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ABSTRACT. We introduce and investigate a new notion of the approximation
property AP, where ¢ = (c,,) is an arbitrary positive real sequence, tending
to infinity. Also, we study the corresponding notion of [c]-nuclear operators in
Banach spaces. Some characterization of the AP in terms of tensor products,
as well as sufficient conditions for a Banach space to have the AP, are given.
We give also sufficient conditions for a positive answer to the question: When
it follows from the [c]-nuclearity of an adjoint operator the nuclearity of the
operator itself. Obtained results are applied then to the study of properties of
nuclear operators in some spaces of analytical functions. Many examples are
given.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. A Banach space X has the approximation property AP if
the identity operator in X can be approximated, in the topology of compact
convergence, by finite rank operators. As was noted by A. Grothendieck [6, Chap.
I, p. 112], J. Dieudonné and L. Schwartz showed that every compact subset of a
Banach space is contained in the closed convex hull of a sequence, converging to
zero (see [4, proof of Theorem 5] or [10, p. 30, Proposition 1.e.2]). Therefore, the
notion of the approximation property can be defined in the following way: The
space X has the AP if, for every sequence (z,) in X with ||z,|| — 0 and every
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e > 0, there exists a finite rank operator R in X such that sup,, ||z, — Rz,|| < €.
It is natural to replace in this definition the condition “for every sequence (z,,)
in X with ||z,|| — 07, for example, by the condition “>° ||x,||? < oo for some
p € (0,00)” and to get corresponding approximation property (say AP|[p|). It
seems that for the first time it was done in the second author’s paper [21, Lemma
2.1]. Let us mention that instead of [,-sequences, we can take in the definition
any other set of zero-sequences.

Once a new notion of approximation property is defined, a natural next step is
to study whether some results on the classical AP can be extended to the case of
this new notion. As examples, we can consider the characterizations of the AP in
terms of tensor products, some sufficient conditions for a space to have AP, the
statements like “X* has the AP = X has the AP”, the connections between
the AP and the properties of nuclear operators, question of whether an operator
is nuclear if its adjoint is nuclear and so on.

In this paper, we introduce and investigate approximation properties defined
(as above) by one-point sets of zero-sequences.

Namely, let us denote by C the set of all real positive sequences, tending to oo:
C:={(c,): ¢, € Ry, ¢, = +00}. For a sequence ¢ € C, we define a new notion
of the approximation property AP.

Definition 1.1. A Banach space X has the approzimation property with respect
to ¢, the APy, if for every € > 0 and any sequence (z,,) in X with ||z,|] < ¢!
there exists a finite rank operator R in X such that ||Rz,, — z,|| < € for every n.

Note that X has the classical AP if and only if X has the AP, for every c € C.

Remark 1.2. One can define also the C AP, the compact approximation property
with respect to ¢ : We need only to change the words “finite rank operator” by
“compact operator” in Definition 1.1. See Example 3.8 and Proposition 3.10
below.

Our interest in such properties was inspired by the known fact, that the space
H®> of bounded analytic functions in the unit disk has the AP “up to log” [,
Theorem 9]. As a matter of fact, we first had some new properties of nuclear
operators, acting from H> or from the space L;/H] (predual to H>) (see Sections
5 and 6 below) and then decided to consider, instead of only the sequence (log(n-+
1)), also other positive sequences (¢,) with ¢, — oc.

These properties APy are closely connected with a new notion of [c]-nuclear
operators.

Definition 1.3. Let ¢ € C. An operator 7' : X — Y is said to be [¢]-nuclear, if
it admits a representation

[e.e]
TJJ:ZMnSU;L(Jf)ym r e X,
n=1

where (z7,) C X, (yn) C Y, 32, [[2n][ [|yall < 00 and |pn| < 1/cy.

For example, a [log]-nuclear operator between Banach spaces X and Y is
an operator T' : X — Y, that admits a nuclear representation of type Tz =
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> . 1/log(n+1) 2! (x) y, (for € X) with Y ||z} |]|lyn]| < co. One of the main
questions in our study of the classes of [c]-nuclear operators is to give condi-
tions, under which it follows from the [¢]-nuclearity of an adjoint operator 7™ the
nuclearity of the operator T itself.

The history of the questions of such a type takes its beginning from a result of
A. Grothendieck on the linear operators with nuclear adjoints. He showed in [6]
that if a linear operator 1" maps a Banach space X into a Banach space Y, if T
is nuclear and if the dual space X™* has the AP, then the operator T is nuclear.
This result turned up to be sharp (with respect to the space X), in the sense that
there exists an operator 7" in a Banach space X, which is not nuclear but has a
nuclear adjoint. This was shown already in 1973 by T. Figiel and W. B. Johnson
[5]. Moreover, in their example, the space X possesses the Grothendieck AP.
Later, E. Oja and O. Reinov [13] (see [14] for the complete proofs) gave another
sufficient condition for a positive answer to the above question: If 7' maps X into
Y, T™ is nuclear, and Y*** has the AP, then the operator T is nuclear. Again, as
was shown in the same paper, the condition is essential: There are a Banach space
Z and an operator T : Z** — Z; so that Z** has a basis and 1™ is nuclear but T’
is not nuclear. Of course, here the space Z*** (which is, by the way, separable in
the example) does not have the AP.

