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COMPACT AND “COMPACT” OPERATORS ON STANDARD
HILBERT MODULES OVER C*-ALGEBRAS
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ABSTRACT. We construct a topology on the standard Hilbert module H 4 over
a unital C*-algebra and topology on ij’\E (the extension of the module H4 by
the algebra A**) such that any “compact” operator (i.e. any operator in the
norm closure of the linear span of the operators of the form z — x (y, z),
x,y € Hy (or x,y € Hﬁ)) maps bounded sets into totally bounded sets.

1. INTRODUCTION AND PRELIMINARIES

In the paper [2] proved that on standard Hilbert module H 4, where A a unital
W*-algebra, there is locally convex topology such that any “compact” operator
(i.e. any operator in the norm closure of the linear span of the operators of the
form z — x (y, 2), x,y € Hy) is compact (in the sense that it maps bounded sets
into totally bounded sets).

In this note we find a topology on H 4, where A a unital C*-algebra, and a
topology on Hj (the extension of the module H4 by the algebra A**) such that
for them holds the same property.

Let A be a C*-algebra, A** be the enveloping W*-algebra of A, and M be a
Hilbert .A-module. Consider the algebraic tensor product M ®.A4** (over C). One
can equip this tensor product with the structure of a right A**-module by the
formula (zr®a)-b:=x®ab, z € M, a, b € A**. Define the inner product
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by the formula

dom@an Y yy®bi| =Y ar (xi,y;) by,

i=1 Jj=1 1,
where z;, y; € M, a;,b; € A**. The sesquilinearity and the properties [z, w]* =
[w, z] and [z, w-a] = [z, w]a clearly hold. This inner product is positive [6, Lemma
5.1.2].

Denote by M# the Hilbert A**-module obtained by completion of M @ A**/N
with respect to the norm given by the inner product [-,-], where N = {z €
M ® A*™ @ [z,2] = 0}. We call this module the extension of the module M by
the algebra A**. The W*-algebra A** always contains the unit element, and, for
any x € M and a € A, we have (z-:a)®1—x®a € N. Therefore the A-module map
it M — M#% i(z) = xx 1+ N is well defined. Since [z x 14+ N,yx 1+ N| = (z,v),
this map is an isometric inclusion.

Denote by Hom 4(M, A**) the set of all bounded .A-linear maps from M to
A**. Introduce on this set the structure of a vector space over C by the formula
(Ap)(z) = Ap(z), where A € C, x € M, ¢ € Homy(M, A™), and also with the
structure of a right A*™-module by the formula, (¢ - b)(z) = b*¢p(x), b € A*.
For a bounded A-linear functional f € (M#)', we can define the map fr €
Hom 4 (M, A™) as the restriction of f onto M; that is, fr(z) = f(z ® 1 + N).
Obviously, || fr|| < [|f]|- For any C*-algebra A and for any Hilbert A-module M,
the map f + fr is an isometry of (M#) onto Hom 4 (M, A*™*).

Let A be a C*-algebra, and let M be a Hilbert A-module. Then an A-valued
inner product on M can be extended up to an A**-valued inner product on the
set Hom 4(M, A**) making this set a self-dual Hilbert A**-module. Let A be a
C*-algebra, and let M be a self-dual Hilbert A-module. Then the Hilbert A**-
module M7# is self-dual too.

Given a unital W*-algebra A, we consider the standard Hilbert module, de-
noted by Hy, as (the notation [*(A) is also widespread)

+oo
Hy = {:r =(&,&,...) | & € A, ijl §;&; converges in the norm topology} ,

equipped with the A-valued inner product
+0o0
Hix Hy> (x,y) — Zﬁ;nj € A, r=(£&,%,...), y=(m,n...).
j=1

Since an arbitrary A-linear bounded operator on H 4 does not need to have an
adjoint, the natural algebra of operators is B*(H 4), which is the algebra of all
A-linear bounded operators on H 4 having an adjoint. It is known that B®(H 4)
is a C*-algebra.

Among all operators in B*(H 4), those that belong to the linear span of the
operators of the form z — O, .(z) = y(z,2) (y, = € Ha) are called finite rank
operators. The norm closure of finite rank operators is known as the algebra
of all “compact” operators. The quotation marks are usually written in order
to emphasize the fact that “compact” operators do not map bounded sets into
relatively compact sets, as it is the case in the framework of Hilbert (and also
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Banach) spaces, though they share many properties of proper compact operators
on a Hilbert space (see [4, 5, 3]).

A subset S of a topological vector space {X, 7} is totally bounded if and only
if, given any neighborhood E of the zero element of X, there exists a finite cover
of that set S by subsets of X each of which is a translate of a subset of E. In case
of topological vector space { X, 7}, where 7 is a locally convex topology generated
by a family of seminorms p,, o € I; a subset S is called totally bounded if, for
all e > 0 and for all o € I, there is a finite set ¢y, ¢, ..., ¢, € X such that sets
By(cjse) ={y € X | pa(c; —y) < €} cover S.

