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ABSTRACT. The Hilbert space representation theory of the g-deformed quan-
tum *-algebra U, (su1,1) is studied using the inducing procedure. As a result
we obtain four series of irreducible induced *-representations on Hilbert spaces.
Furthermore, we show that there is a one-to-one correspondence between the
induced series and the series of irreducible well-behaved *-representations of
Uy (su1,1) computed by Burban and Klymik.

INTRODUCTION

The representation theory of groups was founded by G. Frobenius in 1898. In
his work [5], he constructed induced representations of finite matrix groups from
subgroups. Subsequently, his work was extended and systematically developed
by G.W. Mackey in [7].

In [9], Y. Savchuk and K. Schmiidgen developed a theory of unbounded induced
Hilbert space representations. Important parts of this theory are a definition of
well-behaved representations, several versions of the imprimitivity theorem, a
generalization of Mackey’s analysis and an inducing procedure for group graded
x-algebras and one-dimensional x-representations. Examples of x-representations
of x-algebras which are induced from a commutative x-subalgebra are given in [9]
and in the recent paper [3] by Y. Savchuk and P. Dowerk.

The aim of the present paper is a detailed analysis of the inducing procedure for
a much more involved example: the quantum x-algebra U, (su; ;). This *-algebra
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has four series of unbounded irreducible series of x-representations. In 1993, Bur-
ban and Klymik [2] computed all irreducible *-representations of U, (su; 1) which
fulfill certain technical regularity conditions. We elaborate all x-representations of
the x-algebra U, (suy,1) which are induced by characters of the zero *-subalgebra
with the grading defined by

Eec A and K, K ! € A,.

The equivalence classes of induced *-representations are parametrized by means
of the positive characters. In our main theorem, we obtain a one-to-one corre-
spondence between subfamilies of equivalence classes of induced *-representations
and the series of s-representations derived in [2]. This result gives new insight
into the inducing procedure and another perspective on the representation theory
of the quantum =-algebra U, (suq 1).

For a more general approach to induced representations we refer to [4]. Tm-
portant monographs on the general theory of Hilbert space representations are
[1], [8], [6] and [11]. The quantum space U,(sly) was introduced in [10]. The
«-algebra U, (suy 1) is a real form of this quantum algebra.

In the following preliminaries, we will introduce the inducing procedure given
in [9] with some minor simplifications fitting our setting.

0.1. Preliminaries. In this work an algebra is always an associative algebra with
unit over the field C. A x-algebra A is an algebra with involution, i.e. a conjugate
linear map * : A — A, a — a* fulfilling a** = a and (ab)* = b*a* for all a,b € A.
For a better reading experience, we will use negative exponents in the following
way: we denote (a*)" by a™" for n € N. The zero exponent is defined by a° := 1 4.
With this notation the exponentiation rule a”t™ = a"a™, m,n € Z, does not hold
in general.

We denote the set of all linear operators from a linear vector space X over C
to itself by L(X). Let D be a dense linear subspace of a Hilbert space H. An
algebra homomorphism 7 : A — L(D) is called a x-representation if

(m(a)p, ) = (o, m(a")h)n
for all p,9p € D,a € A. We denote the corresponding dense linear subspace
to a x-representation 7w by D(7) and the corresponding Hilbert space by H ().
Occasionally, we call D(7) the domain of m and H(x) the carrier Hilbert space of
.
The graph topology of a x-representation 7 is the local convex topology on the
vector space D(m) induced by the family of semi-norms

{I-1+lm@-1} .

The closure of a x-representation 7 is the *-representation 7 defined by 7(a) :=
m(a) Ipm), a € A, where D(T) is the closure of D(7) in the graph topology

and m(a) is the closure of m(a) as an operator densely defined on H(m). A *-
representation m is closed if m = 7.

The direct sum of two *-representations 7y, 7o is denoted by m@7s. It is defined
on the direct sum D(7;)BD(7s) and maps a — 71 (a)PBme(a). A x-representation 7
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is called irreducible if for every two x-representations 7y, o with m = 7 ® s one of
the domains D(m) and D(ms) is zero. Two *-representations 7y, mo of a x-algebra
A are called unitarily equivalent if there is a unitary operator U : D(m;) — D(m)
fulfilling U~ 'my(a)U = m1(a) for all a € A.