It is easy to see that the nuclearity of an adjoint operator 7% : Y* — X* is
equivalent to the nuclearity of the operator myT : X — Y — Y™*, where 7y is the
natural injection of Y into its second dual Y**. Thus, the above positive results say
that, under some approximation conditions posed on the spaces X or Y, the space
N(X,Y) of all nuclear operators from X to Y possesses a property of “regularity”
(recall that an operator ideal J is regular if it follows from U : X — Y and
myU € J(X,Y™) that U € J(X,Y); see [10]). After the Figiel-Johnson example
had appeared, the natural questions about the regularity of such operator ideals
as the ideals of p-nuclear or p-integral (in the sense of A. Pietsch) operators were
posed in 1970s (e.g., by A. Pelczynski, A. Pietsch, P. Saphar, and others; see
[19]). In a more general setting, a corresponding question on the regularity of the
ideals of (p, ¢, r)-nuclear operators can be found in the book [16]. Between 1980
and 2017, E. Oja and O. Reinov made several contributions in answering such
questions. We refer here only to a nice paper of E. Oja [12], where also some
corresponding references can be found (see also [11]).

Roughly speaking, we can divide such problems on the regularity (of in different
senses nuclear operators) in three parts: Let A; be the set of all projective tensor
products of Banach spaces, and let A} be the set of all tensor products of Banach
spaces, equipped with norms, which are less than the projective tensor norm || ||
and greater than the operator norm, and also let A; be the set of all subspaces of
all projective tensor products of Banach spaces. In a natural way, we can define
the corresponding classes A;, AT, and A] of operators induced by these sets. In
this setting, we can define a notion of regularity (note that it can be defined in
more general cases of Banach tensor products or quasi-normed tensor products of
Banach spaces): For example, let X®Y belong to one of the above sets, and let
J(X*,Y) be the corresponding set of operators. We say that J(X*,Y) is regular
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if the conditions
U:X*—Y, myU is generated by an element from X®Y**

imply that U € J(X*,Y) and generated by an element from X®Y.

The cases of the sets A; and A (for tensor norms; see [25]) were studied
carefully by E. Oja in [12]. She showed that if X or Y** has the AP, then
every space of operators from A; and g{“ is regular (recall that the corresponding
tensor products in [12] are equipped with tensor norms in the sense of [25]). Some
results, concerning the case of A] can be found in [22] and [23].

In our paper, we study the case of the subset of A of tensor products, which
corresponds to the approximation properties AP, mentioned above. We will see
that some of the approximation properties that were considered and studied in
22], [23], and [24] (e.g., AP;, APy, APy,)) as well as the corresponding tensor
products are, essentially, special cases of our considerations.

Shortly about the content of the paper.

In Subsection 1.2, we present some standard notations concerning Banach
spaces, spaces of nuclear operators, tensor products, the approximation prop-
erty and formulate a classical result of J. Lindenstrauss from his famous paper
[9], which we will need below (in Sections 3 and 5).

In Section 2, we define the notions of [c]-projective tensor products of Banach
spaces and corresponding spaces of [¢]-nuclear operators. The main result here is
Theorem 2.1, which gives some characterizations of the AP, in terms of tensor
products. In the end of the section, we show that if a dual space X* has the
AP, then the space X has the AP too.

In Section 3, some sufficient conditions for a Banach space to have the AP
are given. As a consequence, we get an essential generalization of some previous
facts about the approximation properties in subspaces of quotients of L,-spaces.
In particular, we show that every Banach space has the APy ) (before it was
known that every Banach space has the approximation property with respect to
o(y/n), that was a generalization of a famous 2/3-result of A. Grothendieck). In
the end of the section we present some examples with some assertions. In particu-
lar, as a consequence of Example 3.8, we obtain the existence of an asymptotically
Hilbertian space without the compact approximation property but with the prop-
erty APoq1+¢) (see Proposition 3.10).

Section 4 is devoted to a study of operators with [c|-nuclear adjoints. We
get here an analogue of the main result of the paper [12], showing that the
set Nig(X*,Y) of all [c]-nuclear operators from X* to Y is almost regular (cf.
definition of regularity mentioned above) if either X or Y*** has the AP;. Namely,
if X or Y™ has the APy, T : X* — Y, nyT is generated by an element from

the “[c]-projective tensor product” X ® Y™ (see Section 4 for a definition), then
T € N(X*Y) (i.e., nuclear) and generated by an element from the projective
tensor product X®Y (Theorem 4.1). The main consequence of the theorem is
Corollary 4.2 that gives some sufficient conditions for an operator to be nuclear
if its adjoint is [c]-nuclear.
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In Section 5, some examples are given. These examples show, in particular,
that the condition “either X or Y*** has the AP” is essential for the results of
the previous section, as well as the conclusion “I"is nuclear” is the best possible
(this was known before; see, e.g., [23] and Section 6 below). After the examples,
we present several results on the nuclear operators in some spaces of analytical
functions; for instance, if an operator from L;/H} has a [(log(n + 1))]-nuclear
adjoint, then it is nuclear; if an operator from H> to a Banach space Y is
generated by a tensor element from L;®Y**, then it is nuclear as an operator
from H* to Y.

Finally, in Section 6, we generalize the notion of the AP to the case where
one considers some subset Cy of the set of all positive real sequences, tending to
infinity. We introduce a notion of the approximation property AP, for a Banach
space X (the property means that X has the AP, for every sequence ¢ € Cp).
Also, we define a corresponding notion of a Cyp-nuclear operator. Examples 6.3
and 6.6 show that in some particular cases we get the notions of some approxi-
mation properties and the corresponding nuclear operators which were studied,
for example, in [24]. We give some generalizations of results from Section 4 and
present some applications. For example, we show that if 0 < s < 1, Z is either
any space of the spaces A, L1/H} or H* or any of its duals and 7' is an operator
from or into Z, then it follows from s-nuclearity of T the nuclearity of the oper-
ator T itself. The last theorem of the paper (Theorem 6.9) is a direct application
of Theorem 4.1 to the case where one of the Banach spaces under consideration
if He°.

