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ABSTRACT. A discrete group G is called rigidly symmetric if for every C*-
algebra A the projective tensor product 81(G)(§)A is a symmetric Banach *-
algebra. For such a group we show that the twisted crossed product E:;W(G; A)
is also a symmetric Banach *-algebra, for every twisted action (a,w) of G in
a C*-algebra A. We extend this property to other types of decay, replacing
the ¢!-condition. We also make the connection with certain classes of twisted
kernels, used in a theory of integral operators involving group 2-cocycles. The
algebra of these kernels is studied, both in intrinsic and in represented version.

1. INTRODUCTION

A Banach *-algebra B is called symmetric if the spectrum of B*B is positive
for every B € B. This happens (cf. [28]) if and only if the spectrum of any
self-adjoint element is real. It is not known if the symmetry of B would imply the
symmetry of the projective tensor product B®.A for every C*-algebra A; such a
property is called rigid symmetry.

All over this article G will be a discrete group with unit e. If the convolution
Banach *-algebra ¢(G) is symmetric, G itself is called symmetric, while if it is
rigidly symmetric, G will also be called rigidly symmetric.

In [29] this terminology is applied to general locally compact groups. Various
counterexamples are known. Certain solvable (thus amenable) groups and certain
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connected polynomially growing groups are not symmetric [23]. Non-compact
semi-simple Lie groups are never symmetric.

On the other hand, many interesting classes of groups are shown to be symmet-
ric or even rigidly symmetric. If G is symmetric and K is compact, the semi-direct
product K x G is symmetric [23]. Compact [23, Th. 1] or nilpotent locally com-
pact groups [29, Cor. 6] are rigidly symmetric. It is still not known if symmetry
and rigid symmetry are equivalent for a locally compact group (see [29]).

Besides the component-wise algebraic structure on £(G)®.A = 1(G;.A), one
can consider interesting and more complicated structures induced by twisted ac-
tions (o, w) of G on the C*-algebra A, resulting in what is called twisted crossed
products £}, ,(G;.A) [22, 6, 25, 26]. One recovers £'(G; .A) if the action o is trivial
(e, is the identity map on A) and the 2-cocycle w is identically 1. We recall the
basic constructions in Section 2.1, where we also replace the ¢!-decay condition
by others, described by admissible convolution algebras.

It is shown in [10] that a discrete group G is rigidly symmetric if and only
if £1(G;.A) is symmetric for every usual (untwisted) action « (see also [3]). In
Section 2.2 we extend this equivalence to include twisted C*-dynamical systems,
involving a 2-cocycle w, as well as other types of decay than those expressed by
the (*-condition. We also treat inverse closedness (also called spectral invariance,
or Wiener property) of our twisted crossed products both inside enveloping C*-
algebras and faithfully represented as operators in Hilbert spaces. An extension,
spectral invariance modulo a closed bi-sided *-ideal, is exposed in 2.3, motivated
by M. Lindner’s work [24] on Fredholm operators. The results are illustrated in
2.4 by a series of Corollaries and Examples. An attempt to treat arbitrary locally
compact groups failed, the obstacle being a non-trivial measurability issue; we
are grateful to Professor Detlev Poguntke for pointing this out to us [30].

In [20, Sect. 4] results are given about symmetry of £!-twisted crossed products;
the assumptions on the twisted C*-dynamical system are quite strong. The nature
of our result is different, showing for any discrete group that the presence of the
twisted action is not relevant for symmetry issues. This would be particulary
convenient if rigid symmetry will ever be shown to be equivalent to symmetry.

In Sections 3.1 and 3.2 we describe the algebraic structure and the norm on a
family of twisted kernels, connected to the twisted crossed product setting. They
are useful in defining families of matrix operators whose composition involves
cohomological factors. Actually, as they are defined, they form a class which is
much larger than the one emerging from the theory of twisted crossed products,
which can be recovered up to isomorphism only under a supplementary covariance
condition (3.6). We believe that the twisted matrix calculus has an interest of
its own. When developed starting with the action of G on an Abelian C*-algebra
A, it has interesting Hilbert-space representations that are studied in 3.3. As a
particular case, A could be a C*-algebra of bounded complex functions on G (see
[3, 10]) and then a natural class of twisted kernels is already isomorphic to the
twisted crossed product. As a consequence of the results of the previous section,
certain subfamilies of twisted kernels form symmetric Banach *-algebra. Explicit
faithful representations turn them into inverse closed subalgebras of bounded
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operators (in usual or in Fredholm sense) and all these are treated in 3.4; one
gets an extension of the convolution dominated operators [11].

Besides the construction of the cohomological matrix calculus, most our results
concern symmetry and inverse closedness, so they are part of what could be called
noncommutative Wiener theory. The main purpose was to incorporate group 2-
cocycles in the presence of general types of decay. So we only cite references as
[1,2,3,7,9, 11,13, 14, 15, 21] that have an immediate connection with our work.
In particular, we follow rather closely some developments from [10]. It is outside
the scope of this paper to outline the history or the rich implications of Wiener’s
theory in its classical or its modern form. Most of the recent papers on this topic
achieve this at least partly, while [12, 19] are excelent reviews exposing both the
state of art of the subject and its numerous applications.

2. SYMMETRIC BANACH *~ALGEBRAS ASSOCIATED TO DISCRETE GROUPS

2.1. L-type twisted crossed products. Let us fix a discrete group G. Recall
that ¢'(G) is a Banach *-algebra with the usual ¢'-norm, with the convolution
product
(k*D)(z) =Y k(y)ly 'z)
yeG
and with the involution

E*(x) = k(z=1).
We also recall [1] that a Banach space £(G) of complex functions on G is called
a solid space of functions if for any k,l : G — C, if |k(x)| < [{(x)| everywhere
and [ € L(G) then k € L(G) and || k ||c<|| ! |z. Clearly k and |k| belong
simultaneously to such a solid space of functions and their norms are the same.

Definition 2.1. We call admissible algebra a subspace £(G) of ¢*(G) having its
own norm ||-||z which is stronger than the ¢'-norm, such that

(1) L£(G) is a solid space of functions,
(2) (L(G),**,]|-|lz ) is a unital Banach *-algebra.

