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ABSTRACT. Mixed-mean inequalities for integral power means over centered
and uncentered spheres are proved. Therefrom we deduce the Hardy type
inequalities for corresponding averaging operators. Moreover, we discuss esti-
mates related to the spherical maximal functions.

1. INTRODUCTION

This paper is a continuation of series of papers [3, 4, 5] which deal with the
problem of deriving mixed-mean inequalities for various averaging operators act-
ing on functions defined on R™. The mixed-mean inequalities are of interest
themselves, but they can also produce important inequalities, of which the most
important are the Hardy type inequalities.

Throughout the paper we assume that all involved functions are non-negative.

M. Christ and L. Grafakos introduced in [I] the averaging operator particularly
suitable for deriving mixed-mean inequalities
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where § > 0, B(x,r) is the ball in R" centered at x € R™ and of radius r > 0, |x]
is the Euclidean norm of x € R™ and | A| is the Lebesgue measure of a measurable
set A C R™. In the same paper they proved the Hardy type inequality for the
operator Ty and henceforth deduced its operator norm on L? (R™). The basic tool
in their proof was Young'’s inequality ||f * K|, < || f]|,/|&||x for the convolution

on the group (R*, ‘ff). An interesting and important feature of this norm is that
it is an lower bound for the Hardy-Littlewood (centered) maximal function

1
(M) () = 510 s / iy

In [5] by proving the appropriate mixed-mean inequality, we derived the general-
ization of this result, in the sense that we obtained the operator norm on weighted
LP spaces (with power weights) of the operator

1 [0
(Tsaf) () = (5 50T / Sy

where |A|, = [, [y|*dy.
The second motivation for this paper is that maximal function can be defined
for various collections C of sets, C = {C' : C C R"}, by

(e ) = sup ey | Sx =

This maximal function is closely related to one of the main problems in real-
variable theory: For what collections C

dlam —>0 ’C| / f dy f( )

holds for "all” f (see [14]).
In this paper we consider two collection of sets, a collection of centered spheres
and a collection of uncentered spheres and analogous averaging operators

1
Ss = “d )
(S508) ) = (G B o g, TS 00

1
Sy / F)lylds(y), 6 €R,6 £ 1,
( )( )= |Sm=1 (x, |1 — 6][x])], Sn=1(5x,|1—68||x|) Blyl*ds(y)

defined for suitable f (say continuous with compact support), where S™"~1(a,r)
is the sphere in R™ centered at a € R" and of radius r > 0 and ds is the induced
Lebesgue measure. Of course, in both cases the operator norms of these operators
are lower bounds for operator norms of appropriate maximal functions defined

by

1

(Mcf) (x) = sup TS o] Jsnt f(y)ds(y),
(Munef) (x) = sup ! F(y)ds(y).

acR”,r>0,xesS""1(a,r) ’Sn l(a T)| Sn=1(a,r)
The importance of these lower bounds can be seen by comparing the operator
norm of an maximal function, when it is known, with the maximum (with respect
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to ) of the operator norms of operators defined as S5 o and Sg5¢. For example,

this can be done using results from [§] and calculating the norms of an operator
defined analogously as Sy but for balls instead of spheres.

Our results will be given in a priori forms, in the sense that we shall not go
into details about existence and integrability of functions S5, f and S5’ f. For
further details in this matter see [I3] [I4]. In what follows we assume that all
integrals exist on the respective domains of their definitions.

