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ABSTRACT. X. Qin and Y. Su proved a strong convergence theorems of mod-
ified Ishikawa iteration by CQ method for relatively nonexpansive mappings
in a Banach space [Xiaolong Qin, Yongfu Su, Nonlinear Anal. 67 (2007), no.
6, 1958-1965]. The result of this paper extends and improves the result of X.
Qin and Y. Su in the two respects: (1). By using the monotone CQ method to
modify the CQ method, so that the new method of proof is used. (2). Relax
the restriction on 7' from uniformly continuous to continuous. The result of
this paper also extends and improves the recent ones announced by Nakajo,
Takahashi, Kim, Martinez-Yanes, Xu and some others.

1. INTRODUCTION

In an infinite-dimensional Hilbert space, Mann’s iterative algorithm has only
weak covergence, in general, even for nonexpansive mappings. Hence in order to
have strong convergence, in recent years, the CQ iteration methods for approx-
imating fixed points of nonlinear mappings has been introduced and studied by
various authors |1}, 2], 3], [].
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In 2003, Nakajo and Takahashi [I] proposed the following modification of Mann
iteration method for a single nonexpansive mapping 7" in a Hilbert space H:
xg € C' chosen arbitrarily,
Yn = Qndy + (1 - an>T$n7
Cn={2€C:|yn — 2| < [lzn — 2]l}, (1.1)
Qn={z€C:{(x,—zz90—1x,) >0},

\ Tnt1 = PCnﬁQn (:L‘O),

where C' is a closed convex subset of H, Py denotes the metric projection from
H onto a closed convex subset K of H. They proved that if the sequence {«,}
is bounded above from one then the sequence {z,} generated by converges
strongly to Pp(r)(zo). Where F'(T') denote the fixed points set of 7T'.

In 2006, T.H. Kim and H.K. Xu [2] proposed the following modification of the
Mann iteration method for asymptotically nonexpansive mapping 7" in a Hilbert
space H:

(1o € C' chosen arbitrarily,

Yn = @y + (1 — )Ty,

Co={2€Ct|lyn — 2[* < llzn — 2[* + On}, (1.2)
Qn={z€C:(x,—2zz90—x,) >0},

\xn‘f'l = PCann (‘T;O)’

where C' is bounded closed convex subset and
0, = (1 —a,)(k? — 1)(diamC)* — 0 as n — oo.

They proved that if the sequence {a,} is bounded above from one then the

sequence {z,} generated by (.2]) converges strongly to Pr(r) (o).
They also proposed the following modification of the Mann iteration method
for asymptotically nonexpansive semigroup & in a Hilbert space H:

(19 € C' chosen arbitrarily,

Yn = QpTy + (1 — an)% fg” T(s)x,ds,

Co= {2 €C g — 41 < lln — 212 + B0}, (13)
Qn={2z€C:{(x,—zx0—1,) >0},

\ Tnt+1 = PCnﬁQn (330)7

where C' is bounded closed convex subset and

_ 1 tn
0,=(1- an)[(t—/ L(uw)du)? — 1)(diamC)* — 0 as n — oo.
n Jo
They proved that if the sequence {a,} is bounded above from one then the
sequence {z,} generated by (|1.3) converges strongly to Pp(g)(zo). Where F(3)
denote the common fixed points set of .
In 2006, C. Martinez-Yanes and H.-K. Xu [3] proposed the following modifica-

tion of the Ishikawa iteration method for nonexpansive mapping 7" in a Hilbert
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space H:

(1o € C chosen arbitrarily,

Yn = Ty + (1 — ) T2,

2n = Bnn + (1 — B)Txy,

Co={2€C:|lyn — 2* < llzn — 2 (1.4)
+(1 = an)(2all® = ll2nll? + 2(zn — 20, 2))},

Qn={z€C: (v, —z,x0—x,) >0},

\ Tn+1 = Pcann (1‘0)7

where C' is a closed convex subset of H. They proved that if the sequence {a,}
is bounded above from one and 3, — 0, then the sequence {x,} generated by
(1.4) converges strongly to Pr(r) (o).