For an arbitrary set I, we denote the direct sum of a family of linear spaces
{Xi}ier by @ierXi.

Definition 0.1. Let (G, +) be a (discrete) group. A G-graded *-algebra A is a
*-algebra with linear subspaces A, C A, g € G, such that

A - @geGAg, (01)
'Agl'Ag2 - Ag1+g2 V1,9 €G, (0'2)
A C A, Vged. (0.3)

The linear subspace Ag of the neutral element of the group will be called the
zero x-subalgebra of A, which, indeed, is a x-subalgebra by properties (0.2) and
(0.3). We call the elements of a linear subspace A, g € G, homogeneous elements.

We call the quadratic module >~ A? the finite sums of squares. It is defined by

Z A? = {i ala;
i=1

The subset > A% N A of the finite sums of squares of A is called the positive
cone of Ay. Its structure is described in the following lemma.

al,...,anEA,neN}.

Lemma 0.2. An element a € Ay belongs to the positive cone > A* N Ay if
and only if it can be presented as a finite sum of squares ) .y x*x such that

X C UgGG A,.

Let us assume that the zero x-subalgebra Ay of A is commutative and denote it
by B. We call a non-trivial x-representation of B onto C a character. A character
X is positive if it is non-negative on the positive cone of B, i.e. if x (3. A*NB) C
R.

If for every g € G there is an element ¢, € A, such that A, = ¢,B, then x is
positive if and only if

x(cyeq) >0 forall g € G. (0.4)
The set of characters will be denoted by B and the set of positive characters

by B*. From [9] follows that for every positive character there is an induced
«-representation Ind, of A.

Definition 0.3. Let y € Bt and g € G. If there is an element a, € A, such that

x(azag) # 0, we define the map x? : B — C by

) = )
X(az%)

Otherwise, we say that x? is not defined. For an element g € G we denote by D,

the set of all characters xy € B+ such that x? is defined.

for all b € B. (0.5)
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Lemma 0.4. Let x € g*, g € G and suppose x9 is defined. Then x? is a positive
character.

Let us introduce three important definitions related to the partial group action.
For x € B* the subset G, C G is defined by

Gy = {g eG|xis deﬁned},
the orbit of x is defined by
Orb,, := {Xg | x7 is deﬁned}
and the stabilizer of x is defined by
Sty 1= {g € G | x? is defined and equal to X}'
Obviously, we have 0 € St, NG, and x € Orb,.

Proposition 0.5. Let x € Bt. If ) € B*, then Orby N Orby, # 0 if and only if
Orby, = Orb,.

The next proposition gives explicit formulas for induced *-representations by
characters. Recall that the representation space H(m) of an induced *-representa-

tion 7 = Ind,, x € l§+, is spanned by the vectors [a ® 1], a € A.

Proposition 0.6. Let y € B* and set 7 = Ind,. For all g € G, fix elements
ag € Ay such that x(aza,) # 0.
[(1)]The vectors

lag ® 1]

ey = —————=, g € G,,
X(azag)
form an orthonormal basis of the carrier Hilbert space H(w).  For ¢, €
An, h € G, we have
X(az—i-gchag)

m(cn)eg = ehtg fh+ge Gy

VX ganeg) X (a50,)
and w(cp)eg =0 if h+ g ¢ Gy. In particular, if b € B, then we have
X(azbag)
X(azag)

For the next two propositions let B be countably generated and let G be count-
able.

m(b)e, = eg = x?(b)ey.

Proposition 0.7. An induced x-representation Ind,, x € [3\*, is irreducible if
and only if the stabilizer St, is trivial.

Proposition 0.8. Two induced *-representations Ind,, Indy, ¥, x € [3\*, are
unitarily equivalent if and only if Orb, = Orby.
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1. THE QUANTUM *-ALGEBRA U, (SU; )

We shall induce *-representations of the quantum *-algebra U, (su; ;) using a
Z-grading. Next, we compare the induced x-representations with the different
series of s-representations from I.M. Burban and A.U. Klimyk in [2]. These
x-representations will be referred to as the classical or well-behaved *-representa-
tions or series.

Using a parametrization based on the computation of the positive characters,
we will be able to show a one-to-one correspondence of the induced equivalence
classes of x-representations and the classical series. Moreover, we will be able
to assign subsets of the induced equivalence classes to the various corresponding
classical series.

