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Introduction

The purpose of this note is to study certain coincidence between Shimura’s
zeta functions in [11] and Andrianov’s zeta functions attached to Hecke eigen-
forms in Maass space of Siegel modular cusp forms of degree two. In this note,
we discuss a correspondence between the space of modular cusp forms of half
integral weight and the space of Siegel modular cusp forms of degree two, and its
application to Maass spaces, in close relation with Saito-Kurokawa’s conjecture
in the case of arbitrary level and arbitrary character (cf. [5], [6] and [14]).

Let M be any even positive integer, y a character modulo M, M =
l.eem.(4, M) and k an even positive integer. In our previous paper [4], we
constructed a linear mapping ‘I’,ﬁw Zoof Sp_y /2(M ,x) into Sk(l"éz)(M), 7) deter-
mined by the relation lI’,iw)f(f)(Z) => rcr(Teftr(TZ)], where f € Sk_l/z(A;[,}(),
e (T) = 2o Z(m)ym*1aO) (MN(T) /4m?) and [ |[Wyly1(2) = 3oz, a%(n) -
elnz].

In the section 2, we deduce another linear mapping ¥ of S;_;,2(4N, ) into
Sk(l"((f) (2N),x) defined by

Y(NZ) =) Y xm)m*a(N(T)/m?)e[tr(TZ)),

T mle(T)

where f(z) = >.,° a(n)elnz] € Sy_1/2(4N,y) and y is a character modulo 2N. It
will be seen that ¥ is more useful than ‘I’,ﬁ” “ in several points and serves to
generalize our result in [4]. For example, Theorem 4 in [4] is generalized in the
sense that the assumption (5.1) in [4] can be dropped.

We may refer to [13] for another constructions of Siegel modular forms of
degree two.
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§1. Notations and Preliminaries

We denote by Z, Q, R and C the ring of rational integers, the field of
rational numbers, the field of real numbers and the field of complex numbers. For
a ring A, we denote by A, the set of all n x m matrices with entries in 4, and
denote A} (resp. A)) by A" (resp. M, (A)). For every z € C, we set e[z] = exp(2niz)
with i = v/—1 and we define \/z = z'/? so that —n/2 < arg(z'/?) < n/2. Further

we set zK/? = (\/E)k for each k € Z. For each positive integer N, set

wo-{(2 2

Let x be an odd positive integer, N a positive integer divisible by 4 and w a
character modulo N. Let f(z) be a holomorphic cusp form on the complex upper
half plane which satisfies

a,b,ec,deZ,ad —bc=1,¢c=0 (modN)}.

1) = 0()j(32'7) for every 5= (1 e L),

where j(y,z) is an automorphic factor defined by [11, (1.10)]. The space of such
all cusp forms is denoted by S, (N, w).

Next we recall the definition of Siegel modular cusp forms of degree n. Let
Sp(n,R) be the real symplectic group of degree n, i.e.,

0 E
Sp(n,R) = {M € My,(R)|'MJ,M = J,}, where J, = ( : 0”)
—Ln

and ‘M denotes the transpose of M. We set SL,(R) = Sp(1,R). Let 9, be the
complex Siegel upper half plane of degree n, i.e.,

9, ={Z=X+iY|X,YeM,R),'Z=Z and Y > 0}.
Define an action of Sp(n,R) on 9, by

Z— M{Z)=(AZ + B)(CZ+ D)™ for all M:(é1 f;>esp(n,R)

and for all Ze H,. Denote by K, the group of stabilizers at iE, € $,, i.e.,
K, ={M e Sp(n,R) | M{E,) = iE,}. We set Sp(n,Z) = Sp(n,R) N M,,(Z). For
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each positive integer N, set

ry(N) = { (21 g) € Sp(n,Z)’C =0 (mod N)} and SLy(Z) =T (1).
Let ¢ be a character modulo M and let k be a positive integer. We call a
holomorphic function F on §, a Siegel modular cusp form of Neben-type ¢y and
of weight k& with respect to Fé")(M ), if the following conditions are satisfied:
. A B
(i) For every y= (C D
(det(4))(det(CZ + D)) F(Z),
(i) [F(Z)|(det(Im Z))*/* is bounded on $,.
The space of such cusp forms is denoted by Sk(l"(()")(M ), ¥).
Let Q be a non-degenerate symmetric n X n matrix. Denote by O(Q) (resp.

