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ON SOME CHARACTERIZATIONS OF CARLESON TYPE
MEASURE IN THE UNIT BALL
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ABSTRACT. The aim of this paper is to obtain some new characterizations of
Carleson type measure for holomorphic Triebel-Lizorkin spaces and holomor-
phic Besov type spaces in the unit ball.

1. INTRODUCTION AND NOTATIONS

Let B ={z € C" : |z| < 1} be the open unit ball of C"* and S the unit sphere
of C". Let dv be the normalized Lebesgue measure on B and do the normalized
rotation invariant Lebesgue measure on S. We denote by H(B) the class of all
holomorphic functions on B. If f € H(B) and f = ), fi is its homogeneous
expansion, we denote the high radial derivative by R™f =", k™ fi.

Let 0 < p < oo and @ > —1. Recall that the weighted Bergman space AP
consists of those functions f € H(B) such that

[Raly Z/Blf(Z)I”dva(Z) = Ca/Blf(Z)lp(l — [2[*)"dv(z) < oo,

where C, = I'(n + a + 1)/(n!l'(a + 1)). When a = 0, we get the classical
Bergman space which will be denoted by AP. See [5, 10] for more details of
weighted Bergman spaces.
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Let 0 < p,g<oo, k>s, kseR, fe H(B). Recall that f € FP? called the

holomorphic Triebel-Lizorkin spaces, if

1 r/q
11150~ [ ( / |<I+R>kf<r5>|q<1—r><“>qldr) do(€) < oo.

The holomorphic Besov type spaces for the same values of parameters is defined
as follows (see [7]).

1

Byt ={f e HB): |[fl5r: = / MI((I+R)Mf,r)(1 = )" dr < oo},
° 0

where [ is identity operator and

ME(f.r) = / FEOPdo€)  (0<p < oo, re(0,1))

In the unit ball, these classes do not depend on k and include Hardy, Hardy—
Sobolev, Bergman classes for particular values of parameters. They were consid-
ered by J.Ortega and J. Fabrega in [7, &].

Let » > 0 and z € B, the Bergman metric ball at z is defined as

D(z,r) = {wEB:ﬁ(z,w):%log% <r}.

Here the involution ¢, has the form

z— Paw—s5,Q.w

S T T R
where s, = (1 — |z|>)'/2, P, is the orthogonal projection into the space spanned
by z € B, i.e., P,w = <l‘uz’|z2>z, Pow =0 and Q, = I — P, (see, for example, [9] or

[10]).

Various Carleson type embedding theorems in the unit ball are well known. In
general, the formulation is the following. Let G be a region, i be a finite positive
Borel measure and X a Banach space of holomorphic functions in G. We say that
1 is a Carleson measure for X if there exists a constant C' > 0 such that for any

feX,
/G FEPdu(z) < CIFIE (0 <p < o).

For various Banach spaces in the unit ball, the characterizations of Carleson
measure are known, see for example [1, 2, 3, 10].

In this paper, we completely describe some Carleson type measures in the unit
ball for holomorphic Triebel-Lizorkin spaces and Besov type spaces. Note that
such results in the unit disk were obtained in [, (].

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A < B means that there
is a positive constant C' such that C~'B < A < CB.
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2. ON CHARACTERIZATIONS OF CARLESON TYPE MEASURE FOR
HOLOMORPHIC TRIEBEL—LIZORKIN TYPE SPACES AND HOLOMORPHIC
BESOV SPACES IN THE UNIT BALL

To state and prove our results in this section, let’s collect some nice properties
of the Bergman metric ball that will be used in this paper.

Lemma 2.1. ([10]) There exists a positive integer N such that for any 0 < r <1
we can find a sequence {ay} in B with the following properties:

(1) B = UkD(CLk, T),‘

(2) The sets D(ay,r/4) are mutually disjoint;

(3) Each point z € B belongs to at most N of the sets D(ag,2r).

Remark 2.2. If {ax} is a sequence from Lemma 2.1, according to the result on
[10, p. 76], there exist positive constants Cy, Cy such that

& /B [f()Pdva(z) < Y 1f(an)P(L— Jay[?)" e < Cz/B|f(z)|pdva(z).

Such a sequence will be called a Bergman sampling sequence.

Lemma 2.3. ([10]) For each r > 0 there exists a positive constant C, such that

C_l < 1— ‘CL|2

-1
— 1 - ’Z|2 S OT? C < < OT?

T =gl T

for all a and z such that B(a,z) < r. Moreover, if v is bounded above, then we
may choose C,. independent of r.