1.1. Definition and Z-Grading. In this section suppose ¢ € (0, 1) is fixed. The
x-algebra U,(suy 1) has the generators F, F, K, K~ ! with the defining relations

KK'=K'K =1,
KEK'=gE, KFK‘'=q'F,
KQ _ K—Q
B F]= ———F
q—dq
and an involution defined by
F*=-F F*=-E, K*=K, K'"=K.
Let us define a Z-grading on A := U,(suy,1) by
Ee A and K, K™ € A,.

Looking at the defining relations and the involution of A, we see that this grading
is well-defined. Additionally, we see:
[(i)] The zero *-subalgebra B := Ay = C[EF, K, K~'] is commutative.
The linear subspaces of the Z-grading are A, = E*B, z € Z.

From the theory of quantum x-algebras it is well-known that the quantum
Casimir element of U, (suy 1) is
q—l K2 +q K_2

(q—q')
Since the quantum Casimir element is part of the centralizer of U, (su; ;) and

EF € C[C,, K, K], the zero *-subalgebra is B = C[C,, K, K.

C,=EF +

1.2. Inducing Procedure - First Part. Due to the generators of B each char-
acter x is determined by two parameters (s,t) € C x Cy if x(C,) = s and
X(K) = t. Therefore, we parametrize the characters by such tuples, and write
X, for an element of B. 1f Xs,¢ 18 in gﬂ we denote the induced *-representation
of Xs,t DY T s

Let x be a positive character. To simplify notation, we denote an equivalence
class [A®\] € A®pC/KC, by its representative A®A. The one or zero dimensional
linear subspace of A ®p C/KC, spanned by {a,®1 | a, € A} will be denoted by
A, ®C for z € Z.
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For the generators K and K~ !, since K* = K and K~ = K~ we will use
the slightly inconsistent but intuitive notation K== = (K~ ')* for z € Z.

As it is usual in this context, we use the notation of the ¢g-Calculus [z] = [2], =
qq e — for z € Z and write adapted to our special case [K?%z] = [K%z], =
zKQ_q zK 2 z E Z

The followmg lemma is a well-known fact from the analysis of the quantum
x-algebra U, (sus):

Lemma 1.1. For all n € N, we have the equalities

[E,F"] = F" '[n][K*1—n] and [E", F]=E"'n][K*n—1]
in Uy(suz) and Uy(suy 1).
Lemma 1.2. Let z € Z. The following equations hold:

z

E¥E* = [[ (K[K*k—1] - EF) for z>0, (1.1)
;1

and EE* =[] (11 - k|[K* k] — EF) for z <0. (1.2)
k=1

Proof. We use Lemma 1.1 and show exemplary the case z > 0.
For z > 0 we have

E¥E* = (~F)°E* = (—1)"FY(E*F — B [2][K% 2 — 1))

z z

= (1 [[ (BF = (k][> k = 1)) = [ (KK k- 1] - EF).
k=1 k=1
O
Lemma 1.3. A character x5, is in B* if and only if
. n 2h—142 | o —2k+1y—2
Xm(E*Eﬂ::II(q 1 —s>§20 (1.3)
Pl (¢g—q7Y)
and
n Qk 1t72 + q72k+1t2 )
st (E"E™) = —s] >0 1.4
Xau ;{( (¢—q1)? (14)
for alln € N.

Proof. Since A, = E*B for all z € Z, we can use condition (0.4). Hence, a
character is positive if it is non-negative on the terms E**E* z € Z.
The factors of (1.1) are

qQk—1K2 'K K+ q—2k+1K—2
(q—q1)?
q2k—1K2 +q—2/€+1K—2

et —07
(g—q1)? !

[k][K* Kk —1] — EF = — EF
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and the factors of (1.2) are

G2 — VK2 - gK 2 4 g K2 -

1 — k|[K? —k] — EF = EF
S | (¢—q)?
q2k—1K—2 + q—2k+1K2
B (q—q1)? ~ G

Applying x;.: on the right-hand side of (1.1) and (1.2) shows the assertion. [
Lemma 1.4. If x,; € [5’\+7 then (s,t) € R x Rey.