) eIV (M) and for every Ze$,, F(XZ))=

0(Q),) the real orthogonal group (resp. the connected component of the unity of
0(Q)). We denote by & (R") the space of rapidly decreasing functions on R". We
denote by y(x, Q) the representation of SL,(R) on #(R") defined by

(v(a, Q) 1) (x)

2@ [ elfacxy = 2w, 3> + A<y )26 (3) it ¢ %0,

la|"?e[ab{x, x> /2] f (ax) ifc=0

b
d) € SLy(R) and for every f € S (R"), where {x, y> = 'xQy.

We call this representation Weil representation attached to Q.

Here we recall the results in [12]. Let L be a lattice in R” and L* be the dual
lattice of L with respect to Q. We assume that L* o L. For an f € #(R") and an
heL*/L, we define a series by

a
for every g =
¢

O(f h)y=> " f(L+h).

leL

Now Shintani [12] showed the following theorem.

THEOREM A. Let o= (a
c

conditions ab{x,y) = c¢d{y,y> =0 (mod 2) for x,y € L. Then the series 0(f,h)
satisfies the relation

b
d) be an element of SLy(Z) satisfying the
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0(y(a,0)fh) = Z c(h,k),0(f, k), where
keL*/L
On,akelablh,hy] if ¢=0,

-1
c(h.k), = { /1@ <j/ dx) el ™2 3 el(ach+ 7,k + 7

yeL/cL

— 20k, h+ 9 +d<k, k) /2¢] if ¢ #0.

Moreover, assume that c¢ is even, cL* < L, ¢d #0 and ¢{x,x) =0 (mod 2) for
every x € L*. Let {1,2,...,2,} be a basis of L over Z and set D = det({4;, 4;)).
Then it holds that

\/;7(177‘1) Sgr1<cd)c(h7 k),

S aelabCi, /) (j>_"/2<sgn ar (%) (Z) w<o.

s () (2 (2) w0

where & is the Kronecker's delta and (%) is the symbol given in [11].

Now the general linear group GL,(R) acts on L*(R") as follows: (7f)(x) =
|det(T)|""/2f(T~'x) for all T € GL,(R) and for each f e L*(R"). We introduce
two symmetric matrices Qp and Q; by

0 -1 0 0 0
-1 0 0 0 0 0 -1 0
0o = 0 0 -1 0| and O/=|-1 0 0
0 -1 0 0 0 0 -1

S O O

0 0 0 -1

For a positive integer N, set L(N) = {(x1,x2,2Nx3, (1/N)x4,V2x5) | x; € Z
(1 <i<5)}and L'(N) = {(x1,x2,x3, (1/N)x4,V2x5) | x; € Z (1 <i<5)}. Let p
be the isomorphism of Sp(2,R)/{+Es} onto O(Qy), defined in [3]. Then we can
show the following relation:

(1.1)  plg) 'x = (det(4))x (mod L(N)) for every g = (g g) € Féz)(ZN) and

xeL'(N).
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Set fi(x) = <{x, (—i,i,1,—1,0)>% exp(—nN'xx) for an x e R, where {(x,ydy =
N'xQqy. Then f; admits the transformation formulas

(12 s = et~ ' (x=( 7 F)eke)

and

(k(0))7(k(0), NQo) fic = exp(—if) > Vf, where k(@):(COS" Sinﬁ)

—sin 6 cos 8

and ¢(k(0)) is the symbol given in [12, (1.16)].
For a character y modulo 2N, we define a theta series 92’ Z(z, g) by

