 þ d0� �U0 and real analytic

functions a0;kð ~ZZ 0Þ defined in U0 (1a ka m0) such that c0ðt; ~ZZ 0Þ0 0,

~FF ðt; ~ZZ 0Þ ¼ c0ðt; ~ZZ 0Þfðt� t0Þm0 þ a0;1ð ~ZZ 0Þðt� t0Þm0�1 þ � � � þ a0;m0ð ~ZZ
0Þg

for ðt; ~ZZ 0Þ A ð½t0 � d0; t0 þ d0�V ½0;T �Þ �U0, and

a0;kð ~ZZ0 0Þ ¼ 0 ð1a ka m0Þ;

where ~FFðt; ~ZZ 0Þ ¼ c0ðt; ~ZZ 0Þ if m0 ¼ 0. Then we have

q
m0
t

~FF ðt; ~ZZ0 0Þjt¼t0
¼ m0!c0ðt0; ~ZZ0 0Þ0 0:

So we may assume that

q
m0
t

~FFðt; ~ZZ 0Þ0 0 for ðt; ~ZZ 0Þ A ð½t0 � d0; t0 þ d0�V ½0;T �Þ �U0;

modifying d0 and U0 if necessary. Since ½0;T � � Sr�1 is compact and ~FFðt; ~ZZ 0Þ is

homogeneous of degree 1 in ~ZZ 0, there is NT A Zþ satisfying

XNT

k¼0

jqk
t
~FFðt; ~ZZ 0Þj0 0 for ðt; ~ZZ 0Þ A ½0;T � � ðRrnf0gÞ;ð2:1Þ

aft A ½0;T �; ~FFðt; ~ZZ 0Þ ¼ 0gaNT for ~ZZ 0 A Rrnf0g:ð2:2Þ

Put

ZðzÞ ¼ ðzaÞjajam;
~ZZðzÞ1 ð ~ZZ1ðzÞ; . . . ; ~ZZLðzÞÞ ¼ ZðzÞQ�1;

~ZZ 0ðzÞ ¼ ð ~ZZ1ðzÞ; . . . ; ~ZZrðzÞÞ:

Since f ðt; zÞ ¼ ~FFðt; ~ZZ 0ðzÞÞ, and ~ZZ 0ðzÞ0 0 if f ðt; zÞ2 0 in t, (2.1) and (2.2) prove

the lemma. r
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Write

pðtÞ ¼
Ym
j¼1

ðt� ljÞ;

peðtÞ ¼ ð1þ eðd=dtÞÞpðtÞ;

jpðt� igÞj2 ¼
Xm
j¼0

g2jhm�jðt; pÞ for t A R and g A R;

where lj A R (1a jam) and e A R. Then we have the following

Lemma 2.2. For t A R, e A R and 1a jam we have

hm�jðt; peÞb 3
m

j � 1

� �� ��1

hm�jðt; pÞ:

Proof. Lemma 2.1 of Svensson [11] gives

ðm� rÞ!ðk � rÞ!=ðm!k!Þð2:3Þ

a hm�kðt; pÞ=hm�kðt; pðrÞÞ

a ðk � 1� rÞ!ðk � rÞ!=ððk � 1Þ!k!Þ ð0a r < kamÞ;

where pðrÞðtÞ ¼ qr
t pðtÞ. In particular, we have

ðm� rÞ!=ðm!ðrþ 1Þ!Þa hm�r�1ðt; pÞ=hm�r�1ðt; pðrÞÞð2:4Þ

a 1=ðr!ðrþ 1Þ!Þ ð0a r < mÞ:

Therefore, it su‰ces to show that

hm�1ðt; peÞb hm�1ðt; pÞ=3 for t A R and e A R;ð2:5Þ

in order to prove the lemma. Indeed, (2.4) and (2.5) with p replaced by pðrÞ

yield

hm�r�1ðt; peÞb ðm� rÞ!hm�r�1ðt; pðrÞe Þ=ðm!ðrþ 1Þ!Þ

b ðm� rÞ!hm�r�1ðt; pðrÞÞ=ð3m!ðrþ 1Þ!Þ

b ðm� rÞ!r!hm�r�1ðt; pÞ=ð3m!Þ
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(0a r < m). Put sj ¼ t� lj . Since

� lim
g#0

Imfpðt� igÞ � pð1Þðtþ igÞg=g ¼
Xm
j¼1

Y
k0 j

s2
k ¼ hm�1ðt; pÞ;

a simple calculation yields

hm�1ðt; peÞ ¼ � lim
g#0

Imfðpðt� igÞ þ epð1Þðt� igÞÞð2:6Þ

� ðpð1Þðtþ igÞ þ epð2Þðtþ igÞÞg=g

¼
X

1a j<k<lam

Y
1amam;
m0 j;k; l

s2
m

0
BB@

1
CCAI ej;k; l ;

where

I ej;k; l ¼ 2e2f2s2
j þ 2s2

k þ 2s2
l þ sjsk þ sjsl þ skslg

þ 2efs2
j sk þ s2

j sl þ sjs
2
k þ s2

ksl þ sjs
2
l þ sks

2
l g

þ s2
j s

2
k þ s2

j s
2
l þ s2

ks
2
l :

Indeed, for example, we have

� lim
g#0

Imfpð1Þðt� igÞpð2Þðtþ igÞg=g

¼ � lim
g#0

2 Im
Xm
j¼1

Y
n0 j

ðsn � igÞ �
X

1ak<lam

Y
m0k; l

ðsm þ igÞ
( ),

g

¼ 2
X

1a j<k<lam

þ
X

1ak< j<lam

þ
X

1ak<l< jam

( )
ð�sksl þ sjsk þ sjslÞ

Y
m0 j;k; l

s2
m

þ 4
X

1ak<lam

Y
m0k; l

s2
m

¼ 2
X

1a j<k<lam

ððsjsk þ sjsl þ skslÞ þ 2ðs2
j þ s2

k þ s2
l ÞÞ

Y
m0 j;k; l

s2
m

Let 1a j < k < lam, and put

Xj;k; l ¼ 3ðs2
j þ s2

k þ s2
l Þ þ ðsj þ sk þ slÞ2

ð¼ 2f2s2
j þ 2s2

k þ 2s2
l þ sjsk þ sjsl þ skslgÞ:
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If Xj;k; l ¼ 0, then sj ¼ sk ¼ sl ¼ 0. Therefore, we have

ð0 ¼Þ 3I ej;k; l b s2
j s

2
k þ s2

j s
2
l þ s2

ks
2
l ð¼ 0Þ if Xj;k; l ¼ 0:

Now assume that Xj;k; l 0 0. Then we have

I ej;k; l ¼ Xj;k; lfeþ ðs2
j ðsk þ slÞ þ s2

kðsj þ slÞ þ s2
l ðsj þ skÞÞ=Xj;k; lg2ð2:7Þ

þ Jj;k; l=Xj;k; l b Jj;k; l=Xj;k; l ;

where

Jj;k; l ¼ �fs2
j ðsk þ slÞ þ s2

kðsj þ slÞ þ s2
l ðsj þ skÞg2

þ Xj;k; lðs2
j s

2
k þ s2

j s
2
l þ s2

ks
2
l Þ:

A simple calculation yields

Jj;k; l ¼ s4
j ðsk � slÞ2 þ s4

kðsj � slÞ2 þ s4
l ðsj � slÞ2

þ 2s4
j ðs2

k þ s2
l Þ þ 2s4

kðs2
j þ s2

l Þ þ 2s4
l ðs2

j þ s2
kÞ þ 6s2

j s
2
ks

2
l

b 2s4
j ðs2

k þ s2
l Þ þ 2s4

kðs2
j þ s2

l Þ þ 2s4
l ðs2

j þ s2
kÞ þ 6s2

j s
2
ks

2
l :

This yields

Xj;k; lðs2
j s

2
k þ s2

j s
2
l þ s2

ks
2
l Þð2:8Þ

¼ 4s4
j ðs2

k þ s2
l Þ þ 4s4

kðs2
j þ s2

l Þ þ 4s4
l ðs2

j þ s2
kÞ þ 12s2

j s
2
ks

2
l

þ 2sjs
3
ks

2
l þ 2sjs

2
ks

3
l þ 2s3

j sks
2
l þ 2s2

j sks
3
l þ 2s3

j s
2
ksl

þ 2s2
j s

3
ksl þ 2s3

j s
3
k þ 2s3

j s
3
l þ 2s3

ks
3
l

a 4s4
j ðs2

k þ s2
l Þ þ 4s4

kðs2
j þ s2

l Þ þ 4s4
l ðs2

j þ s2
kÞ þ 12s2

j s
2
ks

2
l

þ s2
ks

2
l ðs2

j þ s2
kÞ þ s2

ks
2
l ðs2

j þ s2
l Þ þ s2

j s
2
l ðs2

j þ s2
kÞ

þ s2
j s

2
l ðs2

k þ s2
l Þ þ s2

j s
2
kðs2

j þ s2
l Þ þ s2

j s
2
kðs2

k þ s2
l Þ

þ s2
ks

2
l ðs2

k þ s2
l Þ þ s2

j s
2
l ðs2

j þ s2
l Þ þ s2

j s
2
kðs2

j þ s2
kÞ

¼ 3ð2s4
j ðs2

k þ s2
l Þ þ 2s4

kðs2
j þ s2

l Þ þ 2s4
l ðs2

j þ s2
kÞ þ 6s2

j s
2
ks

2
l Þ

a 3Jj;k; l ;
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since 2sjsk a s2
j þ s2

k ; � � � . Therefore, from (2.6) and (2.7) we have

hm�1ðt; peÞb
X

1a j<k<lam

Y
1amam;
m0j;k; l

s2
m

0
BB@

1
CCAðs2

j s
2
k þ s2

j s
2
l þ s2

ks
2
l Þ=3

¼ hm�1ðt; pÞ=3;

which proves (2.5) and the lemma. r

Now we assume that (A-1) and (A-2) are satisfied, and define

peðt; t; xÞ ¼ ð1� e2jxj2q2t Þpðt; t; xÞ

for e A R, ðt; t; xÞ A ½0;yÞ � R� Rn, changing the notation. We note that peðt; t; xÞ
is strictly hyperbolic with respect to Q for e A Rnf0g if pðt; t; xÞ has at most triple

characteristics (see [10]). Lemma 2.2 gives

hm�jðt; t; x; peÞb 3
m

j � 1

� �� ��2

hm�jðt; t; x; pÞ

for 1a jam, e A R, ðt; t; xÞ A ½0;yÞ � R� Rn. We note that one can directly

prove that

hjðt; t; x; peÞb hjðt; t; x; pÞ ð0a ja 2Þ

if m ¼ 3. Write

peðt; t; xÞ ¼
Ym
j¼1

ðt� ljðt; x; eÞÞ:

Lemma 2.3. For each fixed x A Sn�1 and e A R we can enumerate fljðt; x; eÞg
so that the ljðt; x; eÞ are real analytic in t A ½0;yÞ. Moreover, for any n A Zþ there

are N0
n ð1N0

n ðpÞÞHR and NnðeÞ ð1Nnðe; pÞÞHRnnf0g for e A RnN0
n satisfy-

ing the following:

(i) lx A NnðeÞ if l > 0 and x A NnðeÞ.
(ii) m1ðN0

n Þ ¼ 0.