Proof. Let xs: € B*+. We have Xst(EE*) = —xs+(EF) > 0, which implies that

Xst(EF) is real. Since xs4(K?) = t* > 0, t* and ¢ are real. Further, since
Cy= BF + CISH 5 = 1 4(C,) s real. 0

In the following, if a character y,; or a *-representation ,, is introduced, we
assume that (s,t) € R x Ry if the pair (s,t) is not defined explictly.
For every induced *-representation m,,;, we define

_ EF®1
|EF @ 1| (1.5)
and My =Gy, = {k €Z|E*®1+#0in 'H(ﬂ'&t)}.

€L .

Then, by Proposition 0.6, the family {ej}ren,, is an orthonormal system of the
carrier Hilbert space H(7s,).

The action of an induced *-representation m,, and the partial action of Z on
the positive characters are described in the next two propositions.

Proposition 1.5. The induced *-representation s has the following action on
the basis vectors ey, for all k € Mgy:

2k+1t2 +q72k71t72 %
_ - S €L+1,
(g—q')? )

Tst(F)eg = (q
st (K)er = q“tes,
where e, =0 if k ¢ M.

Proof. Let k € M,;. We use Proposition 0.6 (ii).
The operator 7, (K) is acting on e, by

k* k
o _ Xst (EMKEF)
ﬂ-s,t(K>ek - Xs,t(K>€k? - Xsit (Ek*Ek)

= ¢*xoi (K) e, = ¢"tey.

€k
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Suppose k + 1 € My, for k> 0 we get

1
k41 2k—142 4 [ —2k+14—2 2
Ek—i—l ® 1 B (Hj:l <q (q_gq)z - S>) Ek—i—l ® 1

s (F)ey = =
7t( ) F ||E’]’C ® 1” k g2k—142 4 g—2k+14—2 3 ||Ek+l ® 1||
(e (= )
1
2k+142 —2k—14—2 3
= (q —|—q_1 5 - 8) Ch+1;
(¢—q7)
and for k£ < 0 we get
EfF®1
7Ts7t(E)€]€ = Ws,t(E)m
Xt (EkJrl*EEk) Fk+1 ®1

T VXoa (BRTER) . (EFER) [EFT @ 1

1
—k [ P12 pg2t12 2
I (g—q~1)? -5

= k1 <q2171t72+q72l+1t2 _ 3) €k+1

=1 (g—q=1)?
(q—Zk—lt—2 + q2k+1t2 8) % .
pr— — - k-Jrl.
(g—q1)?

If k41 ¢ M,,, the action stated in the assertion is obviously true.
O

Proposition 1.6. Let x;; be a positive character. If xs: € Dy, the partial action
fork e Z is

X?,t(cq) = Xst(Co),
Xer(K) = ¢ xoa(K).

The stabilizer St , of each positive character is trivial. Therefore, every induced
x-representation Tsy s irreducible.

Proof. Let xs: € B\Jr, k € Z. Since Cy is in the centralizer of A, we have

o Xs,t(Ek*Cqu) . Xs,t(Ek*Ek)Xs,t(Cq)

k
C,) = = = vs4(C,) = s.
X57t( q) Xs,t(Ek*Ek> Xs,t(Ek*Ek> X7t( CI) ’
The evaluation of K is
st (EF KE" st(EF ER)gF et (K
ﬁﬂﬂzxﬂ ) _ Xsul )qxx)thﬂazft

Xs,t(Ek*Ek> Xs,t(Ek*Ek)

Suppose Xy € B* and Xsp = X’;jt. Then, by the above calculation, we get
t' = ¢*t. Therefore, we have Yy 4 # X];f,t if k # 0. This shows that the stabilizer
is trival. 0J
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1.3. Classical *-Representations of U, (su;;). For every ¢ € [0,1) define
Z.:={v eR|v==z+e¢, z € Z}. The classical *representations are denoted by
T.e with indices a € R, € € [0,1).
For each x-representation T,. there is a corresponding set Z,. C Z. and or-
thonormal vectors {b, },cz,. such that the domain of T}, is D(T,.) := span{b, },ez,.-
The *-representation T, acts on b, € D(T,.) by

Tas(K)bu = qybuy (16)
Toe(E)b, = ([ + v+ 1[~a + v])? by

B q21/+1 + q23+1 . (q2a+1 + #) 2 ) L
B (@—q1)? v (1)
Toe(F)b, = — ([—a+v —1][a +v])? by (1.8)

where b, = 0if v ¢ Z,..
_ One sees directly that for each *-representation T;. there is a *-representation
T,. with the only difference to T,. being

T (Kb, = —¢"b,.