(9,?7[ (z,9) = v~ 1/42)( (h) Zp (0., NQo) fi (I + 1)

for each z=u+ive $, and each g € Sp(2,R), where / ='(... L,...) (resp. h)

runs over L'(N)/L(N) (resp. L(N)) and g, = <\/_ v ) By (1.1), (1.2) and
Theorem A, we deduce the following. 0 \/5

LEMMA 1. Under the above notations, 9,?" X(z, g) satisfies the following
transformation formulas:

N % %
() 00,(0<.9) = (5 )20, 0, (zg) for every o= :
(4, (d> - < d)

. _ . A" x
(ii) 91?,/%(27 ygrc) = j(det(A4")) det(4 — Bz)kH,fX(z,g) for every y= ( i} *) €
A B
l"éz>(2N) and for every k = (—B A) € K;.

§2. Construction of Siegel Modular Cusp Forms

In this section we shall construct Siegel modular cusp forms of degree two
from modular cusp forms of half integral weight.

Now, for each function f € S;_;/2(4N,x), we define a function ¥(f) on 9,
by

Y(/)(Z) = J(g,iEr)" L) ) vk=D2f | [W4N]2k71(z)9,?’/i(z, g)v™% dudy
0
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with Z = g<{iE,)», where Dy(4N) is the fundamental domain for Tz(4N),

*

o) =de(Gi+ D) (g =( g p ) and f1 Wil ()= f(-1/4N2)

(4N1/4(—iz)"/?)=@&=D " Applying Lemma 1 and the arguments in [9] and [10],
we deduce that W(f) is a Siegel modular cusp form of Neben-type y and of
weight & with respect to I’ (()2) (2N). To calculate coefficients of the Fourier ex-
pansion of W(f) at infinity, we define three theta series. For a non-negative
integer ¢, we define theta series Hf\;,(z, Yy), 07 .(z,Y;) and 6’27;,)5(2, y) by

0y ,(z, Y1)

= (No) 2N H,(V2rNu(y1, — p3, —V2)Del(Nu'1Q0] + Niv'IR(Y1)1)/2],
/
(9;:3(2, Yl)

o HY 2R = VDl i TR

and

0,77z, )

)(1=2)/2 Z Z ) exp(—2mmnui — 7v(m*(VNy)* + n*(VNy)2))

m=—00 n=—00

x Hy(\V2m0(—(VN) 'ny~" + vV Nmy))

for each z=u+ive$;, y>0 and Y| = (yl »2
e Y2 3

(CXP( x?/2)), Li = {yeR*|'yQix e Z for all
xeLi}, Ly = {'(x1,x2, V2x3) | (xl,xz,x3) eZi},

) (Y1 >0 and det(Y;) = 1),

where H,(x) = (—1)° exp(x 2/2)

0 -1 0 »i -3 V2
O=(-1 0 0 |, R(Y1)= —yf J’32 \/§y2y3
0 0 -1 —V2y1y2 V2pys 1423

and the summation ), (resp. >,) is taken over all /e L; (resp. /' € 2L;).
Now, a direct calculation yields

(7(0:,NQo) fi) (p(g) ')

= oA D' (g) M (=i, 0,1, —1,0) K e[ (udl, Iy + iNO'ID' (g%)]) /2],
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where < Y 0
g = -
0 VY

| ) e Sp(2,R) (Y = yY;) and ®’(g) is the one in [3, p. 67].
The theta series 0,?7] 7(z,9) can be transformed into the form

(2.1) N2 /a7 Zk e Y1)05 % (2, »),
where Y = yY; (det(Y;) =1) and & runs over all even integers such that

0 < ¢ <k. The same arguments as in [8, p. 152] show that

N.7
0275}((27 y)

0 0

27 i* Ny (Im v) Z 7(m) Z (mz + n)® exp(—aNy?|mz + n|*/v),

m=—oo n=—0o0

which shows

(22)  07(~1/4Nz, y)