(iii) mnðNnðeÞÞ ¼ 0 for e A RnN0
n .

(iv) For any T > 0 there is NT ; n A Zþ such that
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aft A ½0;T �; qn
t ðljðt; x; eÞ � lkðt; x; eÞÞ ¼ 0gaNT ; n

if 1a j < kam and qn
t ðljðt; x; eÞ � lkðt; x; eÞÞ2 0 in t;

aft A ½0;T �; qn
t ljðt; x; eÞ ¼ 0gaNT ; n

if 1a jam and qn
t ljðt; x; eÞ2 0 in t

for e A RnN0
n and x A Sn�1nNnðeÞ.

Here mn denotes the Lebesgue measure in Rn.

Remark. (i) The ljðt; x; eÞ in the lemma are not necessarily continuous in

ðx; eÞ. (ii) If the conditions (D) or (T) are satisfied, then peðt; t; xÞ is strictly

hyperbolic for e0 0, and the assertion of the first part of the lemma is obvious

for e0 0.

Proof. First fix ðx; eÞ A Sn�1 � R. To simplify the notations we write pðt; tÞ
¼ peðt; t; xÞ. For t0 A ½0;yÞ At0 denotes the convergent power series ring of

ðt� t0Þ. Since At0 is a unique factorization domain, At0 ½t� is also a unique

factorization domain. Therefore, we can write

pðt; tÞ ¼ p1ðt; tÞr1p2ðt; tÞr2 � � � psðt; tÞrs ;ð2:9Þ

where s; rj A N, the pjðt; tÞ (A At0 ½t�) are irreducible in At0 ½t�, and pjðt; tÞ and

pkðt; tÞ are mutually prime if j0 k. Since the leading coe‰cient of pðt; tÞ is equal
to 1, we may assume that the leading coe‰cients of the pjðt; tÞ are also equal

to 1. Put

qðt; tÞ ¼
Ys
j¼1

pjðt; tÞ:

We denote by DðtÞ the discriminant of qðt; tÞ ¼ 0 in t. Then we have DðtÞ2 0.

Indeed, suppose that DðtÞ1 0. Then qðt; tÞ and qtqðt; tÞ are not mutually prime

as polynomials in At0 ½t� (see, e.g., Chap. 5 of [5] and §A.1 of [6]). This leads a

contradiction. When Dðt0Þ0 0, qðt; tÞ is strictly hyperbolic in t near t ¼ t0 and,

therefore, we may assume that the ljðt; x; eÞ are analytic in a complex neigh-

borhood of t0. Next assume that Dðt0Þ ¼ 0. Since the zeros of DðtÞ are discrete,

the ljðt; x; eÞ are analytic in a complex neighborhood of t0 except for t0. Fix

j0 so that 1a j0 am. Analytic continuations of lj0ðt; x; eÞ around t0 and Rie-

mann’s theorem on removable singularities show that there is r A N such that

lj0ðt0 þ zr; x; eÞ is analytic in a complex neighborhood of z ¼ 0. Hyperbolicity
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implies that lj0ðt0 þ zr; x; eÞ is real if zr is real, and that one can take r ¼ 1, i.e.,

lj0ðt; x; eÞ is analytic in t near t0. Starting from t ¼ 0 and continuing analytically

along ½0;yÞ, we can enumerate fljðt; x; eÞg so that the ljðt; x; eÞ are real analytic.

This proves the first part of the assertions of the lemma. Next let us prove

the second part. Let A be the ring of the real analytic functions of t defined

in ½0;yÞ. Note that A is an integral domain and that A is not a unique

factorization domain. We denote by S the quotient field of A½x; e�. Then S½t� is
a unique factorization domain and peðt; t; xÞ A S½t�. Write

tpeðt; t; xÞ ¼ p1e ðt; t; xÞ
r1 � � � ps

e ðt; t; xÞ
rs ;

where s; rj A N, the p j
e ðt; t; xÞ (A S½t�) are irreducible in S½t� and p j

e ðt; t; xÞ and

pk
e ðt; t; xÞ are mutually prime if j0 k. Here s and the rj are di¤erent from

those as appeared in (2.9), in general. Define qðt; t; x; eÞ ¼
Qs

j¼1 p
j
e ðt; t; xÞ, and let

Dðt; x; eÞ be the discriminant of qðt; t; x; eÞ ¼ 0 in t. We note that

ft A C; qðt; t; x; eÞ ¼ 0g ¼ ft A C; peðt; t; xÞ ¼ 0gU f0g:

Write

Dðt; x; eÞ ¼ d0ðt; x; eÞ=d1ðt; x; eÞ;

where dkðt; x; eÞ A A½x; e� and dkðt; x; eÞ0 0 in A½x; e�, i.e., dkðt; x; eÞ2 0 in ðt; x; eÞ
(k ¼ 0; 1). We may assume that the dkðt; x; eÞ are homogeneous in x. Indeed,

assume that akðxÞ (k ¼ 0; 1) are polynomials of x and a0ðxÞ=a1ðxÞ is homogeneous

in x. Write akðxÞ ¼ a0kðxÞ þ ðakðxÞ � a0kðxÞÞ (k ¼ 0; 1), where a0kðxÞ is the principal

part of akðxÞ. Then we have, with some k A Z,

a0ðxÞ=a1ðxÞ ¼ l�ka0ðlxÞ=a1ðlxÞ ! a00ðxÞ=a01ðxÞ ðl ! yÞ

for x with a01ðxÞ0 0 and, therefore, a0ðxÞ=a1ðxÞ ¼ a00ðxÞ=a01ðxÞ. So we may as-

sume that the akðxÞ are homogeneous in x. Put

~NN0 ¼ fðx; eÞ A ðRnnf0gÞ � R; d0ðt; x; eÞd1ðt; x; eÞ1 0 in t ðA ½0;yÞÞg:

Then we have mnþ1ð ~NN0Þ ¼ 0, since

mnþ2ðfðt; x; eÞ A ½0;yÞ � ðRnnf0gÞ � R; d0ðt; x; eÞd1ðt; x; eÞ ¼ 0gÞ ¼ 0:

Define

N0
0 ¼ fe A R; mnðfx A Rnnf0g; ðx; eÞ A ~NN0gÞ > 0g:

Then it is obvious that m1ðN0
0 Þ ¼ 0. For e A RnN0

0 we define

N0ðeÞ ¼ fx A Rnnf0g; ðx; eÞ A ~NN0g:

133On the Cauchy problem for a class of hyperbolic operators



By definition we see that mnðN0ðeÞÞ ¼ 0 for e A RnN0
0 and that d0ðt; x; eÞ�

d1ðt; x; eÞ2 0 in t, i.e., Dðt; x; eÞ2 0 in t, for e A RnN0
0 and x A Sn�1nN0ðeÞ. Since

the dkðt; x; eÞ are homogeneous in x, N0ðeÞ is a cone, i.e., lx A N0ðeÞ if l > 0 and

x A N0ðeÞ. For fixed e A RnN0
0 and x A Sn�1nN0ðeÞ the roots of qðt; t; x; eÞ ¼ 0 in

t are simple if t A Dðx; eÞ, where Dðx; eÞ ¼ ft A ½0;yÞ; d0ðt; x; eÞd1ðt; x; eÞ0 0g. So,

enumerating fljðt; x; eÞg, we can write

qðt; t; x; eÞ ¼
Ŷmm
j¼1

ðt� ljðt; x; eÞÞ for t A ½0;yÞ; e A RnN0
0 and x A Sn�1nN0ðeÞ;

where m̂m ¼ degt qðt; t; x; eÞ and the ljðt; x; eÞ are real analytic in t A ½0;yÞ for

e A RnN0
0 and x A Sn�1nN0ðeÞ. We may assume that lm̂mðt; x; eÞ1 0. Write

qðt; t; x; eÞ ¼ tm̂m þ a1ðt; x; eÞtm̂m�1 þ � � � þ am̂m�1ðt; x; eÞt;

where ajðt; x; eÞ A S. Note that the ajðt; x; eÞ are real analytic in t A ½0;yÞ for

e A RnN0
0 and x A Sn�1nN0ðeÞ. Let e A RnN0

0 and x A Sn�1nN0ðeÞ. Then we have

qtqðt; t; x; eÞjt¼ljðt;x; eÞ � qtljðt; x; eÞ þ qtqðt; t; x; eÞjt¼ljðt;x; eÞ ¼ 0

for 1a ja m̂m. So, for t A Dðx; eÞ we have qtqðt; t; x; eÞjt¼ljðt;x; eÞ 0 0 and

qtljðt; x; eÞ ¼ �qtqðt; t; x; eÞjt¼ljðt;x; eÞ=qtqðt; t; x; eÞjt¼ljðt;x; eÞ

for 1a ja m̂m. Since lm̂mðt; x; eÞ1 0, we have

Ŷmm
j¼1

qtljðt; x; eÞ1 0:

Noting that
Q

1a j;kam̂m; j0kðljðt; x; eÞ � lkðt; x; eÞÞ ¼ ð�1Þm̂mðm̂m�1Þ=2
Dðt; x; eÞ, we can

write the other fundamental symmetric expressions as follows;

X̂mm
j¼1

Y
k0 j

qtlkðt; x; eÞ

¼ ð�1Þm̂m�1þm̂mðm̂m�1Þ=2

�
X̂mm
j¼1

Y
k0 j

fðlkðt; x; eÞ � ljðt; x; eÞÞqtqðt; t; x; eÞjt¼lkðt;x; eÞg=Dðt; x; eÞ

¼ Em̂m�1ðt; x; eÞ=Dðt; x; eÞ;

� � �
X̂mm
j¼1

qtljðt; x; eÞ ¼ E1ðt; x; eÞ=Dðt; x; eÞ;
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where the Ekðt; x; eÞ are polynomials of fajðt; x; eÞg1a jam̂m and fqtajðt; x; eÞg1a jam̂m.

Put

~ppðt; t; x; eÞ ¼ tm̂m � E1ðt; x; eÞDðt; x; eÞ�1
tm̂m�1

þ E2ðt; x; eÞDðt; x; eÞ�1tm̂m�2 þ � � � þ ð�1Þm̂m�1
Em̂m�1ðt; x; eÞDðt; x; eÞ�1t

¼
Ŷmm
j¼1

ðt� qtljðt; x; eÞÞ
 !