C. Martinez-Yanes and H.-K. Xu [3] proposed also the following modification
of the Halpern iteration method for nonexpansive mapping 7" in a Hilbert space
H:

(20 € C' chosen arbitrarily,
Yn = o+ (1 — )Ty,
Co={2€C:|lyn— 2| < |lwn — 2|
+an(([zol|? + 2(zy — 20, 2))},
Qn={2z€C:{(x,—z 20— 1x,) >0},

| Znt1 = Pe,nq, (7o),

(1.5)

where C'is a closed convex subset of H. They proved that if the sequence «a,, — 0,
then the sequence {z,} generated by converges strongly to Pp(r)(zo).

In 2005, S.-Y. Matsushita and W. Takahashi [4] proposed the following hybrid
iteration method with generalized projection for relatively nonexpansive mapping
T in a Banach space E:

(2o € C' chosen arbitrarily,

Yn = J HanJzo + (1 — o) JTxy,),

Ch={2€C:¢(z,yn) < (2, 2,)} (1.6)
Qn={z€C:{(x,— 2z Jrg— Jx,) > 0},

They proved the following convergence theorem .

Theorem 1.1 (MT). Let E be a uniformly convex and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E, let T be a relatively non-
expansive mapping from C into itself, and let {a,} be a sequence of real numbers
such that 0 < o, < 1 and limsup,,_, . o, < 1. Suppose that {x,} is given by
(1.6), where J is the duality mapping on E. If F(T) is nonempty, then {x,}
converges strongly to Ilpyxo, where Ilpr(-) is the generalized projection from

C onto F(T).
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Recent, X. Qin and Y. Su [I3] proved a strong convergence theorems of modi-
fied Ishikawa iteration by CQ method for relatively nonexpansive mappings in a
Banach space.

Theorem 1.2 (QS). Let E be a uniformly convex and uniformly smooth Banach
space, let C' be a nonempty closed conver subset of E, let T : C — C be a
relatively nonexpansive mapping such that F(T) # 0. Assume that {a,} and
{B.} are sequences in [0,1] such that limsup,,_ . o, < 1 and 3, — 1. Define a
sequence {x,} in C by the following algorithm:

(20 € C' chosen arbitrarily,

2 = J N (Bpdan, + (1= 3,)JTz,)

Yo = J HapJo, + (1 — ) JT2,),
Con={2€C:¢0(2,yn) < and(z,7,) + (1 — an)d(2, zn) },
Qn={2€C:(x,— 2z Jrg— Jz,) > 0},

( Tn+1 = chan (350)»

(1.7)

where j is the single-valued duality mapping on E. If T is uniformly continuous,
then {x,} converges to I pyxo.

The result of this paper extends and improves the result of X. Qin and Y. Su
in the two respects: (1). By using the monotone CQ method to modify the CQ
method, so that new method of proof is used. (2). Relax the restriction on 7" from
uniformly continuous to continuous. The result of this paper also extends and
improves the recent ones announced by Nakajo, Takahashi, Kim, Martinez-Yanes,
Xu and some others.

By using the monotone CQ method we can easy show the iteration sequence
{z,,} is Cauchy sequence, so that without use of the Kadec-Klee property, demi-
closedness principle and Opial’s condition or other about weak topological tech-
nologies.

2. PRELIMINARIES

Let E be a Banach space with dual E*. We denote by J the normalized duality
mapping from E to 2" defined by

Jr={f € Bz, f) = ||« = | fII*},
where (-, -) denotes the generalized duality pairing. It is well known that if £* is
uniformly convex, then J is uniformly continuous on bounded subsets of E.

As we all know that if C' is a nonempty closed convex subset of a Hilbert
space H and Pp : H — (' is the metric projection of H onto C, then Py is
nonexpansive. This fact actually characterizes Hilbert spaces and consequently,
it is not available in more general Banach spaces. In this connection, Alber [5]
recently introduced a generalized projection operator Il in a Banach space F
which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that F is a smooth Banach space. Consider the functional
defined as [5], [6] by

o(z,y) = ||zl]” — 2(z, Jy) + |ylI*  (2,y € E). (2.1)
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Observe that, in a Hilbert space H, reduces to ¢(z,y) = ||z —y|* =,y € H.

