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ABSTRACT. In this paper, we introduce complex isosymmetric and (m,n, C)-
isosymmetric operators on a Hilbert space H and study properties of such op-
erators. In particular, we prove that if T € B(#H) is an (m, n, C')-isosymmetric
operator and N is a k-nilpotent operator such that 7" and N are C-doubly
commuting, then T+ N is an (m + 2k — 2,n + 2k — 1, C)-isosymmetric op-
erator. Moreover, we show that if T is (m,n,C)-isosymmetric and if S is
(m', D)-isometric and n’-complex symmetric with a conjugation D, then T ® S
is(m+m' —1,n+n' —1,C ® D)-isosymmetric.

1. INTRODUCTION

Let B(H) denote the algebra of all bounded linear operators on a separable
infinite-dimensional complex Hilbert space H with the inner product (-,-). A
conjugate linear operator C' : ‘H — H is said to be a conjugation if it satisfies
(Cx,Cy) = (y,x), for all z,y € H, and C* = I. For a conjugation C, there
exists an orthonormal basis {e,}>°, for H such that Ce, = e, for all n (see [5]
for more information). An operator 7' € B(H) is said to be a complex symmetric
operator if there exists a conjugation C' on H such that T = CT*C (see [,
6, 7]). Operators defined by Hankel matrices, binormal operators, all normal
operators, compressed Toeplitz operators, algebraic operators of order two, and
some Volterra integration operators are complex symmetric. We refer the reader
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to [5, 6, 7] for more details. An operator T € B(#H) is said to be skew complex
symmetric if there exists a conjugation C' on H such that C'TC = —T*.

M. Stankus [8] introduced and studied isosymmetric operators. According to
M. Stankus [8] or [9], an operator T' € B(#H) is said to be an isosymmetry if

72T —T*T?> —T* +T = 0.

Self-adjoint operators, isometric operators, and some classes of non-normal op-
erators are isosymmetries (see [8] for more details). Recently the authors in [3]
studied several properties of isosymmetric operators.

The aim of this paper is to initiate the study of complex isosymmetric and
(m, n, C')-isosymmetric operators which are classes of operators that contains
complex symmetric operators. We give some properties of these classes of op-
erators.

2. COMPLEX ISOSYMMETRIC OPERATORS

We define complex isosymmetric operators as follows:
Definition 2.1. Let C be a conjugation on H, and let 7" € B(H). We define
A(T;C) :=T*CTC - T*CT*C —T* + CTC,
and T is said to be complex isosymmetric with a conjugation C' if

A(T;C) =T*CTC — T*CT*C — T* + CTC = 0.

From the definition of complex isosymmetric operators, it is easy to see that if
T is complex symmetric with a conjugation C', then T is complex isosymmetric
with a conjugation C.

The authors in [1] studied (m, C)-isometric operators. Let m € N, and let C
is a conjugation on H. An operator T' € B(H) is said to be an (m, C)-isometric
operator if

> (-1)F (7;;) T*mkCTmRC = 0.

k=0

It is easy to see that if 7*CTC = I (i.e., T is (1, C)-isometry), then 7" is complex
isosymmetric with a conjugation C.

Example 2.2. Let H = (*(N), and let C': H — H be the canonical conjugation
given by

o0 )
o3 ) = 30
n=1 n=1

where {e,} is the orthonormal basis of H with Ce, = e, and {z,} is a sequence
in C with 7, |z,|* < oco. Let S be the unilateral shift on (2. Since C'SC = S,
we have S*C'SC' = I. Hence it is easy to see that S is complex isosymmetric with
a conjugation C.
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Example 2.3. Let C' be a conjugation on C? given by C(z,y) = (y,7) for
a
0
isosymmetric with a conjugation C' if and only if ac = 1 or a = ¢. Indeed, since

T — OTC = (a_E 0_),

x,y € C, and let T' = for some nonzeros a,b,c € C. Then 7' is complex

0 c¢c—a
it follows that
™(T* - CTCCTC — (T* - CTC)=0«< (ac—1)(a—7c) =0.
Hence T' is complex isosymmetric with a conjugation C' if and only if ac = 1 or

a = c¢. In particular, if a = ¢, then T' is complex symmetric with a conjugation C.

If ac =1 and a # ¢, then T is not (1, C)-isometry. For instance, if R = g [l)),
2

for some nonzero b € C, then R is complex isosymmetric with a conjugation C'
which is not (1, C)-isometry.