On a standard Hilbert module H 4, where A is a unital W*-algebra, we define
a locally convex topology 7 by the family of seminorms

p%y(@ = Z|90<7];£j)|27 (1.1)

where ¢ is a normal state, and y = (11,72, ...) is a sequence of elements in A
such that

sup p(n;n;) = 1.
j=1

This topology is between the weak Paschke-Frank topology (generated by
functionals © — ¢((y,x)), y € Hy, ¢ normal state) and the strong Paschke-

Frank topology (generated by seminorms p(z) = ¢({z, z))2, ¢ normal state) (see
[1, 7, 8]).

We say that the operator T' € B*(H ) is compact if its image of any (norm)
bounded set is a totally bounded set in topology 7. For the operator T' € B*(H 4),
it is enough to map the unit ball into a totally bounded set to be a compact
operator.

Remark 1.1. Totally bounded and relatively compact sets differ in general case
(whenever the unit ball is not complete). Also, throughout the literature, there
is a certain ambiguity between terms completely continuous, compact, and pre-
compact operators. Although it seems that terms completely continuous and
precompact are more accurate; we found that compact is more convenient for our
purpose.

Let A be a unital W*-algebra, and let T': H4 — H 4 be a “compact” operator.
Then T is compact [2, Theorem 4.5].

2. MAIN RESULTS

In what follows, we assume that the C*-algebra is unital.

Definition 2.1. Let M be a Hilbert C*-module. A topological space (M, ) is
called “continuous” if every “compact” operator is compact; that is, it maps the
norm unit ball from M to a totally bounded set in (M, 7). A Hilbert C*-module
M is “continuous” if there is a topology 7 on M such that (M, ) is “continuous”.

An infinite C*-algebra A, as Hilbert C*-module over itself with norm topology,
is not “continuous”, because the identity operator O, (O .(x) = e (e, z) = ) is
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“compact”, but the image of the unit ball is not totally bounded in Banach space

sense.
The standard Hilbert W*-module H 4 is “continuous” (see [2, Theorem 4.5]).

Lemma 2.2. Let T € B*(Hy) be a “compact” operator. Then there is a “com-
pact” operator T# € B*(H%) such that the diagram

# T#; #
HA HA

H A T} H A
18 commutative.

Proof. Let T' = ©,, be a “compact” operator for any x,y € H4. We define the
operator O,g14 N ye1+n 00 Ha @ A™/N by

Oustingoten(: @0+ N) = (@@ L+ N)y® 1+ N,z 05+ N,  (21)
and its continuous extension to Hff by

@x®1+N,y®1+N<Z) = lirrln 9x®1+N,y®1+N(Zn)a

for = € H%, where H4 ® AN >z, = z € Hj. This operator is “compact” on
HY, and it holds

Oug1+nye1+n (1(2)) = Ougrsnyei+n(z @ 1+ N)
= (t®14+N)y®1+N,z201+N]=(z®1+N)(y,2)
= 2(y,2) @1+ N =i(z(y,2)) =i(O,4(2))

for every z € Hy4. Thus, for z € H4, we have O,g14 N yo14n8(1(2)) = 1(04,4(2)).
Next, we get

H@x®1+N,y®1+NH = sup H@x®1+N,y®1+N(2)H
zEHﬁ
[|2]]<1

= lim sup lz®@1+N)y®1+N,z,®b, + N
M09 5, €H 4,bn €A**
[|2n®bn+N||<1

= lim  sup [[(z @1+ N)(y,z) bal|

N—=00 5 cH 4,by €A™

—dm s el @b+ N
n—00 ZnEH_A,bne.A**
[|zn®bn+N||<1

Since

im  sup [l (g z) @b, + N = lim  sup |y, z0) || [[ball,
N—=00 5 cH 4,byp €A™ n—oo 2n €H 4,||2n]|<1
[|2n ®bn+N||<1 bn €A™, ||bn||<1
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we have

1@ze14nvyeirn]| = lim  sup [z (y, z0) || - [|0al|
N0 n€H 4|20 ||<1
b€ A** [|bn]|<1

— lim sup | (y, z0) ||

"7 zn€Ha,||znlI<1

= lim sup ||@xy<zn)|| = H@zyH

"0 zn€H 4, |znI<1

For the sum of two operators of the form (2.1), it holds

[(Ozg1+Ny2148 + OneitNyei+y) (2 ® b+ N)|

= |[Ose14n 2148 (2 @b+ N) 4+ O 014N pe1+8(2 @0+ N

= |z@1+N)y@1+N,20b+ N+ (1 @1+ N)[;n ®1+N,z@b+ N|||
= [[(@®@1+N)(y,2)b+ (21 @1+ N)(y1,2) bl