Of course, ¢(G) itself is an admissible algebra. Another example is £°7(G) :=
{k | 9k € ¢°(G)}, where ¥ : G — [1,00) is a subconvolutive weight, i.e. it
satisfies 971 x 971 < CY~! for some constant C'. Plenty of admissible algebras
are contained in [3, 31].

One can generate new admissible algebras by using weights.

Definition 2.2. A submultiplicative, symmetric weight is a function v : G —
[1,00) satisfying everywhere
v(zy) <wv(xv(y), vz =rv(z).

Lemma 2.3. Assume that L(G) is an admissible algebra and v is a weight on G.
Then

LYG) = Ak | vk e LIG)}, |[-ller=1v-lc

1s an admissible algebra.
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Proof. Clearly || - ||z~ is a complete norm, which is stronger than || - ||z since
v(-) > 1 and L£(G) is solid. Since £(G) is solid and v is strictly positive, £”(G) is
clearly also solid.

The weight v being symmetric, one checks immediately that (vk)* = vk* and
this shows that £”(G) is stable under involution and that the involution is iso-
metric.

By submultiplicativity of the weight one gets the inequality

[k xD < v(lk|x[l]) < |vk][vi].

From it, using solidity, it follows that £(G) is a subalgebra under convolution
and that the norm ||- ||z is submultiplicative:

[Ex e =llv(k D)l < k|« v .
<kl vtz =lvEll[vl]e
= kllevllLllev -
O
If A is a C*-algebra, one denotes by Aut(A) the group of its *-automorphisms,
by M(A) its multiplier C*-algebra (with the strict topology) and by UM (A) the

corresponding unitary group. Almost always A will be unital, so M(A) will be
identified with A .

Definition 2.4. Twisted C*-dynamical systems (A, «,w) are formed of a C*-
algebra A, a map o : G — Aut(A) and a map w : G x G — UM (A) satisfying
for every z,y,z € G

Qp © (ty = ady(g,y) O gy (2.1)
w(z, y)w(zy, 2) = azlwly, 2)lw(z, yz), (2.2)
w(z,e) =1=w(ex). (2.3)

If (A, a,w) is a twisted C*-dynamical system, we denote by £}, ,(G; A) the space
(*(G; A) of integrable A-valued functions on G endowed [6] with the composition
law

(f Cawg) (@) =>_ fy)ay[gy™' )] wly,y 'x)

yeG

and the involution
feo(z) = w(z, x’l)*am [f(x’l)r )

It is a Banach *-algebra called the ¢!-twisted crossed product associated to
(A, o, w). The enveloping C*-algebra of £}, ,(G;A) [25, 20] is denoted by Ax%G
and called the twisted crossed product C*-algebra.

Now we are also given an admissible algebra £(G). We define

L(GA) = {f € (GA) I f()lla€ L(G)}
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with norm || f [z = || I| () [la H,c It is easy to see that L£(G;.A) is a *-
subalgebra of £}, ,(G;A) ; when this structure is considered, we write L, .,(G; A) .
This follows from the obvious estimations

1(f oaw )@ a< D 1@ Iallgy™ e) la= (IFONax19C) ) (@)

yeG

and

Lo @) a= 1) la=1F() ()

and from the admissibility of £(G). It is also easy to check that £, ,(G;.A) is a
Banach *-algebra with the (stronger) norm || f||z(c4) -

If «v is the trivial action a,(p) = ¢ or if w = 1, they will disappear from the
notation. The case w = 1 leads to the crossed product [32]. If in addition A = C
(with the trivial action) one recovers £(G). We notice, for further use, that the
Banach space ¢!(G;.A) can be identified [27, 1.10.11] with the projective tensor
product /' (G)®A. For L£(G; A), in general, there is no such a claim.

Definition 2.5. A covariant representation (€, r,U) of the twisted C*-dynamical
system (A, o, w) is composed [0, 25] of a Hilbert space ., a non-degenerate
*-representation r : A — B(s) and a unitary-valued map U : G — U(H)
satisfying for every z,y € G and ¢ € A

U(x)U(y) = rlw(z,y)lU(zy) and  Uz)r(p)U(z)" = rla.(p)].  (24)

Given a covariant representation (%ﬂ ;U ) , the integrated form [0, pag. 512]

(rx U)(f) = _r[f(@)]U(z) (2.5)

zeG

provides a *-representation r x U : ¢}(G; A) — B(#) that extends to the twisted
crossed product C*-algebra Ax¥G and restricts to any of the Banach *-algebras
La.,(G; A). The extension and the restrictions are all contractive.

Remark 2.6. Tt is known that covariant representations (ji” U ) with faithful r
exist. This will be used in Section 2.2, so we indicate a construction.

Let 7 : A — B(H) be a *-representation of the C*-algebra A in a separable
Hilbert space H . We can inflate 7 to a *-representation of A in 57 := (*(G; H) =
*(G) ® H by

[ (p)v)(2) = a1 (p)]v(z). (2.6)
It is obvious that 7™ is injective if 7 is injective. One also defines for every y € G

[LL(y)v](2) = mlw(@™y)]u(y " z). (2.7)

It is straightforward to show that (,%” 77 LZ) is a covariant representation; we
say that it is induced by m. A related version, involving right translations, can
be found in [0, pag. 517] and [25, Def. 3.10] for instance.
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2.2. Symmetry and inverse closedness of L-type twisted crossed prod-
ucts.

Definition 2.7. Let £(G) be an admissible algebra over the discrete group G.
Then G is called TCP-rigidly L-symmetric (rigidly symmetric in the sense of
twisted crossed products for L-type decay) if the Banach *-algebra L, ,(G; A) is
symmetric for every twisted C*-dynamical system (A, o, w) with group G.

If this is required only for the trivial case (a,w) = (id, 1), we speak of rigid
L-symmetry. We also drop L if £(G) = ¢*(G), to reach standard terminology

[23, 29].

