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ABSTRACT. In [K.-I. Mitani and K.-S. Saito, J. Math. Anal. Appl. 327 (2007),
898-907] we characterized the strict convexity, uniform convexity and uniform
non-squareness of Banach spaces using -direct sums of two Banach spaces,
where 1) is a continuous convex function with some appropriate conditions
on [0,1]. In this paper, we characterize the B,-convexity and .J,-convexity of
Banach spaces using ¥-direct sums of n Banach spaces, where v is a continuous
convex function with some appropriate conditions on a certain convex subset

of R™.
1. INTRODUCTION AND PRELIMINARIES
A norm | - || on C" is said to be absolute if
s, )l = [l sl D
for all 1, x9,--- ,x, € C, and normalized if
1(1,0,---, 0)[] = [1(0,1,0,---, 0) | = --- = [(0,---,0, )] = 1.
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The ¢,-norms |- ”p are such examples:
1 .
Ies- -z, = 4 al 4 fzal?) P i1 <p< oo,
3 ) llp ma,X{|.ﬁU1|7-..,|xn|} lfp:OO

Let AN, be the family of all absolute normalized norms on C". The second
author, Kato and Takahashi in [9] showed that for every absolute normalized
norm || - || on C", there corresponds a unique continuous convex function on A,
with some appropriate conditions, where

e {(“’“' ) ER 1520 (%)), thzl}.

j=1
Indeed, for any || - || € AN, we define
Uty - tn) = (b1, S t)ll, (- S t,) € Ag. (1.1)

Then % is a continuous convex function on A,,, and satisfies the following condi-
tions:

¢(1707"" 70):¢(071=07"' 70):"':¢(07"' 7071):1 (AO)

to tn .
w(tla". ,tn) Z(l_tl)w<0’1—tl’.“’1—t1>7 ift; A1 (Al)

tl 0 t3 tn
—ty" 1 —ty 11—ty

¢(t1,"‘atn)2(1—t2)w<1 >, ifto #1 (Az)

1 tn—1 )
—_—— e ft,#1. A,
1—-t,’ ’1—tn’0)’ if 4, # (4n)

Let ¥, be the set of all continuous convex functions ¥ on A, satisfying (Ag) —
(Ay,). Conversely, for any ¢ € U,,, we define

n |1 | 0]
Z': |l’|>¢( n )T n )
1 » En )l = lf('rluvxn)#(ova())?
0, if (z1,-+,2,) =(0,---,0).
Then || - ||, € AN, and satisfies (1.1) (cf. [0, Theorem 4.2]). Further, AN,

and ¥, are in a one-to-one correspondence. In particular, let ¢, be the function
corresponding to ¢,-norms on C". According to Kato, the second author and
Tamura in [0, 8], for any Banach spaces X1, Xs, -+, X, and any ¢ € U,,, we
define the ¢-direct sum (X; & Xo @ --- & X,,)y to be their direct sum equipped
with the norm

Uty - ty) > (1 — tn)¢(

[z, - mn)lly o= [Clzalls - llznlD ]

Let Bx = {x € X : ||z|| < 1} be the closed unit ball of a Banach space X. A
Banach space X is said to be uniformly non-square if there exists a § > 0 such
that ||[(x —y)/2| > 1 =6, x,y € By implies [[(x +y)/2|| < 1—=10 (cf. [5]). In
[7], we characterized the uniform non-squareness of Banach spaces. That is, let
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©, Y € WUy, Assume that ¢ # 1, and 1 has a unique minimal point ¢y, in A,.
Then a Banach space X is uniformly non-square if and only if

422 (X 6 X), - (X & X), < 10Dle
¥(to)

1 1
1 -1

In this paper, we give some characterizations of the B-convexity (or uniformly
non /1-ness) and the J-convexity (which is related to superreflexivity) for Banach
spaces using 1-direct sums (X @ --- & X),. We note that these characterizations
are an extension of some results in Takahashi and Kato [I1].

holds, where A, is the Littlewood matrix, that is, Ay =

We need some preliminaries. Recall the following properties concerning abso-
lute norms on C" (see [9]).

Lemma 1.1 ([9]). (i) Let v € U,,. If |z;| < |y;| for all i, then

(@1, w2, zn)lly < (Y1, 42, 5yl
(i) Let p,00 € U, with o < 1. Put M = maxyen, ¥(t)/o(t). Then we have
1l < -l < M|l
Let X be a Banach space. For any ¢ € ¥,,, we define the space £7,(X) by
—_—
LX) =(XD- D X)y.

In particular, for the case 1 = 1, (1 < p < 00), let the space £3(X) be £(X) =
0y (X).