Theorem 2.4. Let T € B(H), and let C be a conjugation on H. Then the
following statements hold:
(1) T is complex isosymmetric with a conjugation C if and only if (T*CTC —
ICTC is complex symmetric with a conjugation C';

(ii) If T is invertible, then T is complez isosymmetric with a conjugation C' if
and only if T~ is complex isosymmetric with a conjugation C.

Proof. (i) Suppose that T" is complex isosymmetric with a conjugation C'. Then
T*CTC —T*CT*C —T*+ CTC =0

— T?CTC-T*=TCT*C -CTC

— TNT*CTC—-1)=(T"CTC - HCTC.
By the final equation, it holds

(T*CTC — I)CTC = C(CT*CT* - T)C

(T*CTC —T*)*C
(T*(T*CcTC - 1))*C
(TcTC - 1)cre) .
Therefore, (I*CTC — I)CTC' is complex symmetric. The converse implication is

clear.
(i) Suppose that T is complex isosymmetric with a conjugation C'. Since

T?CTC — T*CT*C —T* + CTC
= C(CT™CT — CT*CT? - CT*C +T)C,
it follows that T is complex isosymmetric with a conjugation C' if and only if

CTC is complex isosymmetric with a conjugation C'. Assume that 7! is complex
isosymmetric with a conjugation C. Since CT~!C' is complex isosymmetric and

(T~H=2oT'C — (T~ Hy*C(T™H*C - (THY*+CT™'C =0,

C
C
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it follows that
0="T+ ((Tl)*ZC’TlC — (T C(T1)?C —(T7H) + CT10> CT?*C

=CTC —T*-T*CT*C +T*CTC.
Hence T is complex isosymmetric with a conjugation C. The converse implication
is similar. H
Let us recall that the Hardy-Hilbert space, denoted by H?, consists of all
analytic functions f(z) = > 7 a,2" on the unit disc D such that [|f|, =
(Eonz lanl?)? < oo,
Example 2.5. Let C be a conjugation defined by C'f(z) = f(2), and let {e, }°2,

be an orthonormal basis of H2. If we put C = C®C, then C is clearly a conjugation
on H* @ H?. Assume that

T— (“g eo@;eo) € L(H®® H?),

where S is the unilateral shift on H%. Then

and

. (0 0
TCTC—]_(O 60®60).

Therefore, we have

T*(T*CTC — I) = (T*CTC — I)CTC = (o P 60)

and it is complex symmetric with a conjugation C. Hence T is complex isosym-
metric with a conjugation C from Theorem 2.4 (i). However, T is neither (1,C)-
isometry nor complex symmetric with a conjugation C.

Now we study some properties of A(T; C').

Theorem 2.6. Let T € B(H), and let C be a conjugation on H. Then A(T;C)
s skew complex symmetric with a conjugation C.

Proof. 1f
A(T;C) =T*CTC —T*CT*C — T* + CTC,
then
C(A(T;0))*C = C(CT*CT? — CT*CT — T + CT*C)C
=T"CT*C - T*CTC - CTC + T*
=—-A(T;C).
Hence A(T; C) is skew complex symmetric with a conjugation C'. O]

For an operator T' € B(H), the spectrum and the approximate point spectrum
are denoted by o(T") and 0,,(T), respectively.
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Corollary 2.7. Let T € B(H), and let C be a conjugation on H. Then
o (A(T;C)) = 05y (A(T; O)) U (= 0y (AT 0))).

Proof. Tt is known from [4, Page 222] that for an arbitrary T € B(H), o(T) =
Oap(T) U agpy(T*)*. Since A(T;C) is skew complex symmetric, it follows from [2,
Lemma 2.5] that 04,(A(T;C)) = —04,(A(T; C)*)*. Hence

o(A(T:C)) = 04 (A(T: ) U (— 00y A(T: O))).

Definition 2.8. For T' € B(H) and a conjugation C' on H, let
aoT;C) =T - CTC

and

B(T;C) == T*CTC — I.

Then the following lemma is clear. So the proof is omitted.

Lemma 2.9. Let T € B(H), and let C be a conjugation on H. Then the following
statements are equivalent:

(i) T is complex isosymmetric with a conjugation C';

(ii) T*a(T;C)YCTC = o(T;C);

(iii) T*B(T; C) = p(T;CHCTC.