Definition 2.8. The *-subalgebra B of the unital C*-algebra € is called an
inverse closed (or spectral, or Wiener) subalgebra if for every f € B that is
invertible in ¢ one has f~! € B.

The following result, extending [10, Cor. 1], shows that for every admissible
algebra £(G) the discrete group G is TCP-rigidly £-symmetric if (and only if) it
is rigidly £-symmetric.

Theorem 2.9. Let (A, «,w) be a twisted C*-dynamical system with rigidly L-
symmetric discrete group G .
(1) Low(G;A) is a symmetric Banach *-algebra.
(2) Low(G;A) is an inverse closed subalgebra of its enveloping C*-algebra. In
particular, if G is rigidly symmetric, (., (G;A) is spectral in Ax“G.
(3) Let II: Ax“G — B(S2) be a faithful *—representatwn then I1[¢} ,(G; A)]

is inverse-closed in B() .

The next basic Lemma is inspired by [10, Prop. 2|, to which it reduces if w = 1,
A = (>(G) and L(G) = (*(G). We also refer to [3, Prop. 2.7]; some inaccuracies
contained in earlier preprinted versions have been corrected in the final form of
this article.

Lemma 2.10. Let (A, a,w) be a twisted C*-dynamical system with discrete group
G and L(G) an admissible algebra. There exists a C*-algebra A and an isometric
*-morphism

0: Low(GA) — Lig1(G; B) = L(G; B) .

Proof. We use a covariant representation (,r,U) (cf. Definition 2.5) of the
twisted C*-dynamical system (A, «,w) with r faithful and choose # to be a
C*-subalgebra of B(7#) containing r(A)U(G). Then we set

0: Law(GA) = L(IGA), (0f)(x):=r[f(z)]U(z).
Clearly 6 is well-defined and isometric:
10f |z = 11(0£)()
= [l ||,;||,;
= [[Ir[f ()] |Q||£(G)
=1 fllz@a

||%
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since U(z) is unitary and r, being faithful, is isometric.
For two elements f, g of £, ., (G;.A) one computes using (2.4) and the definitions

(0f 0g)(x) =Y _(0£)()(0g)(y"z)

yeG

= > rlfWIUW) rlgly'2)] Uy ')

=Y r[fWIUW) r[gly =) Uy) UWU(y ")

= 7[(f %awg) ()] U(z)
= [0(f ¢aw9)](x) .

Finally we treat the involution, using the identity U(z™!) = U(z)* rlw(z,x™1)]:

(0f) () = (O.) (@)

OJ

Remark 2.11. Using the precise notation § = 6,7, the integrated form (2.5) can
be written as rxU = I 06,1, in terms of the *-morphism [ : (*(G; B) — £ given

by I(F) =), cF(x).
We are now in a position to prove Theorem 2.9.

Proof. 1. Tt is known [28, Th.11.4.2] that symmetry of a Banach *-algebra is
inherited by its closed *-algebras. This, Lemma 2.10 and the fact that £(G; %)
was assumed symmetric prove the result.

2. We recall [25] that a *-algebra is called reduced if its universal C*-seminorm is
in fact a norm. It is known [28, 11.4] that a reduced Banach *-algebra is symmetric
if and only if it is a spectral subalgebra of its enveloping C*-algebra. Thus, by
point 1, we only need to know that £, ., (G;.A) is reduced. But a *-subalgebra of a
reduced *-algebra is also reduced [28, Prop. 9.7.4]. By Lemma 2.10 £, ,(G;A) is
isometrically isomorphic to a *-subalgebra of L(G; 8) C (*(G; %), so everything
follows from the fact that ¢*(G; %) is reduced.

3. Follows immediately from 2, from obvious properties of isomorphisms and
from the fact that any C*-algebra is inverse closed in a larger C*-algebra. O
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2.3. Inverse closedness modulo ideals. In a C*-algebra we will call briefly
1deal a closed self-adjoint bi-sided ideal.

Definition 2.12. Let J be an ideal of the unital C*-algebra €. The *-subalgebra
B of € is called J-inverse closed if for every f € 8 such that there are elements
geC, hkeJwith fg=1¢+ h and gf = 1¢ + k one actually has g € B.

One can rephrase: B is J-inverse closed in € if and only if B/J (shorthand
for B/(BNY)) is inverse closed in €/F. If J = {0} the notion coincides with
that introduced in Definition 2.8.

Suppose now that (A, «,w) is a twisted action of the discrete group G and
that J is an ideal of A that is a-invariant: «,(J) C J for every z € G. We
denote by the same letter a the action of G by automorphisms of J defined by
restrictions. On the other hand, the unital C*-algebra A is naturally embedded
in the multiplier algebra M(J) [32], so w(z,y) can be seen as a multiplier of J
for every z,y € G. Finally one gets the C*-dynamical system (J,a,w,G). It is
known [26] that the twisted crossed product J>G may be identified with an ideal
of Ax%G. Under this identification, £}, ,(G; J) becomes an ideal of £}, ,(G;.A) in
the natural way: the ¢*-function f : G — J is taken to be A-valued. Now we use
the exactness of the twisted crossed product construction to prove

Theorem 2.13. Assume that the discrete group G is rigidly symmetric. Then
the Banach *-algebra 0}, (G; A) is J x4 G-inverse closed in the twisted crossed
product AxYG for every a-invariant ideal J of A.