2. B-CONVEXITY

The notion of B-convexity was introduced by Beck [2] in order to obtain a
strong law of large numbers for certain vector-valued random variables. A Banach
space X is called B, -convez (or uniformly non-¢7) if there is a real number § > 0
such that for any z1,--- ,x, € Bx

min
€1, ,en==%1

<n(l-9)

n
E :811’1
j=1

holds. If X is B,-convex for some n, then X is called B-convex. For the funda-
mental properties of B-convexity, we refer to [1], [2], [3], [10], [11].
We consider the Rademacher matrices R,,; that is,

1

1 .
Rl = (_1) ) Rn-‘rl = %1

-1




36 K.-I. MITANI, K.-S. SAITO

Proposition 2.1. Let ¢ € Von and ¢y € V,, where n > 2. Then for any Banach
space X

1Ry 63(X) — 2 (X)) < ”“%—wlti” 1)

Proof. Put R, = (a;;). From Lemma we have for any x1, -+ ,x, € X,

n 2n n 2n
[{em) | = [[Seml}
j=1 i=1llyp j=1 i=1
n 2n
< H{anjn}
j=1 =1
S O} (R
j=1

= H(xlv ’xn)HlH(L"' 71)”50

v

@)

U1 (¢)
<
= ?Glii{ ¢(t) ||({E1, 7xn)||¢||<1’ 71)||<P
(L Dy
= . ”(xh 737”)”1/)7
i
which implies (2.1)). O

The main theorem is the following.

Theorem 2.2. Let ¢ € Won and ¢ € V,, where n > 2. Assume that ¢ has a
unique minimal point to = {t;}7_, € A, with t; > 0 for all j and ¢ has the
condition:
(1)
H(L 717 071:"' 71)H<,0 < H(L 71)H‘P (22)

for every i. Then a Banach space X is B, -convex if and only if
" 1...- 1)”
R, 0(X) — 2 (x)]) < I Dl
I (X)) = £ (X)]] (o)
holds.

We reformulate Theorem 2.2] as follows.

Theorem 2.3. Let ¢ € Won and ¢ € V,, where n > 2. Assume that ¢ has a
unique minimal point to = {t;}5_, € A, with t; > 0 for all j and ¢ has the
condition:
(1)
”(L"' 10,1, al)”w < ”(1’ 71)H<P (23)

for every i. Then for a Banach space X the following are equivalent:
(i) X is B,,-conver.
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(ii) There exists a real number 6 (0 < § < 1) such that for all xy,--- ,x, € X,
- : I Dl n
> aijtiz; < (1-=9) [NFEpy Y
j=1 i=1llyp w(t(])

holds, where R,, = (a;;).

We shall show Theorem 2.3} To do it, we need the following lemma about norm
convexity.

Lemma 2.4. Let X be a Banach space. Then the following are equivalent:
(1) There exists a real number § (0 < 0 < 1) such that for all zy1,--- ,x, € Bx,

n
E aijxj
Jj=1

(ii) For any (resp. some) {t;}j_; € A, witht; > 0 for all j = 1,--- ,n, there

min <n(l-9).
1<i<2n

exists a real number &y (0 < 09 < 1) such that for all xq,--- ,x, € By,
ILIZlLI%n Zaijt]‘l‘j S 1-— (50.
SESA

Proof. (i)=(ii): Assume that the assertion (i) holds. We take {¢;}7_, € A, with
t; > 0 for all j, and fix 21, --- , 2, € Bx. Then there exists a number i, satisfying

n
E o T
=1

We choose a number k such that ¢, = min{t;,--- ,¢,}. Note that ¢t > 0. Then
we have

<n(l—9).

n
> aigjt;x;
j=1

n n
Z QigjlkTs + Z ioj(tj — t)x;
=1 =1

n

+> (t —t)

J=1

<ty

n
E Qi Lj
j=1

S ntk(l —5)+1 —ntk =1 —ntké.

