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ABSTRACT. For any n X n nonnegative matrix A, and any norm ||.|| on R”,
7). (A) is defined as sup (Ao ¢ R% , x # 0}. Let P()\) be a matrix

x

polynomial in the max algeb”ralt‘. In this paper, we introduce 7 [P())], as a
generalization of the matrix norm 7 (.), and we investigate some algebraic
properties of this notion. We also study some properties of the maximum
circuit geometric mean of the companion matrix of P(\) and the relationship
between this concept and the matrices P(1) and coefficients of P(A). Some
properties of 7 ||(¥), for a bounded set of max matrix polynomials ¥, are also
investigated.

1. INTRODUCTION AND PRELIMINARIES

The max algebra consists of the set (semiring) of nonnegative real numbers
equipped with the basic operations of multiplication a®b = ab, and maximization
a® b= maz{a,b}. In fact, the algebraic system max algebra and its isomorphic
versions provide an attractive way of describing a class of nonlinear problems ap-
pearing for instance in manufacturing and transportation scheduling, information
technology, discrete event-dynamic systems, combinatorial optimization, mathe-
matical physics and etc., see, e.g., [3], [6], [7], [8], [I1] and [13] and references
cited there, for a description of such systems and their applications. During the
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last years, the max version of the classical concepts about matrices has attention,
and several results have been obtained; see e.g., [4], [5], [9], [10], [15], [17] and
[19].

Let R be the set of all nonnegative real numbers and M,,«,(R) be the set of all
m X n nonnegative real matrices. The notions M, (R, ) and R’} are considered for
M (Ry) and M, 1 (Ry), respectively. M, s, (R), by analogy with M,,.,(R), is
considered. For A = (a;;) € M, (R), we say A is positive (nonnegative) and write
A>0 (A Z O) if Q45 >0 (aij 2 O) for 1 S Z,] S n. Let A = (CLZ‘]‘) c Man<R+)
and B = (b;;) € M,x,x(R). The product of A and B in the max algebra is denoted
by A® B, and (A ® B);; = maxy—1,.n(axbg;). The notation A2 means A ® A,
and AE denotes the kth power of A. If B = (b;j) € My,xn(Ry), then the sum of
A and B in the max algebra is denoted by A @ B and (A& B);; = max{a;j, b;;}.
For A € M, (R,), the weighted directed graph D(A) associated with A has ver-
tices 1,...,n, and there is an edge from 7 to j with weight a;; if and only if
a;; > 0. A path of length k is a sequence of k edges (i1, 42), (i2,13), - - ., (K, tkt1)-
A circuit of length k is a sequence of k edges (i1,12), (i2,43), - - ., (ix—1, i), (ig, 1),
where i1, ...,4; are distinct. This is a path with ;.1 = 41 and 4y,...,4; are
distinct. Associated with this circuit is the circuit geometric mean known as
(iyiyQigis - - - i, )% . Note that circuits (iy,i;) of length 1 (loops) are included
here and that we also consider empty circuits, i.e., circuits that consist of only
one vertex and have length zero. For empty circuits, the associated circuit geo-
metric mean is zero. The mazimum circuit geometric mean in D(A) is denoted
by u(A). A circuit with circuit geometric mean equal to p(A) is called a critical
circuit. For more details see [14, Chapter §].

Let A € M, (R,). A scalar A is called a right maz eigenvalue of A if AQx = A\x for
some nonnegative vector = # 0, namely, mazi<j<,(a;;x;) = Az; ; 1 =1,2,...,n.
The vector x is called a right maz eigenvector of A corresponding to A. In this
sense, (A, x) is called a right maz eigenpair of A. The set of all right max eigen-
values of A is called the mazx spectrum of A, and denoted by o,,(A). Also a scalar
A is called a left maz eigenvalue of A if 7 ® A = A\z” for some nonnegative vector
x # 0. The vector x is called a left max eigenvector of A corresponding to A. In
this sense, (A, z) is called a left maz eigenpair of A. The following theorem, which
is known as the max version of the Perron-Ferbenius theorem(see [14, Theorem
8.4.4]), is important in the context of matrices over the max algebra.

Theorem 1.1. [1]; Let A € M, (Ry) be an irreducible matriz. Then p(A) is the
unique maz eigenvalue of A and every corresponding maz eigenvector is positive.

