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ABSTRACT. Let ® = (¢,,) be a Musielak-Orlicz function, X be a real Banach
space and A be any infinite matrix. In this paper, a generalized vector-valued
Musielak-Orlicz sequence space lg (X) is introduced. It is shown that the space
is a complete normed linear space under certain conditions on the matrix A. It
is also shown that (% (X) is a o-Dedekind complete whenever X is so. We have
discussed some geometric properties, namely, uniformly monotone, uniform
Opial property for this space. Using the sequence of s-number (in the sense of
Pietsch), the operators of s-type lé and operator ideals under certain conditions
on the matrix A are discussed.

1. INTRODUCTION

The theory of sequence spaces has several important applications in many branches
of mathematical analysis. The classical sequence space 5 is extended to [,,1 <
p < oo (p # 2) by Reisz [23], and further its generalizations to Lorentz sequence
space [, 4, for 0 < p,q < oo due to Hardy and Littlewood [8]. W. Orlicz [1§]
has generalized the sequence space [, to Orlicz sequence space s with the help
of Orlicz function ¢ while Woo [26] has generalized the Orlicz sequence space to
modular sequence space. In recent years, many mathematicians are interested to
study the theory of sequence spaces generated by Cesaro mean, Orlicz function,
Musielak-Orlicz function or using the combination of these. The Cesaro-Orlicz
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sequence space is introduced by Lim and Lee [15]. Later on, Cui et al. [3] have
studied and discussed its basic topological properties as well as geometric prop-
erties. In 1990, Kaminska introduced Orlicz-Lorentz space [11] and after that
Foralewski et al. (2008, [4]) have introduced generalized Orlicz-Lorentz sequence
space. Srivastava and Ghosh [25] also studied vector valued sequence spaces using
Orlicz function.

With the help of s-numbers, many authors such as Pietsch [21], Carl [1] have
introduced and studied operator ideal over the sequence spaces. The theory of
operator ideal is important in spectral theory, the geometry of Banach spaces,
theory of eigenvalue distributions. The s-numbers, in particular, approximation
numbers of a bounded linear operator plays an important role in the study of com-
pactness, eigenvalue problem etc. Pietsch [19] studied the class of ,,, 0 < p < 00
type operators and [, ;, 0 < p, ¢ < oo type operators. In 2012, Gupta and Acharya
[6] have introduced the class of I, type operators. Recently, Gupta and Bhar [7]
studied generalized Orlicz-Lorentz sequence space and developed operator ideals
with the help of s-number. Maji and Srivastava [17] also introduced and studied
the class of s-type |A, p| operators using s-number and |A, p| space.

The natural question is: can we unify the sequence spaces and the various type
of operators described in the above paragraph? The present work is an attempt
in this direction. We have introduced a vector-valued new sequence space with
the help of sequence of Orlicz functions and an infinite matrix. It is shown that
sequence spaces such as Musielak-Orlicz, Cesaro-Orlicz, Orlicz-Lorentz. are the
particular cases with the suitable choice of an infinite matrix. We have proved
that the space is a complete normed linear space under certain conditions on the
matrix. We have also discussed some geometric properties, namely, uniformly
monotone, uniform Opial property for this space. With the help of s-number, we
have also developed operator ideals under certain conditions on the matrix.

2. PRELIMINARIES

Throughout the paper, we consider (X, |.||) as a real Banach space and S(X) be
the unit sphere in X. Let I(X) = {Z = (z,) : z,, € X, sup||z,|| < oo}. Let w,
n>1

R, R and N stand for the set of all real sequences, the set of real numbers, the
set of all non-negative real numbers and the set of all natural numbers respec-
tively. A sequence space (A, ||.|[x) is called a BK space if it is a Banach space
with continuous coordinates p, : A — R, i.e., p,(a) = «, for all & € A and every
n € N, where v = (ay,a9,...). A BK-space (\,||.]|x) is called an AK-space if
al’l — o, where ol = (ay, ay,...,0,,0,0,...), the nth section of a. An infinite
matrix A = (a,) is called a triangle if a,, # 0 and a,x = 0 for all £ > n. The
following notations are used:

x|; stand for (x1, 22, ...,2;,0,0,...) and |y_; stand for (0,0, ...,0,z341), TGr2), - - ),
where z € w and 7 € N.

Definition 2.1. [16] An Orlicz function ¢ : [0,00) — [0,00) is a convex, nonde-
creasing, continuous function on [0,00) such that ¢$(0) = 0, ¢(t) > 0 fort >0
and ¢(t) — o0 as t — oo.
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Definition 2.2. [16] An Orlicz function ¢ is said to satisfy Ag-condition at zero
(¢ € Ay(0) for short) if there exist K > 0 and ty > 0 such that ¢(2t) < Ko(t)
for all t € [0, to).

Definition 2.3. [16] A sequence ® = (¢,,), where each ¢, is an Orlicz function,
1s said to be a Musielak-Orlicz function.