Proof. Setting € := Ax4G, J:= Jx%G and B := ¢} (G;.A), we must show that
B/J is inverse closed in €/J. Note that BNJ = (1(G;J). One has a natural
quotient twisted C*-dynamical system (A/ J,a,w, G) given by

Gr(p+T) =a,(p)+JT and o(x,y) :=w(x,y)+T.
Then the quotient B/J = B/(B NJ) = £} ,(G;A) /¢, ,(G; T) is isomorphic to
Eé@ (G; AT ) , which is a symmetric Banach *-algebra, by our Theorem 2.9 and

the fact that G was assumed rigidly symmetric. Thus it is inverse closed in its
enveloping C*-algebra, that can be identified [26] to the quotient €/J. O

Our main motivation for introducing Definition 2.12 and proving Theorem 2.13
comes from the article [21]. We recall that a bounded operator 7" in a Hilbert
space 7 is called Fredholm if it has a closed range, a finite-dimensional kernel and
its adjoint 7 also has a finite-dimensional kernel. Let us denote by ¢ : B(J¢) —
B(22)/K() the canonical surjection. By Atkinson’s Theorem, 7" is Fredholm
if and only if its canonical image ¢(7") in the Calkin algebra B()/K () is
invertible. In other terms, there should exist S € B(#) and K, L € K(J¢) such
that

ST=1+K, TS=1+1L. (2.8)

One would like to know if the information upon S can be automatically improved.
Definition 2.14. Let § be a *-algebra of bounded operators in J# containing

K(s€). We say that it is Fredholm inverse closed if for every Fredholm element
T € § there exist S € § and K, L € K(J¢) such that (2.8) holds.
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Clearly § is Fredholm inverse closed if and only if ¢(§) is a spectral *-subalgebra
of the Calkin algebra and this fits Definition 2.12.

Let (A, a,w,G) be a twisted C*-dynamical system with discrete rigidly sym-
metric group G and J an a-invariant (closed, self-adjoint bi-sided) ideal in A . Let
I1: Ax%G — B(H) be a faithful *-representation such that II[7 x%G] = K(¢)
(using consacrated terminology, J x¥ G is an elementary C*-algebra). Applying
Theorem 2.13 one gets immediately

Corollary 2.15. The Banach *-algebra 11 [%,w(G; A)] s Fredholm inverse-closed.

In Example 2.22 and Corollary 3.14 we are going to present concrete versions
of this result. In [24] the group G is Z™ and there is no cohomological factor
w. On the other hand many of the refinements of [21] are not available by the
methods of the present article.

2.4. Consequences and examples. We start with an abstract consequence of
Theorem 2.9.

Corollary 2.16. The quotient of a (TCP-)rigidly symmetric discrete group by a
normal subgroup is TCP-rigidly symmetric.

Proof. Suppose that N is a closed normal subgroup of G. Describing ¢*(G/N) is
not trivial, but it has been done in [27, Th. pag. 146]. Without giving all the
details, let us just say that a surjective *-morphism ® : /*(G) — ¢*(G/N) exists,
which defines an isometric *-isomorphism ¢'(G/N) = ¢!(G) /ker(®). Thus

0 (G/N; B) = (' (G/N)@B = [(1(G) /ker(®)] @B

for every C*-algebra B. Using [27, Prop 1.10.10] we see that [¢'(G)/ker(®)] @B

can be identified to the quotient [¢(}(G)®B] / ker(®®ids) . To conclude, one gets
the isometric isomorphism of Banach *-algebras

(H(G/N; B) =2 (*(G; B) / ker (P®id3) -

It is also known [28, Th.11.4.2] that the quotient of a symmetric Banach *-algebra
by a closed bi-sided *-ideal is symmetric. Hence G/N is rigidly symmetric. Com-
bining this with Theorem 2.9 finishes the proof. 0

Corollary 2.17. (1) Finite extensions of discrete nilpotent groups are TCP-
rigidly symmetric. In particular [10], discrete finitely-generated groups of
polynomial growth are TCP-rigidly symmetric.

(2) If Z is a central subgroup with G/Z rigidly symmetric, then G is TCP-
rigidly symmetric.

Proof. 1. For the first assertion, we use once again Theorem 2.9 and invoke [23,
Cor. 3] for rigid symmetry of finite extensions of discrete nilpotent groups.

2. The second assertion is a consequence of Theorem 2.9 and [23, Th. 7]. O

The next result follows directly from Lemma 2.10, so it relies only on a sym-
metry assumption.
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Proposition 2.18. If the discrete group G is symmetric and the twisted C*-
dynamical system (A, a,w) admits a covariant representation (F€,r,U) with r
faithful and r(A)U(G) contained in a type I C*-algebra B C B(H), then
0:..,(G; A) is a symmetric Banach *-algebra.

Proof. The projective tensor product of a symmetric Banach *-algebra and a
type I C*-algebra is a symmetric Banach *-algebra [20, Th. 1]. Thus ¢*(G; 8) =
('(G)®4A is symmetric if G is (only) symmetric and 2 is type I and then Lemma
2.10 finishes the proof. O

It is not easy to exploit this result in an explicit non-trivial way. If G is
amenable and the twisted crossed product Ax*G happens to be type I, it can
be used in Proposition 2.18. But criteria for such a property are difficult to give
even if w is trivial; we refer to [32, 7.5] for a discussion.

To illustrate this Proposition with simple but non-trivial examples, let us take
A = C and (thus) a, = idc for every x € G. Then the 2-cocycle (in this case
also called multiplier) w is T-valued and £, (G;C) =: €}(G) is the w-twisted
(*-algebra of the group G. The isometric *-morphism 6 defined in (2.2) reads
now

0:0L(6) — (G B), (0f)(x) = F(@)U(x).
where U : G — U(H) is an w-projective representation, i.e. it satisfies
U(x)U(y) = w(z,y)U(zy), Va,yeG

and we choose # (say) to be the C*-subalgebra of B(#) generated by U(G).
Using now Proposition 2.18 one gets

Corollary 2.19. If the discrete group G is symmetric and admits an w-projective
representation U generating a type I C*-algebra, then (1(G) is symmetric. In

particular, this happens when G is amenable and symmetric and the twisted group
C*-algebra C*(G) is type 1.

Conditions for a discrete group to have at least one type I w-representation are
in [18, Th. 1], to which we send the interested reader; see also [17].

Lemma 2.3 tells us that the Beurling algebra ¢1*(G) is an admissible algebra
if v is a submultiplicative symmetric weight.