At the end of this section, we study matrix polynomials in the max algebra;
for more information see [12]. Suppose that

PN =A) @M, D - DIN"A, (1.1)
is a maz matriz polynomial, where Agy, Ay, ..., A,—q arein M, (R,), A € Ry, and

m is a positive integer. The numbers (m — 1) and n are considered as the degree
and the order of P()\), respectively. Let k, 7 € R,. We say, see e.g., [12], that
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(1) The real number k > 0 is a right max eigenvalue of P(\) with correspond-
ing right max eigenvector v > 0 if P(k) ® v = k™v. In this sense, (k,v) is
called a right max eigenpair of P()\).

(2) The real number 7 > 0is a left maz eigenvalue of P(\) with corresponding
left maz eigenvector w > 0 if w? ® P(7) = 7™w’. In this sense, (7,w) is
called a left maz eigenpair of P()\).

The set of all right max eigenvalues of the max matrix polynomial P(\) as in
(1.1), is called the maz spectrum of P()\), and is denoted by o,,[P(\)].
The companion matriz of P(\) is defined as

0o I - 0 0
0 0 - 0 0

Cp=| + + - : € Mum(Ry). (1.2)
o o0 --- 0 I
Ay Ay o Ape Ap

Proposition 1.2. [12]; Let P(\) be a max matriz polynomial as in (1.1), and
Cp as in (1.2), be the companion matriz of P(X). Then (k,v) € Ry x R% is
a right max eigenpair of P(X) if and only if (k,0) € Ry x RT™ is a right maz
eigenpair of Cp, where

Emly

Also, (1,w) € Ry x R% is a left max eigenpair of P(X) if and only if (1,%) €
Ry x RT™ is a left max eigenpair of Cp, where

7%AOTQQUJ
(FAT @A) @ w

(7 A @ Al @ @ 1AL ) O w
w

Consequently, o,[P(N)] = 0, (Cp).

The study of matrix polynomials in the conventional algebra has along history,
and they arise in many applications and their spectral analysis is very important
when studying linear systems of ordinary differential equations with constant
coefficients, and also stability theory; see e.g., [, 2] and [18] and references cited
there. In this paper, we study some results about matrix polynomials in the
max algebra. The emphasis is on the relationship between the maximum circuit
geometric mean of the max matrix polynomial P()\) as in (1.1), namely u(Cp),
where Cp is as in (1.2), and the matrices P(1), and Ao, Ay,..., A1 Some
properties of 7 (¥), for a bounded set of max matrix polynomials ¥, are also
investigated.
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2. MAIN RESULTS

Associated with any norm ||.|| on R" and A € M, (R, ), the notion of 7 (A) was
first introduced by Y.Y. Lur in [15] (see also [16]) as

AR
0. (A) = sup {% cxeRY, x#0}. (2.1)

It is the max version of the definition of operator norm in functional analysis. He
used this notation to study the max algebra version of the joint spectral radius,
and some other concepts. Now, we introduce this notion for matrix polynomials
in the max algebra.

Definition 2.1. Let P(\) = Ay ® MA; @ --- ® "™ 14,1 be a max matrix
polynomial as in (1.1), and |[|.|| be a vector norm on R". The symbol ny [P (\)]
is defined as

g [PAN)] == max{ n(Ao), .. ..y (Am-1) },
where 7 (.) is as in (2.1).

Next we want to state some properties of 7 (.) for max matrix polynomials.
We recall that a norm ||.|] on R" is called monotone if the inequality |z| < |y
implies that ||z|| < ||y|| for all z,y € R". Also, the induced matriz norm by ||.||
on M,(R) is defined by ||A|| = maxj=1 [|[Az||, where A € M,(R), see e.g., [14,
p. 292]. If Aq, ..., A,,_1 are matrices in M, (R, ), the multigraph associated with

Ap, ..., A1 is denoted by M. Thus, M consists of the vertices {1,...,n} with

an edge of weight ag?) from ¢ to j for every p, where al(-?) > 0 is (i, j)-entry of

A, for p=0,...,m — 1. A cycle in the multigraph M is a sequence of vertices
11,09, -+, 1k, 2hr1 = 11, Where iq,1%9,...,7; are distinct and edges with weights
'Efgj)ﬂ
geometric mean of a cycle in M and the maximal cycle geometric mean pu(M) of
M are defined as similar to a simple graph; see section 1, and for more information
see [12].