Let us mention that the results of the paper concerning nuclear operators in
the spaces of analytical functions were partially presented by the authors at the
Voronezh Winter Mathematical School “Modern methods of theory of functions
and related problems” (2003, Jan 26-Feb 2, Voronezh, Russia) [8].

1.2. Preliminaries. All the spaces under considerations (X,Y,W,...) are Ba-
nach, all linear mappings (operators) are continuous; as usual, X*, X*™ ... are
Banach duals (to X), and 2/, 2”,... (or ¢/,...) are the functionals on X, X* ...
(oronY,...). If z € X,2’ € X*, then (z,2) = (2/,z) = 2/(z). L(X,Y) stands
for the Banach space of all linear bounded operators from X to Y; B(X,Y) is
the Banach space of all continuous bilinear forms on X x Y. Every Banach space
is considered as a subspace of its second dual. If needed, by 7y we denote the
natural isometric injection of Y into Y™**.

We consider the algebraic tensor product X ® Y as the linear subspace of
all continuous finite rank operators from X* to Y. The projective tensor product
X®Y of the spaces X and Y is the completion of X ® Y with respect to the norm
l|12]|n := inf{>_ |Ax|}, where the infimum is taken over all finite representations of
z € X ®Y in the form z = > Ay @ yx, with ||zx|| = ||yk|| = 1. Every element
2z € X®Y admits a representation z = Y rey Ay @ yg, such that Y [Ny < oo
and ||zx|]| = |lyx]| = 1. We denote by 2' the transposed tensor element from
YRX : 2t = S re Atk @z If X = Y™, then the functional “trace” on the
tensor product Y*®Y is well-defined by the formula trace z 1= > A (zx, Y ).
The Banach dual to X®Y can be identified with the space L(Y, X*) = B(X,Y)
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with duality given by “trace”: For z € X®Y and U € L(Y, X*), we put (U, z) :=
trace U o z = > \g (vg, Uyg).

There is a natural map from the tensor product X ® Y to L(X*,Y), that
takes elementary tensors x ® y to operators (mxx,-)y of rank one. This map
is continuous as a map from (X ® Y, || - ||») to L(X*,Y) and can be extended
to the natural map j : X®Y — L(X*,Y). We will denote by N*(X* Y) the
Banach space of operators belonging to the image j(X®Y) of this map (one can
identify this space with the quotient X @Y/ Ker 7). If X is dual to a Banach
space, say W, then the corresponding map j can be considered as a map from
W*RY to L(W,Y). We denote by N(W,Y) the image of this map with a natural
norm, induced from the quotient W*®Y/ Ker j. The operators from N (W,Y) are
called nuclear operators (from W to Y'). Thus, in the general case, N*(X*,Y) is
a subspace of N(X*,Y). If z € X®Y (or z € W*®Y), then we denote by Z the
corresponding nuclear operator from X* to Y (or from W to Y').

A Banach space X has the classical AP, if for every Y, the canonical map j is
one-to-one. Equivalently, X has the AP if for every Banach space Y the natural
map Y*@X — L(Y, X) is one-to-one. The classical definition of the AP for X is:
a Banach space X has the AP, if for every compact subset K of X and for any
€ > 0 one can find a finite rank operator R in X such that sup,., ||Rz —z|| <e.
See [6] for further information.

We use standard notations for the classical Banach spaces such as L,(u), C(K),
ly, co, lpq, and so on. lgoo is denoted the minimal kernel l(mpfgo) of l(p.ec) (see,
e.g., [16, 13.9.3 Remark]: A sequence ¢ = (¢,) belongs to l?pm) if and only if

*

lim, n'/PcX = 0, where (c!) is a nonincreasing rearrangement of |¢| := (|c,|).
Finally, A and H* are the disk algebra and the space of bounded analytical
functions, respectively. For the information about these spaces that is needed,
see [15]. Let us mention only that A* = L;/H} & L and A* = H® & L*, where
L is an L;-space.

We will need below the following fact from [9] (see proof of Corollary 1 there).

Lemma 1.4. For every separable Banach space X there exist a separable Banach
space Z and a linear homomorphism ¢ from Z** onto X with the kernel Z C Z**;
so that the subspace ©*(X*) is complemented in Z** and, moreover, Z*** =

e (X)) ® 2"
2. TENSOR CHARACTERIZATIONS OF THE AP

Recall that C := {(¢,,) : ¢, € Ry, ¢, = +00}.

For ¢ € C, let us denote by X é Y a subset of the projective tensor product
X®Y, consisting of all tensors z such that z admits a representation of type

2= fin Ty ®@yn, where Y |[zallllyall < 00, |l < ¢t (k=1,2,...).
n=1

Let us note that we can identify X ®Y with Y © X (in a natural way). Also, we
can consider X @Y as a subset of X ® Y** (or as a subset of X** ® Y). Indeed,
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X ®Y is a subset of X®Y, X®Y is a subspace of X®@Y™** (see [6, Chap. I, Cor.
3, p. 41]), and X ®Y* is a subset of X®Y**. Thus the natural map from X QY
to X é) Y** is one-to-one.

On the other hand, we have a natural mapping from X®Y to L(X*,Y) (or
to B(X*,Y")). Therefore, we can consider also a natural map j. from X ®Y
to L(X*,Y). The image of this map j. will be denoted by Ng(X*,Y). Thus,
an operator 7' : X* — Y is in the space Njg (X*)Y) if and only if it admits a
representation

Tz = Z,un (Tx T, ') Yy 7' € XF,

n=1
where (z,,) C X, (yn) CY, > ||zall|lyn]| < 0o and |u,| < 1/¢,. In the particular
case where the first space is a dual space, say W*, we get a canonical mapping

W QY — L(W,Y). The image of this map will be denoted by Ng(W,Y’) and
the operators from the space Nig(W,Y) are exactly [c|]-nuclear operators (see
Definition 1.3).