:

Let us repeat the above argument with tpe replaced by ~pp. We write

~ppðt; t; x; eÞ ¼ ~pp1ðt; t; x; eÞr
0
1 � � � ~pps 0 ðt; t; x; eÞr

0
s 0 ;

where s 0; r 0j A N, the ~pp jðt; t; x; eÞ (A S½t�) are irreducible in S½t� and ~pp jðt; t; x; eÞ
and ~ppkðt; t; x; eÞ are mutually prime if j0 k. Put

~qqðt; t; x; eÞ ¼
Ys 0

j¼1

~pp jðt; t; x; eÞ;

and let ~DDðt; x; eÞ be the discriminant of ~qqðt; t; x; eÞ ¼ 0 in t. Then we can write

~DDðt; x; eÞ ¼ ~dd0ðt; x; eÞ=~dd1ðt; x; eÞ;

where ~ddkðt; x; eÞ A A½x; e� and ~ddkðt; x; eÞ0 0 in A½x; e� (k ¼ 0; 1). Put

~NN1 ¼ ~NN0 U fðx; eÞ A ðRnnf0gÞ � R; ~dd0ðt; x; eÞ~dd1ðt; x; eÞ1 0 in tg:

Then we have, similarly, mnþ1ð ~NN1Þ ¼ 0. Define

N0
1 ¼ fe A R; mnðfx A Rnnf0g; ðx; eÞ A ~NN1gÞ > 0g:

Then we have m1ðN0
1 Þ ¼ 0. For e A RnN0

1 we define

N1ðeÞ ¼ fx A Rnnf0g; ðx; eÞ A ~NN1g:

By definition we have

mnðN1ðeÞÞ ¼ 0 for e A RnN0
1 ;

~dd0ðt; x; eÞ~dd1ðt; x; eÞ2 0 in t for e A RnN0
1 and x A Sn�1nN1ðeÞ:

We may assume that the ~ddkðt; x; eÞ are homogeneous in x. So N1ðeÞ is a cone.

For e A RnN0
1 and x A Sn�1nN1ðeÞ the roots of ~qqðt; t; x; eÞ ¼ 0 in t are simple
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if t A ½0;yÞ and ~dd0ðt; x; eÞ~dd1ðt; x; eÞ0 0. Therefore, the multiplicities of the roots

qtljðt; x; eÞ of ~ppðt; t; x; eÞ ¼ 0 in t (1a ja m̂m) are constant for e A RnN0
1 , x A

Sn�1nN1ðeÞ and t A ½0;yÞ with ~dd0ðt; x; eÞ~dd1ðt; x; eÞ0 0. Since ~dd0ðt; x; eÞ~dd1ðt; x; eÞ A
A½x; e�, it follows from Lemma 2.1 that for any T > 0 there is NT ;1 A Zþ such

that

aft A ½0;T �; qtðljðt; x; eÞ � lkðt; x; eÞÞ ¼ 0g

ðaaft A ½0;T �; ~dd0ðt; x; eÞ~dd1ðt; x; eÞ ¼ 0gÞaNT ;1

if e A RnN0
1 , x A Sn�1nN1ðeÞ, 1a j < kam and qtðljðt; x; eÞ � lkðt; x; eÞÞ2 0 in

t. This proves the second part of the assertions of the lemma in the case where

n ¼ 1. Repeating the above arguments we can prove the lemma for n ¼ 2; 3; . . . ,

inductively. r

Lemma 2.4. Let T > 0, G be a cone (with its vertex at 0) in Rnnf0g, and let

aðt; xÞ be a function defined for ðt; xÞ A ½0;T � � G satisfying the following:

(i) aðt; xÞ is continuously di¤erentiable in t A ½0;T � and positively homoge-

neous of degree 1 in x.

(ii) aft A ½0;T �; qtaðt; xÞ ¼ 0gaN if x A G and qtaðt; xÞ2 0 in t.

(iii) jaðt; xÞjaC0jxj for t A ½0;T � and x A G.

Here N A Zþ and C0 b 0. Then there is a positive constant CðN;C0Þ, which

depends only on N and C0, such that

ðT
0

jqtaðt; xÞj=jxj dtaCðN;C0Þ;

ðT
0

jqtaðt; xÞj=ðjaðt; xÞj þ 1Þ dtaCðN;C0Þðloghxiþ 1Þ

for x A G.

Proof. Fix x A G. We may assume that qtaðt; xÞ2 0 in t. Noting that

aft A ½0;T �; aðt; xÞ ¼ 0gaN þ 1, we write

aft A ½0;T �; aðt; xÞqtaðt; xÞ ¼ 0g ¼ ft1; t2; . . . ; tNðxÞg;

where NðxÞ A Zþ and 0a t1 < t2 < � � � < tNðxÞ aT . It is obvious that NðxÞa
2N þ 1. In each sub-interval ½tj�1; tj � (1a jaNðxÞ þ 1) we have ‘‘aðt; xÞb 0 or
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aðt; xÞa 0’’ and ‘‘qtaðt; xÞb 0 or qtaðt; xÞa 0’’, where t0 ¼ 0 and tNðxÞþ1 ¼ T .

Then we haveð tj
tj�1

jqtaðt; xÞj=jxj dt ¼ jaðtj; x=jxjÞ � aðtj�1; x=jxjÞja 2C0:

Moreover, we haveð tj
tj�1

jqtaðt; xÞj=ðjaðt; xÞj þ 1Þ dta
ð tj
tj�1

jqtaðt; x=jxjÞj dta 2C0 if jxja 1:

If jxjb 1, thenð tj
tj�1

jqtaðt; xÞj=ðjaðt; xÞj þ 1Þ dt

¼ jlogðjaðtj ; x=jxjÞj þ jxj�1Þ � logðjaðtj�1; x=jxjÞj þ jxj�1Þj

a logðC0 þ 1Þ þ logjxj:

Therefore, we haveðT
0

jqtaðt; xÞj=jxj dta 2C0ð2N þ 1Þ;

ðT
0

jqtaðt; xÞj=ðjaðt; xÞj þ 1Þ dta 2C0ð2N þ 1Þ if jxja 1;

ð2N þ 1ÞðlogðC0 þ 1Þ þ loghxiÞ if jxjb 1;

�

which proves the lemma. r

Put

pð jÞe ðt; t; xÞ ¼ q j
t peðt; t; xÞ ð¼ ð1� ejxj2q2t Þq

j
t pðt; t; xÞÞ

(1a jam) and write

pð jÞe ðt; t; xÞ ¼ ðm!=ðm� jÞ!Þ
Ym�j

k¼1

ðt� l
ð jÞ
k ðt; x; eÞÞ ð1a jam� 1Þ:

Here we enumerate so that the l
ð jÞ
k ðt; x; eÞ are real analytic in t A ½0;yÞ. Recall

that

jpð jÞe ðt; t� ig; xÞj2 ¼
Xm�j

k¼0

g2khm�j�kðt; t; x; pð jÞe Þ

for t A ½0;yÞ, ðt; xÞ A Rnþ1, e A R and g A R. Then it follows from Lemma 2.1 of

[11] that
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ðm� rÞ!ðk � rÞ!=ðm!k!Þa hm�kðt; t; x; peÞ=hm�kðt; t; x; pðrÞe Þð2:10Þ

a ðk � 1� rÞ!ðk � rÞ!=ððk � 1Þ!k!Þ

for 0a r < kam (see, also, (2.3)). We put

pI ðt; t; x; eÞ ¼
Y

j A f1;2;...;mgnI
ðt� ljðt; x; eÞÞ for I H f1; 2; . . . ;mg;

pjðt; t; x; eÞ ¼ pf jgðt; t; x; eÞ;

pj;kðt; t; x; eÞ ¼ pf j;kgðt; t; x; eÞ ð j0 kÞ; � � � ;

p
ðkÞ
j ðt; t; x; eÞ ¼ ðm!=ðm� kÞ!Þ

Y
l0 j

ðt� l
ðkÞ
l ðt; x; eÞÞ:

Note that

hm�jðt; t; x; peÞ ¼
X

IHf1;2;...;mg;
aI¼ j

pI ðt; t; x; eÞ2:ð2:11Þ

Lemma 2.5. Let r A N, tj A R (1a ja r) and ak A C (0a ka r� 1), and put

pðtÞ ¼ a0t
r�1 þ a1t

r�2 þ � � � þ ar�1. If

jpðtÞjaA
Xr
j¼1

Y
1akar;k0 j

jt� tkj for any t A R;

then there are bj (1a ja r) such that jbj jaA (1a ja r) and

pðtÞ ¼
Xr
j¼1

bj
Y

1akar;k0 j

ðt� tkÞ:ð2:12Þ

Proof. Write

Yr
k¼1

ðt� tkÞ ¼
Yr0
j¼1

ðt� ljÞmj ;

where r0 A N, mj A N, lj 0 lj 0 ( j0 j 0) and ft1; . . . ; trg ¼ fl1; . . . ; lr0g. Then we

have m1 þ � � � þmr0 ¼ r and

jpðtÞjaA
Yr0
j¼1

jt� ljjmj�1
Xr0
j¼1

mj

Y
k0 j

jt� lkj:
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Therefore, there are a polynomial ~ppðtÞ of t such that deg ~pp ¼ r0 � 1 and

pðtÞ ¼ ~ppðtÞ
Yr0
j¼1

ðt� ljÞmj�1:

Since

j~ppðtÞjaA
Xr0
j¼1

mj

Y
k0 j

jt� lkj;ð2:13Þ

Lagrange’s interpolation formula gives

~ppðtÞ ¼
Xr0
j¼1

~ppðljÞ
,Y

k0 j

ðlj � lkÞ
( )Y

k0 j

ðt� lkÞ:

Thus, putting

bj ¼ ~ppðllÞ
,

ml

Y
k0l

ðll � lkÞ
 !

if tj ¼ ll ;ð2:14Þ

we have (2.12). (2.13) with t ¼ ll and (2.14) give jbjjaA (1a ja r). r

Lemma 2.6. (i) The condition (D-L) is equivalent to the following condition

(D-LÞ0:

(D-LÞ0 There are b1; jðt; x; eÞ (1a jam) defined for x A Rnnf0g, t A ½0;yÞn
Rðx=jxjÞ and e A R such that the b1; jðt; x; eÞ are positively homogeneous

in x of degree 0,

sub sðPÞðt; t; xÞ ¼
Xm
j¼1

b1; jðt; x; eÞpjðt; t; x; eÞ

for x A Sn�1; t A ½0;yÞnRðxÞ and e A R;

and for any T > 0 there is C > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jb1; jðt; x; eÞjaC

for 1a jam; x A Sn�1; t A ½0;yÞnRðxÞ and e A R:

(ii) Assume that m ¼ 3. Then the condition (T-L) is equivalent to the following

condition (T-LÞ0:
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(T-LÞ0 The condition (D-LÞ0 is satisfied, and there are b2; jðt; x; eÞ ( j ¼ 1; 2)

defined for x A Rnnf0g, t A ½0;yÞnRðx=jxjÞ and e A R such that the

b2; jðt; x; eÞ are positively homogeneous in x of degree 0,

sub2 sðPÞðt; t; xÞ ¼
X2
j¼1

b2; jðt; x; eÞpð1Þj ðt; t; x; eÞ

for x A Sn�1; t A ½0;yÞnRðxÞ and e A R;

and for any T > 0 there is C > 0 satisfying

min min
s ARðxÞ

jt� sj2; 1
� �

jb2; jðt; x; eÞjaCð2:15Þ

for j ¼ 1; 2; x A Sn�1; t A ½0;yÞnRðxÞ and e A R:

Proof. It is obvious that (D-L) with C replaced by
ffiffiffiffi
m

p
C is valid if (D-LÞ0

with e ¼ 0 is valid, since we have, by (2.11),

Xm
j¼1

jpjðt; t; x; 0Þja
ffiffiffiffi
m

p
hm�1ðt; t; x; pÞ1=2:

Similarly, from (2.10) and (2.11) it follows that (1.2) with C replaced by 2
ffiffiffi
3

p
C in

(T-L) is valid if (T-LÞ0 with e ¼ 0 is valid. The converses in (i) and (ii) easily

follow from Lemma 2.5. r

Corollary 2.7. Let d > 0 and tj A R (1a ja r) satisfy jtj � tkjb d

(1a j < ka r). Then there are bl; j A C (0a la r� 1, 1a ja r) such that

jbl; jja d�rþ1jtjj lð2:16Þ

t l ¼
Xr
j¼1

bl; j
Y
k0 j

ðt� tkÞ:ð2:17Þ

Proof. Take bl; j ¼ t lj =
Q

k0 jðtj � tkÞ. Then (2.16) and (2.17) are satisfied.

r

Define

Pjðt; t; x; eÞ ¼ pjðt; t; x; eÞ � ði=2Þqtqt pjðt; t; x; eÞ ð1a jamÞ:ð2:18Þ
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Then a simple calculation yields

ðt� ljðt; x; eÞÞ �Pjðt; t; x; eÞð2:19Þ

¼ peðt; t; xÞ � ði=2Þqtqt peðt; t; xÞ

� ði=2Þ
X
k0 j

qtðljðt; x; eÞ � lkðt; x; eÞÞ � pj;kðt; t; x; eÞ

� q2t qtpjðt; t; x; eÞ=2 for 1a jam;

where aðt; t; xÞ � bðt; t; xÞ denotes the symbol of aðt;Dt; xÞbðt;Dt; xÞ. Indeed, we

have

ðt� ljðt; x; eÞÞ � pjðt; t; x; eÞ ¼ peðt; t; xÞ � iqt pjðt; t; x; eÞ;

ðt� ljðt; x; eÞÞ � qtqtpjðt; t; x; eÞ ¼ qtqtpeðt; t; xÞ � qt pjðt; t; x; eÞ

þ qtljðt; x; eÞ � qtpjðt; t; x; eÞ � iq2t qtpjðt; t; x; eÞ:

From (2.19) we have

ðt� ljðt; x; eÞÞ �Pjðt; t; x; eÞð2:20Þ

¼ peðt; t; xÞ � ði=2Þqtqtpeðt; t; xÞ � ð2mÞ�1q2t q
2
t peðt; t; xÞ

� ði=2Þ
X
k0 j

qtðljðt; x; eÞ � lkðt; x; eÞÞ � pj;kðt; t; x; eÞ

� ð2mÞ�1q2t

X
k0 j

X
l0 j;k

ðljðt; x; eÞ � lkðt; x; eÞÞpj;k; lðt; t; x; eÞ
( )

for 1a jam. Note that pj;k; lðt; t; x; eÞ ¼ 1 if m ¼ 3. We have also

ðt� l
ðrÞ
j ðt; x; eÞÞ � p

ðrÞ
j ðt; t; x; eÞ ¼ pðrÞe ðt; t; xÞ � iqt p

ðrÞ
j ðt; t; x; eÞð2:21Þ

for 1a ram� 1 and 1a jam� r. In particular, we have

ðt� l
ð1Þ
j ðt; x; eÞÞ � p

ð1Þ
j ðt; t; x; eÞð2:22Þ

¼
X3
l¼1

Plðt; t; x; eÞ þ ði=2Þqtðlð1Þj ðt; x; eÞ � l
ð1Þ
k ðt; x; eÞÞ
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if m ¼ 3 and f j; kg ¼ f1; 2g. Indeed, we have

qtq
2
t peðt; t; xÞ ¼ qtqt p

ð1Þ
e ðt; t; xÞ ¼

X2
k¼1

qt p
ð1Þ
k ðt; t; x; eÞ;

pð1Þe ðt; t; x; eÞ � ði=2Þqtq2t peðt; t; xÞ ¼
X3
l¼1

Plðt; t; x; eÞ:

3. Proof of Theorem 1.2

In this section we assume that the hypotheses of Theorem 1.2 are fulfilled and

we shall prove Theorem 1.2. Let fejgj¼1;2;... be a sequence satisfying ej A ð0; 1�nN0
2

and ej # 0 as j ! y, where N0
2 is as in Lemma 2.3. Put

E0 ¼ fej; j ¼ 1; 2; . . .gU f0g;

N ¼ 6
y

j¼1

N2ðejÞUN2ð0ÞU f0g ðHRnÞ;

where N2ðeÞ is as in Lemma 2.3. Note that mnðNÞ ¼ 0. We define

Peðt; t; xÞ ¼ Pðt; t; xÞ þ peðt; t; xÞ � pðt; t; xÞ

� ði=2Þqtqtðpeðt; t; xÞ � pðt; t; xÞÞ:

Note that

sub sðPeÞðt; t; xÞ ¼ sub sðPÞðt; t; xÞ;

Peðt; t; xÞ ¼ Pðt; t; xÞ þ peðt; t; xÞ � pðt; t; xÞ if m ¼ 3:

Consider the Cauchy problem

Peðt;Dt;DxÞueðt; xÞ ¼ f ðt; xÞ in ½0;yÞ � Rn;

D
j
t ueðt; xÞjt¼0 ¼ ujðxÞ in Rn ð0a jam� 1Þ

�
ðCPÞe

for e A E0, where f A Cyð½0;yÞ;HyðRn
xÞÞ and uj A HyðRnÞ (0a jam� 1).

Here HsðRnÞ denotes the Sobolev space over Rn of order s and HyðRnÞ ¼
7

s AR HsðRnÞ. By partial Fourier transformation in x, the Cauchy problem (CPÞe
is reduced to the Cauchy problem for an ordinary di¤erential operator with

parameters x:
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Peðt;Dt; xÞveðt; xÞ ¼ f̂f ðt; xÞ for ðt; xÞ A ½0;yÞ � Rn;

D
j
t veðt; xÞjt¼0 ¼ ûujðxÞ for x A Rn ð0a jam� 1Þ

(
ð3:1Þ

for e A E0, where f̂f ðt; xÞ and ûujðxÞ (0a jam� 1) denotes the partial Fourier

transforms of f ðt; xÞ and ujðxÞ with respect to x, respectively, for example,

f̂f ðt; xÞ ¼
Ð
R n e�ix�x f ðt; xÞ dx. We note that the Cauchy problem (3.1) has a

unique solution veðt; xÞ A Cyð½0;yÞ;CyðRn
x ÞÞ. If it can be shown that veðt; xÞ A

Cmð½0;yÞ;S 0ðRn
x ÞÞ, then ueðt; xÞ ¼ F�1

x ½veðt; xÞ�ðxÞ (A Cmð½0;yÞ;S 0ðRn
xÞÞ is a

unique solution to the Cauchy problem (CPÞe, where F�1
x ½vðt; xÞ�ðxÞ denotes the

inverse partial Fourier transform of vðt; xÞ in x. We fix T > 0. Define

W0ðt; xÞ ¼
X

s ARðx=jxjÞV½0;Tþ1�
hxi1=2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� sÞ2hxiþ 1

q
þ 1;

W1ðt; x; eÞ ¼
X

1a j<kam

jqtðljðt; x; eÞ � lkðt; x; eÞÞj=ðjljðt; x; eÞ � lkðt; x; eÞj þ 1Þ

þ
Xm
j¼1

jq2t ljðt; x; eÞj=jxj;

Lðt; x; eÞ ¼
ð t
0

ðW0ðs; xÞ þW1ðs; x; eÞÞ ds

for ðt; x; eÞ A ½0;T � � ðRnnNÞ � E0, where hxi ¼ ð1þ jxj2Þ1=2. Note that

qt logð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� sÞ2hxiþ 1

q
þ ðt� sÞhxi1=2Þ ¼ hxi1=2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� sÞ2hxiþ 1

q
;ð3:2Þ

jqtW0ðt; xÞja
X

s ARðx=jxjÞV½0;Tþ1�
hxi=ððt� sÞ2hxiþ 1ÞaW0ðt; xÞ2:ð3:3Þ

From (3.2) and Lemmas 2.3 and 2.4 it follows that there is CT > 0 satisfying

0aLðt; x; eÞaCTðloghxiþ 1Þ for t A ½0;T �; x A RnnN and e A E0:ð3:4Þ

Here we have used the fact that, with some C 0
T > 0,

jqtljðt; x; eÞjaC 0
T jxj for ðt; x; eÞ A ½0;T � � Rn � ½�1; 1�ð3:5Þ

(see, e.g., Theorem 1 of [14]). For ðt; x; eÞ A ½0;T � � ðRnnNÞ � E0 and Ab 1 we

define
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Eðt; x; e;AÞ ¼
Xm
j¼1

e�ALðt;x; eÞjPjðt;Dt; x; eÞveðt; xÞj2

þ
Xm�1

k¼1

Xm�k

j¼1

W0ðt; xÞ2e�ALðt;x; eÞjpðkÞj ðt;Dt; x; eÞveðt; xÞj2:

Let ðt; xÞ A ½0;T � � ðRnnNÞ and e A E0. It is obvious that

DtEðt; x; e;AÞ ¼ i
Xm
j¼1

½ALte
�ALjPjvej2 þ 2 Imfe�ALðDtPjveÞ � ðPjveÞg�ð3:6Þ

þ i
Xm�1

k¼1

Xm�k

j¼1

½AW 2
0Lte

�ALjpðkÞj vej2 � 2W0W0te
�ALjpðkÞj vej2

þ 2 ImfW 2
0 e

�ALðDt p
ðkÞ
j veÞ � ðpðkÞj veÞg�:

Here we write L ¼ Lðt; x; eÞ, Lt ¼ qtLðt; x; eÞ, Pj ¼ Pjðt; t; x; eÞ, ve ¼ veðt; xÞ, W0 ¼
W0ðt; xÞ, W0t ¼ qtW0ðt; xÞ and so forth. Since the ljðt; x; eÞ are real-valued, from

(2.19) we have

Imfe�ALðDtPjveÞ � ðPjveÞgð3:7Þ

¼ Imfe�ALððDt � ljðt; x; eÞÞPjveÞ � ðPjveÞg

¼ Imfe�ALððpe � ði=2ÞðqtqtpeÞðt;Dt; xÞÞveÞ � ðPjveÞg

�Re e�AL
X
k0 j

ðljt � lktÞðpj;kveÞ � ðPjveÞ
( ),

2

� Imfe�ALððq2t qtpjÞðt;Dt; x; eÞveÞ � ðPjveÞg=2 ð1a jamÞ:

Similarly, (2.21) gives

ImfW 2
0 e

�ALðDt p
ðkÞ
j veÞ � ðpðkÞj veÞgð3:8Þ

¼ ImfW 2
0 e

�ALðpðkÞe veÞ � ðpðkÞj veÞg

�RefW 2
0 e

�ALðqt pðkÞj Þðt;Dt; x; eÞveÞ � ðpðkÞj veÞg
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(1a kam� 1, 1a jam� k). Therefore, (3.1), (3.3) and (3.6)–(3.8) yield

qtEðt; x; e;AÞamL�1
t e�ALj f̂f ðt; xÞj2 �

Xm
j¼1

"
ðA� 2m� 1ÞLte

�ALjPjvej2ð3:9Þ

þL�1
t e�AL

(
jsub sðPÞðt;Dt; xÞvej2 þ

X
k0 j

jðljt � lktÞpj;kvej2=4

þ
Xm
k¼2

jPm�kðt;Dt; xÞvej2 þ jðq2t qtpjÞðt;Dt; x; eÞvej2=4
)#

�
Xm�1

k¼1

Xm�k

j¼1

½fðA� 2ÞW 2
0 Lt � 2W 3

0 ge�ALjpðkÞj vej2

�W 2
0 L

�1
t e�ALfjpðkÞe vej2 þ jðqt pðkÞj Þðt;Dt; x; eÞvej2g�;

since

ðpe � ði=2ÞðqtqtpeÞðt;Dt; xÞÞve

¼ Peve � sub sðPÞðt;Dt; xÞve �
Xm
k¼2

Pm�kðt;Dt; xÞve:

From (D-L), Lemma 2.6 and Corollary 2.7 we have, with some C;C 0 > 0,

min min
s ARðx=jxjÞ

jt� sj2; 1
� �

jsub sðPÞðt;Dt; xÞvej2ð3:10Þ

amC 2
Xm
j¼1

jpjvej2 aC 0
Xm
j¼1

jPjvej2 þ
Xm�1

k¼1

jpð1Þk vej2
 !

for t A ½0;T �, x A RnnN and e A E0. Here and after the constants do not depend

on the parameter A unless stated. Indeed, pð1Þðt; t; x; eÞ is stictly hyperbolic with

respect to Q for t A ½0;yÞ and e A R. By Corollary 2.7 with r ¼ m� 1 and (3.5)

we have, with some C 00 > 0,

jðqtqtpjÞðt;Dt; x; eÞvejaC 00
Xm�1

k¼1

jpð1Þk vej:

When minfmins ARðx=jxjÞjt� sj; 1ga hxi�1=2, we can not use (3.10). It follows from

Corollary 2.7 that
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sub sðPÞðt; t; xÞ ¼ c0ðtÞtm�1 þ
Xm�1

k¼1

ckðt; xÞtm�k�1

¼ c0ðtÞPjðt; t; x; eÞ þ
Xm�1

k¼1

~cckðt; x; eÞpð1Þk ðt; t; x; eÞ;

where 1a jam, degx ckðt; xÞ ¼ k and the ~cckðt; x; eÞ are functions, determined by

Corollary 2.7, satisfying, with some C > 0,

j~cckðt; x; eÞjaChxi for t A ½0;T �; x A RnnN and e A E0:

This gives

jsub sðPÞðt;Dt; xÞvej2 aC jPjvej2 þ hxi2
Xm�1

k¼1

jpð1Þk vej2
 !

ð3:11Þ

for t A ½0;T �, x A RnnN and e A E0. We have also, with some C > 0,

jðlj � lkÞpj;kvej2ð3:12Þ

a jfPj �Pk þ ði=2ÞððqtqtpjÞðt;Dt; x; eÞ � ðqtqt pkÞðt;Dt; x; eÞÞgvej2

a 3 jPjvej2 þ jPkvej2 þ C
Xm�1

l¼1

jpð1Þl vej2
( )

;

Xm
k¼2

jPm�kðt;Dt; xÞvej2 aC
Xm�1

k¼1

Xm�k

j¼1

jpðkÞj vej2;ð3:13Þ

jðq2t qtpjÞðt;Dt; x; eÞvej2ð3:14Þ

aC
Xm�1

k¼1

jpð1Þk vej2 þ C
Xm
k¼1

jlkttðt; x; eÞj2jxj�2
Xm�1

l¼1

jpð1Þl vej2;

W 2
0 L

�1
t e�ALjpð1Þe vej2ð3:15Þ

¼ W 2
0 L

�1
t e�AL

Xm
j¼1

ðPj þ ði=2Þðqtqt pjÞðt;Dt; x; eÞÞve

�����
�����
2

aCW 2
0 L

�1
t e�AL

Xm
j¼1

jPjvej2 þ
Xm�1

k¼1

jpð1Þk vej2
( )

;
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W 2
0 L

�1
t e�ALjðqt pð1Þe Þðt;Dt; x; eÞvej2 aCW 2

0 L
�1
t e�AL

Xm�1

k¼1

jpð1Þk vej2;ð3:16Þ

W 2
0 L

�1
t e�ALfjpðkÞe vej2 þ ðqt pðkÞj Þðt;Dt; x; eÞvej2gð3:17Þ

aCW 2
0 L

�1
t e�AL

Xm�kþ1

l¼1

jpðk�1Þ
l vej2 þ

Xm�k

l¼1

jpðkÞl vej2
( )

for 2a kam� 1 and 1a jam� k

for t A ½0;T �, x A RnnN and e A E0. Indeed, (3.12), (3.13) and (3.15) follow

from Corollary 2.7, applying the argument as in (3.10), since pðkÞðt; t; x; eÞ
(1a kam� 1) are strictly hyperbolic with respect to Q. We have

q2t qtpjðt; t; x; eÞ ¼ �
X
k0 j

X
l0 j;k

llttðt; x; eÞpj;k; lðt; t; x; eÞ

þ
X
k0 j

X
l0 j;k

X
i0 j;k; l

lltðt; x; eÞlitðt; x; eÞpj;k; l; iðt; t; x; eÞ

By (3.5) and the same argument as in (3.10) we obtain (3.14), (3.16) and

(3.17). Let us estimate L�1
t e�ALjsub sðPÞðt;Dt; xÞvej2. First assume that

minfmins ARðx=jxjÞjt� sj; 1ga hxi�1=2. Then we have

W0ðt; xÞb hxi1=2=
ffiffiffi
2

p
:

Therefore, from (3.11) we have

L�1
t e�ALjsub sðPÞðt;Dt; xÞvej2ð3:18Þ

aCL�1
t e�AL jPjvej2 þ 4W 4

0

Xm�1

k¼1

jpð1Þk vej2
 !

aCL�1
t e�ALjPjvej2 þ 4C

Xm�1

k¼1

W 2
0 Lte

�ALjpð1Þk vej2

for t A ½0;T �, x A RnnN and e A E0. Next assume that minfmins ARðx=jxjÞjt� sj; 1g
b hxi�1=2. Then we have

W0ðt; xÞb
ffiffiffi
2

p
min min

s ARðx=jxjÞ
jt� sj; 1

� �� ��1

:
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This, together with (3.10), yields

L�1
t e�ALjsub sðPÞðt;Dt; xÞvej2ð3:19Þ

a 2C0W 2
0 L

�1
t e�AL

Xm
j¼1

jPjvej2 þ
Xm�1

k¼1

jpð1Þk vej2
 !

a 2C 0Lte
�AL

Xm
j¼1

jPjvej2 þ 2C0W 2
0 Lte

�AL
Xm�1

k¼1

jpð1Þk vej2

for t A ½0;T �, x A RnnN and e A E0. Thus, by (3.18) and (3.19) we have

L�1
t e�ALjsub sðPÞðt;Dt; xÞvej2ð3:20Þ

aCLte
�AL

Xm
j¼1

jPjvej2 þ CW 2
0 Lte

�AL
Xm�1

k¼1

jpð1Þk vej2

for t A ½0;T �, x A RnnN and e A E0. It follows from (3.12) and the definition of

W1ðt; x; eÞ that

L�1
t e�ALjðljt � lktÞpj;kvej2ð3:21Þ

a 2W1e
�ALðjlj � lkj2 þ 1Þjpj;kvej2

a 6Lte
�ALðjPjvej2 þ jPkvej2Þ þ C 0W 2

0 Lte
�AL

Xm
k¼1

jpð1Þk vej2

for t A ½0;T �, x A RnnN and e A E0. From (3.13)–(3.17) we have

L�1
t e�AL

Xm
k¼2

jPm�kðt;Dt; xÞvej2 aCW 2
0 Lte

�AL
Xm�1

k¼1

Xm�k

j¼1

jpðkÞj vej2;ð3:22Þ

L�1
t e�ALjðq2t qtpjÞðt;Dt; x; eÞvej2 a 2CW 2

0 Lte
�AL

Xm�1

k¼1

jpð1Þk vej2;ð3:23Þ

W 2
0 L

�1
t e�ALjpð1Þe vej2 aCLte

�AL
Xm
j¼1

jPjvej2 þ CW 2
0 Lte

�AL
Xm�1

k¼1

jpð1Þk vej2;ð3:24Þ

W 2
0 L

�1
t e�ALjðqt pð1Þj Þðt;Dt; x; eÞvej2 aCW 2

0 Lte
�AL

Xm�1

k¼1

jpð1Þk vej2;ð3:25Þ
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W 2
0 L

�1
t e�ALfjpðkÞe vej þ jðqt pðkÞj Þðt;Dt; x; eÞvej2gð3:26Þ

aCW 2
0 Lte

�AL
Xm�kþ1

l¼1

jpðk�1Þ
l vej2 þ

Xm�k

l¼1

jpðkÞl vej2
( )

for 2a kam� 1 and 1a jam� k

for t A ½0;T �, x A RnnN and e A E0, since jlkttj2jxj�2
aW 2

1 . So it follows from

(3.9) and (3.20)–(3.26) that there is A0 b 1 satisfying

qtEðt; x; e;AÞamL�1
t e�ALj f̂f ðt; xÞj2

for AbA0, t A ½0;T �, x A RnnN and e A E0. This gives

Eðt; x; e;AÞaEð0; x; e;AÞ þm

ð t
0

j f̂f ðs; xÞj2 dsð3:27Þ

for AbA0, t A ½0;T �, x A RnnN and e A E0. From (3.4) we have

1b e�ALðt;x; eÞ
b e�ACThxi�ACT

for t A ½0;T �, x A RnnN and e A E0.

Lemma 3.1. For a fixed T > 0 there are c > 0 and CA > 0, which depends on

A, such that

cEðt; x; e;AÞa
Xm�1

k¼0

hxi2kjDm�1�k
t vej2 aCAhxi

2þACTEðt; x; e;AÞð3:28Þ

for Ab 1, t A ½0;T �, x A Rn and e A ½0; 1�. In particular, we have veðt; xÞ A
Cm�1ð½0;yÞ;S 0ðRn

x ÞÞ and ueðt; xÞ ð1F�1
x ½veðt; xÞ�ðxÞÞ A Cm�1ð½0;yÞ;HyðRnÞÞ

for e A E0.

