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ABSTRACT. We introduce some special operator classes and study in terms of
Berezin symbols their properties. In particular, we give some characterizations
of compact operators and Schatten-von Neumann class operators in terms of
Berezin symbols. We also consider some classes of compact operators on a
Hilbert space H, which are generalizations of the well known Schatten-von
Neumann classes of compact operators. Namely, for any number p, 0 < p < oo,
and the sequence w := (wy,)n>0 of complex numbers w,,, n > 0, we define the
following classes of compact operators on H:
oo
Sy (H) = {K € Seo(H) : Z(sn(K))pwﬁ is convergent series} )

n=0
where s, (K) denotes the nth singular number of the operator K. The charac-
terizations of these classes are given in terms of Berezin symbols.

1. INTRODUCTION AND BACKGROUND

In this paper we investigate in terms of Berezin symbols some special opera-
tor classes. Namely, we consider the following operators, which are called "the
weighted model operators”:

K:%Q,Q = [T¢QJ T9] 2 (M,g) )
Lo = [T, T, ¢ (Ms),
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where Q € (X)U {1}, p € H* (D) and 0 € (X); here (3) denotes the set of all
inner functions. When € = 1, we shall use the symbols K and L, instead of
K01 and L, g1, respectively. Let us denote Ky g, sy := {Kypp,0: 2 € (3) U {1}}.
Recall that the function of model operator is defined as usual by the formula

o (My) f = Popf

for every f € Ky := H*©0H?, where 0 is an inner function.

Here we also consider the classes 5)’, 0 < p < oo, of compact operators and
characterize these classes in terms of the boundary behavior of Berezin symbols
of the weighted shift operators on the Hardy space H? (D) associated with s-
numbers of the compact operators in S}’

Definition 1.1. Given 0 < p < oo and a sequence w := {w, }, 5, of the complex
numbers w,, we define the class Sy’ := S}’(H) to be space of all compact operators
K on H with the singular numbers s, (K) for which the series

o)

> (sulE))Puh

n=0

is convergent.

It can be easily shown that the classes S, 0 < p < oo, are vector spaces.
Also, it is obvious that for w, =1, n > 0, our space S}’ coincides with the usual
Schatten-von Neumann space 5,,. Generally, if {wn}n20 is a sequence such that

for some C, Cy > 0, then it is easy to see that S’ = 5.

Moreover, in this paper we give a compactness criterion for operators on a
nonstandard functional Hilbert space contained in a standard functional Hilbert
space (see Theorem 2.1).

Before giving our results, let us give the necessary notations and definitions.

By B(H) we denote the algebra of all bounded linear operators on the infinite
dimensional complex Hilbert space H.

Recall that a functional Hilbert space is the Hilbert space H = H(2) of
complex-valued functions on some set €2 such that:

(a) the evaluation functional f — f (\) is continuous for each A € Q;

(b) for any A\ € Q there exists f) € H such that fy(\) # 0.

Then by the classical Riesz representation theorem for each A € €2 there exists
a unique function ky , € H such that f(\) = (f, ky.) for all f € H. The function

by

k. ) is called the reproducing kernel of the space H. Let kyy = I

oo
the normalized reproducing kernel of the space H (note that by (b), we surely
have ky # 0). For a bounded linear operator A on the functional Hilbert space

H, its Berezin symbol A is defined by the formula

AN = <AEH,A,EW>H (A e Q).

denotes
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It is clear that ‘E(A)’ < || Al for all X € Q, that is A is a bounded function.

More informations about reproducing kernels and Berezin symbols, can be found
in Aronzajn [1], Berezin [2, 3] and Zhu [11].

A prototypical functional Hilbert space is, for example, the classical Hardy
space H?> = H*(D), which is the space of all functions analytic on the open unit
disc D ={z € C: |z|] < 1} having Taylor coefficients that are square summable.
It is well known that kyz2 \(2) = (1 — A2)7%, A, 2 € D.

Throughout in the paper, for any bounded sequence A = {\,} of complex
numbers the symbol T, will denote the weighted shift operator in the Hardy
space H? with respect to the standard orthonormal basis {z"}, -, of H? i.e.,

Tphz" = X\2" n=0,1,2,....