Let us present some characterizations of the AP in terms of tensor products.

Theorem 2.1. For ¢ € C and for a Banach space X, the following statements
are equivalent:
1) X has the APy.

2) For every Banach space Y the natural mapping from Y ® X to B(Y*, X*)
(or to L(Y*, X)) is one-to-one.

3) For every Banach space Y the natural mapping Y* ®X — L(Y, X) is one-
to-one. .
4) The natural mapping X* ® X — L(X,X) is one-to-one (or, what is the

same, there exists no tensor element z € X* é X with trace z = 1 and z = 0,
where Z is the associated (with z) operator from X to X ).

Proof. 2) = 3) = 4) evident.
4) = 3). Suppose that there exists a Banach space Y such that the natural

map Y™ ®X — L(Y, X) is not one-to-one. Take an element z € Y* ® X which is
not zero, but generates a zero operator z : Y — X. Then we can find an operator
U e L(X,Y*); so that trace Uoz = 1. If 2 = > 77 | A\, y, @z is a representation

of zin Y*® X S |yl < 00, |Ak] < ¢ty k=1,2,...), then

1 =trace Uoz = ZM(U%,?J@ = Z)\k (zr, Uyy,)
=1 =1

and > 27 A\ Uy (2)z, = 0 for every z € X.
Put @} := MUY, 20 1= D ooy M) @ xp € X* é X. We have

trace zg =1, 29 # 0



272 S. KAIJSER, O.I. REINOV

(by the assumption about X). Consider a one-dimensional operator R = 2/ ® «
in X with the property that trace R o zy > 0. Then

0 < trace Ro zy = Z/\k@;{,x)(x',xk Z/\k U*y., x){a, xy)
ki

[e.9]

=) MUz, gy, o ZAkU yi(x)wg) = 0.
k=1

1) = 4). Let z € X* ® X and trace z = 1. Write z = > Ak oh, ® xp, where
the sequences (x}) and (xy) are bounded and (Agcx) € l;. Then

z= E (Akcr ) ® (¢ Yap).

Let € > 0 be such that H()\kck')Hll supy, ||z;]| - € < 1/2. By 1), there exists a finite
rank operator R € X* ® X such that ||R(c,'zy) — ¢ 'ax|| < € for each k € N. Tt
follows that, for this operator R,

|trace (z — Ro z)| = | Z()\kckx;, e oy — Rlc tay))l
k=1

< D Awekllzill - e < [[(Awew)liy sup ||| -e < 1/2.
k=1 k
Hence,
| trace Ro z| > 1/2
and therefore z generates a nonzero operator z.

3) = 2). It follows from 3) that for every Y the natural map Y** ® X —
L(Y*, X) is one-to-one. Since Y ® X is a subset of Y™* ® X, we get 2).

4) = 1). Suppose that X does not have the AP,. Then there is a sequence
(r,) such that ||z,|| < c;' (n = 1,2,...) and there exists an ¢ > 0 with the
property that for any finite rank operator R € X*® X the inequality sup,, || Rz, —
xn|| > eisvalid. Consider the space Cy(K'; X) for the compact set K := {x,,}>° U
{0}. Every operator U in X can be considered as a continuous function on K with

values in X by setting fy (k) := U(k) for k € K. In particular, for the identity
map id in X and for any R € X* ® X we have

|| fia = frllcox:x) > €.

The subset R := {fp: R€ X*® X}CO(K;X) of Cy(K;X) is a closed linear sub-

space in Cy(K; X). So, there exists an X*-valued measure
po=(7))i2r € G (K5 X) = h({wn}nsy) U{0} X)

such that p|g = 0 and pu(fq) = 1. In other words, we can find a sequence (z},)
with > 77, |Jz)|| < oo such that 7 (), xx) = 1 and Y, (z}, Rxy) = 0 for
any R e X*® X.
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Define a tensor element z € X*®X by z 1= Y70, 7, ® xy. Since ||z,|| <

¢, for (n =1,2,...) and (z}) € [;(X*), we get that z € X* éX, trace z =
Y ope (@), xk) = 1 and trace Ro z = 0 for every R € X* ® X. This means that
the condition 4) is not fulfilled. O

We give here only one of the natural consequences of Theorem 2.1.
Theorem 2.2. If the dual space X* has the APy, then X has the APy too.

Proof. We use Theorem 2.1. AAS it is known [6, Chap. I, Cor. 3, p. 41A], the
projective tensor product X*®X is a subspace of the tensor product X*&X**.
The tensor product X* é) X is a linear subspace of X*®X, as well as X* é X" is
a linear subspace of X*®X**. Therefore, the natural map X* <§C§> X = X* é X
is one-to-one. Now if X* has the AP, then the canonical map X** <§C§ X" =

L(X*, X*) is one-to-one. Since we can identify the tensor product X** ® X* with

the tensor product X* é) X**, it follows that the natural map X* é) X — L(X, X)
is one-to-one. Thus, if X* has the AP, then X has the AP, too. O

Remark 2.3. The converse, generally, is not true: It is well-known that there are
Banach spaces with the AP, whose duals do not have the AP. Hence, if X is one

of such spaces, then there exists a sequence (z],) C X*, tending to zero; so that

X* does not have the AP, where ¢ = (||a||™").

3. SUFFICIENT CONDITIONS FOR A BANACH SPACE TO HAVE THE AP

We give here some examples which are interesting for our notes. To state them,
we formulate and prove the following statement.

Proposition 3.1. Let ¢ € C be a nondecreasing sequence. For a Banach space
Y, suppose that there exist a number sequence (my), m, — 400, and a positive
constant d such that for every natural number n, for every e > 0, and for every
subspace E of Y with dim E < m,, there exists a finite rank operator R in'Y so
that ||R|| < dey,, and ||R|g — idgl|LEy) < €.