The generalized projection IIo : E — (' is a map that assigns to an arbitrary
point x € E the minimum point of the functional ¢(z,y), that is, [Icx = &, where
Z is the solution to the minimization problem

¢(z,2) = min d(y, v),
ye

existence and uniqueness of the operator Ilo follow from the properties of the
functional ¢(x,y) and strict monotonicity of the mapping J (see, for example,
[5, 16, [7]). In Hilbert space, Il = Pc. It is obvious from the definition of function
¢ that

(lyll = l1=1)* < 6y, 2) < (llyll + =1)*  (2.y € E). (2.2)

Remark 2.1. If E is a reflexive strictly convex and smooth Banach space, then for
x,y € E, ¢(z,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) =0
then 2 = y. From (2.2)), we have ||z| = ||y||. This implies (z, Jy) = ||z]|* = ||Jy|*.
From the definitions of j, we have Jr = Jy. That is, z = y; see [8 9] for more
details.

Let C be a closed convex subset of E/, and Let T" be a mapping from C into
itself. We denote by F'(T') the set of fixed points of 7. A point of p in C' is said
to be an asymptotic fixed point of 7' [10] if C' contains a sequence {z,} which
converges weakly to p such that the strong lim, . (Tx, — x,) = 0. The set of
asymptotic fixed points of T" will be denoted by F (T'). A mapping T" from C' into
itself is called nonexpansive if ||Tx —Ty| < ||z —y|| for all z,y € C and relatively
nonexpansive [10, [T, 12] if F(T) = F(T) and ¢(p, Tz) < ¢(p,x) for all z € C
and p € F(T).

We need the following Lemmas for the proof of our main results.

Lemma 2.2. [Kamimura and Takahashi [T)] Let E be a uniformly convex and
smooth Banach space and let {x,}, {yn} be two sequences of E. If ¢(xn,yn) — 0
and either {x,} or {y,} is bounded, then x, — y, — 0.

Lemma 2.3. [Alber [5]] Let C' be a nonempty closed convex subset of a smooth
Banach space E and v € E. Then, vy = ez iof and only if

(xg —y,Jor — Jxg) >0  forye C.

Lemma 2.4. [Alber [5]] Let E be a reflexive, strictly convexr and smooth Banach
space, let C' be a nonempty closed convex subset of E and let x € E. Then

oy, x) + o(Ilex, z) < ¢(y,z)  for ally € C.

Lemma 2.5. (Matsushita and Takahashi [4]). Let E be a strictly convex and
smooth Banach space, let C' be a closed convex subset of E, and letT be a relatively
nonezpansive mapping from C into itself. Then F(T') is closed and convex.
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3. MAIN RESULTS

Now, we prove a strong convergence theorem for relatively nonexpansive map-
ping in a Banach space by using the monotone CQ method. This result extends
and improves the result of Qin and Su [I3] in several respects:

(1). By using the monotone CQ method to modify the CQ method, so that
new method of proof is used.

(2). Relax the restriction on 7" from uniformly continuous to continuous.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space,
let C' be a nonempty closed convex subset of E, let T : C' — C' be a relatively
nonexpansive mapping such that F(T) # 0. Assume that {a,} and {3,} are
sequences in [0, 1] such that limsup,,_, . o, < 1 and 5, — 1. Define a sequence
{z,} in C by the following algorithm:

(7o € C' chosen arbitrarily,
2y = J N (Bpdxn, + (1 = B,)JTz,)
Y = J HanJr, + (1 — a,)JT2,),
Cn={2€ Cro1 N Qn-1: (2, yn) < (2, 20) + (1 — an)d(2,20) },
Co=1{z€C:d(2,1) < ag(z, 7o) + (1 —an)9(z,20)},
Qn={2€C1NQn-1: {(xy— 2z, Jrg — Jr,) > 0},
Qo =C,

( Tnt1 = llc,ng, (o)

where J is the duality mapping on E. If T continuous, then {x,} converges
strongly to Il gy, where Hpry is the generalized projection from C onto F/(T).