Recall that the series Y7  a, is Abel convergent if > >°  a,t™ is convergent for
eacht € (0,1) and lmll > > 5 ant™ exists and is finite. Finally, note that for any ¢ €
—

L> (T) the corresponding Toeplitz operator on H* = H? (D) is defined by T,,f :=
P.of, where P, : L*(T) — H? is the Riesz projection operator, T = dD. The
Hankel operator is defined by H,f = (I — Py) ¢f, f € H? where P_ :=—P, is

the orthogonal projector of L? (T) into H? := {f e L*(T): f(n)=0, n> O} :

2. CHARACTERIZATION OF SOME OPERATORS

In the present section we characterize some Schatten-von Neumann operator
ideals in terms of Berezin symbols.

2.1. Compactness criterion. Following Nordgren and Rosenthal [J], we say
that a functional Hilbert space H = H (@) is standard if the underlying set @ is
a subset of a topological space and the boundary 0@ is non-empty and has the

property that {EH ,\n} converges weakly to 0 as A — &, for any point £ € 0Q).

The common functional Hilbert spaces of analytic functions, including H? (D)
(Hardy space) and L? (D) (Bergman space), D = {z € C: |z| < 1} is a unit disc,
are standard in this sense.

For any reproducing kernel Hilbert space (RKHS) H on @ (not necessarily
standard), denote 0y the subset of the boundary of () defined by (see [1])

onyQ = {5 € 0Q : EHM — 0 (weakly) whenever A — 5} :

It is clear from the definitions that H is standard if and only if 04Q = 0Q.
In the case where 04(@Q # 0, one can obtain an analogue of the main result
of the paper by Nordgren and Rosenthal [9, Corollary 2.8], which characterizes
compact operators on the standard RKHS in terms of boundary behavior of
Berezin symbols of all unitary orbits of operator.

Namely, as is shown in [1] (which completely solves Nordgren and Rosenthal’s
questions in [9]), the hypothesis of standardness of the Hilbert space H (@) in the
Corollary 2.8 of the paper [9] can be highly weakened.

Theorem A. (see [4, Theorem 2.2]). Let H be a RKHS on @ such that
0nQ # 0, and let T € B(H). Then the following assertions are equivalent:
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(¢) T is compact;
(1) for every point & € 0y and every unitary operator U on ‘H, we have

lim U-1TU (\) = 0
A—=E€
(#4i) there exists a sequence (A,),-, of points in @, converging to a point
& € 04Q), such that for every unitary operator U on H, we have
lim U-'TU (\,) = 0.
n—-+o0o

In the following theorem compactness criterion for A is stated in terms of
Berezin symbols of unitary orbits U ' AU restricted to the subspaces U~ 'H.

Theorem 2.1. Let K = K (Q) be a RKHS on some set QQ such that 0cQ # 0,
A K — K be a linear bounded operator and H C K be a closed A-invariant
subspace, i.e., AH C H. Then the operator A|H is compact (i.e., A € Sy (H)) if
and only if for every & € Ox Q) and every unitary operator U € B (K) we have

~ U—H
lim Pyo1y (N UTAU - (M) =0.
A—E

Proof. Put B = APy. It is obvious for arbitrary unitary operator U € B (K) that
U'BU = U"APyU = U AUU ' PyU = U AU Py-1y,.

Since Py-1ykicn = ky-13, for every A € (), we have:

U-LBU (\) = <U—1BUE,C,A,E,C,A> - <U—1AUPU,1HE,C,A,E,Q>

1
——— (U AU Py-ykie p ke n)
||k‘ic Al
1
Hk ”2 (U AUky-130 0, Pr—1akien + (I — Py-1g) ki)
ICA
1
= —— (U AUky-130, ku—120) +
kel
+ (U AUky-13 5, (I — Py-19) ki) )]
1
= ”le)\||2 <U_1AU]€U*1H,>\’]€U71H,)\>
o ”kU_lH,)\”2 -1 -~ ~
BT (U7 ARty T )
A
k U—1n
- .
A

Thus
—— ki 2 U™1H
U-'BU (\) = WU%U A (A eQ).
KA
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On the other hand,
k-1 ll* = || Po-sckicall® = (Po-akicn ke p)
= bl (P Fca)

= [lkicall* Pr-12 () -
Consequently,
kp-aall? =~
ol _ B, ) (v e @) (2.1)
kel
for all unitary operator U € B (K). Therefore
— ~ — U 'H
U-'BU (\) = Py-iy \) UTAU AN (AeQ). (2.2)
for all unitary operator U € B(K) . It is obvious that BH C H and B|H = A|H.
Therefore B € S, (K) if and only if A € Sy, (H). Now using this fact, formula
(2.2) and Theorem A, we conclude that A is compact in ‘H if and only if