Put §y = ntxd. Then the assertion (ii) holds.
(ii)=>(i): Assume that the assertion (ii) holds. We take {¢;}}_, € A, with
t; > 0 for all j, and fix x,--- , 2, € Bx. Then there exists a number ¢, such that

n
E Aiot5;

Jj=1

<1—do.
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We choose a number ¢ such that t, = max{t;,--- ,¢,}. Then
> aigjws|| = ‘ >, aiojt—]ffj + (1 - t_]> igj
j=1 =t = ‘
< % Zaiojtﬂj p: < - é)
7=1 7j=1
1 1 1
<—(1-4 ——=n|l——6].
< te( o) +n » n( it o)
Put § = n%(sf)' Then the assertion (i) holds. This completes the proof. O

Proof of Theorem [2.5 We put
e Dl

¥(to)
(i)=(ii): Assume that the assertion (ii) fails to hold. Then, for each positive
number ¢, there exist x4, -+ ,xp, € X such that
1 . n 2n
K (1 — Z) ||{tjxej}j=1||¢ < H{Z aijtjl'gj} (24)
j=1 i=1llp
Since (g1, , Ten) # (0,--+,0) for all £, we may assume
max {||zall, - |zml} =1

n

for all £. So we can take sequences {£(k)}2,,{a;}7_; and {f;};Z, such that for
all 7, 7,
[zeill — a (k — o0)

and
n

Z AijtiTo(k);

j=1

Note that 0 < a;; < 1 for all j, and 0 < §; <1 for all i. By (2.4)) and Lemma
Z AijtiTo(k))

we have
1 2
k(1= g ) llean il < § }
(k) H JINELR)TIS 5 1H¢ o .
n 2m
< [{S oot}
j=1 =1

= " tllzes (L, 1)l
j=1

— 0B (k — 00). (2.5)

n

©

©p

As k — oo, we obtain

K|{t;a i lle <> a1+ 1)y,
j=1
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and so
tl ' tnan

?/f( n )T n
> ity > i tiay

Since ¥(t) > (to) for all t € A,, with ¢t # to by the assumption, we have

" (t " ) thél tnan
0 — 1,° " sy ln) = ~n 5, _ o T oa—=n 4, )
> o tiay > io tiay

)S ¥(to)-

which implies

(65} :QQZ"':Qn:thOéj,
j=1
by t; > 0 for all j. Since ||z¢u;|| — «; for all j and
max{ |z ll, -, zemnll} =1
we have max{aq, -+ ,a,} =1, and so oy = ag = - -+ = a;, = 1. We also have by

(2.6).

>

277.
f
Hence we have by ({2.5] .

||(517 ﬁ27 co 7ﬁ2")H<P = ||<17 17 T 1)”90'
If 81 < 1, then we have by the assumption

||(61:627"' 7571)“%0 S ||(6171717"' 71>||<P
< (1 —61)"(0,1,1,"' 71)H90+ﬁ1H(1717 71)H‘P
< (=)L, Dl + A1 1, D,

- H(l? ’1>||<P'

)

a;;t; Zo(k)j

= H(L IR 1)”%
which is a contradiction. Hence ; = 1. We similarly have G, = 3 =--- = (3, =
1. Namely, we obtain
titewys|| =1 (k— 00)

for all 4. Therefore it follows from Lemma [2.4] that (i) fails to hold.
(ii)=(i): Assume that the assertion (ii) holds. For any zy,---,x, € By, we

have
2n
||<1,---,1>||¢3H{ }
i=1llp

K= o)tz 3=l
< K(1=0)|{t;}j=ullw
= (11, Dlp(t =)

n

E aijtjxj

J=1

iy, D aiti;
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and so
1%1%%71 Z a;jit;xill <1 —0.
j=1
Thus it follows from Lemma [2.4] that the assertion (i) holds. This completes the
proof. O

In Theorem [2.2, we suppose that ¢ is strictly convex on A,,. Then ¢ satisfies
(2.2)) for every i. Therefore we have

Corollary 2.5. Let ¢ € Von and v € V,, where n > 2. Assume that ¢ has a
unique minimal point to = {t;}}_; € An with t; > 0 for all j and ¢ is strictly
convex on A,. Then a Banach space X is B, -convex if and only if

. on N "(17"'71)”@
IR £5(X) = 22/ < o psile
holds.

We remark that Theorem [2.2]is an extension of the following result in Takahashi
and Kato [I1].

Corollary 2.6 ([I1]). Let 1 <r < o0 and 1 < s < co. Then a Banach space
X is By-conver if and only if | R, : (*(X) — (2"(X)| < 2**n'/"" holds, where
1/r+1/r=1.

Proof. Note that 1,.(t1,- -+ ,t,) > %br(%, e ,%) for all t = (t1,--- ,t,) € A, with
t # (%, e ,%), and 1), satisfies (2.2)), for all i. Therefore we can apply Theorem
2.2/to ¥ =1, and ¢ = 1), and

H(l,,l) Ps (1s—|—...+18)1/s
U o) () ()Y

— 2n/sn1/r’.

Further we consider Theorem [2.2] for the case n = 2.