Proof. We can write

Dm�1
t veðt; xÞ ¼ P1ðt;Dt; x; eÞve þ

Xm�1

j¼1

cjðt; x; eÞDm�1� j
t ve þ ði=2Þqtqt p1ðt;Dt; x; eÞve;

where cjðt; x; eÞ (1a jam� 1) satisfy jcjðt; x; eÞjaCjxj j for e A ½0; 1�. So Cor-

ollary 2.7 gives

jDm�1
t veðt; xÞja jP1ðt;Dt; x; eÞvej þ Chxi

Xm�1

j¼1

jpð1Þj ðt;Dt; x; eÞvej:
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Similarly, we have

hxikjDm�1�k
t vejaC jxj

Xm�1

j¼1

jpð1Þj ðt;Dt; x; eÞvej þ
Xm�k

j¼1

jpðkÞj vej
 !

(1a kam� 1). Therefore, we have

Xm�1

k¼0

hxi2kjDm�1�k
t vej2 aCAhxi

2þACT e�AL jP1vej2 þ
Xm�1

k¼1

Xm�k

j¼1

W 2
0 jp

ðkÞ
j vej2

 !
ð3:29Þ

aCAhxi
2þACTEðt; x; e;AÞ

for Ab 1, t A ½0;T �, x A Rn and e A ½0; 1�, where CAð> 0Þ depends on A. It is

obvious that, with some C;C 0 > 0,

Eðt; x; e;AÞa
Xm
j¼1

jPjvej2 þ
Xm�1

k¼1

Xm�k

j¼1

ChxijpðkÞj vej2

aC 0
Xm�1

k¼0

hxi2kjDm�1�k
t vej2

for t A ½0;T �, x A Rn and e A ½0; 1�, since W0ðt; xÞ2 aChxi. This, together with

(3.29), proves the lemma. r

Fix T > 0 and put

Ek; l ½u�ðtÞ ¼
Xk
m¼0

khDxi
lþk�mD

m
t uðt; xÞk2L2 ;

where kbm� 1, l A R, uðt; xÞ A Ckð½0;T �;HyðRn
xÞÞ and kuðt; xÞkL2 ¼

ð
Ð
R n juðt; xÞj2 dxÞ1=2. It follows from (3.27), (3.28) and Plancherel’s theorem that

Em�1; l ½ue�ðtÞaCA0

(Xm�1

n¼0

khDxi
lþmþA0CT=2�nunðxÞk2L2ð3:30Þ

þ
ð t
0

khDxi
lþ1þA0CT=2 f ðs; xÞk2L2 ds

)

for l A R, t A ½0;T � and e A E0.
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Lemma 3.2. For e A E0 we have ueðt; xÞ A Cyð½0;yÞ;HyðRnÞÞ. Fix T > 0.

Then, for any k A Zþ with kbm� 1 there is Ck > 0 such that

Ek; l ½ue�ðtÞaCk

(Xm�1

n¼0

khDxi
lþkþ1þA0CT=2�nunðxÞk2L2ð3:31Þ

þ
ð t
0

khDxi
lþkþ2�mþA0CT=2f ðs; xÞk2L2 ds

þ
Xk�m

m¼0

khDxi
lþk�m�mD

m
t f ðt; xÞk2L2

)

for l A R, t A ½0;T � and e A E0, where
Pk�m

m¼0 � � � ¼ 0 if k ¼ m� 1.

Proof. By (3.30) (3.31) with k ¼ m� 1 is valid. Let Kbm, and assume that

ueðt; xÞ A CK�1ð½0;T �;HyðRnÞÞ and that (3.31) is valid if (m� 1a) kaK � 1.

Write

Peðt; t; xÞ ¼ tm þ
Xm
j¼1

aj; eðt; xÞtm�j:

Then we have

DK
t veðt; xÞ ¼ �

Xm
j¼1

XK�m

m¼0

K �m

m

� �
ðDK�m�m

t aj; eðt; xÞÞDm�jþm
t veðt; xÞð3:32Þ

þDK�m
t f̂f ðt; xÞ:

Since the right-hand side of (3.32) belongs to Cð½0;T �;F�1ðHyðRnÞÞÞ, we have

ue A CKð½0;T �;HyðRnÞÞ. Moreover, we have

khDxi
lDK

t ueðt; xÞk
2
L2ðR n

x Þ

aCK

XK�1

m¼0

khDxi
lþK�mD

m
t ueðt; xÞk2L2ðRn

x Þ þ khDxi
lDK�m

t f ðt; xÞk2L2ðR n
x Þ

( )

for l A R, t A ½0;T � and e A E0. Therefore, (3.31) is valid for k ¼ K . r

Put uðt; xÞ ¼ u0ðt; xÞ and ujðt; xÞ ¼ uej ðt; xÞ. Applying the same argument as

in § 3 of [16], we can prove that

Dk
t D

a
xujðt; xÞ ! Dk

t D
a
xuðt; xÞ uniformly in ½0;T � � Rn as j ! y:
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Denote by KG
j; ðt0;x0Þ the generalized flows for pej ðt; t; xÞ. Then it follows from § 3

of [13] (or [15]) that for any ðt0; x0Þ A ð0;yÞ � Rn and any neighborhood V of

K�
ðt0;x0Þ V ftb 0g there is J A N such that

K�
j; ðt0;x0Þ V ftb 0gHV if jb J:

Since Pej ðt;Dt;DxÞ is strictly hyperbolic with respect to Q, we can show

that ðt0; x0Þ B supp w if j A N, ðt0; x0Þ A ð0;yÞ � Rn, wðt; xÞ A Cyð½0;yÞ � RnÞ,
supp Pej ðt;Dt;DxÞwðt; xÞVK�

j; ðt0;x0Þ V ftb 0g ¼ q and f0g � ð6m�1

k¼0
suppðDk

t wÞð0;
xÞÞVK�

j; ðt0;x0Þ ¼ q (see, e.g., [9]). So we can repeat the same arguments as in the

end of § 3 of [16] and prove Theorem 1.2.

4. Proof of Theorem 1.3

In this section we assume that the hypotheses of Theorem 1.3 are fulfilled and

we shall prove Theorem 1.3. We shall change the definitions of E0, N, W0, W1,

L and Eðt; x; e;AÞ. Let fejgj¼1;2;... be a sequence satisfying ej A ð0; 1�nðN0
2 ðpÞU

N0
1 ðpð1ÞÞÞ and ej # 0 as j ! y, where N0

2 ðpÞ and N0
1 ðpð1Þ are as in Lemma 2.3.

Put

E0 ¼ fej ; j ¼ 1; 2; . . .gU f0g;

N ¼ 6
y

j¼1

ðN2ðej; pÞUN1ðej; pð1ÞÞÞUN2ð0; pÞUN1ð0; pð1ÞÞU f0g;

where N2ðe; pÞ and N1ðe; pð1ÞÞ are as in Lemma 2.3. We note that mnðNÞ ¼ 0.

Consider the Cauchy problem (CPÞe and (3.1) with m ¼ 3. Fix T > 0. Define

W0ðt; x; eÞ ¼
X

s ARðx=jxjÞV½0;Tþ1�
hxi2=3=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� sÞ2hxi4=3 þ 1

q

þ
X

1a j<ka3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqtðljðt; x; eÞ � lkðt; x; eÞÞÞ2 þ 1

q

� 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðljðt; x; eÞ � lkðt; x; eÞÞ2 þ 1

q
þ 1;

W1ðt; x; eÞ ¼
X

1a j<ka3

jq2t ðljðt; x; eÞ � lkðt; x; eÞÞj=ðjqtðljðt; x; eÞ � lkðt; x; eÞÞj þ 1Þ

þ jqtðlð1Þ2 ðt; x; eÞ � l
ð1Þ
1 ðt; x; eÞÞj=ðjlð1Þ2 ðt; x; eÞ � l

ð1Þ
1 ðt; x; eÞj þ 1Þ;

Lðt; x; eÞ ¼
ð t
0

ðW0ðs; x; eÞ þW1ðs; x; eÞÞ ds
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for ðt; x; eÞ A ½0;T � � ðRnnNÞ � E0. It is easy to see that

jqtW0ðt; x; eÞjaW0ðt; x; eÞðW0ðt; x; eÞ þ
ffiffiffi
2

p
W1ðt; x; eÞÞð4:1Þ

a 3W0ðt; x; eÞqtLðt; x; eÞ

for ðt; x; eÞ A ½0;T � � ðRnnNÞ � E0. By Lemmas 2.3 and 2.4 there is CT > 0

satisfying

0aLðt; x; eÞaCTðloghxiþ 1Þ

for ðt; x; eÞ A ½0;T � � ðRnnNÞ � E0, since

qt logð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� sÞ2hxi4=3 þ 1

q
þ ðt� sÞhxi2=3Þ ¼ hxi2=3=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� sÞ2hxi4=3 þ 1

q
:

For ðt; x; eÞ A ½0;T � � ðRnnNÞ � E0 and Ab 1 we define

Eðt; x; e;AÞ ¼
X3
j¼1

e�ALjPjvej2 þ
X2
j¼1

W 2
0 e

�ALjpð1Þj vej2 þW 4
0 e

�ALjvej2:

Here we write L ¼ Lðt; x; eÞ, Pj ¼ Pjðt;Dt; x; eÞ, pð1Þj ¼ p
ð1Þ
j ðt;Dt; x; eÞ, ve ¼ veðt; xÞ

and W0 ¼ W0ðt; x; eÞ. Let ðt; xÞ A ½0;T � � ðRnnNÞ and e A E0. It is obvious that

DtEðt; x; e;AÞ ¼ i
X3
j¼1

½ALte
�ALjPjvej2 þ 2 Imfe�ALðDtPjveÞ � ðPjveÞg�ð4:2Þ

þ i
X2
j¼1

½ðAW 2
0 Lt � 2W0W0tÞe�ALjpð1Þj vej2

þ 2 ImfW 2
0 e

�ALðDt p
ð1Þ
j veÞ � ðpð1Þj veÞg�

þ i½ðAW 4
0 Lt � 4W 3

0 W0tÞe�ALjvej2

þ 2 ImfW 4
0 e

�ALðDtveÞ � veg�;

where Lt ¼ qtLðt; x; eÞ and W0t ¼ qtW0ðt; x; eÞ. Since the ljðt; x; eÞ and the

l
ð1Þ
j ðt; x; eÞ are real-valued, qtqtpeðt; t; xÞ ¼ qtqtpðt; t; xÞ and q2t q

2
t peðt; t; xÞ ¼

q2t q
2
t pðt; t; xÞ, it follows from (2.20) and (2.22) that

Imfe�ALðDtPjveÞ � ðPjveÞgð4:3Þ

¼ Imfe�ALððDt � ljÞPjveÞ � ðPjveÞg

¼ Imfe�ALððpe � ði=2Þðqtqt pÞðt;Dt; xÞÞveÞ � ðPjveÞg

153On the Cauchy problem for a class of hyperbolic operators



� Imfe�ALððq2t q
2
t pÞðt;Dt; xÞveÞ � ðPjveÞg=6

�Re e�AL
X
k0 j

ðljt � lktÞðpj;kveÞ � ðPjveÞ
( ),

2

þ Im e�AL
X
k0 j

ðljtt � lkttÞve � ðPjveÞ
( ),

6;

