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Introduction

The purpose of this note is to study certain coincidence between Shimura’s

zeta functions in [11] and Andrianov’s zeta functions attached to Hecke eigen-

forms in Maass space of Siegel modular cusp forms of degree two. In this note,

we discuss a correspondence between the space of modular cusp forms of half

integral weight and the space of Siegel modular cusp forms of degree two, and its

application to Maass spaces, in close relation with Saito-Kurokawa’s conjecture

in the case of arbitrary level and arbitrary character (cf. [5], [6] and [14]).

Let M be any even positive integer, w a character modulo M, ~MM ¼
l:c:m:ð4;MÞ and k an even positive integer. In our previous paper [4], we

constructed a linear mapping C
M;w
k of Sk�1=2ð ~MM; wÞ into SkðGð2Þ

0 ðMÞ; wÞ deter-

mined by the relation C
M;w
k ð f ÞðZÞ ¼

P
T cf ðTÞe½trðTZÞ�, where f A Sk�1=2ð ~MM; wÞ,

cf ðTÞ ¼
P

mjeðTÞ wðmÞmk�1að0Þð ~MMNðTÞ=4m2Þ and f j ½W ~MM �2k�1ðzÞ ¼
Py

n¼1 a
ð0ÞðnÞ �

e½nz�.
In the section 2, we deduce another linear mapping C of Sk�1=2ð4N; wÞ into

SkðGð2Þ
0 ð2NÞ; wÞ defined by

Cð f ÞðZÞ ¼
X
T

X
mjeðTÞ

wðmÞmk�1aðNðTÞ=m2Þe½trðTZÞ�;

where f ðzÞ ¼
Py

n¼1 aðnÞe½nz� A Sk�1=2ð4N; wÞ and w is a character modulo 2N. It

will be seen that C is more useful than C
M;w
k in several points and serves to

generalize our result in [4]. For example, Theorem 4 in [4] is generalized in the

sense that the assumption (5.1) in [4] can be dropped.

We may refer to [13] for another constructions of Siegel modular forms of

degree two.
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§ 1. Notations and Preliminaries

We denote by Z, Q, R and C the ring of rational integers, the field of

rational numbers, the field of real numbers and the field of complex numbers. For

a ring A, we denote by An
m the set of all n�m matrices with entries in A, and

denote An
1 (resp. An

n ) by An (resp. MnðAÞ). For every z A C, we set e½z� ¼ expð2pizÞ
with i ¼

ffiffiffiffiffiffiffi
�1

p
and we define

ffiffiffi
z

p
¼ z1=2 so that �p=2 < argðz1=2Þa p=2. Further

we set zk=2 ¼ ð
ffiffiffi
z

p
Þk for each k A Z. For each positive integer N, set

G0ðNÞ ¼ a b

c d

� ����� a; b; c; d A Z; ad � bc ¼ 1; c1 0 ðmod NÞ
� �

:

Let k be an odd positive integer, N a positive integer divisible by 4 and o a

character modulo N. Let f ðzÞ be a holomorphic cusp form on the complex upper

half plane which satisfies

f ðghziÞ ¼ oðdÞ jðg; zÞkf ðzÞ for every g ¼ � �
� d

� �
A G0ðNÞ;

where jðg; zÞ is an automorphic factor defined by [11, (1.10)]. The space of such

all cusp forms is denoted by Sk=2ðN;oÞ.
Next we recall the definition of Siegel modular cusp forms of degree n. Let

Spðn;RÞ be the real symplectic group of degree n, i.e.,

Spðn;RÞ ¼ fM A M2nðRÞ j tMJnM ¼ Jng; where Jn ¼
0 En

�En 0

� �

and tM denotes the transpose of M. We set SL2ðRÞ ¼ Spð1;RÞ. Let Hn be the

complex Siegel upper half plane of degree n, i.e.,

Hn ¼ fZ ¼ X þ iY jX ;Y A MnðRÞ; tZ ¼ Z and Y > 0g:

Define an action of Spðn;RÞ on Hn by

Z 7! MhZi ¼ ðAZ þ BÞðCZ þDÞ�1 for all M ¼ A B

C D

� �
A Spðn;RÞ

and for all Z A Hn. Denote by Kn the group of stabilizers at iEn A Hn, i.e.,

Kn ¼ fM A Spðn;RÞ jMhiEni ¼ iEng. We set Spðn;ZÞ ¼ Spðn;RÞVM2nðZÞ. For
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each positive integer N, set

G
ðnÞ
0 ðNÞ ¼ A B

C D

� �
A Spðn;ZÞ

����C1 0 ðmod NÞ
� �

and SL2ðZÞ ¼ G
ð1Þ
0 ð1Þ:

Let c be a character modulo M and let k be a positive integer. We call a

holomorphic function F on Hn a Siegel modular cusp form of Neben-type c and

of weight k with respect to G
ðnÞ
0 ðMÞ, if the following conditions are satisfied:

(i) For every g ¼ A B

C D

� �
A G

ðnÞ
0 ðMÞ and for every Z A Hn, FðghZiÞ ¼

cðdetðAÞÞðdetðCZ þDÞÞkF ðZÞ,
(ii) jF ðZÞjðdetðIm ZÞÞk=2 is bounded on Hn.

The space of such cusp forms is denoted by SkðGðnÞ
0 ðMÞ;cÞ.

Let Q be a non-degenerate symmetric n� n matrix. Denote by OðQÞ (resp.

OðQÞ0) the real orthogonal group (resp. the connected component of the unity of

OðQÞ). We denote by SðRnÞ the space of rapidly decreasing functions on Rn. We

denote by gð�;QÞ the representation of SL2ðRÞ on SðRnÞ defined by

ðgðs;QÞ f ÞðxÞ

¼
jcj�n=2jdetðQÞj1=2

ð
Rn

e½ðahx; xi� 2hx; yiþ dhy; yiÞ=2c� f ðyÞ dy if c0 0;

jajn=2e½abhx; xi=2� f ðaxÞ if c ¼ 0

8>><
>>:

for every s ¼ a b

c d

� �
A SL2ðRÞ and for every f A SðRnÞ, where hx; yi ¼ txQy.

We call this representation Weil representation attached to Q.

Here we recall the results in [12]. Let L be a lattice in Rn and L� be the dual

lattice of L with respect to Q. We assume that L� IL. For an f A SðRnÞ and an

h A L�=L, we define a series by

yð f ; hÞ ¼
X
l AL

f ðl þ hÞ:

Now Shintani [12] showed the following theorem.

Theorem A. Let s ¼ a b

c d

� �
be an element of SL2ðZÞ satisfying the

conditions abhx; yi1 cdhy; yi1 0 ðmod 2Þ for x; y A L. Then the series yð f ; hÞ
satisfies the relation
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yðgðs;QÞ f ; hÞ ¼
X

k AL�=L

cðh; kÞsyð f ; kÞ; where

cðh; kÞs ¼

dh;ake½abhh; hi� if c ¼ 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jdetðQÞj

p �1
ð
R n=L

dx

 !�1

jcj�n=2
X

g AL=cL

e½ðahhþ g; hþ gi

� 2hk; hþ giþ dhk; kiÞ=2c� if c0 0:

8>>>>>>><
>>>>>>>:

Moreover, assume that c is even, cL� HL, cd0 0 and chx; xi1 0 ðmod 2Þ for

every x A L�. Let fl1; l2; . . . ; lng be a basis of L over Z and set D ¼ detðhli; ljiÞ.
Then it holds that

ffiffi
i

p �ðp�qÞ sgnðcdÞ
cðh; kÞs

¼
dh;dke½abhh; hi=2�

�1

d

� ��n=2

ðsgn ciÞn 2c

d

� �n
D

�d

� �
ðd < 0Þ;

dh;dke½abhh; hi=2�
�1

d

� �n=2 �2c

d

� �n
D

d

� �
ðd > 0Þ;

8>>>><
>>>>:

where d is the Kronecker’s delta and
��
�
�
is the symbol given in [11].