= 2(=1)(V2mi)*Ny*'z% Z )ty i(d)(7,2) k(p<z),m, p),
n=1 7

where k(z,n, y) = exp(—nny?/4v) and y = (* ;) runs over I',,\[o(4N) with

1
r=1 1)
3.1):

(2.3) 0 (—1/4Nz, Y1) = (42) > V2 /ij22740; (z, 11)

ne Z}. The following formula has been proved in [3, Lemma

By virtue of the definition of W(f) and (2.1), we see that

Y()(iY)=cy™* Z «Ci(=0) J oHVRL | W]y (2)
Dy(4N)

x 0z, Y1)02k (2, 9)07? dudv

= TG [ NP () i)

x 0 ,(=1/4Nz, Y1)05 .(—=1/4Nz, y)v ™2 dudv.
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This combined with (2.2) and (2.3) shows that
YY) =" ZkCgT*l\/ﬁ_Syl*E Zx(n)nkfsj pe1/2
P pry Dy(4N)
< oAD" kDm0 (G du,

where ), is taken over all non-negative even integers ¢ such that 0 < e <k and

>, is taken over all y = (I 2) e, \['0(4N). By [3, Lemma 3.1], we obtain

| S 0,9 KO T e
Do(4N)

o 1
= J J v V2k(z,m, )05 (2, Y1) f(2)0™2 dudv
o Jo ’

:J‘ YA DH B (. = V2R

x exp(—no("lI'Q1l' + 'I'R(Y1)I")) exp(—nn’y? /4v),

where !’ runs over 2L;.
Here we recall the following formula (cf. [2, p. 173]):

J " oI exp(—a — o H,(VIm0) do = B2 a3 exp(—21/2)

0
for each «,f > 0, which shows

o0

Y(f)(iY) = C”’E:)((n)nk_1 Za(4 det(T)/n?) exp(—2zn tr(TY)),

n=1 T
ny ny/2
n2/2 n3
73, nlg.cd.(n,na,n3), f(z) =37 a(n)elnz] and ¢’, ¢” and ¢” are non zero
constants not depending upon f and T.

n }’12/2
Set P,=3T=
o mr= (o )

2
(™ n/ e Py, we set e(T)=g.c.d.(n,ny,n3) and N(T) =4 det(T).
n2/2 n3

where T runs over all T = ( ) under the condition 7" > 0, (ny,ny,n3) €

T >0 and (n,n2,n3) eZ%}. For every
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Let f(z) =>,~, a(n)e[nz] be an element in Si_;/>(4N, ). Then we deduce the
following.

THEOREM 1. Suppose that y is a Dirichlet character modulo 2N and k(> 5)
is even. Then Y(f)(Z) is a Siegel modular cusp form in Sk(F(()z)(ZN),)() and the
Fourier expansion of W(f) at infinity has the form

= LZ > xn (T)/n?)eltr(TZ)],

T nle(T)

where Y r is the sum taken over Py, 3, r) is the summation taken over all
positive integers n with n|e(T) and c is a non zero constant not depending upon f
and T.

§3. Hecke Operators

In this section we shall investigate relations between our mapping ¥ and
Hecke operators. We denote by T, ,le 1., (D7) (resp. T2V (n)) Hecke operators
defined on Si_1/2(4N, x) (resp. Sk(F( (2N), ) (cf. [1], [7] and [11]). Assume that
F is an eigen-function of Hecke operators T i X(n) for all positive integers n. Then
the zeta function Zp(s) in the sense of Andrianov has the form

Zp(s) = [J(1 = ap)p™) " [T (1 = Ap)p™ + (4(p)* = A(p?)

PN AN
— ¥ ()07 = PP () ) p T + P () ),

where T7%(n)F = A(n)F for all positive integers n.
Now, a relation between our mapping ¥ and the above Hecke operators can
be stated as follows.