ImfW 2
0 e

�ALðDt p
ð1Þ
j veÞ � ðpð1Þj veÞgð4:4Þ

¼ ImfW 2
0 e

�ALððDt � l
ð1Þ
j Þpð1Þj veÞ � ðpð1Þj veÞg

¼
X3
k¼1

ImfW 2
0 e

�ALðPkveÞ � ðpð1Þj veÞg

þRefð�1Þ jW 2
0 e

�ALðlð1Þ2t � l
ð1Þ
1t Þve � ðp

ð1Þ
j veÞg=2;

ImfW 4
0 e

�ALðDtveÞ � veg ¼ ImfW 4
0 e

�ALðpð1Þ1 veÞ � veg:ð4:5Þ

Here we also write ljt ¼ qtljðt; x; eÞ, ljtt ¼ q2t ljðt; x; eÞ and so forth. (3.1) and

(4.1)–(4.5) yield

qtEðt; x; e;AÞð4:6Þ

a 3L�1
t e�ALj f̂f ðt; xÞj2

�
X3
j¼1

"
ðA� 7ÞLte

�ALjPjvej2 �L�1
t e�AL

�
(
jðsub sðPÞðt;Dt; xÞ þ P1ðt;Dt; xÞ þ q2t q

2
t pðt;Dt; xÞ=6Þvej2

þ jP0ðtÞvej2 þ
X
k0 j

jðljt � lktÞpj;kvej2=4þ
X
k0 j

jðljtt � lkttÞvej2=36
)#

�
X3
j¼1

"
ðA� 10ÞW 2

0 Lte
�ALjpð1Þj vej2

�W 2
0 L

�1
t e�AL

X3
k¼1

jPkvej2 þ jðlð1Þ2t � l
ð1Þ
1t Þvej

2=4

( )#

� ðA� 13ÞW 4
0 Lte

�ALjvej2 þW 4
0 L

�1
t jpð1Þ1 vej2:
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From Lemma 2.6 we can write

sub sðPÞðt; t; xÞ ¼
X3
j¼1

b1; jðt; x; eÞpjðt; t; x; eÞ;ð4:7Þ

min min
s ARðx=jxjÞ

jt� sj; 1
� �

jb1; jðt; x; eÞjaCT ð1a ja 3Þ

for x A Rnnf0g, t A ½0;T �nRðx=jxjÞ and e A R, where CT > 0. Operating q2t in both

sides of (4.7), we have

q2tP2ðt; t; xÞ ¼ 2
X3
j¼1

b1; jðt; x; eÞ:ð4:8Þ

Since

qtqtpjðt; t; x; eÞ ¼ �
X
k0 j

lktðt; x; eÞ;

qtq
2
t pðt; t; x; eÞ ¼ �2

X3
k¼1

lktðt; x; eÞ;

qtqtpjðt; t; x; eÞ � qtq
2
t pðt; t; x; eÞ=3 ¼ �

X
k0 j

ðlktðt; x; eÞ � ljtðt; x; eÞÞ=3;

(1.1), (2.18), (4.8) and Lemma 2.6 give

sub sðPÞðt; t; xÞ þ P1ðt; t; xÞ þ q2t q
2
t pðt; t; xÞ=6ð4:9Þ

¼
X3
j¼1

b1; jðt; x; eÞPjðt; t; x; eÞ þ P1ðt; t; xÞ þ q2t q
2
t pðt; t; xÞ=6

� ði=6Þ
X3
j¼1

X
k0 j

b1; jðt; x; eÞðlktðt; x; eÞ � ljtðt; x; eÞÞ

þ ði=6Þ
X3
j¼1

b1; jðt; x; eÞqtq2t pðt; t; xÞ

¼
X3
j¼1

b1; jðt; x; eÞPjðt; t; x; eÞ þ sub2 sðPÞðt; t; xÞ

� ði=6Þ
X3
j¼1

X
k0 j

b1; jðt; x; eÞðlktðt; x; eÞ � ljtðt; x; eÞÞ
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¼
X3
j¼1

b1; jðt; x; eÞPjðt; t; x; eÞ þ
X2
j¼1

b2; jðt; x; eÞpð1Þj ðt; t; x; eÞ

� ði=6Þ
X3
j¼1

X
k0 j

b1; jðt; x; eÞðlktðt; x; eÞ � ljtðt; x; eÞÞ;

where the b2; jðt; x; eÞ satisfy (2.15). If f j; k; lg ¼ f1; 2; 3g, then we have

jðlj � lkÞvej2 ¼ jðpj; l � pk; lÞvej2 a 2jpj; lvej2 þ 2jpk; lvej2:ð4:10Þ

It follows from (2.10) with m ¼ 3, k ¼ 2 and r ¼ 1 and Lemma 2.5 that there are

bj;k;mðt; x; eÞ (m ¼ 1; 2) satisfying

pj;kðt; t; x; eÞ ¼
X2
m¼1

bj;k;mðt; x; eÞpð1Þm ðt; t; x; eÞ;

jbj;k;mðt; x; eÞja 1=
ffiffiffi
2

p
ðm ¼ 1; 2Þ;

since

h1ðt; t; x; peÞ ¼
X

1a j<ka3

pj;kðt; t; x; eÞ2;

h1ðt; t; x; pð1Þe Þ ¼
X2
m¼1

pð1Þm ðt; t; x; eÞ2:

Therefore, we have

jpj;kvej2 a
X2
m¼1

jpð1Þm vej2 ð1a j < ka 3Þ:ð4:11Þ

It is obvious that

jðlð1Þ2 � l
ð1Þ
1 Þvej2 a 2

X2
m¼1

jpð1Þm vej2:ð4:12Þ

Let us estimate L�1
t e�ALjðsub sðPÞðt;Dt; xÞ þ P1ðt;Dt; xÞ þ ðq2t q

2
t pÞðt;Dt; xÞ=6Þvej2.

First assume that minfmins ARðx=jxjÞjt� sj; 1ga hxi�2=3. Then we have

W0ðt; x; eÞb hxi2=3=
ffiffiffi
2

p
:

Therefore, we have

L�1
t e�ALjðsub sðPÞðt;Dt; xÞ þ P1ðt;Dt; xÞ þ ðq2t q

2
t pÞðt;Dt; xÞ=6Þvej2ð4:13Þ

aCLte
�ALfjPjvej2 þW 2

0 jp
ð1Þ
1 vej2 þW 4

0 jvej
2g
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for t A ½0;T �, x A RnnN and e A E0, since

sub sðPÞðt; t; xÞ þ P1ðt; t; xÞ þ q2t q
2
t pðt; t; xÞ=6

¼ c0ðtÞPjðt; t; x; eÞ þ cj;1ðt; x; eÞpð1Þ1 ðt; t; x; eÞ þ cj;2ðt; x; eÞ;

jc0ðtÞjaC; jcj;kðt; x; eÞjaChxik ðk ¼ 1; 2Þ

for t A ½0;T �, x A RnnN and e A E0. Next assume that minfmins ARðx=jxjÞjt� sj; 1g
b hxi�2=3. Then we have

W0ðt; x; eÞb
ffiffiffi
2

p
min min

s ARðx=jxjÞ
jt� sj; 1

� �� ��1

:

This, together with (4.9)–(4.11), yields

L�1
t e�ALjðsub sðPÞðt;Dt; xÞ þ P1ðt;Dt; xÞ þ ðq2t q

2
t pÞðt;Dt; xÞ=6Þvej2ð4:14Þ

aCW 2
0 L

�1
t e�AL

(X3
j¼1

jPjvej2 þW 2
0

X2
j¼1

jpð1Þj vej2

þ
X

1a j<ka3

jljt � lktj2jvej2
)

aC 0Lte
�AL

X3
j¼1

jPjvej2 þW 2
0

X2
j¼1

jpð1Þj vej2 þW 4
0 jvej

2

( )

for t A ½0;T �, x A RnnN and e A E0, since

jljtðt; x; eÞ � lktðt; x; eÞj2 aW0ðt; x; eÞ2ððljðt; x; eÞ � lkðt; x; eÞÞ2 þ 1Þ:

By (4.13) (4.14) is also valid in the case where minfmins ARðx=jxjÞjt� sj; 1ga
hxi�2=3. We can easily show that

L�1
t e�ALjP0ðtÞvej2 aCW 4

0 Lte
�ALjvej2;ð4:15Þ

L�1
t e�AL

X
k0 j

jðljt � lktÞpj;kvej2ð4:16Þ

aL�1
t e�AL

X
k0 j

ðW 2
0 jðlj � lkÞpj;kvej2 þ jpj;kvej2Þ

aC 0Lte
�AL

X3
k¼1

jPkvej2 þW 2
0

X2
k¼1

jpð1Þk vej2
( )

ð1a ja 3Þ;
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L�1
t e�AL

X
k0 j

jðljtt � lkttÞvej2ð4:17Þ

aL�1
t e�AL

X
k0 j

ðW 2
0 W

2
1 jðlj � lkÞvej2 þ jvej2Þ

aCW 2
0 Lte

�AL
X2
k¼1

jpð1Þk vej2 þW 2
0 jvej

2

( )
ð1a ja 3Þ;

W 2
0L

�1
t e�ALjðlð1Þ2t � l

ð1Þ
1t Þvej

2ð4:18Þ

aW 2
0 W

2
1 L

�1
t e�ALðjðlð1Þ2 � l

ð1Þ
1 Þvej2 þ jvej2Þ

a 2W 2
0Lte

�AL
X2
k¼1

jpð1Þk vej2 þW 2
0 jvej

2

( )

for t A ½0;T �, x A RnnN and e A E0. Indeed, (4.15) is obvious. (4.16) follows from

(3.12) and (4.11). In (4.17) we use (4.10) and (4.11). (4.18) follows from (4.12).

So it follows from (4.6) and (4.14)–(4.18) that there is A0 b 1 satisfying

qtEðt; t; x; e;AÞa 3L�1
t e�ALj f̂f ðt; xÞj2

for AbA0, t A ½0;T �, x A RnnN and e A E0. Therefore, repeating the same argu-

ments as in § 3, we can prove Theorem 1.3.