The Musielak-Orlicz sequence space lg ( see [13], [16]) generated by ® = (¢,,)
is defined as

lp = {x: (x,) € w: i¢n(|$n|) < oo for somea>0}
n=1

g

and convex modular gg is defined as gg(z) = Z On(|Tn])-

n=1
A Musielak-Orlicz function ® = (¢,,) is said to satisfy the condition dy (® € o
for short) if there exist K > 0, § > 0 and a nonnegative scalar sequence (¢,) € [y
such that for each n € N and all z > 0,

On(22) < Kop(x) + ¢y

whenever ¢, (x) < 6.

It is easy to check that ® = (¢,) € J if and only if for all § > 1 there exist
K >0, > 0 and a nonnegative scalar sequence (c,) € [y such that for alln € N
and z > 0

n(Br) < Kop() + ¢4
holds if ¢, (z) < §. For details on Musielak-Orlicz function, one can see [13], [16].

A Musielak-Orlicz function ® = (¢,,) is said to satisfy the condition (%) (see

[10]) if for any € € (0,1) there exists 0 > 0 such that

on(u) <1 —€implies ¢, ((1+ d)u) <1 for all n € N and u > 0. (2.1)

Definition 2.4. [12] A real Banach space X, endowed with partial order < satis-
fying the properties x < y implies v+ 2z < y+z for allx,y,z € X and 0 < tx for
0 <z andt € RY, is said to be a Banach lattice if ||z|| < ||y|| whenever x| < |y
for z,y € X, where |x| = sup{z, —z}, the absolute value of x.

Let X = (X, <,||.||) be a Banach lattice with a lattice norm ||.||. The positive
cone X, of X is defined as X, = {x € X : 0 < z}. A Banach lattice X is said
to be o-Dedekind complete (o-DC for short) if any nonnegative order bounded
sequence (z,) in X has supremum in X.

The norm ||.|| in a Banach lattice X is said to be strictly monotone if z,y € X
with y < x and y # x, there holds |ly|| < ||z|| and the space X has strictly
monotone property. The norm ||.|| is said to be uniformly monotone (UM for
short) if for each € > 0 there exists d(e) > 0 such that

[ +yll =14 (e),

for each x,y € X, with ||z|]] = 1 and |ly]]| > €. Then the space X has UM
property. A Banach lattice X is said to be an AL-space if ||z + y|| = ||z|| + ||v/|
for all z,y € X,. An element x € X is said to be order continuous if for any
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sequence (z,) in X such that 0 < x, < |z| for all n € N, 21 > 25 > ... and
inf z,, = 0, there holds ||z, || — 0. The space X is said to be order continuous if
every element of X is order continuous. For details on Banach lattice, refer to

(9], [12).

A Banach space X is said to have Opial property if for every weakly null
sequence (z,,) and for every x # 0 in X, we have

liminf ||z, | < liminf ||z, + z|.
n—oo n—oo

A Banach space X is said to have the uniform Opial property if for every € > 0
there exists p > 0 such that

1+ p < liminf ||z, + z||
n—oo

for any weakly null sequence (z,,) € S(X) and z € X with ||z] > e.

Let £ be the class of all bounded linear operators between two arbitrary Banach
spaces and L(E, F') be the space of all bounded linear operators from a Banach
space F to a Banach space F. We denote E' as the dual of F and z as the
continuous linear functional on E. Define 2’ @ y : E — F by 2’ @ y(z) = 2'(x)y
forallz € K and y € F.

Definition 2.5. (s-numbers of a bounded linear operator)([l], [21]) A
map s = (s,) : L — RY assigning to every operator T € L a non-negative scalar
sequence (s,(T)) is called an s-number sequence if the following conditions are
satisfied:
(S1): monotonicity: |T|| = s1(T)
(S2): additivity: Smin-1(S + T)
m,n € N
(S3): ideal property: s,(RST) < ||R||s.(S)||T||, forsome R € L(F,Fy), S €
L(E,F) and T € L(FEy, E), where Ey, Fy are arbitrary Banach spaces
(S4): rank property: if rank(T) < n then s,(T) =0
(S5): norming property: s,(I : Iy — 13) = 1, where I denotes the identity
operator on the n-dimensional Hilbert space l3.

so(T) > -+->0, forT € L(E,F)

>
< u(S) + su(T), for ST € L(E,F),

We call s,(T) the n-th s-number of the operator 7. In particular the ap-
proximation number is an example of an s-number and the n-th approximation
number, denoted by a,(7), is defined as

an(T) = inf {||T _L||: LeL(B,F), rank(L) < n}.
Definition 2.6. ([21], p.90) An s-number sequence s = (s,,) is called injective if,
given any metric injection J € L(F, Fy), $,(T) = s,(JT) for all T € L(E, F).

Definition 2.7. ([21], p.95) An s-number sequence s = (s,,) is called surjective if,
given any metric surjection Q@ € L(Ey, E), $,(T) = s,(TQ) for allT € L(E, F).
Definition 2.8. (Operator ideals) ([20], [22]) A sub collection M of L is said

to be an operator ideal if each component M(E,F) = M\ L(E,F) satisfies the
following conditions:
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(OI1) if ' € E', y € F then 2’ @ y € M(E, F)
(OI2) if S, T € M(E,F) then S +T € M(E, F)
(OI3) if Se M(E,F), T € L(Ey, E) and R € L(F, Iy) then RST € M(Ey, Fy).