Corollary 2.20. Let G be a rigidly symmetric amenable discrete group and v a
submultiplicative symmetric weight. Assume that there exists a generating subset
V' of G containing the unit e such that

(1) the following uGRS (uniform Gelfand-Raikov-Shilov) condition holds:
lim  sup v(zy---x,)Vm =1, (2.9)

=0 11,y €V
(2) for some finite constant C' one has for any n € N

<C inf . 2.10
el I SO R ) (210)

Then E}X’ZJ(G; A) is a symmetric Banach *-algebra for every twisted C*-dynamical
system (A, a,w) .
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Proof. From Theorem 2.9 we know that G is TCP-rigidly £}*-symmetric whenever
it is rigidly ¢'“-symmetric. The problem of the symmetry of ¢*(G; %) for a
discrete group and an arbitrary C*-algebra Z# has been discussed and solved in
[10, Sect. 5], relying on the assumptions 1 and 2. O

Example 2.21. Non-commutative tori [, 15] are obtained setting G := Z", L :=
¢! and A := C. Thus the two-cocycle w : Z™ x Z™ — T is a multiplier, the action
« must be trivial, the twisted crossed product is the ¢!-twisted group algebra
(1 (Z™) with enveloping C*-algebra C*(Z™). Up to cohomology, the multipliers
of Z" are given by skew-symmetric matrices (0, ), ez through

we(z,y) = exp (27ri9x,y) , Vx,yeZ".

If w = 1 one deals with the (¢'- and C*-) group algebras of Z", which are
commutative; one has C*(Z") = C(T™) by using the Fourier transform.

Unconventionally, for every admissible (convolution) algebra L£(Z"), the Ba-
nach *-algebra £, (Z") may be called the w-noncommutative torus of L-decay. Our
results imply that it is symmetric and inverse-closed in its enveloping C*-algebra
(and in its faithful representations) if Z" is rigidly £-symmetric. This holds if
L = ¢! since Z™ is Abelian. It also holds for £ = ¢ if v is a GRS-weight.

Such results (and others) have been first obtained in [13, 14, 15]. As outlined
in [15], the symmetry of 1 (Z") can be proved by embedding it isometrically into
the non-commutative convolution algebra L'(G,), where G, is the central group
extension of the 1-dimensional torus T (the unitary group of C) by Z™ associated
to the multiplier w. Such a strategy is impossible in more complicated situations;
note for example that the unitary group of an infinite-dimensional C*-algebra A
is not locally compact, so it does not posses a Haar measure.

One gets a faithful representation of C*(Z") by starting as in Remark 2.6 with
the one-dimensional representation i of A = C in the Hilbert space C. One gets
the integrated form

i L2 (427 — B[(2Z)] . (ix LL)f = 3 f() L)
TEL™
which has the form of a twisted convolution
([ L) flo)(2) = Y “w(=2z,2 = y)f(z —y)o(y) .
yezn

One can state an inverse-closedness result in terms of this representation.

Example 2.22. We illustrate now Fredholm inverse closedness. One starts with
an amenable discrete rigidly symmetric group G and a closed unital *-subalgebra
A(G) of £°°(G) containing the ideal

co(G) := {(p :G —>C‘90(ZL‘) — O}

r—00

and stable under translations: if ¢ € A(G) and z € G then [a,(p)]()) :=
p(z7) € A(G). Let also w: G x G — A(G) be a 2-cocycle with respect to
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« . The formula

M(Ful(z) =D flaysz)w(@ " zy ' se)uly)
yeG
defines a *-representations IT : £}, ,(G;.A(G)) — B[(*(G)] that extends to a faithful
*-representation of A(G)x“G (see Section 3.4). It is known that

IT[co(G) G| =K[*(G)] .
Hence we are in the framework of Section 2.3 and, by Corollary 2.15,
I1[¢*(G; A(G))] is a Fredholm inverse closed Banach *-algebra of operators in

(%(G). This can be applied to A(G) = £(G). In Corollary 3.14 we will give an
interpretation in terms of twisted matrix operators.

3. THE TWISTED KERNEL CALCULUS

3.1. Algebras of twisted kernels. As before, we are given a twisted C*-dyna
-mical system (A, o, w) with discrete group G. When defining algebras of kernels,
for simplicity, we are going to assume that the 2-cocycle w is center-valued; conse-
quently (2.1) will read simply a, o o, = vy, for every x,y € G. The general case
can be treated, but some formulae are more complicated. The 2-cocycle identity
(2.2) will be needed below in the form

ag-1[w(m, n)]ag-[w(mn, r)] = ag-1,lw(n, r)]ag-1[wim, nr)] . (3.1)

For A-valued kernels on G, i.e. functions K : GxG — A, one defines (formally)
the composition

(K 00 L)(2,y) = 3 K2, 2)L(zp) (e 2y )] (32)
zeG
and the involution

K (z,y) = ag|w(zy ™ yz™ )] K(y,z)*. (3.3)

Definition 3.1. Let £(G) be an admissible algebra. We denote by %5, (Gx G; A)
the set of all functions K : G x G — A for which || K'|| 4 is finite; we set

1K || pe=inf {[|kllc || K(z,9) la < [k(zy™h)], Yo,y eGh. (34

The elements of J£.5,(G x G;.A) will be called A-valued convolution-dominated
kernels (or matrices) of type L .

The space L£(G) describes the type of off-diagonal decay possessed by the ele-
ments of .5, (Gx G; A) . If L(G) = ¢"*(G) we prefer the notation £, (G x G; A)
and if £(G) = ¢*(G) we skip the upper index. The lower index (o, w) is only jus-
tified by the fact that on Ji/ofw(G x G; A) we are going to consider the algebraic
structure defined by (3.2) and (3.3). The starting point in defining Banach spaces
through norms of the form (3.4) seems to be [11], in which the group G is Z",
one has £ = ¢! and the 2-cocycle is absent.

Remark 3.2. Given an element K of the space £, (G % G;A), let us introduce
the notation r(x) := sup,cq || K(z,27'2) ||4. It is easy to show that x € L(G)
and that | K ||y =1 k]z-
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Proposition 3.3. (Z£,(G x G; A), e, ||| xz) is a Banach *-algebra.
Proof. Straightforwardly, if || K (x,y) |4 < |k(zy™")| and || L(z,y) ||4 < [I(zy™h)]
everywhere, then

(K o0 L)(z,9) 4 < (K[« [I)(zy™"), Yo,y €G.
This shows immediately that J£5, (G x G; A) is stable under e, and that
1K oo Lllwe <| K llael Lllwe, VE L€ LG GA.
The map *>« is a well-defined isometry, since
1K (y,2) 4 < [k(zy )| == [ K> (2, y) |a< [ (2y™)]

for all ,y € G and the involution * is || - || z-isometric.