We call T,,. a x-representation of type one (type two) if the operator T,.(K) has
positive (negative) eigenvalues. In [2] the *-representations of type two were left
out.

The duality between x-representations of type one and type two also shows
up in the induced *-representations described in the previous subsection. For a
character y;:, the positivity does not depend on the leading sign of ¢ (see (1.3)
and (1.4)). Hence, for each induced *-representation 7, there is an induced
x-representation m, _.

Obviously, if a classical x-representation of type one is unitarily equivalent to
an induced *-representation m,; with ¢ € R*, the corresponding s-representation
of type two is unitarily equivalent to 7, _;.

We restrict our analysis to x-representations of type one and induced *-represen-
tations with positive parameter ¢.

In [2] Burban and Klymik computed the following series of equivalence classes of
irreducible *-representations, which are all well-behaved irreducible x-representa-
tions of type one up to unitary equivalence:

We denote both the equivalence class and the representative by T,..

e The principal unitary series T,. acts on {b,},cz. with
a=1i2—1 for pel0,7], 0<e<1, e#3 (1.9)
or

a=il -1 for pe(0,7], e=1 (1.10)

>

>

where we identify ¢ = ez.
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e The strange series T, acts on {b,},ecz. with

0<e<l, (1.11)
Sa = %, Ra > —3 (1.12)

where we identify ¢ = es.
e The supplementary series T,. acts on {b,},ez. with

O§€<% and 5—1<a<—% (1.13)
or 3<e<l and —j<a<e—L (1.14)

e The discrete series are
Tt =T, witha > —1, e =amod Z,¢ € [0, 1),

acting on {b,},~q

(1.15)

and T, =T ,.witha<1, e=amodZ,ce €|0,1),

¢ 1.16
acting on {b, }, <. ( )

Remark 1.7. In the literature one can find slightly different parameters for the
discrete and the supplementary series.

1.4. Inducing Procedure - Second Part. Since we restricted ourselves to
characters x,; with ¢ > 0, we can write the parameter ¢ uniquely as ¢t = ¢°™ with
e €[0,1), 1 € Z, and parametrize the characters by the triplet (s,e,[). Therefore,
each positive character x with x(K) > 0 can be denoted by xs: or xs.;. In the
following, we will use this duality freely. Hence, for every introduced character
Xs.t, We assume the existence of a tuple (g,1) € [0,1) x Z which fulfills ¢t = ¢=*.

The condition for the positivity of a character x;,; can be written in a more
compact form by combining (1.3) and (1.4) to

|21 2k—142sgn(z) —2k+11—2sgn(z)

vz e s ol B s

Xs’t<EE):H( —1)2 —s) =20
Pl (¢g—q7?)

(1.17)

for all z € Z.
Therefore, a sufficient and, if all factors of (1.17) are nonzero, necessary con-
dition on s for x,,; being positive is
. q22_1t2 + q2zllt2
s < min
2 (q—q ')

Due to the duality introduced above, we can state the following lemma.

(1.18)

Lemma 1.8. Let x5, € B*. Then we have

2z—142 1 2e—1 1

q "+ =15 q + = 2
min B GL > — (1.19)
2 (q—q7h) (g—q) (¢g—q ")
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Proof. A short analysis of the function f : R;;O — R given by f(z) := x—l—% shows
a global minimum at z = 1.
With this, the minimum of the nominator of the left hand term of (1.19) is
22-+20+2e—1

1 1 1
2z—142 2e—1
min t° 4+ = min —_— = —_.
2E7 4 q2271t2 2€7 q q22+2l+2€71 q q2571

O

From (1.17), (1.18) and Lemma 1.8, we can deduce the following two corollaries.

Corollary 1.9. Let x;s; € B*. The parameter s fulfills either

2z—142 1 2e—1 1
7 s e e vl q + ==
5= _qultg for z€Z or s<—_qu1
(¢—q1) (¢—q)
Corollary 1.10. Let y,, € B*. If s fulfills the inequality
¢+

s< — L
(q—q1)?

we have D, , = 7.

First, we discuss the second case of Corollary 1.9.