Theorem 2.10. Let C' be a conjugation on H, and let T' = N E) on HOH,

0 X

and let C = C @& C. Then the following statements hold:

(i) Suppose that N is a (1,C)-isometric operator and that N*CE = CEX and
that E = NEX hold. Then T is complex isosymmetric with a conjugation C if
and only if X is complex isosymmetric with a conjugation C;

(ii) Suppose that N is complex symmetric with a conjugation C' and that EX =
NE holds. Then T is complex isosymmetric with a conjugation C if and only if
X is complex isosymmetric with a conjugation C' and E = NEX holds.

Proof. 1t is clear that C = C'@ C' is a conjugation on H®H. Since T' = (N E)’

0 X
CNC C’EC)
, and so

it holds CTC = ( 0 oxXC

o) = (BW:C)  N'CEC
B(T;C) = (E*C'NC E*CEC+5(XSC)) '

Therefore we obtain

B(T;C)CTC
B(N;C)CNC B(N;C)CEC + N*CEXC 2.1)
E*CN’C  E*CNEC + E*CEXC + B(X;C)CXC :

and
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T8(T;C)
_ N*B(N;C) N*2CEC (2.9)
E*B(N;C) 4+ X*E*CNC E*N*CEC + X*E*CEC + X*5(X;C) )" '

By Lemma 2.9 and equations (2.1) and (2.2), T' is complex isosymmetric with a
conjugation C if and only if
B(N;C)CNC = N*B(N; C),
B(N;C)CEC + N*CEXC = N**CEC,
E*CN?C = E*B(N;C) + X*E*CNC,
E*CNEC + E*CEXC + B(X;C)CXC = E*N*CEC + X*E*CEC + X*B(X;C).
(2.3)
(i) Assume that N is (1, C)-isometry. Then S(N;C) = 0, and so (2.3) becomes

N*CEXC = N**CEC,

E*CN?C = X*E*CNC,

E*CNEC + E*CEXC + B(X;C)CXC = E*N*CEC + X*E*CEC + X*B(X; ).

(2.4)
Since N*CE = CEX and E = NEX hold, it follow from (2.4) that
BX;C)CXC = X"5(X;C).
For the last equation, if N*CFE = CEX and E = NEX, then
E*CNEC + E*CEXC = X'E*N*CNCCEC + E*(N*CE)C
X*E*CEC + E*N*CEC.
The first and second equations clearly hold. Hence X is complex isosymmetric
with a conjugation C'. The converse implication holds by similar arguments.

(ii) Assume that T is complex symmetric with a conjugation C' and that X is
complex isosymmetric with a conjugation C'. Since EX = NE and N* = CNC,
it follows that X*E* = E*N* = E*CNC(C, and so X*E*C = E*C'N and N*CFE =
CEX hold. Hence E*CNEC + F*CEXC = X*E*CEC + E*N*CEC holds.
Therefore (2.3) becomes

(CN2C — \CEC + CNEXC = ON*EC,
This gives that

CEC = CNEXC,

B = X*E*N*,

which is equivalent to £ = NEX. The converse implications hold by similar
arguments. 0

Corollary 2.11. Let T = ‘(; )Z?, on H®H such that V is (1,C)-isometry. If

V*CEC =0 and X*(E*CEC+ X*CXC—-1)=(E*CEC+ X*CXC -1)CXC,
then T is complex isosymmetric with a conjugation C = C & C.
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Proof. Let A= (E*CEC + X*CXC —I). Then
T*(T*CTC —1I) = (T"CTC — I)CTC & X*"A = ACXC.

Since X*A = ACXC, it follows that T" is complex isosymmetric with a conjuga-
tion C. 0

Theorem 2.12. Let C' be a conjugation on H, and let T € B(H). Suppose that
M =ker(T*CTC —I) is invariant for T and C. Then T has the following block

operator:

T:(‘g )E(> on M@ M+

such that V' is a (1, Ch)-isometric with a conjugation Cy; on M and E*C1VC; =0
on M, where Cy = Cijp and Cy = Cipqe.

Proof. Since M is invariant for C, it follows from [5, Proposition 7 (1)] that
M+ is invariant for C. Set C}, = Cim and Cy = Cjpqe. Then € and Cy are
conjugations on M and M=, respectively, and C' = C; @ C, holds. Since M is
invariant for 7', we have

T = (‘g )Eg) on M@ M.

Hence it holds

Vave, -1 V*CLEC,
E*ChVC,  E*CiECy 4+ X*CyXCy — 1

If 2 € M, then (T*CTC —I)(x®0) = 0. Hence, we have V*C1VC; — I =0 and
E*C1VC; = 0 on M. Hence V is a (1,C})-isometric with a conjugation C; on
M. O

T*(JTC—I:( ) on M & M.