To show associativity, we rely on the identity
a1 [w(zb™ ba™ )] a1 [w(za ™ ay™h)] =

= a1 [w(ba ay ™) ag-r [w(ab ™ by )]

which follows from (3.1) setting m = zb™' , n=ba!, r =ay™ and s = z.
The map *>+ is involutive because of the identity

apfw(ay™ ya )] = ayfw(ya™ 2y,
which follows by setting in (3.1) m = zy~', n = yz~!, r = 2y~!, s = x and then
using (2.3).
The identity (K e, L)%~ = L**~e, ,K*~ is equivalent with

“ze Y] apafw(zz T 2y Y] =

,zx_l)} azfl[w(zy_l, yz_l)} :

To prove (3.5) first notice that, by straightforward particularizations in (3.1), one
can write

o |w(zy™ yz )] ay-1[w(yz

o |w(xz (3:5)

-1

o [w(zz™ 2y )] apr [w(zy ™ ya )] =

= a1 [w(zy " yr ] a1 [w(zz™ za7h)]
and this reduces (3.5) to
ay_l[w(yz’l,zxfl)] az_l[w(zy’l,yx o) } = [ “yz } )

This one holds, taking in (3.1) m = zy™', n = yzil, r=zr ' and s = z and
applying (2.3). OJ

Clearly, each L, (G x G;.A) can be seen as a *-subalgebra of the Banach *-
algebra 7, (G x G;.A), the one corresponding to the maximal choice £(G) :=
¢*(G) . The correspondence L(G) — .5, (G x G; A) is increasing (obvious mean-
ing: smaller spaces also have stronger norms). One has relations as

(G x Gy A) o, H22(G x G A) C (G x Gy A

thus if £,(G) is an ideal of £5(G) under convolution, then JZ5(G x G;.A) is an
ideal of %2(G x G;.A) under the composition e, .



302 M. MANTOIU

We connect now the Banach *-algebras .5, (G x G; A) with the twisted crossed
products.

Proposition 3.4. Let us define (I'f)(z,y) = a,—1[f(zy™)].

(1) Then T : Low(G;A) — H#5,(G x G A) is an isometric *-morphism.
(2) The range of T is the space of covariant kernels

K5 (G X Gy Aoy =
{K e f%/ofw(G x Gy A) | K(zz,yz) = .1 [K(2,y)], Va,y,z € G}
and the inverse T~ reads on A5, (G X G; A)coy
(I7'K)(z) := o [K (2, €)].
Proof. 1. The product: one has
[T(f %awg)l(z.y) = ar[(f Gawg)(zy™)]
= Zam_{f(a)} a-1g[g(a ey™)] ap|w(a, a ey ™))

(3.6)

aeG

— Zax_l[f(xz’l)} a-1[g(zy™")] ap|w(@z™ 2y ™)
z€G

= Z(Ff)(a:, 2) (Tg)(z,y) azq[w(xz_l, zy_l)]
z€G

— [(Tf) 00w (Tg)](x,y)
The involution: one has
(Cf)*=(2,y) = g [w(zy™ " yz ™) ] (Tf)(y, )"
= apifw(zy ™ ya™ ) ey [flyz )]
= ag-a[foe (zy™h)] = [D(f)](2,y) -
To prove that I' is isometric one writes
IT(F) e = nf {1kl e[ flay™)] |4 < [k(zy™)], Yo,y € G}
= inf {|[kllc | I 1f(2)[a< [k(2)], Vo, 2 € G}
= [ 1£C N Lo = 1F Narsuny -

2. is quite straightforward. O
Corollary 3.5. The Banach *-algebra A5, (G x G; A)eoy is symmetric.
Proof. This follows from Theorem 2.9 and Proposition 3.4. |

3.2. Algebras of twisted operators. The main motivation for introducing the
Banach *-algebra .5, (G x G;.A) consists in its connection with a twisted version
of matrix operators.

Let 7 : A — B(H) be a *-representation of the C*-algebra 4 in a Hilbert
space H . One represents J£.5, (G x G; A) by twisted matrix operators in ¢2(G; H)
through

(It (K)o] () == 7 [K(z,y)] w2y ")]oly). (3.7)

yeG
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The label "twisted” indicates the presence of the cohomological factor
ﬂ[w(xfl, xyfl)} . If w =1 one recovers a natural notion of matrix operator with
vector-valued kernel 1o K : G x G — B(H) .

Proposition 3.6. Int], : #5,(GxG; A) — B[(*(G; H)] is a contractive *-represen-
tation.

Proof. Of course, it is enough to treat the case £(G) = ¢!(G). In addition, it is
known that any *-representation of a Banach *-algebra is contractive.

Simple computations show that Int],(K) Int],(L) = Int],(Ke, L) and Int] (K)* =
IntT (K*>+). Let us sketch them. For the product one has

[Inty(K) Inty(L)u] (z)

yeG zeG

— ZW{ZK x,z)L(z,y ax_l[w(xz’l,zyfl)] } ﬂ[w(x’l;xyfl)}u(y)
yeG z€G

= 7[(K eauL)(z,y)] 7wz 2y™")]uly)

= [Int" (K 4., L)u](z).

The form of the adjoint is computed bellow:

(I (K )1, 0) gy = O (NS (E U] (1), 0(y))

= Z <Z7T[K(y, x)}w[w(y_l, y$_1)}u(:v),v(y)>
=> ) (u( "Ly )] w K (y, )] v(y)),
yeG zeG
- Z <u( Z {Oéx—l[ w(zy™ ,yx_l)*]K(y,x)*} W[W(.Z'_l, xy_l)}v(y)>
zeG yeG H
= Z (u(z), [Int](K**)v] (a:)>H
zeG

= (u, IntZ(K°“’“’)"1>e2(G H)

For the forth equality we used the 2-cocycle identity and the fact that w is central-
valued. O

For the same 7, the integrated form ind” := r™ x LT described in (2.5) and
corresponding to the covariant representation given in (2.6) and (2.7) reads on
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1(G; A)
[ind}(f)v](z) = Zw{axq[f(z)]}w[w(x*l, z)]v(z"z)
= Zﬂ'{ax—l (zy H]}r[wl@™ zy)]o(y) .
yeG

Comparing this with (3.7) one concludes that
Int] o' = ind, .