Lemma 1.11. The unitary equivalence classes of all induced x-representations

2571_;'_ 1
by positive characters xs: with s < q(q_q% can be parametrized by the set
[0,1) x (—00,0).
A parametrization is given by (C,x) v [ms] with
t=q°,
¢+ <

and Ss=ux+

(¢—q )

Each such character xsz has the orbit Orby, , = {Xs 4 | k € Z}, and the index
set My of the orthonormal basis {ey}ren,, (see (1. )) 18 7.

Proof. If x5, is in Dy, we have X&t = Xsqkt- Lherefore, two characters x, X
are in different orbits for s # §'.
Recall that for a character x,; with ¢ = ¢°*' the minimum in (1.19) only

depends on e. Taking into account the partial action, we see that x,, is in the
25—1+ 517
same orbit as x4 for all k € Z if s < ! (q_qf’f)z -

Combining both arguments for the parameters shows that the stated mapping
in the assertion is a parametrization and that Orb,,, = {xs: | ¥ € Z}.
Since x+(E**E?) in (1.17) is equal to ||[E* ® 1||? for all z € Z, the index set

e+l

M, is Z for s fulfilling (1.18). O
Proposition 1.12. The equivalence classes [ms 4| with the parameters
—2 2
€0, )\ {3} and ———— <s<

(G—¢ 2~ ~(g—g¢ )2
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or

1 _
e=z and ————<s< —-——
2 (g—q1)? (g—q1)?

are unitarily equivalent to the principal unitary series.

Proof. Combining (1.19) with Lemma 1.11, we see that the equivalence classes
stated in the assertion are a subset of the equivalence classes parametrized in
Lemma 1.11.

Let T,. be an equivalence class of the principal unitary series. We set

t:=q
and

q2a+1 + w% ¢if 4 e—ip IReir
(¢—q¢ )  (@—q¢')?* (¢g—q)?
This implies for ¢ # % by (1.9) that ﬁ < s < ﬁ and for ¢ = % by
(1.10) that ﬁ <s< W. Therefore s, is a positive character and the
induced *-representation 7y, exists.
We define a unitary operator U : H(ms;) — H(T,:) by setting

Ule;) = bjse (1.20)

for all y € Z.
This operator is well-defined since H(m,;) = Span{ey }rez and for an operator
of the principal unitary series we have H(7,.) = span{b, },ez. -
Comparing the action of Tj. in (1.6)-(1.8) with the action of 7, in Proposition
1.5, we see that U™'T,.U = 7, if and only if
t=¢, (1.21)
2a+1 1
q + =T
s=— L (1.22)
(¢—q")
Since we defined s and ¢ this way, T}, and 7, are unitarily equivalent.
We see that the construction above maps the principal unitary series bijectively

on the stated equivalence classes in the assertion if we vary the parameters of the
principal unitary series. This shows the assertion. O

Proposition 1.13. The equivalence classes |75 4| with the parameters
€[0,1) and s< -

€ , and s < ————

(¢—q7')

are unitarily equivalent to the strange series.

Proof. The proof is the same as the proof of the previous Proposition with the
only difference being that for an operator T,. of the strange series we get by
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(1.12):
a 21 % 2Ra+1 1
q2 + 4 (12‘1% q'rq + —q%%q’mﬂﬂ
S = = =
(g—q1)? (¢—q1)?
. elﬂ-qua""l + ei'/rq21§%a+l o qzé}%a-i_l + q2§%1a+1 < _2
(g—q)? (g—q)? (¢—q 1)
O
Proposition 1.14. The equivalence classes [ms 4] with the parameters
21 1
2 q + 2e—1
ec[0,D)\ {3} and ———— <s< —-—TL (1.23)
? (¢—q1)? (¢—q1)?
are unitarily equivalent to the supplementary series.
Proof. Let T,. be an equivalence class of the supplementary series. We set
2a+1 1
t — qg 5 = q + q2a+1 '
’ (¢—q')?
The parameters of the supplementary series fulfill
e—1l<a<—3 and 0<e< 3, (1.24)
or —i<a<e—1and §<e<l (1.25)

For the rest of the proof keep in mind the proof of Lemma 1.8.
If (1.24) holds, we have

|26 —1]|=1—2¢>|2a+ 1] = —2a — 1 since a > ¢ — 1.
If (1.25) holds, we have
26 —1|=2e—1>|2a+1|=2a+1 sincea<e—1

Therefore, s fulfills inequality (1.18) and xs; is a positive character. We in-
troduce the unitary operator U as defined in (1.20), which shows the unitary
equivalence of 7y, and Tp..