Then Y € AP[C].

Proof. Suppose that there is an element z € Y* <}C§ Y such that trace z = a > 0,
but Z = 0. Consider a representation of z of the kind

2= G U Oy,
k=1

where > 27 [|yil| [luk]| < +oo. Take a decreasing sequence (b,) € ¢o such that
0 <b, <1forall nand still Y 77 b |yil ykl| < +oo.
Fix a natural number N, large enough, such that for all m > N

Do how) 2 a/2 and dby > b il el < a/8.

k=1 k=m-+1



274 S. KAIJSER, O.I. REINOV

Fix an m = m,,m > N, put E := span{y;}/,, and apply given conditions (C)

4
to find a corresponding operator R € Y*®Y for n =m and ¢ = —; a{l .
_ . 2 i1 S |yl
By our assumption, trace R o z = 0. From this, we get
0= Zczl (Ur> Ryx) + Z ' (Yr Ryr)-
k=1 k=m-+1
For the first sum:
> e W Rye) = e Whow) — | D et Who vk — Bui)|
k=1 k=1 k=1
>a/2 =) ¢ lyill llye — Rynl|
k=1
>a/2=) ¢t |kl sup [ly; — Ry;l|
P 1<j<m

>a/2—a/4=a/d

For the second sum:

ST Mk R | <00 e tou by Il Ryl
k=m-+1 k=m+1
< b 1R ST 0 il el
k=m-+1
<dey bmen Y Oyl vl =2 dons
k=m+1

where 0 < d,,, < a/8.
Now, from the last three relations, we obtain 0 > a/4 — d,,, which is a contra-
diction. O

Let us consider some consequences of Proposition 3.1.

Corollary 3.2. Let ¢ € C be a nondecreasing sequence. For a Banach space Y,
suppose that there exists a constant d > 0 such that for every natural number n
and for every n-dimensional subspace E of Y there exists a finite rank operator
R in'Y so that ||R|| < dc, and R|p = idg. ThenY € APy.

Corollary 3.3. Let ¢ € C be a nondecreasing sequence. For a Banach space Y,
suppose that there exists a constant d > 0 such that for every natural number n
and for every n-dimensional subspace E of Y there exists a finite dimensional
subspace I’ of Y, containing E and dc,-complemented in'Y. Then'Y € AP.

Corollary 3.4. Let ¢ € C be a nondecreasing sequence. For a Banach space Y,
suppose that there exists a constant d > 0 such that for every natural number n
every n-dimensional subspace E of Y is dc,-complemented in'Y. Then'Y € AP).
Moreover, every subspace of the space Y has the AP).
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It is well-known that, for each natural number n, every n-dimensional subspace
E of any Banach space X is y/n-complemented; that is, there exists a continuous
linear projector P from X onto E with ||P|| < \/n (see [7]). Taking in Corollary
3.4 ¢ = (y/n), we get the following.

Corollary 3.5. For any Banach space X, for every e > 0 and any sequence (x,,)
in X with ||z,]| < 1/y/n, there exists a finite rank operator R in X such that
|| Ry, — || < € for every n.

More generally, let X be a subspace of a quotient of an L,-space (1 < p <
00). There is a constant C(p) such that if n € N and E is an n-dimensional
subspace of the space X, then there exists a projector P from X onto E with
|P|| < C(p)nlt/2=1/Pl (this follows from [17, Theorem 4.1 and its Corollaries]).
Therefore, we get the following from Corollary 3.4.

Corollary 3.6. Let 1 < p < oo,p # 2, and let X be a subspace of a quotient of
an L,-space. For every e > 0 and any sequence (x,) in X with ||z, || < n~1Y/2-1/pl
there exists a finite rank operator R in X such that ||Rx, — x,|| < € for every n.

Remark 3.7. Corollary 3.5 generalizes a theorem of A. Grothendieck about the
property AP,/ (see [0], [20] or [22]). Moreover, Corollaries 3.5 and 3.6 are gen-
eralizations of the corresponding facts, mentioned in [24, Section 1], where the
same conclusions were made for sequences (z,,) with ||z,|| = o(1/y/n) or with
||2,|| = o(n~1*/2=1/7l)  respectively. Also, we have the following generalization of
the assertion (* * *)" in that paper (where the Lorentz spaces Iy . (X)) were con-
sidered): Given a € (0,1/2] and a Banach space X with the property that every
finite dimensional subspace F' of X is contained in a finite dimensional subspace
E C X, which in turn is C' (dim F')*-complemented in X, we have

(%% x)" for every sequence (x,) € l;00(X), where 1/q = a, for any ¢ > 0 there
is a finite rank operator R in X so that sup, ||Rz, — x,|| < €.

Taking into account Theorem 2.1, we can reformulate this statement and
Corollaries 3.5 and 3.6 in terms of tensor products: Given a € (0,1/2] and a
Banach space X with the property that every finite dimensional subspace F
of X is contained in a finite dimensional subspace £ C X, which in turn is
C' (dim F')*-complemented in X, for any Banach space Y the natural mapping

Y ® X — L(Y*, X) is one-to-one. Thus, if 1 <p < oco,a=1/2—1/p| > 0 and
X is a subspace of a quotient of an L,-space, then for any ¥ the natural mapping

Y gi) X — L(Y*, X) is one-to-one. In particular, for any Banach spaces X and

Jn
Y the natural mapping ¥ ® X — L(Y*, X) is one-to-one. Let us mention that
the last two statements, as well as (x * *x)”, are optimal in the scale of Lorentz
sequence spaces (this follows, e.g., from Examples, given in [23]).