We shall frequently use the obvious identities

_ n n+ao _ n+a
|1B(r)la = ———r" 1Bl |B(x, dlx|)l, = [x|"™[B(e, d)l,

’S”_l(r)‘a — ,r,n-i-a—l }Sn_ll 7 Sn_l(X,(5’X|)‘a — |X|n+a—1 }S”_l(e, 6)‘@,

where B = B(0,1) and S"! = S"71(0,1) are the unit ball and the unit sphere
respectively.
We shall also use the integral representation (see [15])

1
W - f(9)d9 = /So(n) f (0'8) dO', (11)

where do is the normalized Haar measure on the rotation group SO(n) of R
(which is left and right invariant due to the compactness of SO(n), [10]), df is
induced Lebesgue measure on unit sphere S"~!, e € R" is any unit vector. Note
that we change notation of the surface measure ds in the case of unit sphere,
in order to be in accordance with the standard notation of polar coordinates in
integral over domains in R".

2. MIXED-MEAN INEQUALITY

We begin with a technical lemma, which is especially useful in calculating the
norms of the operators S5, and S55¢. This lemma is a generalization of the
calculus arc length formula.

Lemma 2.1. Suppose that some hypersurface in R™ is given in polar coordinates
with y = ud = tF (¢ - 0) ¢, where t >0, € S™ 1 are fized, ¢ € U, U is an open
subset of S"™1, and F : [—1,1] — R is an differentiable function. Then

ds(y) =t"""F"2 (0 0)VF2 (0 0)+ F2(¢-0)(1—0-07)dp  (21)
Proof. Using rotational invariance of the induced Lebesgue measure on S™7! it
is enough to prove the case when § = e, = (0,...,0,1). In that case ¢ -0 =
CoS ¥n_1, Pn_1 € [0, 7| and the equation of the hypersurface isy = tF' (cos ¢,,_1) ¢.
The polar coordinates are used in the sense that ¢ = (sin On_10, COS gpn,l), where
¢ € S"2. To prove the formula we should calculate the Jacobian J®, where

Y= Un) = P (1, 1) = LF (cos pn1) (5i0 @16, cOS pn1) .
Note that J® is a n x (n — 1) determinant. Using Pythagorean theorem for
non-square determinants (see for example [7]) we have

(J®)* = i (a(gl(:p.l‘,'.’yk’ . ,yn)>27

- P
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where 7, denotes the missing variable. A straightforward calculation reveals

0 ey Une
(y17 Y 1) (22)
a (9017 ey SDn—l)
9 9% 7
071 e 850n1_2 b1
=" F"? (—F'sin® @,_1 + F cos pn_1) sin” > ¢, : : :
n-r . O &
Op1 Opn—2 n—1
and for k=1,....n—1,
O, o s Uks e Un
a (9017 ey Son—l)
s — 0 (01, s G bur)
= —t"F" coS p_1 + F)sin"" ", )
9 (1,5 Pn-2)
Using ZZ: ¢? = 1 and Pythagorean theorem we obtain
o .. 9 g I 96 .. 9h [ ok ... 0h
Op1 Opn—2 1 Op1 Opn_2 Op1 Opn—2
: . : = det : : : : : :
8(2711—1 ... aq;n—l Q; 8(2711—1 .. 8(2571,—1 a(gn—l ... afZ’n—l
Op1 Opn_2 n—1 Op1 Opn—2 Op1 Opn—2
_ - _ 2
k=1 a <§017 R ¢n72)
(2.4)

Using (2.2)), (2.3) and (2.4 we have

n

(Jo)* = (8(891(;0-1-’-'73];6, . ,yn))2

2 e Pnt)

— ¢2(n=1) p2(n-2) (F' cos pn_1 + F)2 sin®*~ 1) Pn—1 (J@Z
2D 20D (L Fsin? o, + Fcos QOn—l)z sin") o,y (Jq;)g
_ $2(n-1) 2(n—2) g5 2(n—2) ©

n—1

[sin2 On1 (F cos g, 1+ F)2 + (=F sin? v,_1 + F cos gon,l)z] (Jqfﬁ)2

= VD gin?D o [F2 4 FPsin® g, (Jgg)2 . (2.5)
Finally, using follows

ds(y) = J® dpy -~ dipy

=" P2 sin" 2 g,y \/F2 + F72sin® @, 1 Jo dpy -+ - dipn

- t"_an_Q\/ F2 + F2sin® g,y sin" 2 g, 1 dp,1do
_ tn—lFTL—Q\/FQ + F72 (]_ — cos? (,On—l) d¢a
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which, jointly with rotational invariance, gives (2.1)). O

Our basic inequality reads as follows. When there is no danger of confusion,
we write S instead of S™71.