Now the general linear group GLnðRÞ acts on L2ðRnÞ as follows: ðTf ÞðxÞ ¼
jdetðTÞj�1=2

f ðT�1xÞ for all T A GLnðRÞ and for each f A L2ðRnÞ. We introduce

two symmetric matrices Q0 and Q1 by

Q0 ¼

0 �1 0 0 0

�1 0 0 0 0

0 0 0 �1 0

0 0 �1 0 0

0 0 0 0 �1

0
BBBBB@

1
CCCCCA and Q1 ¼

0 �1 0

�1 0 0

0 0 �1

0
B@

1
CA:

For a positive integer N, set LðNÞ ¼ f tðx1; x2; 2Nx3; ð1=NÞx4;
ffiffiffi
2

p
x5Þ j xi A Z

ð1a ia 5Þg and L 0ðNÞ ¼ f tðx1; x2; x3; ð1=NÞx4;
ffiffiffi
2

p
x5Þ j xi A Z ð1a ia 5Þg. Let r

be the isomorphism of Spð2;RÞ=fGE4g onto OðQ0Þ0 defined in [3]. Then we can

show the following relation:

rðgÞ�1
x1ðdetðAÞÞx ðmod LðNÞÞ for every g ¼ A B

C D

� �
A G

ð2Þ
0 ð2NÞ andð1:1Þ

x A L 0ðNÞ:
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Set fkðxÞ ¼ hx; tð�i; i; 1;�1; 0Þik
N expð�pNtxxÞ for an x A R5, where hx; yiN ¼

NtxQ0y. Then fk admits the transformation formulas

rðkÞ fk ¼ ðdetðA� BiÞÞkfk k ¼ A B

�B A

� �
A K2

� �
ð1:2Þ

and

eðkðyÞÞgðkðyÞ;NQ0Þ fk ¼ expð�iyÞ�ð2k�1Þ=2
fk; where kðyÞ ¼ cos y sin y

�sin y cos y

� �

and eðkðyÞÞ is the symbol given in [12, (1.16)].

For a character w modulo 2N, we define a theta series yN
k;wðz; gÞ by

yN
k;wðz; gÞ ¼ v�ð2k�1Þ=4

X
l

wðl3Þ
X
h

rðgÞgðsz;NQ0Þ fkðl þ hÞ

for each z ¼ uþ iv A H1 and each g A Spð2;RÞ, where l ¼ tð. . . ; l3; . . .Þ (resp. h)

runs over L 0ðNÞ=LðNÞ (resp. LðNÞ) and sz ¼
ffiffiffi
v

p
u
ffiffiffi
v

p �1

0
ffiffiffi
v

p �1

 !
. By ð1:1Þ, ð1:2Þ and

Theorem A, we deduce the following.

Lemma 1. Under the above notations, yN
k;wðz; gÞ satisfies the following

transformation formulas:

(i) yN
k;wðshzi; gÞ ¼

N

d

� �
wðdÞ jðs; zÞ2k�1yN

k;wðz; gÞ for every s ¼ � �
� d

� �
A

G0ð4NÞ;

(ii) yN
k;wðz; ggkÞ ¼ wðdetðA 0ÞÞ detðA� BiÞkyN

k;wðz; gÞ for every g ¼ A 0 �
� �

� �
A

G
ð2Þ
0 ð2NÞ and for every k ¼ A B

�B A

� �
A K2.

§ 2. Construction of Siegel Modular Cusp Forms

In this section we shall construct Siegel modular cusp forms of degree two

from modular cusp forms of half integral weight.