Again, as in the previous two proofs, we vary the parameters of the supple-
mentary series and show the surjectivity of the above construction of 7 ;:
fo<e< %, we have 2¢ — 1 < 0. Therefore, varying a gives all parameters
fulfilling (1.23) since 26 — 1 < 2a+ 1 < 0 is equivalent to e — 1 < a < —%. If
< g < 1, we can argue in an analog way with inverted inequalities.

Nl= W

OJ

Remark 1.15. With the last three propositions we have assigned all induced
x-representations from the second case of Corollary 1.9.

To find induced *-representations fitting to the discrete series, we have to con-
sider the induced *-representations 7, (recall t = ¢'*¢, ¢ € [0,1), | € Z) with
q22_1t2 + q2zllt2 q2(l+2)+26_1 + q2(l+z:)l+2571

T T = (q—q71)? (1.26)




274 D. DUBRAY

for z € Z, which have not been parametrized or assigned to classical *-represen-
tations yet.

Lemma 1.16. Let ¢ € [0,1). Ifl € Z<_1, equation (1.26) is fulfilled for an
induced *-representation m,

fore € (0,1) only if 0<2z<-I
and for e =0 only if 0 <z<—l+1.

If | € Zsy, equation (1.26) is fulfilled for an induced x-representation s,

fore € (0,1) only if —1<2<0
and fore =0 onlyif —1<z2z<0 or —1<z<-l+1.
Proof. The assertion is shown by straight forward computation. O

Proposition 1.17. Let t € Roo \ {1}. The unitary equivalence classes of all
induced *-representations my, with s fulfilling

22142 1
QT+ =
s = T zeZ, (1.27)
(¢—q)
can be parametrized by [0,1) x Z\{(0,0)}. A parametrization is given by (¢,r) —
[7T57t] with

t=q"¢ (1.28)

2(r4+¢)—sgn(r+1) 1
q T 2O —snrt D)
5= - (1.29)
(¢g—q)

acting as described in Proposition 1.5 on the orthonormal basis {ey }r<1 forr < —1
and on {eg}tr=—1 forr > 0.

1
Ift =1, there is only the induced x-representation ms; with s = ((]E:—_"I)Q ful-
filling (1.27). It acts on H(ms1) = span{ep} by the operators ms1(K) = 1 and
7T571(E) = 7T5’1(F> = 0.

Proof. Let € € [0,1) and | € Z<_,. Define t := ¢°*.
Suppose

2(z+1)+2e—1 1
q ( ) _'_ q2(z+l)+2571

(q—q71)?

where z € Nwith 0 < z < —lfore € (0,1) and 0 < z < =l + 1 for £ = 0.

By Lemma 1.16 all positive characters x,, fulfilling (1.26) have a parameter z
which is of this form. Moreover, since for £ = 0 the parameter s is the same for
z=—l+1and z = —[, we can assume 0 < z < —[ in this case too.

S =
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Now, for the character x,: and n > z, we have

::]:

G2EH2 4 gk
t* + t
e e = [ ()
Pl q—4q
n ( 2(k+l)+25 1y 2(“&2671 ) .
= — S =
— —1)2
paie (q—q)
and s fulfills
. qzk—1t2+q%+lt2
$ < min

k<z (q—q7')?
This shows that x, is a positive character. Further, we have E*®1 =0 <= k >
z,and {ex},_, e = Hg’i—g”’ is the orthonormal basis of H(7s,) (see Proposition
1.5).
Therefore, the partial action X’;,t = Xsqtt 15 defined for all & < z, and the

induced #-representation m, r, acts on e, with n < z — %k € [1,00). Setting
k =z — 1, we see that

Tst € [ﬂ-s’ql+z71+s], (1.30)

where 7 ji+--14c acts on e, with n < 1.
Combining (1.30) with the partial action from Proposition 1.6, we can conclude
that two characters xs, +, and xs, r, with parameters e; = €5 € [0,1), Iy, 1y € Z<_4,

2(z1+11)+2e1—1 1
q (z1411)+2e1 + ST

1)+2e1-1
S1 = “1\2 ) 0<Z1§_lla
(¢—qh)
and
q2(2’2+l2)+2€2—1 + — 1>+2 .
29+1p)+2e0—
Sg = _? 2 ) 0< Z2 _127
(¢—qb)

are in the same orbit if and only if s; = sy. This implies 2y + [; = 23 + I3 for
g1 # 0 and, since 21 +1; < 0,20+ 1 <0, it implies z; +1; = 29+ 15 for £; = 0 too.
Hence, the induced *-representations 7y, ;, and m,,,, are unitarily equivalent if
and only if z; + 11 = 29 + Is.