Lemma 2.4. ([10]) Suppose v > 0, p > 0 and o > —1.Then there exists a
constant C' > 0 such that

O < oy [, W)

for all f € H(B) and z € B.

Now we are in a position to state and prove the main results of this paper.

Theorem 2.5. Let p1 be a positive Borel measure on B, f € H(B). Let {ay} be
a Bergman sampling sequence. Assume that s <0, ¢ <p ors <0,¢g=p,7 <p.
Then

[ ir@rdu) < clsi,.
if and only if
p(D(a,r)) < Co(1 — ]a|2)”7’/qfszz’ a€ B,
or
1(D(ag, 1)) < Co(1 — |ag|2)™/7-#P

for all k > 1 and some positive constants C7 and Cs.
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Proof. First we consider the case of ¢ < p, s < 0. If the inequality

(/B F)lPdp) < Ol e, s <0,

is true, then putting

(1 _ ‘a|)n+a+1

flz) = <(1 —{(z,q))2ntlta

1/p
)> , 2, a € B,

in the above inequality(in the case of k = 0), where « is large enough, it holds

—la n+ao+1 1/p
k- ([ ) <l

1= (=, a) o iee

On one hand, using [10, Theorem 1.12],

1 (1 _ |a|2)(n+a+1)7/p(1 _ |Z’2)—sr—l a/t 1/q
e = ([ (S k) a0(©))

1/

C(1 — faf?)oreesrs wote) q
(M—I—Ts)ﬂ
o |1 - <€7 CL>| P T

C(1 — |af?)(ntat)/p C
= (1 — |a|?)2nt1te)/pts—n/q < (1 — |a|?)(nt14a)/pts—n/a’

On the other hand,
12\ l4a 1/p 1/p
ks ([ Gl i)
D(

o) 11— (2, a)|2t1+0) 1 — |a|?)(+e+n)/p’

IN

Therefore
p(D(a,r)) < C(1— |y, a e B,

or u(D(ag, 7)) < C(1 — |ag|?)"P/7=*P for Bergman sampling sequence {ay}.
Conversely, suppose that (4) or (5) holds. From [10, Theorem 2.25] we see that

[/ 1lzraw < Clfllar
where t = s+ n/p —n/q < 0. Since (see [7])
1fllaz,,, < Clfllpzm (s <0)

—tp—1 —

tp—1’

we get the desired result.
For the case of ¢ = p, we just use another embedding from [7]

FPm C FPP) when r < p,s <0,
and repeat step by step arguments as the first case. O

Remark 2.6. Since FP9 include Hardy, weighted Bergman spaces, we get exten-
sions of embedding theorems from [10, p. 59] and [10, p. 168].
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Theorem 2.7. Let p be a positive Borel measure on B, f € H(B), {a1} a
Bergman sampling sequence. Let s <0, ¢ <p or s <0,q=p,7 <p. Then

1) < Ol
if and only iof
w(D(a,r)) < Co(1 — [a|*)™/**P, a € B,
or u(D(ay, 7)) < Cy(1 — |ag|?)™/9=F for all k > 1 and some positive constants
Cl and CQ.

Proof. The proof can be done similarly as in the case of F¢7 spaces and is based
on embedding theorems from [7], hence we omit the details. 0J

Recall that a positive Borel measure p on B is called a y-Carleson measure if
there exists a constant C' > 0 such that (see [10])

p(@r(Q)) < Cr?
for all ( € S and r > 0, where v > 0 and
Q(Q)={z€B:|1—(z0"*<r}.

In the following assertion we use one more time the properties of Bergman
metric ball for characterization of Carleson type measure.

Theorem 2.8. Letg € H(B), > —n—1,~ >0 and q¢ > 1 such that fqg+n > 0.

Then (nb 1)
1 Pq(1 — g(n+1+
sp L |9(z)[P1(1 — |2]) do(z) < 00
se(0.1).¢e5 577 Jque) 1—|z]
if and only if
1 / (fD(z,T) \g(w)|pdv(w))q dv(z)
sup — < .
se(0,1).¢e8 5% Jaue) (1—12]) 1 — 2]

Proof. By subharmonicity of g and Lemma 2.4

1 Pa(] — | z|)a(nt148)
p L[ PO
Qs(8)

se(0,1),6e5 827 1 — 2|
1 o lg(w)[Pdu(w)\ T 1
< C sup / (fD( ) — ) dv(z) < oc.
se(0,1).6e5 577 JQu(e) (1—1z]) 1— 2|