~ U—n
li Py 1A =

for every unitary operator U € B (K), which completes the proof. O

Corollary 2.2. Let ¢ € H*® be a nonconstant function. Then ¢ (My) € Ss (Kp)
if and only if

~ UﬁlKg
111’I’]1T (PU1K9 (A) U_lTaU ()\)) =0

A=
for every unitary operator U € B (H?) .
Proof. Indeed, putting K = H?, H = Ky, A = T; in Theorem 2.1, and considering

that 02D = T, we conclude that T Ky is compact operator if and only if for
every unitary operator U € B (H?)

~ U_lKg
lim (PU_lKg ()\) U_lTaU ()\)) =0.

A—T

It now remains only to observe that ¢ (My) = (T5|Kp)" € Sx (Kp) < Ty Ky €
Se (Kp) , consequently,

~ U1K,
@) (Mg) € S (K@) = )l\lﬂqlr (PU1K9 (/\) U_1T¢U ’ ()\)) .
—
This proves the corollary. 0

2.2. Sp-criteria. Before stating our next result, we introduce the following defi-
nition.

Remark 2.3. Formula (2.1), in particular, implies that if H; = H; (Q) is a non-
standard FHS and Hy = Hs (Q) is a standard FHS such that H; C H,, then

lim Py, (A\,) =0 (2.3)

n—oo
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for some sequence {\,} € @ tending to a point in 9Q. In fact, since for every H;

and A €
<fa/k\’7-L1,/\> = 78 <f77‘7\7{2,>\>7

1200l

we have by formula (2.1) that

(£ Ry = (B ) (£ R ) (2.4

Since H; is nonstandard, there exists fy € H; and a sequence {\,} € @ tending
to a boundary point such that
lim ( fo, B, 0, ) 70,

n—o0

and hence, using the condition that H, is standard, we assert from (2.4) that
limy, 00 Py, (An) = 0. Thus, (2.3) is a necessary condition for the inclusion H; C

Hs.

Definition 2.4. Let H = H (Q) be a (separable) RKHS on some set ). We say
that H posses the property (P), if for some orthonormal sequence {e, (2)},, of
the space H with infinite codimension (that is dim (HOspan (e, : n > 1)) = +00)
and for some scalar A € () the multiplication operators M _e. , n > 1, are

kg x
bounded in H.

Since {z"},5, and {v/n + 12"} _ are orthonormal bases in H? and L2, respec-

tively, and k2 ) (2) = —= and krz2  (z) =

— > are the reproducing kernels of

1
(1—Xz)
H? and L?, respectively, it is clear that the Hardy and Bergman spaces have the
property (P).

Our next result is a slight generalization of a result in [6, Theorem 4].

Theorem 2.5. Let H = H (Q) be a FHS with the property (P) with respect to the
orthonormal sequence {e, (2)},5, and the point X € Q. Let A € Sy (H). Then
AeS,(H) (p>1) if and only if
p

< 400

{M*;en (UTAU) Mﬂ} . (\)

k3 x ki,

for every unitary operator U : H — H.

Proof. Tt is well-known that (see Zhu [11, Theorem 1.27]) A liesin S, (H) (p > 1)
if and only if

Z |(Atty,, un) [P < 400

n=1
for all orthonormal sequence {u,}, -, . It is not difficult to show that the latter is
equivalent to the assertion that

> [{Avy, v,) [P < +00

n>1
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for all orthonormal sequences {v,}, -, in A with infinite codimension. Since H
possesses property (P) with respect to the orthonormal sequence {e, (2)}, -, , we
have that

dim (HOspan (e, (z) : m > 1)) = +o0.
Then there exists a unitary operator U on H such that Ue,, = v,, n > 1. Hence

we obtain:
o0

Z [(Avy, o) [ =
n=1

NE

[(AUe,, Ue)P =Y (U™ AUep, en) "

U= AU = Foggn, =Ty
< K3 K3

N
Il
—_

p

WE

n=1
[e'e] p
=> < 1AUM en km,M en km>
’H
n=1
0 p
= Z <M*Aﬁn (U~ 1AU)M _en_ k?—[)\7k7-l>\>
n=1 o k.
[e'e] ~ p
=> {M (U1AU) /\/l;:nl ()
n=1 FHA R
It now follows from the above assertion that
A€ S, (H) & [(Avy,v)fP < 400 &
n=1
~ p
{M*m (UTTAU) M _ea } (A\)| < +oo,
By a kg,

which proves the theorem, because {v,} is arbitrary, and therefore U is also
arbitrary unitary operator. 0

3. WEIGHTED MODEL OPERATORS K, 90 AND L, g0

In this section we give some results concerning to the weighted model opera-
tors Ky 90 and L, 0. Let us start with some simple remarks concerning to the
operators K g, where ¢ € H*, 6 € (¥) and Q € (£) U {1}.