Remark 3.7. If z € G, then m o a,-1 =: 7, is a new *-representation of A. Thus
we can construct all the representations r™=, L7= ind] and Int]’. Defining

R:(GH) — A(GH), (Rv)(z):=rlwz"z Yv(rz)

one gets easily the relations r™ Ly , L™ L L™ and (consequently) ind™ L ind™ ,
in which the notation means unitary equivalence. For instance:

(717 ()] (@) = = 2 e e ()] o2
= m{a,1[a,1(p)] }r[w(z" 27 h)v(zz)

= [r™ () Rv](2)
[RL™(y)v](2) = mlw(z"" 2" HI[L7(y)v] (22)

=rlwiz"L e ) rw e y) vy z)

= m{a 1wy }rlw(z e y)u(y 22)
= m.[w(@ ™, y) ] (Ro)(y~"x)

= [L™(y)Rv] (x)

and

. . _R .
The unitary equivalence Int]? ~ Int], only holds when restricted to the subspace

‘/n{ofw(G x G;A)coy -

3.3. Twisted actions on Abelian C*-algebras. We assume now that the C*-
algebra A (unital, for simplicity) is Abelian. By Gelfand theory, it is enough to
take it of the form C(X) := {p : ¥ — C | ¢ is continuous} for some Hausdorff
compact topological space ¥ (homeomorphic to the Gelfand spectrum of A).
Then the action « is derived from a continuous action of G by homeomorphisms
{o—a-0|2e€G}of X by

[ozx(ga)] (o) := gp(x_l- 0) )

If fe('(GC(X)),z € Gand o €T we are going to use the notation f(z;0)
instead of [f(x)](¢). In the same vein, the C'(X)-valued kernels and the 2-cocycle
will be regarded as functions of three variables; for instance

w:GxGxY—-T:={CeC | [(|=1}, w(zy;0):=w(z,y)](0).
The algebraic structure on £(G; C (Z)) becomes
(f Cawg)(@;0) = flyio)gly  wiy " o) wly,y 'a;0),

yeG
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feewso) = w(,at0) flahz™! o)

and that on 7.5 (G x G; C(Z)) reads

Ko (z,y; K(z,z;0)L(z,y;0 wlzzt 2y et o),
( Y; 0 Y y

z€G

K (z,y;0) = w(wy ' yz~hat0) K(y,7;0).
We are going to indicate now two types of Hilbert space representations for

twisted crossed products or for algebras of kernels, using Remark 2.6 as a starting
point.

A. Let us fix some point oy of ¥ with orbit O%° := ag(0p) and quasi-orbit
Q70 := O . The map a” : G — X given by a”°(z) := a,(0p) is continuous and
its range coincides with (07, so this range is dense in Q%°. Taking H := C, we
set

T=0p,:C(2) = B(C)=C, 6d50(p):=p(00)-
This leads as in Remark 2.6 to the covariant representation (r”o, Lo (*(G;C) =
(2(G)) , where r°°(¢) is the operator of multiplication by the function ¢ o a” for
every ¢ € C'(X) and
vy oo)u(yw).

, one gets *-representations

(L2 (y)v] (2) = w(
Thus, for every admissible algebra £(G)
ind?* : L(G;C(X)) — B[*(G)] ,

[indff](f)v} () = Z f(xy_l; x - ao) w(x_l, zy b Jo)v(y)

and

Int7? : %/fw (Gx G (%) — B[*(G)],

[Int2(K)v](z) = Z K(z,y;00)w(z™  zy™ ' 00)v(y) . (3.8)

yeG

Remark 3.8. The *-representation ind]’ above only depends on the orbit, up to
unitary equivalence. If oy, 0, are on the same orbit and z is an element of the
group for which a,(0g) = o, then the unitary operator

R:2(G) — A(G), (Rv)(z):=w(za o0)v(nz)
implements the equivalence: one has Rind’’(f) = ind’{(f)R for every f €
L(G;C(¥)). It is also true that RInt/(K) = Int?(K)R if K is covariant, but

on general kernels the connection fails. All these statements follow from Remark
3.7.

B. Assume now that u is a Borel measure on ¥, invariant under the action .
Then one has a *-representation £ of A in the Hilbert space K := L*(%; i) given
by

[E(p)wol(0) := @(o)wo(0). (3.9)
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It admits an amplification r® representing C(X) in ?(G; K) = (*(G) @ L*(X) =
L*(G x X)) by
[ré()wl(z;0) = (a1 (9)]w(@))(0) = p(z - o) w(z; o).
One also sets
L5 :G— L{[LQ(G X Z)] , [Lf,(y)w] (r;0) = w(x_l,y;a)w(y_laz;o) )

Clearly, one has the direct integral decomposition
® ®
ind$ = 1® x L& = / ind? du(o)  Inté, = / Int? dy(o)
b

)
where, for example, the *-representation Int : AL, (GxG;C(2)) — B[L*(GxY)]
is given by

([Intfj(Kﬂ w)(z;0) = Z K(z,y;0)w(z ™ ay™ 0)w(y; o).

yeG
3.4. The standard case. For elements ¢ of the C*-algebra ¢>°(G) one sets

[ ()] (y) ==z 'y), Vaz,y€G.

We consider a unital C*-subalgebra A(G) of £*°(G) which is invariant under the
action a. If the a-2-cocycle w satisfies w(z,y;-) € A(G) for any elements z,y,
then by restriction we form the twisted C*-dynamical system (A(G), a, w) and all
the framework above is available.