Conversely, using Holder inequality and Lemma 2.3 we have

fD z.r w P vw 1
5%/@(5)( (’<)1’i(r$—i( )> = &)
/ / o) () (L= DD

(1= Jwl)~ 1—z]
Since D(z,r) C Qp( by [ Lemma 5.23] for some z,  such that z = (1—0p?)¢,
where £ € S, p € (0, 1) , 0 € (0,1)(depending on 7 but not on p), moreover

(1—1z]) =< p27, by Lemma 2.3 we have
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/ lg(w)[Prdv(w) (1 — |z]) D)
D(z,r)

(1 = fwl[)=Pa 1 =[]
Pa(] — a(n+1+4p)
D(z,r) (1 - |w|)
1 Pa(] — a(n+1+8)
< (1 _ ’ZD (n+1) p sup = |g(w)| ( |w|) dU(U))
pe(0,1), gesP Qp(8) (1= w])

< O = o),

It remains to note that

1
— (1= [z~ Hdu(z) < C
$*7 JQ.(e)

by [10, Lemma 5.23]. O

It is interesting that Bergman metric ball D(ay, ) can be used also in the study
of embedding theorems in the unit ball of the type

‘LV@WWWOSCW%7 (0 < p < o0), (2.1)

We want to find sufficient conditions on measure g such that (2.1) holds. Here Y
is a holomorphic function space with finite quasinorm of the type (see [7])

!mmﬁ@mmazwz;g%@%%ggwl

[AS (N zrr(s) =

LP1(S)

or

sup |f(2)[(1 = [z])

ZEFO—(E)

LP1(S)
or

||qu;(f)(f)HLP1(S)=Hsup(|lzt| - |/ ((Zl)l—qTZg;Z))l/ql

Here 0 < ¢y <00, a>0,0 < p; < o0,
I£7t:{77657|1—<§a77>|<t}7 ff,t:{ZGB7|1_<§7Z>|<t}v t>0> 568

and

Lo (s)

D,(6) = {z € B: |1 - (2,6 < o(1 |2},

We give only one example connected with spaces defined with the help of Ag (f)
functions. Note that similar arguments to get sufficient condition on measure can
be used for spaces defined by C¢: (f)(£) function. We have

o0

[B\f(Z)\p(l—\Z!)adu(Z) < max | f(2)["(1 = [2])*pu(D(ax, 7))

z€D(ag,r
1 (ak,T)

< Céqum@O—kW%@%
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by Lemmas 2.1 and 2.4, where

91(2) = (1= Jax))™ " Vu(D(ar, 7)) X Xb(ay) (2)-

k=1
It remains to use the estimate (see [7])

/|f a2l —|z|)“dv(z)SC/Agf(f)(f)dfﬂcqa(g)HL°°(S)’
1 — |z S

to get condition on g which will be sufficient for estimate (2.1). Here % o=
1, 0< ¢ < o0.

REFERENCES

[1] C. Cascante and J. Ortega, Carleson measures on spaces of Hardy-Sobolev type, Canad. J.
Math. 47 (6) (1995), 1177-1200.

[2] C. Cascante and J. Ortega, On g-Carleson measures for spaces of M-harmonic functions,
Canad. J. Math. 49 (4) (1997), 6563—674.

[3] C. Cascante and J. Ortega, Imbedding potentials in tent spaces, J. Funct. Anal. 198 (1)
(2003), 106-141.

[4] W.S. Cohn and LE. Verbitsky, Factorization of tent spaces and Hankel operators, J. Funct.
Anal. 175 (2000), no. 2, 308-329.

[5] A.E. Djrbashian and F. A. Shamoian, Topics in the Theory of AP, Spaces, Leipzig, Teubner,
1988.

[6] D.H. Luecking, Embedding derivatives of Hardy spaces into Lebesgue spaces, Proc. London
Math. Soc. (3) 63 (1991), no. 3, 595-619.

[7] J. Ortega and J. Fabrega, Hardy’s inequality and embeddings in holomorphic Triebel-
Lizorkin spaces, Illinois J. Math. 43 (4) (1999), 733-751.

[8] J. Ortega and J. Fabrega, Holomorphic Triebel-Lizorkin spaces, J. Funct. Anal. 151 (1)
(1997), 177-212.

[9] W. Rudin, Function Theory in the Unit Ball of C™, Springer-Verlag, New York, 1980.

[10] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Graduate Texts in Mathematics,

226. Springer-Verlag, New York, 2005.

DEPARTMENT OF MATHEMATICS, BRYANSK STATE PEDAGOGICAL UNIVERSITY, RUSSIA.
FE-mail address: rsham@mail.ru



	1. Introduction and notations
	2. On characterizations of Carleson type measure for holomorphic Triebel--Lizorkin type spaces and holomorphic Besov spaces in the unit ball
	References