Proposition 3.1. (a) Each operator K g.q is a projection of the operator TNy o T,
in H? to the subspace Ky, i.c.,

Koo =Py (TsNgaT,) | Koy, (3.1)

where Ny o 1= Ty Py is a nilpotent operator, N;Q =0.
(b)
dist ([T, T,] , Ts)) dist (8, H*) > dist (¢ (Mp) , Kypo,s)) (3.2)
where Iz = {T,, - w € (¥) U {1}}.
(c) If ¢ € (X), then the numerical range of the operator Ky g lies in the closed
disc ]D)l/g.
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Proof. (a) Indeed, for each f € K, we have that
Py (TzNooT,) | = PoTTya Py f
= (I = TyTy) TeToayp (M) f
= (TeaTo — ToTp0) ¢ (Mo) f
= [Tpa, To] ¢ (Mo) f = Kypaf,

which gives (3.1); obviously, N, = 0.
(b) Since for every Q2 € () the operator Tg, is an isometry, we have:

[ (Mo) — Kyp,0ll = [lo (M) — [Tpa, To] o (Mp)||
= ||(I = [T0, T]) ¢ (Mp) ||
= (1 = (T5T — ToTp) Ta) ¢ (M)
= [|(TqTa — [T, To] Ta) » (Mp) ||
= (T — [T, T5]) Tawp (M)
< |Tq = [T, Tol |l llp (M)
= (T — [T, To)) || I (Mp)]] -

It follows from this that

inf M) - K < inf 15 — |15, T M,
w8l (M) = Kool < _inf (T = [T T e (Vo)

or, by considering that ||Tg — [T, To]|| = || Ta — [15, ;|| , we have
dist ((10 (MH) 7K<p,0,(2)) < dist ([T§7 Tso] 7F(E)) H(lp (MH)H :
Now the well-known formula
Il (My)|| = dist (78, H)

implies the inequality (3.2).
(¢) Using formula (3.1), we have

(Koof, f) = (Po (TaNoT,) f, f) = (TeNoT, f, f)

for every f € Ky, ||f|l, = 1; here Ny :=TyFPy = Ty (I — TyTy) . Since ¢ is an inner
function, ¢f € H? and [|¢f|l, = || f|l, = 1, we conclude that

(Noof,pf) € W (Ny) (numerical range of Np).

Now using the known result that W (Np) = {z € C:|z| < 5} (because Ni = 0,
see [7]), we complete the proof. O

Proposition 3.2. We have
‘E¢797Q ()\)‘ =0 (

for every Q € (X) U{1}.

1

—2) as |\ = 1
1—16 (M)
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Proof. By using (3.1) and the following well-known formulas

1
ky i=kg2y = —
A A 1— Xz
1—6(\)0
ka,/\ = ng,)\ = ﬁ

— L—|\? 1—-6(\)8
ko = 5 =
1—10(N)]" 11—z
Ty, — TyT, = H:H,
where f,g € L>, we have:

Egp,&ﬂ (A) = <P9 (TeNooT,) /k\?e,m /k?e,A>

1— |\ 1—0(N0 1-6(\)8
=18 {TyP iy _
1—|6()\)]2<99 AL VL SRR

1—[\P © 1—0 (N
S AU () Wy S v
1—|9()\)]2< P W R v

B el <<T99(I—T0T) o >—
1—10 () 12 1-Az

—0()\) <T99 (I =ThTg) | _SO 1 ﬁsz >)

1—[\P << 1 1 > < 1 1 >
=—— 1 ({1, N (T Ty, —— —— ) —
1= oM \\ P21 X 1= s P00 N2 1 - s

1 1
—oN (T )+
( )< WlQQl—/\z 1—)\z>

+60 (A) <T¢69T¢91 _1Xz’ 1 _1Xz>)
+6 (\) <T¢99T@5EA,EA> -0 (N <T|<P|29z)"g)‘>>

~ i (T~ Tomn T ) 1) -
=0 () { (T — TonaT,5) Fon. )

! T .
BEEETINE (meH¢§ (A\) =0 () He g H g (A)) .