Proof. We first show that C,, and @),, are closed and convex for each n > 0. From
the definition of C,, and @, it is obvious that C, is closed and @), is closed and
convex for each n > 0. We show that C,, is convex for any n > 0. For vy, v, € C,
and t € (0,1), put v = tv; + (1 — t)vy. It is sufficient to show that v € C,,. First,
we show that

O(2,Yyn) < and(z,2,) + (1 — an) (2, 2,) (3.1)

is equivalent to

20, (2, Jxn) + 2(1 — an)(z, J2,) — 2(z, Jyn)
< apllzall® + (1 = an)llzall? = [lynll®. (3.2)

Indeed, from ([2.1)) we have
Oz, yn) = lI21I* = 2(2, Tyn) + llyal®,
Az, 2n) = 12[* — 2z, Jwn) + [|l2all?,

(2, 20) = ||2II* = 2(z, Jzn) + |2 ®
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which combined with (3.1]) yield that (3.1)) is equivalent to (3.2). Therefore, we

have
20, (2, Jxn) + 2(1 — ap)(z, Jzn) — 2(z, Jyn)
= 20, (tvy + (1 — t)vg, Jx,) + 2(1 — o) (tvy + (1 — t)ve, J2,,)
— 2(tvy + (1 — t)va, Jyn)
= 2t (v, Ja,) + 2(1 — t)a, (va, Ja,) + 2(1 — ap,)t{v1, Jz,)
+2(1 — ap) (1 = t)(va, Jzn) — 2t(v1, Jyn) — 2(1 — t)(v2, Jyn)
< agllzal? + (1= an)llzall® = [lyall*.
This implies v € C,,, hence C,, is convex. Next, we show that F(T") C C, for all
n > 0. Indeed, we have, for all p € F(T) that
o(p, Yn) = 0(p, J_l(aann + (1 —an)JT2,))
= [IpI* = 2(p, anJzp + (1 — ) J T 2,,)
+ O‘n”InH2 + (1 — O‘n)HTZnH2
< an¢(p7 xn) + (1 - O‘n)qb(pa TZn)
< @ d(p, zn) + (1 — an)d(p, 2n)-

That is, p € C, for all n > 0.

Next, we show that F(T) C @, for all n > 0, we prove this by induction. For
n = 0, we have F(T) C C' = (. Assume that F(T) C Q,. Since x,; is the
projection of xg onto C), N Q,, by Lemma we have

(xpy1 — 2, Jxg — Jxpi1) >0, VzeC,NQ,.

As F(T) C C, N @, by the induction assumptions, the last inequality holds, in
particular, for all z € F(T'). this together with the definition of @1 implies
that F(T) - Qn+1-

Since @41 = He,ng, 20 and C, [ Qn C Cho1[)@n-1 for all n > 1, we have

¢(Tn, To) < G(Tnt1, o) (3.3)
for all n > 0. Therefore {¢(x,,x0)} is nondecreasing. In addition, it follows from
definition of @,, and Lemma that x, = g, xo. Therefore by Lemma we
have

(b(xnv :CO) = ¢(H0nx0a xO) < (b(pa 370) - (b(p? xn) < ¢<pa xO)?
for each p € F(T) C @, for all n > 0. Therefore, ¢(x,,x¢) is bounded, this
together with (3.3]) implies that the limit of {¢(x,,x0)} exists. Put

hm Oz, o) = d. (3.4)
From Lemma [2.4] we have, for any positive integer m, that
¢(xn+m7 wn) = ¢<xn+m> HCn-CEO) S ¢(xn+m7 :UO) - ¢(ch$’0, .Z'o)
= Qs(xn—i—m) [L‘()) - ¢(xn7 xO)a (35)

for all n > 0. Therefore
lim ¢(Zpim,2n) = 0. (3.6)

n—oo
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We claim that {x,} is a Cauchy sequence, if not, there exists a positive real
number £y > 0 and the subsequence {ny}, {mx} C {n} such that

||xnk+mk - xnkH Z €0,

for all £k > 1.
On the other hand, from (3.4)) and (3.5 we have

¢(xnk+mk7 xnk) S (b(xnkerk? .1'0) - (b(xnk; xO)

< |¢(mnk+mkvx0) - d| + |d - ¢($nk,$o)| - 07 k — oo.