3. (m,n,C)-ISOSYMMETRIC OPERATORS
In this section, we study some properties of (m,n, C')-isosymmetric operators.

Definition 3.1. Let T' € B(H), and let C' be a conjugation on H. Put
m (m iy )
am(T50) =37, (=1) < ) Tm=ICTIC,
J

Br(T;C) = 37 o (— 1) (T) Tm=ioTm=iC,

Then T is said to be an (m,n, C)-isosymmetric operator if 7, ,,(T; C') = 0 and

doo(=1) (m) T e, (T; CYCT™ 0,
Yo (T3 C) 1= /
n

> heo(=1)" ( k) T B,,(T; C)CT*C.
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It is easy to see that
Vma1a(T5C) = T (15 C)CTC = (T C)
and
Ynnt1(T5 C) = T (T, C) = Ynu(T5 C)CTC.

Hence if T is (m,n,C)-isosymmetric, then 7" is (m/,n’/, C')-isosymmetric for all
n’ > n and m’ > m. Recall that an operator T" € B(H) is said to be an (m, C)-
isometric operator if

S (-1t (’Z) Tk CT™+C = 0.
k=0

From Definition 3.1, it is evident that an (m, C')-isometric operator is (m,n, C)-
isosymmetric for any n € N.

Example 3.2. Let H = (*(N), and let C': H — H be the canonical conjugation
given by

D o
C(Z Tey) = Zx_kek,
k=1 k=1

where {e;} is the orthonormal basis of H with Ce, = e and {z;} is a sequence
in C with Y7, |z4|> < co. Let W be the weighted shift on ¢*(N) defined by

Wer, = agpep, where oy, = ,/’Z*TT for m > 0. Then W is (m,n, C)-isosymmetric

for any n € N (see [1, Example 1.1]).

Theorem 3.3. Let T' € B(H) and let C' be a conjugation on H. Then the follow-
ing properties hold:

(i) If T is invertible, then T is (m,n,C)-isosymmetric if and only if T—' is
(m, n, C)-isosymmetric;

(ii) If T is (m,n,C)-isosymmetric, then T* is (m,n,C)-isosymmetric for any
k € N.

Proof. (i) Let T~ is (m,n, C)-isosymmetric. Then

0 = v () s oca e

— e < Sy (Z) (T )" B, (T C>C<T—1)’f0> cTmnC

Yo (T C) if m + n is even,
—Vmn(T;C)  if m+nis odd.

Hence T is (m,n,C)-complex isosymmetric. The reverse implication is similar.
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(ii) Note that, for any k& € N, the following equation holds:

( kxk _ 1)m(yk _ xk)n

where A\ and p; are some constants. From this, we obtain that
m(k—1)

’Ymn Tk Z Z A NJT*m (k—1)—L+n(k—1)—j ’Ym,n(Ta C) CT‘j—’_m(k_l)_EC.

Since T is (m,n, C)—lsosymmetrlc; that is, V.. (T;C) = 0, we conclude that T*
is (m,n, C)-isosymmetric for any k € N. O

Operators T and S are said to be C-doubly commuting it TS = ST and
S*CTC = CTCS*. From the equation

(1 +y2)(z1 +22) = D)™ (41 + y2) — (71 + 22))"

= Z > ( ) (z,l,h) (1 +y2) yo(yran — 1) (g1 — 21)" 7 (yo — 22) 223,

7=0 i+l+h=m
if T"and S are C-doubly commuting, then it holds
* *\1 Q*l ! v (31)
_Z Z ,l,h (T* + S*)'S™ Yy (T; C) 0y (S; C) T'S".
7=0 i+l+h=m

Theorem 3.4. Let T € B(H) be (m, n, C')-isosymmetric, and let N be k-nilpotent.
If T and N are C-doubly commuting, then T + N is (m+2k —2,n+2k—1,C)-
1s0symmetric.
Proof. Since N is k-nilpotent and
J .
i (] *j—
a;(N;C) = Z(—w (M) N*=RCNIC,
©n=0
we have «;(N;C) =0 if j > 2k. From equation (3.1), it holds

Ymt2k—2n+26—1(T + N; C)
_n—%l Z n+2k—1 m + 2k — 2
4 j il h
5=0 it+l+h=m+2k—2
(T* + N*Y'N* ypon1(T;C) aj(N; C)T'N*.
(1) Ifj > 2kori > korl >k, then a;(N;C) =0 or N' =0 or N* = 0,
respectively.