Theorem 2.2. Let r,;s,b,0,aq,as € R be such thatr < s, r,s #0,b >0, 6 >0,
as > —n and a; > —n + 1 in the case § = 1. If f is a non-negative function
on B((1+9)b) (f positive in the case r < 0) and b = b e, |e|] = 1, then the
inequality

w |=

|B(1)|a2 /(b) (|S(a:, 51|ﬂ3!)\a1 /S(m,axn A yﬂy’aldS(y)) T
< IW / " (m / i >|y|a2dy) e ds( >]

holds. Inequality @ is sharp and equality holds for functions of the form f(x) =
Clz|*, C > 0. In the case r > s the sign of inequality in @ is reversed.

|| d:c]

1
T

(2.6)

Proof. To transform the LHS of inequality (2.6) we use the polar coordinates, so
let x =t0 and y = ug, t,u >0, 6,¢ € S"'. The relation |y — x| = d|x| is now

equivalent to expression u =t <gb O+ \/o-60%2+ 5% — 1), where ¢ - 6 denotes the

inner product in R™. In the case 0 < § < 1, we have ¢ -0 > /1 — 62 and we
must decompose the sphere into two parts, ST (x,d]x|) and S" ' (x,4]x|). In
the case 0 > 1, the minus case has no geometrical meaning.
We continue by considering the case 0 < § < 1. In the case § > 1 the proof
follows the same lines. It is obvious that it is enough to prove in the case
=1 < s =pand b= 1. In order to simplify the formulas we introduce

the following notations ¢f for inner product, Fjo(¢f) = ¢0 £ /P02 + 62 — 1,
Hyo(¢0) = F7'3%(00) \/Ffz(gzﬁ@) + F%(00) (1 — ¢6?) and 1(¢6) for the condition
@0 > /1 — §2. Using above transformations and triangle inequality we obtain

['Bl'az/ (5059 Lo (y)|Y|a1d5(Y))pIXIO‘de}l/p

1
|B|”p 1S(6)],.,

( /t:o /9( o) [ (tF(90) @) FT (¢0) H1(gb9)d¢)pta2+”‘1dtd9>

' (// ( o)) 2 09)0) F£1<¢9>H2<¢e>d¢)pta2+n1dtde) 1/1 .
(2.7)

1/p
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Using integral equahty . ) and rotational invariance of the 1nduced Lebesgue
measure on S™ ', we transform the first term in square brackets in as follows

L 1 P 1/p
st ([ ([ sern o menmenas) ta2+“-1dtde)
t=0Jo \J1(¢8)

p 1/p
= (/1 / (/( )f (tFl (QSO- e) QS) Flal(gbg e)H1<¢Ue)d¢) ta2+n—1dtd0_)
t=0Jo I(¢poe

1/p
to‘2+”_1dtda)

</o/ ( o] (10 €)00) F (90) (9 )d¢)pta2+n‘1dtd‘7>l/p

/ . (/ /fp (tFy (¢ e)og) 2™ 1dtda)1F°‘1(¢ e)H,(¢e)dd
“J...

|Bla,

Fi(¢ e) %
<|B T S fp(t”¢)ta2+n_ldgdt> e

| |§ / 1 /Fl(d)e /fp t@ ta2+n ldet !
S|z Jie) \|B (F1(¢ e))l,,

" (pe) Hy (¢e) do

1

|B|£2/ ( 1 / o \7
= - —_— fP(x)|x|dx ) |y|*ds(y), 2.8
512 Jsecon BN, Jogyy? P ) Ids) (28)

where integral Minkowski inequality is used, and integral equality ((1.1)) again.
Analogous arguing for the second term in (2.7) gives

( / / ( PRACACIDE <¢0>H2<¢e>d¢)p t"‘2+"‘1dtd0> " 29

1
1 1 »
<18t [ (e L, e ) sy,
s 1B (I¥Da, /By
Using (2.7)), (2.8)) and m, inequality (2.6]) follows.