Because from ({3.4) we known the ¢(z,,x¢) is bounded implies the {z,} is also
bounded, by using Lemma [2.2], we obtain

k—o0

This is a contradiction, so that {x,} is a Cauchy sequence, therefore there exists
a point p € C such that {z,} converges strongly to p.
Since Ty 42 = ll¢,ng, %o € Cy, from the definition of C,,, we have

O(Tnt15Yn) < An@(@nir, ) + (1 = ) O(@nta, 2n), (3.7)
and
A(nr1,20) = (@1, T (BT wn + (1= B,) T Ty))
= |ns1|® = 2{@pir, Bpdzn + (1 — B,)JTx,)
+ 1Bud 0 + (1 = B,) I T, |
< Nzl = 28a(@ns1, Jan) = 2(1 = Ba) (T4, JTn)
+ Gl + (1= BT
= Bn@(Tny1, Tn) + (1 = B)d(Tntr, Tn).
Since lim,, o 3, = 1 and {z,} is bounded, hence
O(Tpy1,2n) — 0. (3.8)
It follows from , and that
O(Tni1,yn) — 0.
By using Lemma [2.2], we have
i (21— gl = i ffes = 2]l = D e -2 =0, (3.9)
Since J is uniformly norm-to-norm continuous on any bounded sets, then we have
T ([T = Tyl = T (| J,s0 = Jaa]| = 0. (3.10)
On the other hand, it follows from
20 = zull < llwn — Tl + lons — 2all
that

lim ||z, — z,|| = 0.
n—oo
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Noticing that
[Jzni1 = Jyull = [[J2ps1 — (@ zn + (1 — ) J Tz,
= [lan(JTn1 — Jn) + (1 = ) (Jzny1 — JT2) ||
=[|(1 — an)(Jxps1r — JTz,) — an(Jxy — Jxpy)||
> (1= an)l[Jrpts — JTz|| — anl|Jzn — Jrp 4],
which implies that

[ J2n 1 = JT 20| <

([ ns = Tyl + @l — )

This together with (3.10)) and limsup,,_,,, o, < 1 implies that lim, . || JZn41 —
JTz,| = 0.

Since J~! is also uniformly norm-to-norm continuous on any bounded sets,
then we have

nll_{& |Zpi1 — Tz = 0. (3.11)
Observe that
[2n = Tanl| < lzn — 2piall + [[2ns = Tznll + T2 — T
It follows from , , Tp — P, 2n — p and T is continuous, that
TLILHC}O |zn — Tx,|| = 0.
This together with the definition of relatively nonexpansive mapping implies that,

p is a fixed point of T'.
Finally, we prove that p = I1p)2o, from Lemma 2.4 and Lemma 2.5, we have

o(p, Uprywo) + ¢(Lp(r)To, 7o) < ¢(p, To)- (3.12)

On the other hand, since z,41 = ¢, ng, and C, (@, D F(T), for all n. Also
from Lemma [2.4] we have

d(ILpry o, Tny1) + A(Tni1, 2o) < ¢ pry@o, 20). (3.13)
By the definition of ¢(x,y), we know that
7}1_{20 ¢(xn+17x0) = qb(pa IO)' (314)

Combining (3.12), (3.13)) and (3.14)), we know that
¢(p, v0) = (L p(ryTo, T0).

Therefore, it follows from the uniqueness of Ilpzo that p = Ilpyzo. This
completes the proof. O

Remark 3.2. In recent years, the CQ iteration methods for approximating fixed
points of nonlinear mappings has been introduced and studied by various authors.
In fact that, all CQ iteration methods can be replaced (or modified) by monotone
CQ iteration methods respectively. On the other hand, by using the monotone
CQ method we can easy show the iteration sequence {z,} is Cauchy sequence,
so that without use of the Kadec-Klee property, demiclosedness principle and
Opial’s condition or other about weak topological technologies.
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