Definition 2.9. ([20], [22]) A function a : M — RY is said to be a quasi-norm
on the ideal M if the following conditions hold:

(QN1) if 2’ € EY, y € F' then a(’ @ y) = [|«'|| |1y

(QN2) if S,T € M(E, F) then there exists a constant C > 1 such that a(S+T) <
Cla(S) +a(T)]

(QN3) if S € M(E,F), T € L(Ey,E) and R € L(F,F,y), then a(RST) <
[B]la(SHIT]-

In particular if C =1 then a becomes a norm on the operator ideal M.

An ideal M with a quasi-norm «, denoted by [M,a] is said to be a quasi-
Banach operator ideal if each component M(F, F') is complete under the quasi-
norm .

3. MAIN RESULTS

Let A = (an,) be an infinite real matrix, ® = (¢,) be a Musielak-Orlicz
function and X be a real Banach space. Now we introduce generalized Musielak-
Orlicz sequence space using an infinite matrix A = (a,;) as

o0
o0 > llankz]|

I5(X) = {j = () € lo(X) : Zgbn(k_lf) < oo for some o > O}
and

o0
o0 > llankzy]|

ha(X) = {E = (k) € lo(X) : Zgbn(k:lf) <oo forall o> O}.

It can be proved that the space I5(X) is a linear space and the space hg(X) is
a linear subspace of I5(X). If X = R then we write I3 and hj instead of I5(R)
and hj(R) respectively. Let us define a function g4 on Ig(X) by

o (7) = icb(f: )

Let A be a class of infinite matrices A = (an;) such that each column of a matrix

is non zero, i.e., for each k there exists at least one ny such that a,, # 0. If

A = (an,) € A then it can be proved that the function og is a convex modular
A

on l5(X).

Proposition 3.1. The following conditions are equivalent.

(1). 15(X) # {0}.

(2). For some k € N, (Jank|)s2; € lo.
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Proof. (1) = (2).

Let 0 # Z € 15(X). Then there exists some [ € N such that 2; € X and
z; # 0. Clearly 7 = (0,0,...,0,2;,0,0,...) € l4(X). Thus for some t > 0, we
have o4 (ty) < oo. Now

2(9) = 300 (13 hawnl) = 3 (toulln] )
n=1 k=1 n=1

Choose tg = t||z;]| > 0. Then o4 (tj) = Zqﬁn <t0|anl|) = 0% <t0(|an1])$t°:1). Hence

n=1
(Jam|)sZ; € la.

(2) = (1).
Let for some k € N, (|aux])22, € lg. Define z = (0,0,...,0,2,,0,0,...). Then

7 € loo(X). Now for k = 1, t = |laal, o (¢(laul)i2,) = D éu(llallanl) < oo,
n=1

Again

0a(1.7) = 2%(2 ||ankxk||) = > on(lllllanl) = oo (t(lauliy ) < oo.
n=1 k=1 n=1

This implies & € 4 (X). This completes the proof. O

Applications:

The linear space I3 (X) contains many known sequence spaces as particular cases
with the suitable choice of the matrix A = (a,;). For example:

1. Choose the matrix A = (a,;) as an identity matrix and X = R, then [£(X)
reduces to Musielak-Orlicz sequence space [13]. In addition, if for all n € N,
¢n = ¢, an Orlicz function then the space gives Orlicz sequence space.

2. Choose the matrix A = (a,x) as a Cesaro matrix of order 1 and X = R, then

I4(X) reduces to Cesaro-Orlicz sequence space [14].

3. Choose the matrix A = (a,) such that a,; = n»~4 for n = k and 0 otherwise,
where p,q > 0 and suppose the non-increasing rearrangement of z = (z,) €
loo(X), denoted by (z¥) is given as

z;, =inf{c > 0:|{i € N: ||z;]| > ¢}| < n},

where the vertical bars indicate number of elements in the enclosed set, then
I4(X) reduces to Orlicz-Lorentz space [5]. In addition, if ¢(z) = 29, then the
space reduces to Lorentz space [, , [21].
4. Choose ¢, = 2P,0 < p < oo for all n and X = R, then I5(X) reduces to A —p
spaces denoted by |A, p| studied by Rhoades [24].

Throughout the paper, we assume that A = (a,;) € A. Let 7 € [4(X) and
define

o0
o0 > llankz]|

qug:mf{o—>o:;¢n(’“=17> < 1}. (3.1)
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Theorem 3.2. The space 14(X) is a complete normed linear space with the norm
|14 as defined by (3.1).

Proof. First we prove that ||.||4 is a norm on the space I5(X).
Let ||Z||4 = 0. Then by definition given by (3.1), for all ¢ > 0 there exists C' > 0
such that for all n

o0
> llankz]|
k=1

g

<C = anllzi]] < Co
holds for all n and any arbitrary ¢ > 0. Thus ||xx|| = 0, hence z;, = 0 for all k.
Therefore z = 0. Clearly if z = 0, then ||Z||4 = 0.