Now, for each function f A Sk�1=2ð4N; wÞ, we define a function Cð f Þ on H2

by

Cð f ÞðZÞ ¼ Jðg; iE2Þk
ð
D0ð4NÞ

vð2k�1Þ=2f j ½W4N �2k�1ðzÞy
N
k;wðz; gÞv�2 dudv
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with Z ¼ ghiE2i, where D0ð4NÞ is the fundamental domain for G0ð4NÞ,

Jðg; iE2Þ ¼ detðCi þDÞ ðg ¼ � �
C D

� �
Þ and f j ½W4N �2k�1ðzÞ ¼ f ð�1=4NzÞ �

ð4N 1=4ð�izÞ1=2Þ�ð2k�1Þ. Applying Lemma 1 and the arguments in [9] and [10],

we deduce that Cð f Þ is a Siegel modular cusp form of Neben-type w and of

weight k with respect to G
ð2Þ
0 ð2NÞ. To calculate coe‰cients of the Fourier ex-

pansion of Cð f Þ at infinity, we define three theta series. For a non-negative

integer e, we define theta series yN
1; eðz;Y1Þ, y�

1; eðz;Y1Þ and y
N;w
2; e ðz; yÞ by

yN
1; eðz;Y1Þ

¼ ðNvÞð�eþ2Þ=2X
l

Heð
ffiffiffiffiffiffiffiffiffiffiffi
2pNv

p
ðy1;�y3;�

ffiffiffi
2

p
y2ÞlÞe½ðNutlQ0l þNivtlRðY1ÞlÞ=2�;

y�
1; eðz;Y1Þ

¼ vð�eþ2Þ=2
X
l 0

Heð
ffiffiffiffiffiffiffiffi
2pv

p
ðy1;�y3;�

ffiffiffi
2

p
y2Þl 0Þe½ðutl 0Q1l

0 þ ivtl 0RðY1Þl 0Þ=2�

and

y
N;w
2; e ðz; yÞ

¼ ðNvÞð1�eÞ=2 Xy
m¼�y

Xy
n¼�y

wðmÞ expð�2pmnui � pvðm2ð
ffiffiffiffiffi
N

p
yÞ2 þ n2ð

ffiffiffiffiffi
N

p
yÞ�2ÞÞ

�Heð
ffiffiffiffiffiffiffiffi
2pv

p
ð�ð

ffiffiffiffiffi
N

p
Þ�1

ny�1 þ
ffiffiffiffiffi
N

p
myÞÞ

for each z ¼ uþ iv A H1, y > 0 and Y1 ¼
y1 y2

y2 y3

� �
ðY1 > 0 and detðY1Þ ¼ 1Þ,

where HeðxÞ ¼ ð�1Þe expðx2=2Þ d
e

dx e
ðexpð�x2=2ÞÞ, L�

1 ¼ fy A R3 j tyQ1x A Z for all

x A L1g, L1 ¼ f tðx1; x2;
ffiffiffi
2

p
x3Þ j ðx1; x2; x3Þ A Z1

3g,

Q1 ¼
0 �1 0

�1 0 0

0 0 �1

0
B@

1
CA; RðY1Þ ¼

y21 �y22 �
ffiffiffi
2

p
y1y2

�y22 y23
ffiffiffi
2

p
y2y3

�
ffiffiffi
2

p
y1y2

ffiffiffi
2

p
y2y3 1þ 2y22

0
B@

1
CA

and the summation
P

l (resp.
P

l 0 ) is taken over all l A L1 (resp. l 0 A 2L�
1 ).

Now, a direct calculation yields

ðgðsz;NQ0Þ fkÞðrðgÞ�1
lÞ

¼ vð2kþ5Þ=4hl;F 0ðgÞ�1tð�i; i; 1;�1; 0Þik
Ne½ðuhl; liN þ iNvtlF 0ðg2ÞlÞ=2�;
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where g ¼
ffiffiffiffi
Y

p
0

0
ffiffiffiffi
Y

p �1

 !
A Spð2;RÞ ðY ¼ yY1Þ and F 0ðgÞ is the one in [3, p. 67].