Therefore, the equivalence classes for [ < —1 and fixed € can be parametrized
by z+1—1. That is, we can define a parametrization (¢, r) +— [ms] on [0, 1) X Z<_4
given by

2 1 1
q (T+C)+ + W
l=q™, s= ;

(q—q71)?

where 7, acts on {ey}r<1.
A similar argumentation shows the case ¢ € [0,1) and [ € Zx.
O

Proposition 1.18. The unitary equivalence classes parametrized in Proposition
1.17 are unitarily equivalent to the discrete series.
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By terms of that parametrization, the discrete series T, are unitarily equivalent
to the induced unitary equivalence classes with parameters ((,r) € [0,1) X Z<_1,
and the discrete series T, are unitarily equivalent to the induced unitary equiva-
lence classes with parameters (¢,r) € [0,1) x Zx¢ \ {(0,0)}.

Proof. We use the parametrization of Proposition 1.17. Let (¢,r) be in [0,1) x
Z<_1 and suppose [my,] is the corresponding induced equivalence class for the
parameters (¢, 7).

Choose 29, kg € Z such that zp — ko =7 + 1. Let {b, },es., be an orthonormal
basis with an index set I, C Z¢ defined by

Ly ={z0—1+C+j|j€Z 2—1+(+j<r+1+(}.
For all j € Z the inequality zo—1+4+(+j < r+ 1+ is equivalent to kg +j < 1.
Next, we define a unitary operator U : D(my;) — span{b, },er,, given by
Chotj 7 Dao—14¢+i

for all 7 € Z with ko +j < 1.
The *-representation U, U~ is T, witha=r+(+1 and € = (:
Un,s(K)U™! acts on b, by

U7Ts7t(K)U_1bzo—1+C+j = Uﬂ-S,t(K)eko-i—j =

quo+qu+C k0+qu+Cbz zo—1+C+7p,

Ckot+j — 4 0—1+¢+j — ¢ 20— 14(+j-
Uns(E)U! acts on b, by

Uﬂs,t(E)U_lbzo—HCﬂ‘ = U7Ts7t(E)€ko+j =

1
4 . r 1 z
u <q2(ko+y)+1(qr+<)2 4 g Aot =1 (gr+¢) =2 AR 2O ) ’

(G—q 1) ECEYE Chots =
QUL (qr40)2 | =2k —1 (ra0) =2 @PUTOT g o\ 2 )

In the left fraction of the term above, we can replace kog+j+7r+( by zo—14+(+.
In the right fraction the sum r + ¢ can be replaced by —r — ( — 1. Hence, we
see the equality between Uy, U ! and T_,_¢_1 acting on {b, | v <r+(+ 1},
which is T7 4.
The map [0,1) X Z<_1 — (—00, 1) with (¢, r) — r+{+1 is a bijection. There-
fore, the discrete series 7, are unitarily equivalent to the unitary equivalence

classes parametrized by ¢ € [0,1), r € Z<_.
A similar argumentation shows the assertion for (¢,r) € [0,1) x Z>o \ {(0,0)}.
0

Summing up, we get the following theorem. Recall the duality introduced in
subsection 1.3.

Theorem 1.19. Let {A,}.cz be the Z-grading on Uy(sui,1) defined by E € Ay,
K, K1le Ao.
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Then there is a one-to-one correspondence between the induced equivalence
classes of x-representations by characters and the classical (or well-behaved) equiv-
alence classes of x-representations.

Proposition 1.12, Proposition 1.153, Proposition 1.1/ and Proposition 1.18 as-
sign subfamilies of the induced equivalence classes with positive second parameter
to the corresponding classical series of well-behaved x-representations of type one.
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