Corollary 2.7 ([7]). Let p € Uy and ¢ € Vy. Assume that ¢ has a unique
manimal point ty € As and ¢ # Ps. Then a Banach space X is uniformly
non-square if and only if

2 9 (1, )|,
Az 0 (X) — (X)) < Tolt)

holds.

Proof. If ¢ € Wy satisfies ¢ # 1, then by the convexity of ¢, we have go(%, %) >
L, which implies [|(0, )]}, < (1, 1), and | (1,0)]l, < (L, Dll,. Also, if ¢ € W,
has a unique minimal point ¢y = (¢1,t3) € Ay, then it is obvious that ¢; > 0 and
to > 0. Thus we obtain this corollary. O
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3. J-CONVEXITY

A finite sequence of signs €1, - , &, will be called admissible if all + signs are
before all — signs. A Banach space X is called J,-convez if there exists some
0 > 0 such that for every x1,x9,--- ,x, € By, there is an admissible choice of
signs €1, - -+ , €, such that

<n(l-19)

n
E :53‘%
j=1

holds. If X is J,-convex for some n, then X is called J-convexr. Note that X is
uniformly non-square if and only if it is Jy-convex. It is well-known that X is J-
convex if and only if it is super-reflexive (see [I]). For the fundamental properties
of J-convexity, we refer to [1], [5], [L1] and so on.

The n X n matrices A, (called admissible matrices) are defined by

1

1 1 :
A2: (1 _1)7 An—i—l = 1 An (n:2737)
T [ =1 - -1

As in Theorem [2.2] we can characterize J,-convexity of Banach spaces using
1-direct sums.

Theorem 3.1. Lety € U, and p € V,, wheren > 2. Assume that 1) has a unique
minimal point ty = {t;} € A, with t; >0 for all j and ¢ has the condition:

(4)
||(1a 717 0a17"' ?1)||<P < ||(1’ 71)”80

for every i. Then a Banach space X 1is J,-convex if and only if

0 (X) — O I, Dy
[An : G5(X) — LX) < (to)

holds.

In particular, we have

Corollary 3.2 ([I1]). Let 1 < r < o0 and 1 < s < co. Then a Banach space
X is J,-convex if and only if |A, : £M(X) — (M(X)|| < 05tV holds, where
Ir+1/r=1.

REFERENCES

1. B. Beauzamy, Introduction to Banach Spaces and Their Geometry, 2nd ed., North-Holland,
Amsterdam-New York-Oxford, 1985.

2. A. Beck, A convexity condition in Banach spaces and the strong law of large numbers, Proc.
Amer. Math. Soc. 13 (1962), 329-334.

3. D. P. Giesy and R. C. James, Uniformly non-t"") and B-convex Banach spaces, Studia
Math. 48 (1973), 61-69.

4. D.H. Hyers, G. Isac and Th.M. Rassias, Topics in nonlinear analysis and applications.
World Scientific Publishing Co., Inc., River Edge, NJ, 1997.

5. R. C. James, Uniformly non-square Banach spaces, Ann. of Math. 80 (1964), 542-550.



42

10.

11.

K.-I. MITANI, K.-S. SAITO

. M. Kato, K.-S. Saito and T. Tamura, On t-direct sums of Banach spaces and convexity, J.
Austral. Math. Soc. 75 (2003), 413-422.

K.-I. Mitani and K.-S. Saito, A note on geometrical properties of Banach spaces using
W-direct sums, J. Math. Anal. Appl. 327 (2007), 898-907.

K.-S. Saito and M. Kato, Uniform convezity of ¥-direct sums of Banach spaces, J. Math.
Anal. Appl. 277 (2003), 1-11.

K.-S. Saito, M. Kato and Y. Takahashi, Absolute norms on C", J. Math. Anal. Appl. 252
(2000), 879-905.

M. A. Smith and B. Turett, Rotundity in Lebesgue-Bochner function spaces, Trans. Amer.
Math. Soc. 257 (1980), 105-118.

Y. Takahashi and M. Kato, Geometry of Banach spaces and norms of 1 matrices, RIMS
Kokyuroku 1039 (1998), 165-169.

I DEPARTMENT OF MATHEMATICS AND INFORMATION SCIENCE, GRADUATE SCHOOL OF

SCIENCE AND TECHNOLOGY, NIIGATA UNIVERSITY, NIIGATA 950-2181, JAPAN.

95

E-mail address: mitani@m.sc.niigata-u.ac.jp

2 DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, NIIGATA UNIVERSITY, NIIGATA
0-2181, JAPAN.
E-mail address: saito@math.sc.niigata-u.ac.jp



	1. Introduction and preliminaries
	2. B-convexity
	3. J-convexity
	References