The theta series yN
k;wðz; gÞ can be transformed into the form

Nk�3=2
ffiffiffiffiffiffi
2p

p �kXk
e¼0

kCeð�iÞeyN
1; eðz;Y1ÞyN;w

2;k�eðz; yÞ;ð2:1Þ

where Y ¼ yY1 ðdetðY1Þ ¼ 1Þ and e runs over all even integers such that

0a ea k. The same arguments as in [8, p. 152] show that

y
N;w
2; e ðz; yÞ

¼
ffiffiffiffiffiffi
2p

p e
i eNyeþ1ðIm vÞ�e

Xy
m¼�y

wðmÞ
Xy
n¼�y

ðmzþ nÞe expð�pNy2jmzþ nj2=vÞ;

which shows

y
N;w
2; e ð�1=4Nz; yÞð2:2Þ

¼ wð�1Þð
ffiffiffiffiffiffi
2p

p
iÞeNyeþ1zev�e

Xy
n¼1

wðnÞne
X
g

wðdÞJðg; zÞekðghzi; n; yÞ;

where kðz; n; yÞ ¼ expð�pn2y2=4vÞ and g ¼ � �
� d

� �
runs over GynG0ð4NÞ with

Gy ¼ G
1 n

0 1

� ����� n A Z

� �
. The following formula has been proved in [3, Lemma

3.1]:

yN
1; eð�1=4Nz;Y1Þ ¼ ð4zÞð2e�1Þ=2 ffiffiffiffiffiffiffi

i=2
p

22�ey�
1; eðz;Y1Þ:ð2:3Þ

By virtue of the definition of Cð f Þ and (2.1), we see that

Cð f ÞðiY Þ ¼ c 0y�k
X
e

kCeð�iÞe
ð
D0ð4NÞ

vð2k�1Þ=2f j ½W4N �2k�1ðzÞ

� yN
1; eðz;Y1ÞyN;w

2;k�eðz; yÞv
�2 dudv

¼ c 0y�k
X
e

kCei
e

ð
D0ð4NÞ

ðv=4Njzj2Þð2k�1Þ=2
f ðzÞðð4NÞ1=4ð�izÞ1=2Þ2k�1

� yN
1; eð�1=4Nz;Y1ÞyN;w

2;k�eð�1=4Nz; yÞv�2 dudv:
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This combined with (2.2) and (2.3) shows that

Cð f ÞðiY Þ ¼ c 00
X
e

kCe2
eþ1

ffiffiffiffiffiffi
2p

p �e
y1�e

Xy
n¼1

wðnÞnk�e

ð
D0ð4NÞ

ve�1=2

�
X
g

wðdÞJðg; zÞk�e
kðghzi; n; yÞy�

1; eðz;Y1Þ f ðzÞv�2 dudv;

where
P

e is taken over all non-negative even integers e such that 0a ea k andP
g is taken over all g ¼ � �

� d

� �
A GynG0ð4NÞ. By [3, Lemma 3.1], we obtain

ð
D0ð4NÞ

v e�1=2
X
g

wðdÞJðg; zÞk�e
kðghzi; n; yÞy�

1; eðz;Y1Þ f ðzÞv�2 dudv

¼
ðy
0

ð1
0

ve�1=2kðz; n; yÞy�
1; eðz;Y1Þ f ðzÞv�2 dudv

¼
ðy
0

ve=2�3=2
X
l 0

að tl 0Q1l
0=2ÞHeð

ffiffiffiffiffiffiffiffi
2pv

p
ðy1;�y3;�

ffiffiffi
2

p
y2Þl 0Þ

� expð�pvð tl 0Q1l
0 þ tl 0RðY1Þl 0ÞÞ expð�pn2y2=4vÞ;

where l 0 runs over 2L�
1 .

Here we recall the following formula (cf. [2, p. 173]):

ðy
0

vðe�3Þ=2 expð�av� bv�1ÞHeð
ffiffiffiffiffiffiffi
2av

p
Þ dv ¼ bðe�1Þ=2 ffiffiffi

p
p ffiffiffi

2
p e

expð�2
ffiffiffiffiffi
ab

p
Þ

for each a; b > 0, which shows

Cð f ÞðiY Þ ¼ c 000
Xy
n¼1

wðnÞnk�1
X
T

að4 detðTÞ=n2Þ expð�2pn trðTY ÞÞ;

where T runs over all T ¼ n1 n2=2

n2=2 n3

� �
under the condition T > 0, ðn1; n2; n3Þ A

Z1
3 , njg:c:d:ðn1; n2; n3Þ, f ðzÞ ¼

Py
n¼1 aðnÞe½nz� and c 0, c 00 and c 000 are non zero

constants not depending upon f and T .