Thus
K@,Q,Q(A):W(H Hyg(\) = 0(\) HogoH5 (V)

0020 b T}
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for every A € D. Consequently, using the fact that

lim H%Hg (reit) =0

r—1-

for almost all ¢ € [0,27], where f,g € L™ (T), we complete the proof of propo-
sition. 0

Our next result characterizes compact operators L, (¢ € H®, 0 € (X)).

Theorem 3.3. L,y € S (Kp) if and only if

lim (U~ (H;H ) U)™ (A) =0

A—=T

for every unitary operator U € B (H?).
Proof. By Nikolski’s formula (see Nikolski [%])

¢ (Mp) Py = 0H g,
we have

LooPof = [T5,T,) ¢ (Mg) Pof = (T, — T,T5) 0H j5f
— H:H0H 5 = HEP_90P_o0f
= H%P_goef = H%H(pgf

for each f € H?. Thus,
LooPy = H:H 5 (3.3)

Pl

It follows from formula (3.3) that £,y € Su (Kp) if and only if HXH 5 € So (H?) .
Thus, since 032D = T, Theorem A and Theorem 2.5 together with the formula
(3.3) yield the statement of the theorem, as desired. O

4. CHARACTERIZATION OF THE CLASSES S;;’, 0<p<oo

The main result of the present section is the following theorem, which gives
necessary and sufficient conditions for belonging A to the classes S, 0 < p < oo.
Its proof uses some arguments of the papers [0, 10].

Theorem 4.1. Let H be an infinite dimensional complex Hilbert space, A € B(H)
be a compact operator with nonincreasing sequence of s-numbers s,(A), n > 0,
w = {wy},~, be a bounded sequence of complex numbers, and let 0 < p < oo.
Then the following assertions are hold:

(i) if A € Sy(H), then BY0 = O(1—1) ast — 1, where A = ((5,(A))" w!),0;

(7) if % =0(1—t)ast — 1 and s,(A)w, = O (nﬁ) as n — 0o, then
Ae Sy(H).
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Proof. First, let us calculate the Berezin symbol of the weighted shift operator
Ty acting in H? :

o - (L-X)7 (-
Ta(\) = <TAkH2,Aak5H2,>\>H2 = <TAH(1 ) [ =22 e >H2

_ <TA (1 —ng)—lu (1 —Xz)‘11>
(L=[AF)2 (L=[A) 2 /.
= 1=\ <TAZ)\ 2" Z)\ z >
= (1—|AP) <iX”TAzn, 3 X"zn>

n=0 n=
=(1—A\P) <ZX“3R(A)pw£Z”+1, anzn>
n=0 n=0 H2
= (1= AP sa(A) whX A

n

= AL =A%) D sn(A)Pwh A",

M L

I
o

n

ie.,
Ta(N) = A1 = AP) D su(A)Puh, [A*"
n=0
for all A € D. In particular,
ﬁ( 1 —t an VPwPt™,
n=0

or

TA(V) _ N Py Pm
NG —(1—t);sn(/l) wPt (4.1)

for each t € (0,1).
Formula (4.1), in particular, shows that Abel convergence of the series Y7 ; s, (A)Pw?

is equivalent to the assertion that % =0(1—t)ast— 1.
(i) Now, if A € S}, then the series ) s, (A)Pw? is convergent. Then by the
classical Abel theorem (see, for example, Hardy [5]) it is Abel convergent, that

is, a finite limit llnll > o Sn(A)PwPt™ exists. Therefore, it follows from (4.1) that
—

Ta(v1)
NG

(1) Conversely, if the conditions in (i¢) of the theorem are satisfied, then it follows
again from the formula (4.1) that the series Y ° s, (A)Pw? is summable by the

=0(1—-t)ast— 1.
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Abel method. On the other hand, since s, (A)w, = O (n_%) as n — 00, obvi-
ously, (s,(A)w,)? = O(%) as n — oo. Then, by applying the classical Tauberian

theorem of Hardy and Littlewood [5] we deduce that the series Y~ s, (A)Pw?
is convergent, which implies that A belongs to the class S;’. The proof of the

theorem is completed. |
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