In the following propositions, we study the relationship between p(Cp) and p(A;),
where P(\) = Ag®AA; @ --- &A™ 1A, 1 is a max matrix polynomial as in (1.1)
with the companion matrix Cp as in (1.2).

a > 0, where j = 1,2,...,k, and py,pa,...,pr are in {0,...,m — 1}. The

Proposition 2.2. Let P(\) = Ay ® N, & -+ ® X" LA, be a max matriz
polynomial as in (1.1). Then max{ p(Ao), ..., u(Am-1)} < u(P(1)).

Proof. Let M be the multigraph associated with nonnegative matrices
AOJ s 7Am—17

and u(M) denote the maximal cycle geometric mean of M. It is clear that
max{ p(Ao),. .., 1u(Am-1)} < u(M). So the result follows from [12, Lemma 5.1].
O

Proposition 2.3. Let P(\) = Ay @ MNA; @ --- @ A\ LA,,_1 be a maz matrix
polynomial as in (1.1) with the companion matriz Cp as in (1.2). If u(P(1)) <1,
then max{ u(Ap), ..., w(Am-1)} < u(Cp).
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Proof. By [12, Corollary 5.2], u(P(1)) < wu(Cp). So, the result follows from
Proposition 2.2. 0

Proposition 2.4. Let P(\) = Ay ® N, @ -+ ® X" LA, 1 be a mazx matriz
polynomial as in (1.1) with the companion matriz Cp as in (1.2). If u(Cp) =
w(P(1)) <1, then

1(Cp) = max{ p(Ao), ..., p(An-1)} = p(Ap-1).

Proof. Proposition 2.3 implies that max{ u(Ap),..., u(Am-1)} < u(Cp). Since
u(Cp) = u(P(1)) and u(P(1)) # 1, by [12, Corollary 53], u(Cr) = j( An).

Therefore,

max{ p(Ao), ..., w(An-1)} < u(Cp) = p(Ap-1) < max{ u(Ao), ..., p(An-1)}.
Hence, the result holds. O

Next to study n[.] for max matrix polynomials, we need the following Lemma.

Lemma 2.5. Let A, B € M,,(R,), and |.|| be a monotone norm on R™. Then

M (A® B) < nyy (A) +my(B).
ProofV\/eknowthatae}}b—‘“r —i—' bl for any a,b € R. Let z,y € R}
be arbitrary. Since ||.|| is monotone and |$ -yl <z+y, [|[le—yl || <|z+yl,
and hence,

T +y =yl _ =zl +lyll ]+ llyll
< < = .
o @yl < 1320+ 22y < By ol gy
So, by (2.1) and the fact:
(AeB)or=(A0z)® (BO1),
the result holds. OJ

The sum and product of two max matrix polynomials:
PN =A @M, @ DN 1A, 1 and Q) =By ®AB1 @ -~ &\ 'B,, 1,
are defined and denoted, respectively, by
PA)@®Q\) =Co@AC, @ -+ DN 'Cpq, where C; = A; & B; (2.2)

P()\)@Q()\) = C(]EB/\CHEB . '@)\2m7202m,2, where Cj = @g:(] (AZ®BJ,1) (23)
The notation (P()))% means P(A\) @ --- @ P()).

-~

k—times
Theorem 2.6. Let P()\) = Ao @)\Al D---D )\milAm_l, and Q()\) = BO D )\Bl D
@& A" B, be two maz matriz polynomials, and ||.|| be a monotone norm on

R™. Then the following assertions are true:
(1) oy [P(N)] =0« P(A) = 0;
(2) P (N)] = |a|n [P(N)], where a € R;
(3) If n(Cp) = pu(P(1)) < 1, then pu(Cp) < my[P(A)];
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(4) ?2.@5()\) S Q)] < my[PN)] + ) [QN)], where P(X) & Q(A) is as in
(5) m _u%(;)g%s QN < (2m — Dy [POV)] 1y [QUA), where PO ® Q) is

Proof. Definition 2.1 is used to prove all parts.

By [15, Lemma 1(ii) and (iii)], the results in (1) and (2) are trivial.

To prove (3), by Proposition 2.4 and [15, Lemma 1(vi)], we have u(Cp) =
p(Am—1) < 1) j(Am-1). So the result holds.