Set P2 ¼ T ¼ n1 n2=2

n2=2 n3

� �����T > 0 and ðn1; n2; n3Þ A Z1
3

� �
. For every

T ¼ n1 n2=2

n2=2 n3

� �
A P2, we set eðTÞ ¼ g:c:d:ðn1; n2; n3Þ and NðTÞ ¼ 4 detðTÞ.
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Let f ðzÞ ¼
Py

n¼1 aðnÞe½nz� be an element in Sk�1=2ð4N; wÞ. Then we deduce the

following.

Theorem 1. Suppose that w is a Dirichlet character modulo 2N and kð> 5Þ
is even. Then Cð f ÞðZÞ is a Siegel modular cusp form in SkðGð2Þ

0 ð2NÞ; wÞ and the

Fourier expansion of Cð f Þ at infinity has the form

Cð f ÞðZÞ ¼ c
X
T

X
njeðTÞ

wðnÞnk�1aðNðTÞ=n2Þe½trðTZÞ�;

where
P

T is the sum taken over P2,
P

njeðTÞ is the summation taken over all

positive integers n with n j eðTÞ and c is a non zero constant not depending upon f

and T .

§ 3. Hecke Operators

In this section we shall investigate relations between our mapping C and

Hecke operators. We denote by T 4N
k�1=2;wðp2Þ (resp. ~TT 2N

k;wðnÞ) Hecke operators

defined on Sk�1=2ð4N; wÞ (resp. SkðGð2Þ
0 ð2NÞ; wÞ) (cf. [1], [7] and [11]). Assume that

F is an eigen-function of Hecke operators ~TT 2N
k;wðnÞ for all positive integers n. Then

the zeta function ZF ðsÞ in the sense of Andrianov has the form

ZF ðsÞ ¼
Y
pj2N

ð1� lðpÞp�sÞ�1
Y
pF2N

ð1� lðpÞp�s þ ðlðpÞ2 � lðp2Þ

� p2k�4wðpÞ2Þp�2s � p2k�3wðpÞ2lðpÞp�3s þ p4k�6wðpÞ4p�4sÞ�1;

where ~TT 2N
k;wðnÞF ¼ lðnÞF for all positive integers n.

Now, a relation between our mapping C and the above Hecke operators can

be stated as follows.

Theorem 2. Suppose that f is a cusp form of Sk�1=2ð4N; wÞ such that

T 4N
k�1=2;wðp2Þ f ¼ oðpÞ f for all primes p. Then Cð f Þ is an eigen-function of Hecke

operators ~TT 2N
k;wðnÞ for every integer nð> 0Þ. Moreover, the zeta function ZCð f ÞðsÞ

associated with Cð f Þ is equal to

Lðs� k þ 1; wÞLðs� k þ 2; wÞ
Y
p

ð1� oðpÞp�s þ wðpÞ2p2k�3�2sÞ�1;

where Lðs; wÞ is the zeta function associated with w.
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The following theorem has been shown by Andrianov [1, Prop. 2.1.2] (cf.

also [7]).

Theorem B. Let F ðZÞ ¼
P

T cðTÞe½trðTZÞ� be a cusp form of SkðGð2Þ
0 ðMÞ;cÞ

and let p be a prime. Then ~TTM
k;cðpnÞF ðZÞ ¼

P
T cðpn : TÞe½trðTZÞ� and

cðpn : TÞ ¼ cðpnTÞ if p jM;P
pðk�2Þbþð2k�3ÞgcðpÞbþ2gD�ðpgÞPðpbÞDþðpaÞcðTÞ if pFM;

(

where the summation
P

is taken over all ða; b; gÞ A Z1
3 with a; b; gb 0,

aþ b þ g ¼ n, D�ð�Þ, Pð�Þ, Dþð�Þ are the symbols given in [7] and T runs over P2.