5. Some Remarks and Examples

Let us first consider the validity of the condition (T-L). Let Pðt; t; xÞ ¼
ðt� lðt; xÞÞ3 þ b2ðt; t; xÞ þ b1ðt; t; xÞ þ b0ðtÞ, where

lðt; xÞ ¼
Pn

j¼1 ljðtÞxj ;
b2ðt; t; xÞ ¼ b2;0ðtÞt2 þ

Pn
j¼1 b2; jðtÞtxj þ

P
jaj¼2 b2;aðtÞx

a;

b1ðt; t; xÞ ¼ b1;0ðtÞtþ
Pn

j¼1 b1; jðtÞxj:

8><
>:ð5:1Þ

We assume that the ljðtÞ are real-valued and that the ljðtÞ, the bj;kðtÞ and b0ðtÞ
belong to Cyð½0;yÞÞ. It is well-known that the Cauchy problem for Pðt;Dt;DxÞ
is Cy well-posed if and only if Pðt;Dt;DxÞ can be represented as follows:

Pðt;Dt;DxÞ ¼ ðDt � lðt;DxÞÞ3 þ
X2
j¼0

cjðtÞðDt � lðt;DxÞÞ j;

where cjðtÞ A Cyð½0;yÞÞ (0a ja 2) (see, e.g., [4] and [18]).
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The following theorem insists that the condition (T-L) is a reasonable and

likely condition for Cy well-posedness.

Theorem 5.1. The Cauchy problem for Pðt;Dt;DxÞ is Cy well-posed if and

only if the condition (T-L) with RðxÞ ¼ q is satisfied.

Proof. It is obvious that

ðt� lðt; xÞÞ � ðt� lðt; xÞÞ ¼ ðt� lðt; xÞÞ2 þ iqtlðt; xÞ;

ðt� lðt; xÞÞ � ðt� lðt; xÞÞ � ðt� lðt; xÞÞ

¼ ðt� lðt; xÞÞ3 þ 3iqtlðt; xÞ � ðt� lðt; xÞÞ þ q2t lðt; xÞ:

Therefore, we have

Pðt;Dt;DxÞ ¼ ðDt � lðt;DxÞÞ3 þ b2;0ðtÞðDt � lðt;DxÞÞ2

þ b1;0ðtÞðDt � lðt;DxÞÞ þ ~bb2ðt;Dt;DxÞ þ ~bb1ðt;Dt;DxÞ þ b0ðtÞ;

where

~bb2ðt; t; xÞ ¼ b2ðt; t; xÞ � b2;0ðtÞðt� lðt; xÞÞ2 � 3iqtlðt; xÞ � ðt� lðt; xÞÞ;ð5:2Þ

~bb1ðt; t; xÞ ¼ b1ðt; t; xÞ � b1;0ðtÞðt� lðt; xÞÞ � ib2;0ðtÞqtlðt; xÞ � q2t lðt; xÞ:ð5:3Þ

On the other hand, we have

h2ðt; t; xÞ1=2 ¼
ffiffiffi
3

p
ðt� lðt; xÞÞ2; h1ðt; t; xÞ1=2 ¼

ffiffiffi
3

p
jt� lðt; xÞj;

sub sðPÞðt; t; xÞ ¼ b2ðt; t; xÞ � 3iqtlðt; xÞ � ðt� lðt; xÞÞ;

sub2 sðPÞðt; t; xÞ ¼ b1ðt; t; xÞ � q2t lðt; xÞ � ib2;0ðtÞqtlðt; xÞ:

This, together with (5.2) and (5.3), shows that

~bb2ðt; t; xÞ1 ~bb1ðt; t; xÞ1 0

if and only if the condition (T-L) is satisfied, since (T-L) implies that

sub sðPÞðt; t; xÞ and sub2 sðPÞðt; t; xÞ are divided by ðt� lðt; xÞÞ2 and

ðt� lðt; xÞÞ, respectively. r
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Finally we shall give two simple examples.

Example 5.2. Let Pðt; t; xÞ ¼ ðt2 � aðtÞjxj2Þtþ b2ðt; t; xÞ þ b1ðt; t; xÞ þ b0ðtÞ,
where bjðt; t; xÞ ( j ¼ 1; 2) and b0ðtÞ are as in (5.1) and aðtÞ is real analytic in a

neighborhood of ½0;yÞ. Assume that aðtÞb 0 for t A ½0;yÞ. Then the conditions

(A-1), (A-2) and (T) are satisfied. A simple calculation yields

h2ðt; t; xÞ ¼ 3t4 þ aðtÞ2jxj4;

h1ðt; t; xÞ ¼ 3t2 þ 2aðtÞjxj2;

sub sðPÞðt; t; xÞ ¼ b2ðt; t; xÞ � ði=2ÞqtaðtÞ � jxj2;

sub2 sðPÞðt; t; xÞ ¼ b1ðt; t; xÞ:

Therefore, we have

ðt2 þ
ffiffiffiffiffiffiffiffi
aðtÞ

p
jtj jxj þ aðtÞjxj2Þ=5a h2ðt; t; xÞ1=2

a 2ðt2 þ
ffiffiffiffiffiffiffiffi
aðtÞ

p
jtj jxj þ aðtÞjxj2Þ;

jtj þ
ffiffiffiffiffiffiffiffi
aðtÞ

p
jxja h1ðt; t; xÞ1=2 a 2ðjtj þ

ffiffiffiffiffiffiffiffi
aðtÞ

p
jxjÞ:

Let tk A ½0;yÞ be a zero of aðtÞ of order nk (k ¼ 1; 2; 3; . . .), where 0a t1 < t2 <

t3 < � � � . Taking RðxÞ ¼ ft1; t2; t3; . . .g we can see that the condition (T-L) is

satisfied if and only if

b2; jðtÞ ¼ Oððt� tkÞnk=2�1Þ as t ! tk ð1a ja nÞ;

b2;aðtÞ ¼ Oððt� tkÞnk�1Þ as t ! tk ðjaj ¼ 2Þ;

b1; jðtÞ ¼ Oððt� tkÞnk=2�2Þ as t ! tk ð1a ja nÞ

for k ¼ 1; 2; 3; . . . .

Let S be a subset of ½0;yÞ � Sn�1, and define the condition (T-LÞS by

replacing ½0;T � � R� Sn�1 with fðt; t; xÞ A ½0;T � � R� Sn�1; ðt; xÞ A Sg in the

condition (T-L).

Example 5.3. Let Pðt; t; xÞ ¼ ðt� lðt; xÞÞt2 þ b2ðt; t; xÞ þ b1ðt; t; xÞ þ b0ðtÞ,
where lðt; xÞ ¼ tk1x1 þ tk2x2, k1; k2 A Zþ, k1 a k2 and bjðt; t; xÞ ( j ¼ 1; 2) and

b0ðtÞ are as in (5.1). A simple calculation yields
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h2ðt; t; xÞ ¼ t2ðt2 þ 2ðt� lðt; xÞÞ2Þ;

h1ðt; t; xÞ ¼ 2t2 þ ðt� lðt; xÞÞ2;

sub sðPÞðt; t; xÞ ¼ b2ðt; t; xÞ � iqtlðt; xÞ � t;

sub2 sðPÞðt; t; xÞ ¼ b1ðt; t; xÞ � q2t lðt; xÞ=3� ði=3Þb2;0ðtÞqtlðt; xÞ:

Therefore, we have

ðt2 þ jlðt; xÞj jtjÞ=3a h2ðt; t; xÞ1=2 a 3ðt2 þ jlðt; xÞj jtjÞ;

ðjtj þ jlðt; xÞjÞ=2a h1ðt; t; xÞ1=2 a 2ðjtj þ jlðt; xÞjÞ:

It is obvious that

b2; jðtÞ1 b1; jðtÞ1 0 ð3a ja nÞ and b2;aðtÞ1 0 ðjaj ¼ 2Þð5:4Þ

if the condition (T-L) is satisfied. Let us first consider the case where k1 ¼ k2.

Then it is easy to see that the condition (T-L) with RðxÞ ¼ f0g is satisfied if

and only if

b2;1ðtÞ ¼ b2;2ðtÞ ¼ Oðtk1�1Þ as t # 0;

b1;1ðtÞ ¼ b1;2ðtÞ ¼ Oðtk1�2Þ as t # 0

�

and (5.4) is satisfied. Next consider the case where k1 < k2. Put

S1 ¼ fðt; xÞ A ½0;yÞ � Sn�1; x1x2 b 0g;

S2 ¼ fðt; xÞ A ½0;yÞ � Sn�1; x1x2 < 0 and 0a tk a jx1=x2j=2g;

S3 ¼ fðt; xÞ A ½0;yÞ � Sn�1; x1x2 < 0 and tk b jx1=x2j=2g;

where k ¼ k2 � k1. If ðt; xÞ A S1, then we have

jlðt; xÞj ¼ tk1 jx1j þ tk2 jx2j:

Therefore, the condition (T-LÞS1
with RðxÞ ¼ f0g is satisfied if and only if

b2; jðtÞ ¼ Oðtkj�1Þ and b1; jðtÞ ¼ Oðtkj�2Þ as t # 0ð5:5Þ

for j ¼ 1; 2 and (5.4) is satisfied. If ðt; xÞ A S2 and RðxÞ ¼ f0g, then we have

ðtk1 jx1j þ tk2 jx2jÞ=4a jlðt; xÞj ¼ tk1 jx2jðjx1=x2j � tkÞ

a tk1 jx1j þ tk2 jx2j:
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This implies that (T-LÞS2
with RðxÞ ¼ f0g is satisfied if and only if (5.4) and

(5.5) are satisfied, since

jqtlðt; xÞja k2ðtk1�1jx1j þ tk2�1jx2jÞ;

jq2t lðt; xÞja k2ðk2 � 1Þðtk1�2jx1j þ tk2�2jx2jÞ:

If ðt; xÞ A S3 and RðxÞ ¼ fjx1=x2j1=kg, then we have

min min
s ARðxÞ

jt� sj; 1
� �

¼ minfjt� jx1=x2j1=kj; 1g;

min min
s ARðxÞ

jt� sj2; 1
� �

¼ minfjt� jx1=x2j1=kj2; 1g;

jt� jx1=x2j1=kjðtk1�1jx1j þ tk2�1jx2jÞ=3

a jlðt; xÞj ¼ tk1 jx2j jt� jx1=x2j1=kjðtk�1 þ jx1=x2j1=ktk�2 þ � � � þ jx1=x2j1�1=kÞ

a ð21=k � 1Þ�1
tk2�1jx2j jt� jx1=x2j1=kj

a ð21=k � 1Þ�1jt� jx1=x2j1=kjðtk1�1jx1j þ tk2�1jx2jÞ:

Therefore, the condition (T-LÞS3
with RðxÞ ¼ fjx1=x2j1=kg is satisfied if and only

if (5.4) and (5.5) are satisfied, since

jqtlðt; xÞja k2ðtk1�1jx1j þ tk2�1jx2jÞ;

jt� jx1=x2j1=kj jq2t lðt; xÞja tjq2t lðt; xÞja k2ðk2 � 1Þðtk1�1jx1j þ tk2�1jx2jÞ:

Thus, taking RðxÞ ¼ f0; jx1=x2j1=kg ðx2 0 0Þ;
f0g ðx2 ¼ 0Þ

(
, we can show that the condition

(T-L) is satisfied if and only if (5.4) and (5.5) are satisfied. Moreover, it is easy

to see that (5.4) and (5.5) are satisfied if the condition (T-L) is satisfied for

some RðxÞ.
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