Let 7 = (21,),5 = (yx) € (5(X). Let € > 0 be any number. Then there exist
o1 > 0,09 > 0 such that

o0
o0 > llankz]|

z%(kﬂ—) <101 < 714 + £ and
1 g1 2

S o 6
2:%02———>§1Jﬁﬂm%+‘
— 02 2

Using the convexity property of each ¢,,, we get

1

. ianmmyk)) e 2 o]
1

z%(kﬂ <
o 01+O'2 01+O'2 - o1
o 00 kZlHankka
+ | ————
01+ 09 nz::lgb ( 02 )

<1

Thus
17 +7la < o400 < |73+ 7]la + e

Since € > 0 is arbitrary, we have ||z + 73 < [|Z]|2+[|7]|5. It is easy to show that
|az||s = |a|||z||4 for any scalar a. Hence ||.]|4 is a norm on the space lg(X).
To show I4(X) is complete, let (Z™) be a Cauchy sequence in g (X). Then for
each € > 0, there exists my € N such that [|[z(™ — zW||4 < € for all m,l > my,
ie.,

(3.2)

€

x m l
o 2 Jam (@l — )|
Z%(k:l > <1.
n=1
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m)_ 0y
Thus the sequence {M} is bounded for all m,l > mg. Therefore there

exists C' > 0 such that

lzi™ — 2|
—r = < (C for all m,l > my.
€

Hence (a:,(ﬁm) ) is a Cauchy sequence in X for each k. Since X is a Banach space,

SO (a:,(gm)) is convergent in X. Let z; = lim x,(gm) for each k. Since each ¢y is
m— 00

continuous so taking m — oo, we get from (3.2),

x, 1
o 3 am(a, — 2|

qun(’“:l - ) <1
n=1

for all [ > mg. Thus ||z — 20| < € for all [ > mg. Thus () converges to =
in I4(X). Since & — (™) € I4(X), so z = (™) + (z — z(™)) € 1£(X). This
completes the proof. O

Theorem 3.3. The space hy(X) is an AK-BK space.

Proof. Clearly hig(X) is a linear subspace of I3(X). To prove hg(X) is a BK
space, it is enough to prove that the space hig(X) is a closed subspace of I5(X).
Let & belongs to closure of hg(X) in the norm topology of Ig(X). Then there
exists a sequence (7)) in hi(X), where (™ = ( ,gm))kzl such that ||y™ —z |4 —
0 as m — oo. So for any € > 0 there exists mgy € N such that

o 3 a(@r — M)

E qbn(k:l ) <1 for all m > my.
€
n=1

Now for any € > 0,

Xl ey 3 lawd@ =y 3 lawy™
n —_ < n\ o — ——
n:1¢( 2¢ >_;¢ (2 € +2 € )
1 [e'e] kz:l Hank(xk - y](ng))H
< = | =
gz (")

n=

S lanyl™ )|
k=1

S5

n=1

Thus Z € hg(X).
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To show hig(X) is an AK-space, let & € hg(X). Now for each €,0 < ¢ < 1

(o]
o > llankzkl
there exists ng € N such that Z On (kzl—> < 1. Now for m > ny,

€
n=ng

o

oo |ankr]|
___[m}A:.f : k=1 <1
o= ailg =t {o> 00 Y o (H—) <

n=m-+1

o0
o0 > llankar]|
k=1

Sinf{a>0:z¢n(7> §1}§€.

n=m

This shows that 2™ — z as m — oo under the norm ||.[|4. Hence ha(X) is an
AK space. This completes the proof. O

Theorem 3.4. If a Musielak-Orlicz function ® = (¢,) € 6, then l5(X) =
ha(X).

Proof. Tt suffices to show that I4(X) C ha(X). Let Z € I5(X). Then for some
t > 0, we have

Qé(tj) = Z¢n <tz Hanlﬂ?kH) < 00.
n=1 k=1

Therefore for g > 0 there exists ny € N such that ¢, (t Z ||ankxk||) < g for all
k=1

n > ng. We have to show that for any r > 0, 05 (r7) < 0. If 7 be any number
such that » < ¢, then by the non-decreasing property of ¢, for all n, we have
0d(r7) < 04 (t) < oc.

If » > t, choose B8 > 1 such that r < gt. Thus

o ( » ||ankxk||) <6, (m 5 ||ankxk||).
k=1 k=1

Since ® = (¢,,) € da, so there exist K > 0, dy > 0 and a non-negative sequence
(¢n) € Iy such that for n > ng

on(503 lawanl ) < K60 (13 ol ) + e
k=1 k=1

whenever ¢, (t > ||ank$k||) < 0p. Therefore

k=1

> ou(5 3 ol ) < & 3 on (¢ X Nl + 3 e
k=1 k=1

n=ng n=ng n=ng
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Since 04 (t7) < 0o, so we have Z On, <r Z ||anka7k||) < 00. Thus for any r > 0,

n=ngo k=1

we have o4 (rZ) < oo. Hence Z € hi(X). This completes the proof. O

Example 3.5. Let ¢,(u) = up"(log(l + u) + 1> foru >0,1< p, < o0

with supp, < oo. Then ® = (¢,) is a Musielak-Orlicz function and satisfies
n>1

Sy condition. Hence 13(X) = hi(X). In addition if we take A as an identity
matriz then le(X) C l({pn}, X), where [({p,}, X) denotes vector-valued Nakano
sequence space.