Finally, it is straightforward to check that both sides of inequality ({2.6[), rewrit-
ten for the function f(x) = |[x|*, are equal to

AM, (]y|A; S e;5);a1) M, (|X\’\; B;ag) ,
which gives the sharpness of the inequality. 0

Mixed-mean inequality for uncentered case is given in the following theorem.
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Theorem 2.3. Let r,s,b,0, 1,0 € R be such thatr < s, r,s#0,b>0,d#1,
ag > —n and oy > —n + 1 in the case 6 = 1/2. If f is a non-negative function
on B((|6]| + |1 —6])b)) (f positive in the case r < 0) and b = be, |e| = 1, then
the inequality

1

; / < : / % |
Pl i) lofdz
|B(D)]as B(b) S0z, [1 = d|[@])]ay S(6x,]1—6|| =)

1

1 1 5 v
Y * “2d *(ds )
ST o BT T g Pe709) 12 <@]
(2.10)

<

holds. Inequality (@ is sharp and equality holds for functions of the form f(x) =
Clz*, C > 0. In the case r > s the sign of inequality in (@ 18 reversed.

Proof. The proof is analogous to the proof of Theorem [2.2] In transforming
inequality (2.10) in polar coordinates using x = t, y = u¢, the relation y €
S (0%, |1 — 0]|x]|) is equivalent to equation

u? — 2utdg - 0+ (26 — 1)t* = 0.

Three cases should be considered. For 0 < § < 1/2 the equation of the sphere is

given by
1—20
uzw(¢0+Jwﬂf+ - ),

u = t9] (W-@)H 1;225—¢~9>

and for § > 1/2,0 # 1 we must decompose the sphere into two parts given by

u = t6 <¢-Qi\/(¢-0)2+1;225>,

with the condition ¢ - 6 > —Vlgz‘;.
The rest of the proof is as in the proof of Theorem O

for 6 <0

3. HARDY AND CARLEMAN TYPE INEQUALITIES

The mixed means can be used in proving various integral inequalities, such
as the Hardy and the Carleman inequality (for the classical theory see [2 O
11l 12] and for the multidimensional case see for example [6]). Analogously to
the procedure given in [3, 4, [5], we apply the mixed mean inequality to
deduce the Hardy-type inequalities for the operators &5, and S§5° defined in the
Introduction.
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Theorem 3.1. Let p > 1, 0 < b < o0, ay, ag € R, § > 0 be such that ag > —n
and oy > —n+1 in the case 6 = 1. If f is a nonnegative function on B ((1+ §)b)
and |e| =1, then

/ i o I Wl as(n)) laida]

< C(n,p; ; oq; z) (/ 17 y)!y!a2dy> ,
B((1+6)b)

where

1

n+a2
C - . - - — a1 g
(napa ,Odl,Oég) |S(€, 5)‘a1 /S( ed) ‘$| ‘$| S(%),

18 the best possible constant.

Proof. Let 0 < b < oo. Inequality (2.6) for » = 1 and s = p and obvious

estimation fB(|x|) fP(y)|y|@2dy < fB((1+5)b) fP(y)|y|*2dy, which holds for every
x € S(b,d0b), implies the inequality

/ . (socssi /| T y>|y\°“ds<y>)p |x\“2dxf

< POLL [ e ([ i)
~ [S(b,db)],, Jsw.em) “ B((1+6)b)

Using |B(b)|a, = 0"72|B(1)]ay, |S( b,db)]a, = b"™*17HS( €,0)|a,, and simple
substitution x' = x/b and radiallity of the involved function we obtain (3.1).
Since the constant C'(n, p; d; a1; az) is independent of b, inequality obviously
holds for b = oo as well.