For a T A P2, we denote by dðTÞ the discriminant of the imaginary quadratic

field Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�NðTÞ

p
Þ. We set �NðTÞ ¼ dðTÞ f 2 with a positive integer f . For each

prime p, we have

SL2ðZÞ
1 0

0 p

� �
SL2ðZÞ ¼ 6

pþ1

i¼1

SL2ðZÞsi ða disjoint unionÞ:

The following lemma was shown in [3, Lemma 4.1].

Lemma B. Suppose that T A P2 satisfies eðTÞ ¼ 1. Then the folloing state-

ments hold:

(1) Among ðpþ 1Þ matrices fsiT tsigpþ1
i¼1 , there are p� dðTÞ

p

� �
matrices with

eðsiT tsiÞ ¼ 1 and 1þ dðTÞ
p

� �
matrices with eðsiT tsiÞ ¼ p, if f is prime to p.

(2) Among ðpþ 1Þ matrices fsiT tsigpþ1
i¼1 , there are p matrices with

eðsiT tsiÞ ¼ 1 and one matrix with eðsiT tsiÞ ¼ p2, if f is divisible by p.

Proof of Theorem 2. It is su‰cient to show the following relations:

~TT 2N
k;wðpÞCð f Þ ¼ ðoðpÞ þ wðpÞðpk�1 þ pk�2ÞÞCð f Þ for all primes p;ð3:1Þ

and

~TT 2N
k;wðp2ÞCð f Þ ¼ ðoðpÞ2 þ wðpÞðpk�1 þ pk�2ÞoðpÞ þ wðpÞ2p2k�2ÞCð f Þð3:2Þ

for all primes p such that pF 2N:

These can be proved in the same fashion as in [4] by virtue of Theorem B and

Lemma B. Therefore we may omit the details.
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Now we recall the definition of Maass forms (cf. [4], [5]). We call an element

FðZÞ ¼
P

T AP2
cðTÞe½trðTZÞ� of SkðGð2Þ

0 ðMÞ;cÞ a Maass form if the following

condition is satisfied:

c
n1 n2=2

n2=2 n3

� �� �
¼
X
d

cðdÞd k�1c
1 n2=2d

n2=2d n1n3=d
2

� �� �
;

where
P

T (resp.
P

d ) is the sum taken over all T A P2 (resp. positive integers

with d j ðn1; n2; n3Þ). Let N be a positive integer such that ð2;NÞ ¼ 1. Let f ðzÞ ¼Py
n¼1 aðnÞe½nz� ðað1Þ0 0Þ (resp. F ðZÞ ¼

P
T AP2

cðTÞe½trðTZÞ� ðc 1 0

0 1

� �� �
0 0Þ)

be a cusp form of Sk�1=2ð4N; wÞ (resp. a Maass form of SkðGð2Þ
0 ð2NÞ; wÞ) such that

T 4N
k�1=2;wðp2Þ f ¼ oðpÞ f (resp. ~TT 2N

k;wðnÞF ¼ lðnÞF ) for all primes p (resp. positive

integers n). We denote by ~SSk�1=2ð4N; wÞ (resp. MkðGð2Þ
0 ð2NÞ; wÞ) the vector space

spanned by all such elements f (resp. F ). We deduce the following theorem.

Theorem 3. Under the above notations, C induces a linear isomorphic mapp-

ing between ~SSk�1=2ð4N; wÞ and MkðGð2Þ
0 ð2NÞ; wÞ. Furthermore, if f A ~SSk�1=2ð4N; wÞ

satisfies T 4N
k�1=2;wðp2Þ f ¼ oðpÞ f for all primes p, then Cð f Þ is an eigen-function of

Hecke operators ~TT 2N
k;wðnÞ for all positive integers n and the zeta function ZCð f ÞðsÞ

attached to Cð f Þ is equal to

Lðs� k þ 1; wÞLðs� k þ 2; wÞ
Y
p

ð1� oðpÞp�s þ wðpÞ2p2k�3�2sÞ�1:

Since the above theorem can be verified in the same manners as those of [4],

we may omit the details of the proof.
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