Now we state some known lemmas which will be needed in the sequel. Proofs
of the corresponding lemmas run parallel lines as in the references (see [2], [3],

[10]).
Lemma 3.6. Let T € hia(X) be an arbitrary element. Then ||Z||3 = 1 if and
only if 0g(z) = 1.
Lemma 3.7. Let ® € 6,. Then for any = € I5(X),

|z|l4 = 1 if and only if 05(Z) = 1.
Lemma 3.8. Let ® € 0,. Then for any sequence (20) in 13(X), |04 — 0 if
and only if o4 (z®) — 0.
Lemma 3.9. Let ® € 6y and satisfies the condition (x) given by (2.1). Then for
any T € 13(X) and every e € (0,1) there exists §(¢) € (0,1) such that og(z) <
1 — ¢ implies ||| <1—4.
Lemma 3.10. Let (X, |.||) be a normed space. If f : X — R is a convez function
intheset K ={x e X : ||z|| <1} and |f(z)| < M for allz € K and some M > 0
then f is almost uniformly continuous in K i.e., for all d € (0,1) and e > 0 there

exists 0 > 0 such that ||y|| < d and ||z — y|| < § implies |f(z) — f(y)| < € for all
r,y € K.

Lemma 3.11. Let ® € 6y and satisfies the condition (x) given by (2.1). Then
for each d € (0,1) and € > 0 there exists § = §(d,€) > 0 such that o4(Z) < d,
0(y) < 0 imply

|03(7 +7) — 05(7)| < ¢ for any 7,7 € I5(X). (3.3)
Proof. Let € > 0 be any number. Assume that for each d € (0,1) and € > 0 there
exists § = §(d, €) > 0 such that og(Z) < d and 05 (y) < 0 for z, 7 € I4(X). Since
® € §y and satisfies condition (x), so by Lemma 3.9, there exists d; € (0,1) such
that ||Z]|4 < d;. Also by using Lemma 3.8, for § > 0 we have d; > 0 such that
17]|4 < &1 whenever o4 (7)) < § and §j € I4(X). Since g4 is a convex and bounded
on I4(X), by Lemma 3.10, we have |og(Z + §) — 05(Z)] < €. O

Lemma 3.12. Let ® € 65. Then for any € > 0 there exists 6 = d(e) > 0 such
that o4 (z) > & whenever ||Z||5 > €.

Proof. The proof follows from Lemma 3.8. OJ
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Lemma 3.13. Let ® € §y and satisfies the condition (x). Then for any T €
I4(X) and any € > 0 there exists 6 = §(¢) > 0 such that o4 (Z) > 1+ € implies
|Z)|g > 1+4.

Now we will prove the main result in this section.

Theorem 3.14. Let A = (an) be a triangle matriz. If a Musielak-Orlicz function
= (¢n) € 0y and satisfies condition (x) given by (2.1), then 14(X) has the
uniform Opial property.

Proof. Let S(14(X)) be the unit sphere of I5(X) and (zV) C S(I5(X)) be any
weakly null sequence. We will show that for any € > 0 there exists u > 0 such
that

hmlnf||:(: +z||s > 1+,

where 7 € I5(X) satisfying ||Z|4 > e. Since ® € §, and ||Z||4 > €, so by using
Lemma 3.12, for each ¢ > 0 there exists § € (0,1) such that o4 (%) > §, and also
by Lemma 3.11 there exists §; € (0,6) such that og (@) < 1, 05 (v) < &; implies

)
log (14 7) — o5 (a)] < 5 for any ,v € I5(X). (3.4)

Since g4 (%) < oo, so there exists ny € N such that

> on( Ll < 5 35)

n=ng+1
From equation (3.5), it follows that

52 0u( X llamanl ) + 3 %(Z fomanl ) < 3 o0 S lomanl) + 5
n=1 k=1 n=1 k=1

n=nop+1

01 ) 5
> 5 - — — - = O]
which implies 5 gbn( E ||ank:ck||) 0 G > 0 5 = . Since 2 — 0

weakly, so xé) — 0 for each k. Hence there exists [y such that for all [ > [, the
last inequality yields

n=1

Z%(Z [ +$k)ll) > % (3.6)

Again 70 — 0 weakly, so we can choose ny € N such that og(z®],,) — 0 as
| — oo. Therefore there exists [; > Iy such that og(z?|,,) < & for all I > I;.
Since (z) C S(l5(X )), so by Lemma 3.7, we have o4 (z)) = 1, and hence for
no € N, we have Qq>(3j~( Iv—ny) < 1. Let us set & = 2V |y_p, and v = 2¥|,,,. Then
u,v € lq,(X) and o3 (1) < 1, 04(v) < 6;. Using (3.4), we have

‘Qé( |N no +z¢ |7L0) - 9<1>( (l)|N—”0>| < g’
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for all { > I5. Thus og(z") — & < 04 (2V|n_y,) for all I > 1y, i.e.,

Z (b”(z Hankl’k)H) >1—2foralll>1.

n=ng+1
Again, since Qq,(_(l)|N—n0) <1 and 04 (Z|n-ny) < gl 01, so from the equations
(3.4), we have

_ _ _ )
’Qé (m(l) + x|N—no) - Qé (l’(l)|N—no) < 6
For [ > [, we have
l
0% Z%(Z lank (z}; +xk>||) + > %(Z s () +:ck)||)
n=ng+1 =

>§j%<zw%m4uwk) 2}@(§N%wm0—g
n=1 k=1

n=ng+1
>%5+<1—g>—g:1+g.