In the usual manner, for the best possibility of inequality consider the
functions f.(x) = |x|~(@2+n)/P+e Tt is straightforward to check that the quotient
of the integral expressions on the left side and the right side of inequality ,
in this particular choice of functions, tends to the constant C(n,p;d;aq;as) as €
tends to 0. O

Theorem 3.2. Let 0 #p < 1,0 < b < o0, ag, ag € R, § > 0 be such that
as > —n and oy > —n+ 1 in the case d = 1. If f is a nonnegative function on

B ((140)b), then

1 / 1
15(, 6] a)]a, PO ylyl*ds y) 2 dx
/B<b> <|S(5'375| 2))]ar Js(aelal (ylytds(y) | |

< Oy (n, p; 6 s ) / 1 )y dy,
B((1+6)b)
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where

1 P
Ci(n,p; §; a1;00) = (W /S( ) |$|_p(n+a2)|$|a1d3(m)> : (3.2)

15 the best possible constant.

Proof. The proof is analogous to the proof of Theorem [3.1] taking in Theorem
r = p < s = 1. For the best possibility of the constant C}(n,p;d; as; as), arguing
is the same as in Theorem [3.1) using functions f.(y) = |y| P(n+e2)+e, O

Finally, we give the related Carleman type inequality for geometric mean.

Theorem 3.3. Let 0 < b < 00, aj,as € R, § > 0 be such that ag > —n and
a; > —n+ 1 in the case § = 1. If f is a positive function on B ((1+ 0)b), then

1
exXp |—=—————F— a1 g ds :| | de
/B<b> {|5($>5|w|)|a1 /S(M'w)|y| g f(y) ds(y)| |2

< Oy (n: 6 n, ) / F(w)lyl dy, (3.3)
B((1+6)b)

where

Qg +n o 1
Cy (n;d; a1, an) = exp |:’S<2€—(5)| /S( § || logﬁ ds(m)}

18 the best possible constant.

Proof. Inequality follows from by taking the limiting procedure lim,_,.

We give here the proof that the constant Cy (n;d; aq, ) is the best possible
one. To do that consider the functions f.(y) = |y| " *2%¢, € > 0. The integral
on the right hand side of inequality , for this choice of functions, is equal
to |S|(1 + )b /e. The integral on the left hand side of inequality (3.2), for this
choice of functions, using substitution y — y/|x| and obvious transformations
gives

n+aoy—¢€ / o } .
PN % oD y|* log |y| ds(y) | |x|*dx
/B(b) { S (x,0]x[)],, S(x’5|x‘)| | vl ds(y)| x|

n+0&2—6/
— eXp | =t yOél log y +10g X dSy:| x|%2 dx
/B(b) |: |S(e>5>‘a1 S(e,6)| | ( | | | |) ( ) | |
n+a2—e/ o e
P ITS (e 0, y|* log yds(y)} / x| Hedx
{ [ ( e 0)la, S(eﬁ)’ | 7! B(b)‘ |

n-+aoaqg—e€

b€
= exp ——/ y‘“logydsy}S—,
{ 1S ( e,0)l,, S(e,é)’ | ylds@v)] | |€

which gives that the quotient of the integrals on the left hand side and on the
right hand side of the inequality (3.2), for this particular choice of functions,
tends to Cy (n;d; aq, ) as € tends to 0. O
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Keeping in mind Theorem [2.3] it is obvious what are the uncentered versions of
Theorems [3.1], 3.2 and so we give just the forms of the constants in analogous
inequalities

Cunc(”a p; 0; g 062)

]_ / _n+a2
= Ix|” 7 |x|*ds(x), p>1,
|S(de, [1 = 0])4, Jsse, 1-d))