(2)Ifj<2k—1,i<k—1,andl <k—1,then h=m+2k—2—i—1>m and
n+2k—1—j>n+2k—1—(2k— 1) =n; that is, v nt26-1-;(T;C) = 0.
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By (1) and (2), we have Vii2k—2nt2k-1(T + N;C) = 0. Therefore T + N is
(m+ 2k —2,n+ 2k — 1, C)-isosymmetric. O]

Corollary 3.5. Let S,R € B(H), and let C' be a conjugation on H. Assume
that S and R are C-doubly commuting. If S is (m,n,C)-isosymmetric, then the

operator <g ];) on H®H is (m+2,n+3,C)-isosymmetric, where C = C @ C.

Proof. Put T = (g g) and N = (8 1(;%) Then it is clear that C is a conjuga-

tion on H @ H, T is (m,n,C)-isosymmetric, and N is 2-nilpotent. Since S and R
are C-doubly commuting, it follows that TN = NT and N*CTC = CTCN*. Thus

T and N are C-doubly commuting. Hence T+ N = (ﬁ lg) is (m+2,n+3,C)-

isosymmetric from Theorem 3.4.
Note that the equation
(y1y2z122 — 1)™ (4192 — T122)"
- Z Z < ) ( > ]+k(911‘ 1)m_k(y1 —x1)" 7 (yowy — 1)k(y2 - xz)jl‘lfl‘g_j-
k=0 j=0
From this, if 7" and S are C-doubly commuting, then it holds

ma5:0) =33 (1) (1) 9 s (T 5175
k=0 7=0

(3.2)

Theorem 3.6. Let T € B(H) be (m,n,C)-isosymmetric, and let S € B(H) be
an (m!, C)-isometric operator and n'-complex symmetric with a conjugation C.
If T and S are C-doubly commuting, then T'S is (m +m' — 1,n+n' —1,0)-
1s08ymmetric.

Proof. From equation (3.2), it holds
YmA4m/—1,n+n/—1 (TS; C)

m+m’'—1n+n'—1 4 1 4 /_1
2 G Gy

TW%%mlkwlu@0m45mewla

(1) If k> m' or j > n/, then ~;;(S;C) = 0.
2)Ifk<m'—landj<n'—1,thenm+m' —1—k>mandn+n'—1—j >mn;
that iS, ’Ym—&—m’—l—k,n—&-n’—l—j(T; O) = 0.

By (1) and (2), we have Ypmim—1n4n—1(1'S;C) = 0. Hence it completes the
proof. O

Corollary 3.7. Let T € B(H), and let C' be a conjugation on H such that
T*CTC = CTCT*. Then the following properties hold:
(i) If T is (m, C)-isometric, then T? is (2m — 1,1, C)-isosymmetric.
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(ii) If T is n-complex symmetric with a conjugation C, then T? is (1,2n —1,C)-
1s0symmetric.

Proof. Since T*CTC = CTCT*, the proofs of (i) and (ii) follow from Theorem
3.6. 0J

For a complex Hilbert space H, let H ® H denote the completion of the alge-
braic tensor product of H and H endowed a reasonable uniform cross-norm. For
operators T € B(H) and S € B(H), T ® S € B(H®H) denote the tensor product
operator defined by 7"and S. Note that T® S = (T®1)(I®S) = (IR5)(T®I).
It is clear that if C' and D are conjugations on H, then C'® D is a conjugation
on HQH.

Theorem 3.8. Let T' € B(H) be (m,n,C)-isosymmetric, and let S € B(H) be
an (m/, D)-isometric operator and n'-complex symmetric with a conjugation D.
ThenT ® S is (m+m' —1,n+n" —1,C ® D)-isosymmetric.

Proof. C ® D is a conjugation on H ® H, and it is clear that if 7" is (m,n, C)-
isosymmetric, then 7' ® [ is (m,n,C ® D)-isosymmetric and if S is (m/, D)-
isometric and n’-complex symmetric with a conjugation D, then I ® S is (m/,C'®
D)-isometric and n'-complex symmetric with a conjugation C'® D. Since T ® [
and I ® S are C'® D-doubly commuting, it follows from Theorem 3.6 that T'® S
is (m+m'—1,n+n"—1,C® D)-isosymmetric. O]
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