By Lemma 2.5, the proof of (4) is clear.

To prove (5), let P(\) ® Q(\) = Co ® ACy @ -+ & A" 2y, 9, where C; =
®7_o(A; ® Bj_;). Using Lemma 2.5 and [15, Lemma 1(v)], we have

ma(Cy) < > myy(Ai ® Bjy)

< Z??n.u(Az') .1 (Bj—i)

< G+ 1) mg PO mpg QN
Hence, the result holds. O
Suppose V. ={ P(A\) : P(\) = Ag® MNA1 & --- & N A, where m € NU {0},

Ae R, A € M,(R)}. We define the operation & on V as in (2.2). It is clear
that V' is a real vector space. Let ||.|| be a norm on R™ and P(\) € V. We define

[PV = max{ [|Aol[, ..., [ Am-1][}, (2.4)

where ||A;|| is the induced matrix norm by the vector norm ||.||. Clearly, ||.| is a
vector norm on the vector space V. So, V is a real normed vector space. Next,
the following inequality, that is established for max matrix polynomial, is similar
to [15, Lemma 2].

Proposition 2.7. Let ||.|| be a norm on R"™. Then there exist positive constants
K, and Ky such that for every P(\) € V,

Ky [POV)] < [P < Ky [PV
Proof. By [15, Lemma 2], there exist K; > 0 and K5 > 0 such that
Ky mpy(4) < A < Ky (A),

for any n x n nonnegative matrix A. Let P(\) = Ag®AA, D--- DN 1A, 1 €V
be given. So,

Ky (Ai) < Al < K myp (A,

forall e =1,...,m — 1. Now the result follows from Definition 2.1 and relation
(2.4). O
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Associated with any norm ||.|| on R” and A € M, (R,), the following notion
was first introduced by Y.-Y. Lur in 2005, see e.g, [16], as
1

A (A) = limsup [ 5 (4%) ]x

— 00

(2.5)

Now, we introduce this notion for max matrix polynomials.

Definition 2.8. Let P(\) = Ay ® MA; & --- ® ™14, 1 be a max matrix
polynomial as in (1.1), and ||.|| be a vector norm on R™. We define

[P A)] = max{ 7 (Ao), - - 7 (Am—1)
where 7 (.) is as in (2.5).

In the following theorem, we study the relationship between p(Cp) with
g [P(N)] and 7y [P(N)].

Theorem 2.9. Let P(\) = Ag®AA 1D - - DA™ LA, be a max matriz polynomial
as in (1.1) with the companion matriz Cp as in (1.2). If u(Cp) = p(P(1)) < 1,
then the following assertions are true:

(1) n[P(N)] < 1 for some norm ||.|| on R™;

(2) 9 [P(N)] < 1 for some norm ||.|| on R™.

Proof. Using Proposition 2.4, we have u(A;) < 1foralli=0,1,...,m—1. Then
by [16, Theorem 2|, there exists a norm ||.|| on R™ such that 7 (4;) < 1 and
0.1(A;) < 1. Hence, by Definitions 2.1 and 2.8, the results hold. 0J

Proposition 2.10. Let P(\) = Ag®A A1 D+ - - DN L A,,,_1 be a mazx matriz poly-
nomial as in (1.1) with the companion matriz Cp as in (1.2). Thenn j[P(N)] <1
for some norm ||.|| on R™ if and only if 7. [P(\)] < 1 for some norm ||.|| on R™.

Proof. By [16, Theorem 2] and Definitions 2.1 and 2.8, the result is trivial. O

At the end of this section, we want to introduce and study 7 (¥) for a set
U of matrix polynomials in the max algebra. For this mind, let k£ be a positive
integer. The notion W% denotes the following set:

VE={P(N)®@ - ®@PN: PN eV, i=1...k}

Let ||.]| be a norm on R". We know that ¥ is bounded if there exists a M > 0
such that ||P(\)|| < M for all P(\) € V. Hence, in view of Proposition 2.7, W
is bounded if and only if there exists a M > 0 such that ) [P(\)] < M for all
P(\) e 0.