Ci™(n, p; 0; a; ag)

1
= —p(n+az) ald 1
<|S(5e, 11—, /S(Je,1—5|) o i S(X)) , 0#Fp<l,

B =

C3" (n; 65 01, az)

Q9+ 1N

1
= exp / |x|** log — ds(x)} , p=0.
[|S (6 e, |1 =3y, Jse efi-a)) x|

4. CONCLUDING REMARKS

We give several remarks on the constants C'(n, p; 0) = C(n,p;d;0,0), Ca(n;d) =
Cy(n;6;0,0), C"(n, p;0) = C**¢(n, p;d;0,0), Cy"(n;d) = C¥"(n;d;0,0). )
Using Lemma for x = e,, y = u¢ and using d¢ = sin" 2 ¢,_1dp,_1do,

pcS" 2 b-e,=cosp, 1, |S"Y = I?Zrn—n//;), we easily get

C(n,p;9)

LT [, ) O
- —1)Y D 5>
5n2ﬁr(“7—1)/_1<t+ 246 ) g 02

C""(n, p; )
TRy )\ -
a-are v L N
Cs(n;0)

_ n__T(35)

-/110g<t+\/tQ+5T1) <t+m>nlw],521,
-1

V2462 -1
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C3"(n; 0)
|l T ()
(1= 57 VAT (50)

! 1—26
/ log [](5| <t+ 2 + 52 )
-1

n—1 n—:
(H o, 1o 25) (1— )" dt

2
0 2+ SR

0 <

DN | —

It is not necessary to have complementary formulas (in the centered case 0 <
d < 1, in uncentered case § > 1/2) since it is easy to see that the following
identities hold

C"(n, p; 0) = C*"(n,p; 1 —0), 6 < 1/2, (4.1)

n 1
C(n,p;6) =6 »C (n,p; 5) , (4.2)

_n 1

C"(n,p;0) =46 pC’(n,p;g—1> , 0<d< 1. (4.3)
In some cases we can explicitly calculate the above constants as functions of 4.
The easiest case is p = 5. This is the case when the function x — [x|77 is
a harmonic function. We get C(n,p = -%5;0) =1, 0 < d < 1 and C(n,p =
L230) = 6%, 5 > 1. Also, C""“(n,p = L5;0) = 6*", § > 1/2 and C""“(n,p =
L-:0) = (1 —0)*", 6 < 1/2. Note that sups.oC(n,p = -%5;6) = 1 and
sup; C*"(n,p = -"5;0) = 272 Tt is easy to see using 1) that in harmonic case

p = n/(n—2) and in super-harmonic case p > n/(n—2), we get sups-, C(n,p;d) =
1. Only in sub-harmonic cases n/(n — 1) < p < n/(n — 2) we obtain non-trivial

lower bounds. For example, C(p = 2,n = 3;0) = w, S0 sups-o C(p =

2.n=3;0) = V2.

The identities (4.1), (4.2)), (4.3) and previous examples suggest to consider
C(n,p;1) and C*"*(n,p;1/2) in order to obtain the best possible lower bounds

for operator norms for appropriate maximal functions. We easily get

Cln,p;1) =277

n 1 n-1 - n
T — =1\ ) ) n = )
Ja (s T\ 22 ) f n—1

and

1 5 (3 n 1 n-—1 n
C«unc(n7p’§):2n 2 (2) )B<2_p/_§7 5 )’p>n/:n

Also,
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Cyme(n; 1) = exp [g <H(n— 2) - H (”;3))} !

where H = H(s), s > —1, are harmonic numbers.

and

Finally, using Stirling asymptotic formula I'(x) ~ e~T2""3/27, we can give
asymptotic behavior of the above constants for fixed p > 1 and large n. For the
similar discussion in the case of balls see [§]. Straightforward calculation gives
that C(n,p;d) asymptotically behaves as