Since ® € ¢, and satisfies the condition (*), so by Lemma 3.13 there exists

@ > 0 depending only on § such that ||[z¥) + z||4 > 1+ p for [ > ;. Hence
hlm inf ||z® + z|3 > 1+ p. This completes the proof. O
—00

Remark 3.15. Let A be an identity matriz, X = R and ¢,(u) = uP* for all
u>0,1<p, < oo such that supp, < co. Then ® = (¢,) € d2 and satisfies the

n>1
condition (x) given by (2.1). The space lg has the uniform Opial property studied
by Cui and Hudzik [2]. It would be interesting to find the necessary condition for
the space 13 (X) to have the uniform Opial property.

Theorem 3.16. Let X be a 0-DC Banach lattice. Then the space 15(X) is a
o-DC Banach lattice.

Proof. We have proved that (3 (X) is a Banach space with the norm ||.||4. To prove
I5(X) is a Banach lattice, let T = (21),7 = (yx) € I5(X) such that |zz| < |y
for all k. Since by hypothesis X is a Banach lattice and xp,y, € X for all k.
Therefore |zg| < |yx| = [|zk]| < ||yl for all &.

Let ¢ > 0 be any number. Now using the non-decreasing property of each ¢,,,
we get

=l S (S el s
> o, (Zelllnd) 3, (el = 17l < 711
n=1 n=1

Hence 5 (X) is a Banach lattice.
Now we shall show that the space lg(X) is 0-DC. Let (z) be a non-negative
order bounded sequence and bounded above by 7 € (5(X), i.e., for each k € N,

(”) <y foralln>1.
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Since X is a 0-DC, there exists (z;) C X such that sup x,(:) = 13 for all k.

o0
w2 lanllzl

Therefore x;, < yj, for all k. Again 5 € I4(X), so Zgbn(k ! ) < 0

for some ¢ > 0, and hence Z € I5(X). This completes the proof. O
Corollary 3.17. If X is a Banach lattice, then hia(X) is a Banach lattice.

Theorem 3.18. Let a Banach lattice X be an AL-space. If ® (qbn) € 0y
and satisfies the condition () given by (2.1), then the Banach lattice l5(X) is
uniformly monotone.

Proof. Let € > 0 be any number. Let Z = (21),7 = (yx) € [£(X) such that
0 <z <y with ||z]|3 =1 and ||g]42 > €. Since ® = (¢,) € Js, from Lemma 3.7,
we get 04 (Z) = 1 as ||7]|4 = 1 and from Lemma 3.12, there exists 6(¢) > 0 such
that 0g () > d(e) as [|7]|g > €.

Now if u,v > 0 and ¢ is an Orlicz function, then we will prove that ¢(u+v) >
o(u) + ¢(v). With out loss of generality, we assume that u > v > 0. Clearly
u <u+wvand v < u+v. Then ¢(u) = ¢(v.%) > 2p(v) as ¢ is an Orlicz function.

Thus for v > v, we have ¢( ) > WJ . Since u +v > u and u + v > v, we get

Sute) o) | duto) | o)
u+v T w ut+v T v
Therefore ¢(u+v)>¢( )—l—(;ﬁ( ) for u,v > 0.

Now 04 (% + ¥) Z(bn(Z |k (zx + Yk H) Since X is an AL-space, so
n= 1

S lanto + 0l = 3 ol + 3 ot Take S fassall = u and
k=1 k=1 k=1 k=1

(o.9]
Z |ankyk|| = v. Therefore for each Orlicz function ¢,,, we have
k=1

60 (3 Nl + 3 lomati) = 0 (3 Hameail) + (3 lowitnl )
k=1 k=1 k=1 k=1

Hence

03(T +7) > 03(7) + 05(7).
Therefore o4 (Z + ) > 1+ (). Since ® = (¢,,) € J, and satisfies the condition
(%), by using Lemma 3.13, there exists g > 0 independent of Z,y such that
|Z + ¥|l4 > 1+ p. This finishes the proof. O

Corollary 3.19. If a Banach lattice X is an AL-space and ® = (¢,) satisfies
the condition (x), then hig(X) is strictly monotone.