Definition 2.11. Let ||.|| be a norm on R", and ¥ be a bounded set of max
matrix polynomials. The notion of ) (¥) is defined as :

(W) :=limsup ( sup oy [P(N)] )*,
k—oo  P()\)evk

=

where 7 [P()\)] is as in Definition 2.1.
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Lemma 2.12. Let ||.|| be a norm on R™, and ¥ be a bounded set of max matriz
polynomials. Then for every k € N,

(. (2)F < o nPN)]-

Proof. Let k € N be given. Since ¥ is bounded, there exists a M > 0 such that
PN < M for all P(\) € W. Let [ > k be given. Write [ = km + j for
some j = 0,1,...,k—1.If Pi(\),..., P(\) € ¥, then by Theorem 2.6(5), there
exists a My > 0 such that

m—1

PN @@ BN < Mo [T mpgl Pasa(V) @ -+ ® Pigr(N) |

X HWH.H[ Posri(A) |

< Mo( sup o [P(N)] )™ M.
P(X)evk

By setting M’ = MMO%, we have
PN @@ BV < ( sup g [PV)] )™ M7,

P(A)evh

Hence

(sup mPN])T < ( sup gy [PV] )T M

P(A)evh P(A)evk

= (sup g [P(V])F (sup g [POV)])F M.
P(M)evk P(X)evk

Therefore, by taking limit superior, the result holds. O
Theorem 2.13. Let ||.| be a norm on R™, and ¥ be a bounded set of mazx matriz

polynomials. Then

(W) = limy_oo( sup  ny[P(N)] )*.
P(A\)evk

Proof. Using Lemma 2.12, for all £ > 1, we have

i (¥) < (P(iglpw mPN)])F < sup (P(i;lp\pl P )T

~l

So, by taking limit (as k — oo) and using Definition 2.11, the result holds. O

Theorem 2.14. Let ||.| be a norm on R™, and V¥ be a bounded set of max matriz
polynomials. Then

(@) = lim ( sup [PV )5

k=0 p(y)ewk
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Proof. By Proposition 2.7, there exist K; > 0 and K3 > 0 such that, for any
kE>1,

(K, sup g [POV])EF<( sup [PV )F < (Ko sup ay[P(V)] )E.

P(X)evk P(A)evk P(N)evE

==

So, by taking limit (as k — oo) and using Theorem 2.13, the result holds. [

Let P(\) = Ag® MA; @ - ® A 1A,,_; be a max matrix polynomial as in
(1.1). We denote the set of all coefficients of P(A) by ¥p = { Ao, A1,..., A1}
For a set ¥ of max matrix polynomials, consider

=J e (2.6)

Pev

Also, we introduce the notations S(W) = |J;>, W& and S(¥) = (J2, WL,
Finally, we state the following two theorems.

Theorem 2.15. Let ¥ be a bounded set of max matriz polynomials. Suppose that
w(A) <1 forall Ae S(V'). Then there exists a monotone norm ||.|| on R"™ such
that 77||-H[P()\)] <1 forall P(/\) e Vv.

Proof. Since ¥ is a bounded set of max matrix polynomials, by (2.6), ¥’ is also
a bounded set. The inequality pu(A) < 1 for all A € S(¥’), and [15, Lemma 5],
imply that S(¥’) is bounded. Thus by [15, Lemma 3|, there exists a monotone
norm ||.|| on R™ such that 7 (A) <1 forall A€ ¥'. Now let P(\) = Ag@® A A @

-~ @ A" 1A, be an arbitrary max matrix polynomial in ¥. Then A; € ¥,
and so 7 (A;) <1 foralli=0,...,m — 1. Hence, by Definition 2.1, the result
holds. OJ

Theorem 2.16. Let ¥ be a set of max matriz polynomials. Suppose that u(Cp) <
1 for all P(\) € S(V), where Cp is as in (2.2). Then there exists a norm ||.||
on R™ such that n)(A) <1 for all A € S(V').

Proof. Let P(\) € S(V) be arbitrary. So there exists a k > 0 such that
PA) =P\ @

where t € NU {0} , C7) = Agf) - Ag:) for some m € N and AEJI_D) c k.
It is clear that for every i, 7,

PN =CParxP e arc?,

n(AP) < pe”) <1

j (2

Since P(\) € S(V) is arbitrary, u(A) < 1 for every A € S(U’). Hence, by [16,
Theorem 2], for all A € S(¥'), n)(A) <1 for some norm |.|| on R". O
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