(%+1—2>H”1' |

which shows that C(n,p;d) has exponential decay, since by Bernoulli inequality
4/p" < (14 1/p)"*P". Analogous arguing gives that C*"¢(n, p; ) asymptotically
behaves as

1 1/ )
1 1 2 P
(p’ n)

which shows that C*"¢(n, p; §) has exponential growth, since 47" /p’ > (141 /p/)'*7".
Using lim,, ., (H(2k) — H(k)) = log2, we get that Cy(n;1) asymptotically be-
haves as 272 and C§"(n;1/2) behaves as 2"/2.

Acknowledgement. This research was supported by the Croatian Ministry
of Science, Fducation and Sports under Research Grant 058-1170889-1050.

REFERENCES

1. M. Christ and L. Grafakos, Best constants fot two nonconvolution inequalities, Proc. Amer.
Math. Soc., 123 (1995), no. 6, 1687-1693.

2. J.A. Cochran and C.S. Lee, Inequalities related to Hardy’s and Heinig’s, Math. Proc. Cam-
bridge Philos. Soc., 96 (1984), no. 1, 1-7.

3. A. Cizmesija and J.E. Pecari¢, Mized means and Hardy’s inequality, Math. Inequal. Appl.,
1 (1998), no. 4, 491-506.

4. A. Cizmesija, J.E. Pecarié¢, and L. Peri¢, Mized means and inequalities of Hardy and Levin—
Cochran—Lee type for multidimensional balls, Proc. Amer. Math. Soc., 128 (2000), no. 9,
2543-2552.

5. A. Cizmesija, 1. Peri¢, Mized means over balls and annuli and lower bounds for operator
norms of mazimal functions, J. Math. Anal. Appl., 291 (2004), 625-637.

6. P. Drabek, H.P. Heinig, and A. Kufner, Higher—dimensional Hardy inequality, General
inequalities 7 (Oberwolfach, 1995), Internat. Ser. Numer. Math., 123, Birkh&user, Basel,
1997, 3-16.

7. L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, Studies in
Advanced Mathematics, CRC Press, Boca Raton, FL, 1992.

8. L. Grafakos, S. Montgomery-Smith, Best constants for uncentered maximal functions, Bull.
London Math. Soc., 29 (1997), 60—64.



162 I. PERIC

9. G. Hardy, J.E. Littlewood, and G. Polya, Inequalities, 2nd edition, Cambridge University
Press, Cambridge, 1967.

10. E. Hewitt and K.A. Ross, Abstract Harmonic Analysis, Vol. I, 2nd edition, Springer—Verlag,
Berlin, New York, 1979.

11. V. Levin, O neravenstvah II1: Neravenstva, vypolnjaemie geometriceskim srednim neotrica-
tel’noi funkcii, Math. Sbornik, 4 (46) (1938), 325-331.

12. D.S. Mitrinovi¢, J.E. Pecari¢, and A.M. Fink, Inequalities Involving Functions and their
Integrals and Derivatives, Kluwer Academic Publishers, Dordrecht, Boston, London, 1991.

13. E.M. Stein, Maximal functions 1. Spherical means, Proc. Nat. Acad. Sci. U.S.A., 73 (1976),
no. 7, 2174-2175.

14. E.M. Stein, Harmonic analysis: Real-Variable Methods, Orthogonality, and Oscillatory
Integrals, Princeton University Press, Princeton, NJ, 1993.

15. E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton
University Press, Princeton, NJ, 1971.

Facurry oF FOoD TECHNOLOGY AND BIOTECHNOLOGY, UNIVERSITY OF ZAGREB, PIEROT-
TIJEVA 6, 10000 ZAGREB, CROATIA.
E-mail address: iperic@pbf.hr



	1. Introduction
	2. Mixed-mean inequality
	3. Hardy and Carleman type inequalities
	4. Concluding remarks
	References