Theorem 3.20. Let A be a triangle. Then hag(X) is the subspace of all order
continuous elements of I5(X).
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Proof. Let € > 0 be any number and & = (1,,) € hg(X). We will show that z is
order continuous. Since Z € hi(X), so there is t > 0 and ng € N such that

o0 n €
> ¢n<t2||ankxk||> <3
n=ng+1 k=1

Suppose (Z™) is a sequence in hg(X) such that 2™ — 0 coordinate wise and
0 <z < |z| for all m € N. Let us denote for all n € N,

o (tz Hankka) _ B(n) and 6, (tz ||ankx1£m>||> — ) ().
k=1 k=1

Since x;m) — 0 and each ¢, is continuous, we get 5™ (n) — 0 as m — oo for

no
all n € N. Therefore we can choose n; € N such that Z B™(n) < % for all
n=1
m > ny. Since 2™ < |z for all m € N, we have

o)

> B Y B <3

n=ng+1 n=nop+1

Thus for all m > ny and t > 0,

o0

no n n
QA =3 6, (tz ||ankx2,m>||) £y 6 (tz ||ankx;"”||)
n=1 k=1 n=no+1 k=1
< € + € .
2 T ¢

Therefore any arbitrary ¢ > 0, we get o4 (tz™) — 0 as m — oo, and hence
|2(™]|| — 0. Thus Z is an order continuous in hig(X). Arbitrariness of # implies
that the space hi(X) is order continuous. O

3.1. Operators of s-type 5. Let E, F be two Banach spaces. Then
LA(B,F) = {T € L(E,F): (s,(T)) € z;;‘,}.
For T € L4(E, F), we define

oo i |ank3k‘(T)|
T4 = inf{a >0: ;d)n(kﬂf) < 1}.

We denote L4 as the class of s-type [§ operators between any two arbitrary
Banach spaces. We also define

HA(E, F) = {T € L(E,F): (sn(T)) € hg}}.
Let A = (@) be a matrix from the collection A satisfying the condition
|anok—1]| + |anok] < M|an for each k and n, (3.7)

where M is a constant independent of n and k.
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Example 3.21. [t is easy to give example of matrices which satisfy condition
(3.7). For example,
1. Norlund matriv A = (an), where any s defined as

ik 1<k<n
Qnk =

n

0 ck>n

where a, is non negative for each n and A, = > a; > 0.
k=1

2. Hilbert matriz A = (an), where

ank:{ ﬁ 1 <n, k< oo.
Proposition 3.22. Let A = (a,;) be an infinite matriz such that A = (a,;) €
A and satisfies the condition (3.7). Then (L3(E, F),|.|2) is a quasi-Banach
space. Moreover, the inclusion map from (L4(E,F),|.|4) to (L(E,F),|.||) is
continuous.

Proof. Let S, T € L4(E, F). Then there exist o1 > 0,05 > 0 such that

w3 lawsi(S)] w3 lawsi(T)]

k=1 k=1

Now using the non-increasing property of s-number and the condition (3.7) on
the matrix A = (an), we get

D anksk(S+T) < M fans| (s(S) + sk(T)) (3.8)

k=1 k=1
Using (3.8) and convexity property of each ¢,,, we have

o0 > lanksi(S +T)| o0 > lanksk(S)]

;¢”(k1M(al+az) ) : 01(1:02 [;%(“0—1”

.y [ kZI | s (T)]
+ | —————
01+ 02 {;¢ ( 02 >}
< Q.
This shows that S+ T € L3(E, F).
Let o € Rand T € L{(E, F). If a = 0, then it is trivial. Suppose a # 0. Then

o0 > lanksi(aT)] o0

o (BT o (B

asT € L3(E, F).
This shows that oT € L4 (E, F). Hence L4 (E, F) is a linear space.
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To show ||.||4 is a quasi-norm on the space L4(E,F), let T € L4(E,F) such
that ||T||4 = 0. Then for all € > 0, we have

o0

igﬁn("; |an1;8k(T)|) )

5 lanisi(D)
Therefore the sequence (’Hf) is bounded, so there exists C' > 0 such
5 lanksk(D)
that *=———— < C for all n. Since (an) € A, there exists ng € N such that

any,1 # 0 and hence
|an,151(T)| < Ce for all n (3.9)

which is true for any arbitrary € > 0. Thus ||T|| = s1(T") = 0, and hence T' = 0.
Let S, T € L4(E,F) and € > 0 be any positive number. Choose o > 0,59 > 0
such that

o > lanksk(S)] ]
k=1 A
E =1 V<o < S and

o0

o0 > lanksk(T))| .
Zaﬁn(’“:l—) <1, 0 <|T4+< hold.
1 (o) 2

With out loss of generality, we can choose M > 1. Now from the above, we have

;d)”(klM(m +03) ) =1

which implies
IS+ T3 < Moy + 5] < M[||S|lg + T3 + €]-

Since € > 0 is arbitrary, so we have
IS+ Tllg < MI[IS|ls + I T[l).

Hence ||.||3 is a quasi-norm on the space L5 (E, F).
To prove completeness, let (T™) be a Cauchy sequence in L4 (E, F). Then
for each € > 0, there exists my € N such that

Zgzﬁn(kzl ) <1 for all m,l > my. (3.10)
n=1

€
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> lanksk (T -T(m)]
k=1

Therefore the sequence ( ) is bounded. Using the same argu-

€

ment as above, we have |70 — T || — 0 as I,m — oo.
Thus (7)) is a Cauchy sequence in L£(E, F), and hence converges. Let T =
lim 70, Also s,(T"W —T™) — 5, (TW —T) as m — oo for each k € N. Since

m—r0o0
each ¢, is continuous so taking m — oo, we get from (3.10),

o0 > lanksi(TV =T
Z@L(’“ <1foralll > m.
n=1

€

Thus (T®) converges to T in L4 (E, F). In particular T — T0™) € £4(E, F), so
T =T 4 (T —Tm)) ¢ LA(E,F).