Example 3.8. In [18] the second author constructed, for every e > 0, a separable
reflexive space X, with the following properties: The space X. does not possess
the AP. There exists a constant C. > 0 such that if £ is an n-dimensional sub-
space of X, then 1) d(E,1?) < C.log'"*n and 2) E is C. log' ™ n-complemented
in X.. Fix ¢ > 0. By Corollary 3.4, the space X. and all of its subspaces have
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the AP+, where log't® := (log'**(n + 1)) (but, as was said, does not have
the AP). Note that it was used in [18] a construction of the space X, from [26].
Therefore, this space can be taken in such a way that a “bad compact set” K C X
(in the definition of the C'AP) possesses the properties described in [26]. There-
fore, X. does not possess the C'AP. Moreover, this space is an asymptotically
Hilbertian space as follows from the construction in [18].

Example 3.9. One can find a Banach space W such that W has a Schauder
basis and W* does not have the classical AP but has, for example, the AP,

where log? = (log®(n + 1)). Indeed, let X, be a separable reflexive Banach space
without the AP, possessing the property AP 1+:) from Example 3.8. Let Z be a
separable space such that Z** has a basis and there exists a linear homomorphism
¢ from Z** onto X so that the subspace ¢*(X.) is complemented in Z** and,
moreover, Z** = o*(X,) @ Z* (see Lemma 1.4). Put W := Z**. This (second
dual) space W has a Schauder basis and its dual W* does not have the AP, but
has the AP o1+c. We can take € = 1 to get the desired example with log? .

These examples 3.8 and 3.9 (the space X.) seem to be quite interesting, since,
as far as we know, this is the first example (mentioned in the literature) of an
asymptotically Hilbertian space without the CAP. Let us formulate the result
as follows.

Proposition 3.10. There exists an asymptotically Hilbertian space without the
compact approximation property. Moreover, this space can be chosen in such a
way that it has the property APy, 1+, but does not have the CAP.

Recall that the first example of an asymptotically Hilbertian space without the
classical AP was constructed (by O. Reinov) in 1982 [18], where A. Szankowski’s
results were used (let us note that in that time there was not yet such notion
as “asymptotically Hilbertian space”). Later, in 2000, by applying Per Enflo’s
example in a version of A. M. Davie [3], P. G. Casazza, C. L. Garcfa and W. B.
Johnson [2] gave another example of an asymptotically Hilbertian space which
fails the AP. In [23] O. Reinov got another example by using a construction from
[16].

4. OPERATORS WITH [c|-NUCLEAR ADJOINTS

The following theorem is one of the main results of the paper, and it is an
analogue of the main result of the paper [12] (see Introduction above). Let us
mention that the condition “either X or Y*** has the AF” is essential in the
theorem, as well as the conclusion “T" is nuclear” is the best possible (see Section
6 below). Notations are as above (before Theorem 2.1).

Theorem 4.1. Letc€C, z € X ® Y= T € L(X*,Y) be such that myT = Z €
NG(X*,Y™). If either X € APy or Y™ € AP, then T € N*(X",Y). In
other words, under these conditions on the spaces involved, from the [c|-nuclearity
of the conjugate (weak*-to-weak continuous) operator T* : Y* — X it follows that
the operator T belongs to the space N*(X*,Y') (in particular, is nuclear).
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Proof. Suppose that there exists a weak*-to-weak continuous operator T' € L(X*,Y)

such that 7' ¢ N*(X*,Y), but my T" € Njj(X™, Y**) Since either X or Y** has
the APy (see Theorem 2.2), Nig(Y*, X) = Y™ ® X (=X ® Y**). Therefore the

operator 7y 1" can be identified with the tensor element z € X@CZ)Y** C X®Y™*;in
addition, by the choice of T, z ¢ X®Y (the space X ®Y is considered as a closed
subspace of the space X@Y**). Hence there is an operator U € L(Y**, X*) =
(X@Y**)* with the properties that trace U o z = trace (2 o (U*|x)) = 1 and
trace U o my ou = 0 for each u € X®Y. From the last it follows that, in particu-
lar, Uny = 0 and 7} U*|x = 0. In fact, if x € X and y € Y, then

(Ury y,z) = (y,ny U*|xx) = trace U o (z @ 7y (y)) = 0.

Evidently, the tensor element Uoz € X é) X* induces the operator Umy T, which
is identically equal to zero.

If X € AP, then X ® X* = N[f](X*,X*) and, therefore, this tensor element
is zero what contradicts to the equality trace U o z = 1.
Let now Y** € AP. In this case

Vi=U"x)oT ony : Y™ Y 5 X Y™™
uniquely determines a tensor element z, from the [¢|-projective tensor product

Yo ® Yo, Let us take any representation z = Y, i, £, @y for z as an element
of the space X ® Y**. We have

Vy/// — U*|X (T*ﬂ';ym U*|X < Z’unyn@xn 7ryy )

_ U*lX (Z Lin ymﬂ'y y/// )
_Z/Ln Wik/*yz, /// U*‘ T,

So, the operator V' (or the element zy) has in the space Y**** ch Y*** the
representation

V= iy (y) @ U .
Therefore,

trace zg = trace V'
= i (7 (), U x )

S 5 e = 0=

(since 73 U*|x = 0; see above).
On the other hand,

Vy/// — U*|X (7TyT>* n — U*|X ) zt(y///)

= U (3 o 0" ) = 3 i (") U
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whence V' =>" p,, y! ® U*|xx,,. Therefore

trace zp = trace V = Z,un (yn, U* | xxp) = Zun (Uy!, x,) = trace U o z = 1.

A contradiction. |

Corollary 4.2. Let S € L(X,Y) and S* € Nig(Y*, X*). If either X* € APy
or Y** € APy, then S € N(X,Y).