One can define on J£%, (G x G;.A(G)) the transformation T given by

K(z,y) = (TK)(z,y) = K(z,y;e).

Definition 3.9. The range of the map T will be denoted by R54(G x G); it is
composed of all the two-variable scalar-valued kernels K= TK : G x G — C such
that for some k € L(G)

K(z,y)| < [k(zy™)|, Ya,yeG
and the function z — K(zz,yz) belongs to A(G) for all z,y € G.

If £L(G) = (*(G), one uses the simplified notation &2(G x G). Note that the
condition imposed on z +— K(xz,yz) in the definition of £54(G x G) becomes
vacuous if A(G) = (>°(G).

The linear surjection T is highly non-injective.

However, on .5, (G x G; A(G))COV, due to the covariance condition (3.6), it be-
comes injective and, together with Proposition 3.4, yields isometric isomorphisms
of Banach *-algebras

Loo(GAG)) - H#E,(G x GAG)),, —— REAG x G). (3.10)
By composing one gets

(T o) fl(z,y) = flzy s 2)
for every f € L4, (G; A(G)) (see also [3, Prop. 3.6] for a related result).
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The relevant algebraic structure on 854(G x G) is

(KoL) (z,y) :=> Kz, 2)L(z,y) w(zz" 2y~ 27"),

z€G

K*(z,y) = wlzy ! yz~ 27! Ky, )
and the norm reads, once again by the covariance condition,

IK e ==t {[[ kl|c| [K(z,p)| < |k(zy )], Yo,y € G}.
Remark 3.10. For w =1, L(G) = ¢*(G) and A(G) = ¢£>°(G), one essentially gets

the Banach *-algebra C'D(G) of convolution-dominated matrices on the discrete
group G as defined in [10] (cf. also references therein).

Remark 3.11. Along the lines of Section 3.3, one defines ¥ to be the Gelfand
spectrum of A(G) . As a nice simple example, suppose that A(G) consists of all the
almost periodic functions on the discrete group G. Then ¥ is the Bohr compact
group (GG associated to G and its Haar measure p can be used to define the
(generally non-separable) Besicovich-type space L?(8G;pu), the representation
(3.9) and the induced representations it defines.

Remark 3.12. To make the connection with Section 3.3 stronger, we could as-
sume that the space ¢y(G) of all the functions ¢ : G — C converging to zero at
infinity (an a-invariant closed ideal of £*°(G)) is contained in A(G). Then ¥ is
homeomorphic (and will be identified) to a compactification of the discrete group
G and « extends to an action of G by homeomorphisms of ¥. Thus G is a dense
orbit in the compact dynamical system (X, o, G) and, as mentioned in Remark
3.8, the covariant representations (7%, L?) defined by various points z € G C ¥
are unitarily equivalent.

As a direct consequence of (3.10) and Corollary 3.5 one gets

Corollary 3.13. Let G be a rigidly L-symmetric discrete group for some admis-
sible algebra L£(G) and A(G) a unital C*-subalgebra of (>°(G) which is invariant
under translations. Then the Banach *-algebra £5°(G x G) of twisted kernels is
symmetric for every 2-cocycle w : G x G — A(G) .

Some consequences and examples can be inferred from Section 2.4. In partic-
ular, Corollary 2.20 can be rephrased in terms of the symmetry of ﬁﬁ’"’A(G x G)
for weights v satisfying conditions (2.9) and (2.10) .

In this standard case, besides the two types of Hilbert space representations A
and B introduced in Section 3.3, there is an interesting third one that we now
present. It will be an ingredient of the proof of Corollary 3.14.

C. One starts with the representation

p AG) = B[E(G)] . [p(w)aol(y) = ¢(y)ao(y).

In spite of its similarity with (3.9), the representations ¢ and p are different;
very often the Hilbert space L?(X; i) is non-separable even if G is countable, as
indicated in Remark 3.11.
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We apply to p the inducing procedure described in Remark 2.6 (see also [10,
pag. 496-497] for another point of view in the convolution-dominated case).
Keeping in mind the identification ¢?(G) ® *(G) = (*(G x G), the asociated
covariant representation is given by

[P (p)al(z; 2) = p(xz)alz; 2),  [LE(y)a](z;2) = w(@™, y; 2)aly ™ z; 2) .
The integrated form
ind?, = "< LE : 0}, ,(G; A(G)) — B[£*(G x G)]

is a regular *-representation. In terms of the representations associated to the
points of the group z € G and using the isomorphism ¢*(G x G) = @, ¢ *(G),
one has the direct sum decompositions

ind’, = @Pind;, Int;, = Pint. (3.11)

2€G z€G

We return now to formula (3.8). In particular, taking oy = e and setting
AMz,y) :==w(z7 zy~';e) we rephrase it as

[Int\(K)o] () := [Intg(K)o] (2) = > K(z,y) Az, y)v(y),

yeG

which is seen as a *-representation of the Banach *-algebra £2(G x G) by ”twisted
integral operators” in the Hilbert space ¢?(G) . Its range will be denoted by

B(G) := Inty [R4(G x G)] = indS £}, (G5 A(G))].

Corollary 3.14. Let the group G be discrete, amenable and rigidly symmetric and
suppose that the 2-cocycle w is A(G)-valued for some unital C*-subalgebra A(G)
of £=(G) that is invariant under translations. Then I3(G) forms a *-subalgebra
of B[(*(G)] that is inverse closed and Fredholm inverse closed.

Proof. Any *-representation of a Banach *-algebra extends to a *-representation
of its enveloping C*-algebra. In particular we get representations (also denoted
by) indf, : A(G)x2G — B[(*(G x G)] and ind}, : A(G)x2G — B[(*(G)] ; by (3.11)
they satisfy ind, = @, ¢ ind, .

Recall that the representations (indi,)zE ¢ are mutually unitarily equivalent (by
Remark 3.8, for instance). Thus ind” and ind’, are simultaneously faithful; this
does happen if the group G is amenable [25]. In particular both indS and Inty are
faithful at the level of the respective enveloping C*-algebras.

Then our result follows from Theorem 2.9, Corollary 2.15 and Example 2.22.

OJ
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