THEOREM 2. Suppose that f is a cusp form of Si_1/2(4N,y) such that
T/le/2x( 2 f = w(p)f for all primes p. Then Y(f) is an eigen-function of Hecke

operators TkZN (n) for every integer n(>0). Moreover, the zeta function Zy(y(s)
associated with Y(f) is equal to

Lis—k+10Lis —k+2,0 [[(0 = 0(p)p™ + 2(p)p* )7,
P

where L(s,y) is the zeta function associated with y
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The following theorem has been shown by Andrianov [1, Prop. 2.1.2] (cf.
also [7]).

THEOREM B. Let F(Z) =) ;c(T)e[tr(TZ)] be a cusp form of Sk(F(()Z)(M), W)
and let p be a prime. Then T,(%(p”)F(Z) => rc(p": Te[tr(TZ)] and

(pr Ty =P I pIM,
' 32 pEAICE g (p) AT (p)I(pHA (p*)e(T) if pk M,

where the summation Y. is taken over all (o, f,y)€Zsy with o,f,7 >0,
a+B+y=n, A (%), II(x), AT (x) are the symbols given in [1] and T runs over P,.

For a T € P,, we denote by d(T) the discriminant of the imaginary quadratic
field Q(\/—N(T)). We set —N(T) = d(T)f? with a positive integer f. For each
prime p, we have

1 0 ptl
SLz(Z)(O p)SLz(Z) = |J SLy(Z)s; (a disjoint union).
=1

The following lemma was shown in [3, Lemma 4.1].

LemmA B. Suppose that T € P, satisfies e(T) = 1. Then the folloing state-

ments hold.
. t p+l1 d(T) . .
(1) Among (p + 1) matrices {o;T'a;};_, , there are p — | —— | matrices with
d .

e(o:iT'o))=1 and 1+ (%) matrices with e(o;T'a;) = p, if [ is prime to p.

(2) Among (p+1) matrices {o;T'a;}""/,
e(a;T'a;) = 1 and one matrix with e(o;T'a;) = p?, if f is divisible by p.

there are p matrices with

Proor oF THEOREM 2. It is sufficient to show the following relations:
3.1) TP = (@(p) +x(p)(p* ™ + p*)¥(f) for all primes p,
and
(32)  TEPHP) = (@(p)* +2(p)(p* " + P Do (p) + 2(p)*p* H)P(S)

for all primes p such that p t2N.

These can be proved in the same fashion as in [4] by virtue of Theorem B and
Lemma B. Therefore we may omit the details.
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Now we recall the definition of Maass forms (cf. [4], [5]). We call an element
F(Z) =) rcp, c(T)e[tr(TZ)] of Sk(l"(()z)(M)W) a Maass form if the following
condition is satisfied:

C((n:}z nf1§2>>zd:‘”(d)dklc<<nz/lzd nlffﬁ;))

where >, (resp. )_,) is the sum taken over all 7 € P, (resp. positive integers
with d | (n,n2,n3)). Let N be a positive integer such that (2, N) = 1. Let f(z) =

>ompa(n)elnz] (a(1) #0) (resp. F(Z) = Y 7. p, c(T)eltr(TZ)] (c((é (1)>> #0))

be a cusp form of Si_;/2(4N, %) (resp. a Maass form of Sk(l"(()z)(2N),)()) such that
TN (P f = o(p)f (resp. TN (n)F = i(n)F) for all primes p (resp. positive
integers n). We denote by &;_, ;2(4N, %) (resp. (T 82) (2N),)) the vector space
spanned by all such elements f (resp. F). We deduce the following theorem.

THEOREM 3. Under the above notations, Y induces a linear isomorphic mapp-

ing between ék_1/2(4N,;{) and %k(rgz)(ZN),X). Furthermore, if f € ék_1/2(4N,)()

satisfies T,?ivl/zyx(pz)f =w(p)f for all primes p, then Y(f) is an eigen-function of

Hecke operators Tkzl\; (n) for all positive integers n and the zeta function Zy((s)
attached to Y(f) is equal to

L(s =k +10L(s =k +2.20) [T = o(p)p™ +x(p)*p* )"
P

Since the above theorem can be verified in the same manners as those of [4],
we may omit the details of the proof.
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