Proof. Suppose that the conditions are fulfilled. Let S* = > pu,y” ® x/, be a

representation of S* in Ng(Y*, X*) = Y™ ® X" (the equality holds by the con-
ditions).
Consider S** as an operator 1" from X** to Y :

Tx" = Z,un (xl, My e Ty (Y) C Y™,

identifying Y with 7wy (Y) in a natural way. We are in conditions of Theorem 4.1.
By this theorem, 7' € N¥(X**Y), that is, T" admits a nuclear representation
T=>7, Qyn (with > [|Z,]] ||lyn]] < 00). But T|xz = Sz for all x € X. O

Corollary 4.3. Under the conditions of Corollary 4.2, if the space Y has the
classical AP and X =Y, then the nuclear trace of S is well-defined and equal to
trace S*, that is, to Y w, (Y, z) in notation of the proof of Corollary 4.2.

n

Proof. Now, we have Y*®Y = N(Y,Y) and S = 39/, @y, (with 3" ||y.]] [lynl] <
o0). We can consider the tensor element > y/ ® v, as an element of the tensor
product Y**®Y* with the same projective norm. On the other hand, the tensor
element v := Y u, Yy, @ z, from the proof of Corollary 4.2 represents the op-
erator S* and this tensor element must belong to a subspace 7ry(Y)<§>Y* of the
space Y**®@Y* (see the proof of Theorem 4.1). This means, in particular, that

(idy«,v) = (idy=, Yy, @ TyYn), that is, D pin (Y, T0,) = D AYn: Yn)- O

5. EXAMPLES AND SOME APPLICATIONS

Example 5.1. Fix ¢ > 0 and consider the separable reflexive space X, from
Example 3.8 above. Recall that this space (as well as its dual) has the property
APyog1+) but does not have the AP. Apply Lemma 1.4 to get a separable Banach
space Z. with the property that Z:** = ¢*(X) & Z* (¢ is the corresponding
linear homomorphism from Z** onto X, with the kernel Z.). Let v € X*®X. with
trace v = 1 and u = 0, and let u = ) 2/ ® x,, be a representation of the tensor
element u in the projective tensor product (where > ||2] || ||zn|] < 00). Taking
2l € Z* such that pz2!! = x,, and ||2!|| < 2||x,|| and putting 2! := p*z] , consider
%= 2"® 2" atensor element of the projective tensor product Z***®Z**. It
is clear that trace © = 1 and u(Z**) C 7, (Z.) C Z** (since pu = 0). On the
other hand, ., (z.) = 0. It follows from this that the operator &, considered as
an operator from Z* to Z., is not nuclear, but is nuclear as an operator from
Z¥ to ZX*.

On the other hand, if we take any operator 7' from Z!* to a Banach space
Y (respectively, from a Banach space W to Z.), for which the operator myT
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(respectively, the operator w5 T') has a nuclear representation of the kind

- 1 n "

D e o @

“~ log “(n+1)
where > |[27|] ||y]| < oo (respectively, of the kind

S ]' / 7

D

“~log "(n+1)
where > [|wl || ||2|] < o0), then the operator 7" is nuclear, that is, it has a nuclear
representation of the kind > > 2 ® y, (respectively, Y > ! & z,). The last
follows from Corollary 4.2.

Example 5.2. Put X := L;/H}, and use Lemma 1.4 to define a separable
Banach space Z with the property that Z** = ¢*(X*) @ Z* = H>® @ Z*. Since
the space Z* has a basis and H> possesses the property APhog(14n) [1], the space
Z*** has the property APjog(14n) too. Thus, Corollary 4.2 can be applied and we
get: for any Banach space W, if U € L(W, Z) and
- 1
U — / ’ /l’ E VI/,
mzUw ;—log CF) (wy, wyz, w
where Y ||wl || ||z1]] < oo, then there exist sequences {v),} C W* and {z,} C Z
with > [|v] || ||zn]] < 0o so that
Uw = Z(UL,U})Z”, we W.
n=1

Let us mention that it is unknown whether we can omit “1/log(n + 1)” above.

Let us consider the first application of our results to the investigation of prop-
erties of nuclear operators in the spaces of analytic functions.

Theorem 5.3. Let T € L(L,/H},Y). If there exist sequences (g,) C H™® and

(yn) C Y™ such that - [|gn|| ||y,]] < 00 and T*y" = 33 1/log(n+1) (Y, /') gn for
all y € Y*, then the operator T is nuclear. Moreover, if Y = Li/H}, then the
nuclear trace of T is well-defined and equals Y 1/log(n + 1) (YL, gn)-

Proof. As we know, the space H* = (L;/Hj)* has the property APjuog(n+1))-
Thus, the first part follows from Corollary 4.2. In the case where Y = L;/H{,
the trace of T is well-defined since the space L;/H] has the AP. The equality
follows from Corollary 4.3. 0

Proposition 5.4. Let a linear operator T : H>* — Y be such that there are a
sequence of functions (g,) C L' and a bounded sequence (y!) C Y**, for which
Son [ gkl dm < oo and

nT() =Y / gu(t) £(8) dm(t) o]

Then the operator T is nuclear as an operator, acting from H® into Y.
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Proof. Let S :=T|s: A — Y. ThenmyS = (myT)|a = 3. 0@yl € (L/H})RY ™,
where gY is the image of g; under the quotient map Ly — L,/H}. If ¢/ € Y*, then
S*y = Z(yg,y’)gg € Li/Hy and S*|ge = myT.

k=1
Since A* has the AP and S* is nuclear, the operator S is nuclear too (by
Grothendieck). Now, if S = Y"1, ® y, is a nuclear representation of S: A — Y,

where ¢, € A%y, € Y. 3 [|vn][[lyall < oo, then myT" = 3 dnlu= @ 7y yn
(we consider here the elements 1, as the functionals on A**). It follows that

T => tUy|ge @y, € N(H®,Y). 0J

Note that it is unknown whether the conclusion of the proposition is true if we
suppose just that the operator myT" is nuclear. The same can be said about the
next consequence of Proposition 5.4.