= [l(z{y,2) @b+ N) + (21 {5, 2) @b + N

= |[(# (y,2) + 21 (y1,2)) @b+ N)|

= |z {y,2) + 21 {yr. D] - [Il] = || (Oay + Oz, ) (2)]] - [[0]]-

When we take the supremum over z® b+ N € Hy ® A /N, we get

H@x®1+N,y®l+N + @x1®l+N,y1®l+NH - H@x,y + @xhylH

on Hy ® A* /N, and, from its continuity, it follows that

19se14ny@148 + OnioriNpertn|] = [|Ony + O,y (2.2)

on HY
A .
If T, =50 Oy then T# =30 0,011 Ny@14n, and from (2.2), we have

| TE| = (1Tl
and
||Tjé _T'ZfH - ||Tn _TmH

The operator T' is “compact”; so there exists a sequence of operators T, =
> O,y which converges in norm to the operator 7. Hence, the sequence T,
is a Cauchy sequence; so T is a Cauchy sequence, too. From completeness of
space B“(Hﬁ), we have that T# converges to a “compact” operator T#. Since

Oue1+Nye1+n8(1(2)) =1 (04 (2)) for all z € Hy

and T# = > 0,011 N0+ converges to T#, we have that T#(i(2)) = i(T#(z)),
i=1

so the diagram is commutative. 0

Lemma 2.3. Let T# € B“(Hj) be a “compact” operator, and let j be the map-

ping j: Hff — Hpo,j(x®@a+ N) = (v1a, 220, ... ) forx = (21,29,...) € Hy,a €
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A**. Then there exists a “compact” operator T,, € B®*(H«), such that the
diagram

Tix

il E

HY — & H7
A T# A
18 commautative.

Proof. First we prove that the mapping j: ij — H 7 ?defined by 777j(z ®
a+ N) = (z1a,x2a,...), where x = (z1,22,...) € Hy,a € A, is an isometric
isomorphism. From

[TRa—yRbr®a—yRb =a" (r,x)a—a" (x,y)b—0" (y,z)a+ b (y,y) b
= a <[E,(L’>CL—(I* <J],y>b—b* <y,x>a—|—b* <y7y>b

= Z(xia)*%‘a - Z(ﬂfia)*%b - Z(yib)*xia + Z(yib>*yib
n=1 n=1 n=1 n=1

= Z(xia —yib)"(wia — yib),
n=1

it follows that 7 is well defined and injective.
The mapping j maps Hf onto H g+, because if © = (x1,2,...) € H g, then

i e @ 1) = .
From the equality of the inner products

[t @a+ Ny@b+ N = a (z,y)b=a" (Z :v;-*yi) b=> (z:a)yd
n=1 n=1

= (Jle@atN)jly©b+ N)),

we get that 7 is an isomorphism.
For “compact” operator T# & B“(Hj), there exists a “compact” operator
Tew € BY(H e+ ), Ty = joT# 0 j71 (for T# = Osgayey We have Ty, = O4q.p).
O

Theorem 2.4. The standard Hilbert C*-module H4 and the Hilbert W*-module
Hf are “continuous”.
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Proof. Let T be a “compact” on H 4. Then there are “compact” operators 7% &
Be(H%) and T,, € B*(H 4+), such that diagram

Tx

il E

# T#; #
HA HA

H A L) H A
is commutative.
Let H 4+« be the respective Hilbert A**-module, where A is a unital C*-algebra.

We define a locally convex topology 7. on H 4+ (of the form (1.1)) by the family
of seminorms

+o0
Pey(T) = ZI@(n}f€j)|27 r=(&,82 ), (2.3)

where ¢ is a bounded linear functional on A (since any normal state on A™ is a
bounded linear functional on A), and y = (71,72, ...) is a sequence of elements
in A**, such that
sup p(njn;) = 1. (2.4)
i1

Define a topology 77 as the topology induced on the module Hff by T..; that
is, A € 7% if i(A) € T.., and define a topology 7 as the topology induced on the
module Haq by Tos , 7= (171 0 571 (T0s).

Since T, is “compact”, then it is also compact [2, Theorem 4.5]; so Ty, (B) is
totally bounded. From j(B;) C B and (j o ¢)(By) C B, where B; and B, are
the unit balls in H% and H.4, respectively, it follows that the sets Th.(j(B;)) =
J(T#(By)) and Ty ((j014)(B)) = (j0i)(T(B)) are totally bounded in (H 4=+, 7).
Hence T#(B,) is totally bounded in (H%,j~'(7..)) = (H%,7#), and T(B) is
totally bounded in (Hy4,i 'oj (7)) = (Ha, 7). Therefore, the Hilbert modules
H, and Hj are “continuous”. O
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