To prove the second part, we have from (3.9)

o0

C oo Z ’ank3k<T)|
a |inf{e>0:2¢n(—k:1 - )Sl}
nol n=1

: C
ie, [T < 1Tl

|an01|

Hence the inclusion map from (L4(E, F),||.||3) to (L(E, F),].||) is continuous.
This completes the proof. Il

17| <

Remark 3.23. 1. If we take the matriz A = (an,) as an identity matriz and
s-number as approzimation number then the s-type I3 operators become l, type
[19] and Ly type [7] operators when ¢, = P for 0 < p < co and ¢, = ¢, an Orlicz
function respectively.

2. If we take the matrix A = (ank) such that the matriz satisfies the condition
(3.7), then the class of s-type l§ operators becomes s-type |A, p| operators intro-
duced by Magji and Srivastava [17].

Theorem 3.24. Let A = (any) be an infinite matriz such that A = (anx) € A.
If A = (a,) satisfies the condition (3.7) and (|an1|) € ls, then the class L4 is a
quasi-Banach operator ideal.

Proof. Let E,F be any two Banach spaces and L3 (E, F) be any one of the
component of £4. To prove L4 is a quasi-Banach operator ideal, it is enough
to prove (OI1) and (OI3) in Definition 2.8. Let 2 € E' and y € F. Then
' ®y: E — Fis a rank one operator, and hence s;(z' ® y) = 0 for & > 2. Then
for some 0 > 0

[e.e]

> lanksi(z’ @ y)

Son(F ) =l w2 <o
n=1 n=1

as (|an1]) € lg. Thus 2’ @y € L4(E, F).
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Let T € L(Ey, E), R € L(F,Fy) and S € L(E,F). Tt is required to prove
RST € L2 (Eo, Fy).
Using the property (S3) in Definition 2.5, we have

Sp(RST) < ||R||sn(5)||T]| for all n € N.
Since S € L&(E, F), there exists some o > 0 such that

- Z | ks (S )|) .

> a2
o0 Z |anksk(RST)|
29 ( BIGE ) =

n=

Therefore

Thus RST € L4 (FEy, Fy) and therefore (OI3) is proved. Hence £4 is an operator
ideal.

To prove ||.||3 is an ideal-norm on £4, let S € L4(E, F). Then for given ¢ > 0,
there exists some oy such that o < ||S||4 + € with

o 3 Jamsi(S)]
> én (’“Zl—) <1.
n=1 90

Thus for T' € L(Ey, E), R € L(F, F,), we have

00 Z ]anksk(RST)]
@(’“Zl > <1.
; IR T o0

Hence ||RST||2 < [|R|IIT|loo < [|RIITI(||S]|E + €). As e > 0 is arbitrary, we
have ||RST |2 < [|R||ISIIZ]|IT]|. Thus £ is a quasi-Banach operator ideal. [

Remark 3.25. In particular if we choose ¢,, = ¢, an Orlicz function for alln and
1 1

A = (ank) as a diagonal matriz a,, =nr 1 for 0 < p,q < 0o, the operator ideal

L4 becomes L, .0 studied by Gupta and Bhar [7]. This example also shows that

the condition (3.7) on the matriz A is only sufficient condition to form operator
1deal.

Proposition 3.26. The space Hg(E, F) is a closed subspace of L (E, F).

Proof. Clearly H4(E, F) is a subspace of L4 (E, F). To show Hig (E, F) is a closed
subspace of L4 (E, F), let T belongs to the closure of the space Hg(E, F) in the
norm topology of £4(E, F). Then there exists a sequence (7)) in Hg(E, F)
such that 7}1_{210 | 7™ — T||4 = 0. Thus for € > 0, there exists ny € N such that

|7 — T8 < g for all m > ny.
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Now using the condition (3.7) on the matrix A = (a,x) and (3.8), we get

> > |anksk(T))| o0 S |anpsi(T — TM0))|

Z¢(T) 3%[Z¢< )

o0 > |anpse(T00))]

-I—;gbn(kl : )} < 00,

o) Z |ank8k(T - T<n0))|
(n0) A k=1
as T\") € HE(E, F) and ;¢n< T =Tt > < oo. Thus T €
H4(E, F) and hence the proof is complete. OJ

Proposition 3.27. If the s-number sequence is injective, then the quasi-Banach
operator ideal [L4,]|.||4] is injective.

Proof. Let T € L(E, F) and J € L(F, Fy) be any metric injection. Suppose that
JT € L4(E, Fy). Then for some oy > 0, we have

o

|anksk(JT)|
1

0o =
;gbn( - ) < 00.

Since the s-number sequence s = (s,,) is injective, we have s, (1) = s,(JT) for
all T € L(E,F), n € N. Hence

S ks (JT)]

0

Thus T € L4(E, Fy) and clearly | JT||4 = ||T||4 holds. Hence the operator ideal
L% is injective. This completes the proof. O

Proposition 3.28. If the s-number sequence is surjective, then the quasi-Banach
operator ideal (L4, |.||4] is surjective.

Proof. We omit the proof as it follows in similar lines from the preceding propo-
sition. [l
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