Corollary 5.5. Let a linear operator T : H>® — A be such that there are two
sequences of functions (g,) C L* and (f,) C H™, for which ", [|grdm < oo,
| full < 1 for each n and

7(7) =Y [ ault) F(6) )

Then the operator T is nuclear as an operator, acting from H into the disk-
algebra A.

Proof. As we know, the space H*> is a complemented subspace of the second dual
A**. Therefore the result follows directly from Proposition 5.4. O

6. GENERALIZATIONS AND FURTHER APPLICATIONS

Recall that we denote by C the set C := {(c,) : ¢, € Ry, ¢, = +00}.
Let us consider a fixed subset Cy of this set (for example, we can take the set

{(cn): cn €Ry, (cY) €1n}).

Definition 6.1. A Banach space X has the property AP, if it has the property
APy for every c € Cy.

C c
Remark 6.2. Let us denote by X ® Y the union Ucec0 X ®Y. It is easy to see
that Theorem 2.1 is valid also for this kind of tensor products, that is, Theorem

c ¢
2.1 holds if we replace AP by AF¢, and ® by . We omit a formulation of this
generalized Theorem 2.1.

Example 6.3. Let 0 <p <ocoand Co = ;' :={c=(cn) : ¢n € Ry, (') €1}
By the main definition 1.1, a space X has the API;1 if for any ¢ € [, L for every
¢ > 0 and any sequence (x,) in X with ||z,|| < ¢! there exists a finite rank
operator R in X such that ||Rx,, — z,|| < € for every n. Or: X has this property
if and only if for every € > 0 and any sequence (z,) in X with Y ||z,||? < oo
there exists a finite rank operator R in X such that ||Rz, — z,|| < € for every n.
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We can see that this property AIDI;I is exactly the property Zﬁs = AP; from [24,
Sections 1-2] (see also [22], [23]), if we take s from the equality 1/s =1+ 1/q.

Definition 6.4. An operator 7' € L(X,Y) is said to be Cy-nuclear, if there is a
sequence ¢ € Cy such that 7' € Nig(X,Y).

It is easy to see that Theorem 4.1 can be formulated and proved for the general
case of Cyp-nuclear operators. But we consider here only an evident generalization
of Corollary 4.2:

Theorem 6.5. Let S € L(X,Y), and let S* be Cy-nuclear. If either X* has the
property APe, or Y*™** has the property APg,, then S € N(X,Y).

Example 6.6. Let p € (0,00], 7 € (0, 00|, and consider a tensor product ®1;p,r
from [24, Section 3]. It is defined in the following way: For a couple of Banach
spaces X,Y the tensor product Y@l;WX consists of those elements z of the
projective tensor product Y®X which admit representations of the type

z = Z arbe yr @ x; (yx) and (zx) are bounded, (ax) € Uy, (bg) € I,
k=1

(recall that in [24] and here one considers [) in the case 7 = o). If we put Cp :=

I
Ll i={c=(ca): o € Ry, (7)) € Ly}, then it is clear that Y&, X =Y @ X
and the property AP is just the property AP, from [24].

Also,let 0 <s<land0O<u<oo,ors=land0<u<1.Ifl1+1/p=1/s
and 1+ 1/r = 1/u, then APy,,, = AP, and Y@l;mX = Y(@X\)(S,U)X, where the
last tensor product is the “Lorentz tensor product”, consisting of those tensor
elements from Y®X which admit the representations of type

Z Ak Uk @ xr, where (yx) and (zy) are bounded and (\;) € Iy,
k=1

(see [24, Section 3]). Thus the analogues of Theorems 2.1 and 6.5 are valid for

the cases of these tensor products and corresponding approximation properties

(cf. Remark 6.2). As for the case where 0 < p < oo and Cy = l;olo, we have
nl/p

c o' o
Y®X=Y ® X and AFPe, = APy1/py (evidently, ® =® and AP 1 = AP).
Recall that every Banach space has the AP ) (see Corollary 3.5).

Note that a partial case of Theorem 6.5 (namely, the case considered in Example
6.3) was studied already in [23]. In this case, the corresponding operators are
called s-nuclear (recall that 1/s = 1+ 1/p). Let us apply Theorem 6.5 to the
particular case of the given spaces of analytic functions.

Theorem 6.7. Let 0 < s < 1 and W be any of the following Banach spaces:
A, Li/H} or H*. Let Z be either the space W or any of its duals (W* or W**
etc.). If Y is a Banach space, T € L(Z,Y), U € L(Y,A), T* and U* are s-
nuclear, then T'€ N(Z,Y) and U € N(Y, A).



282 S. KAIJSER, O.I. REINOV

Proof. As was shown in [I, Theorem 1], the space H* and all of its duals have
the property AP, for any s € (0,1). Therefore, the same is true for the spaces
A and L,/H;}. Now, the assertion of Theorem 6.7 follows from the considered
partial case of Theorem 6.5. O

Remark 6.8. In the case where s = 1, the assertion of Theorem 6.7 is known to
be valid only if Z = A and T* € N(Y*, A*) (cf. the proof of Theorem 5.3).

We end the paper with a direct application of Theorem 4.1 to some nuclear
bilinear forms on the products of type H*® x Y :

Theorem 6.9. Let log := (log(n + 1)), and let T € L((H*)*, X) be such that

log
T*(X*) C H*®. If there is a tensor element z € X*™* ® H* which generates the
operator T, then T is a nuclear operator from (H*)* to X that can be generated
by a tensor element belonging to the projective tensor product H*®X.
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