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ABSTRACT. In this paper, we first give the concept of properly distributed
sequence, and prove that it is almost convergent with F-limit expressed as a
formal integral. Basing on these, we review the work of Feng and Li, which
is shown to be a special case of our generalized theory. Then we generalize
Banach limit to Banach limit functional, which is the minimum requirement to
characterize strong almost convergence for bounded sequences in normed vector
space. With this machinery, we show that Hajdukovi¢’s almost convergence and
quasi-almost convergence are both equivalent to our strong almost convergence.

1. INTRODUCTION AND PRELIMINARIES

Let [* be the Banach space of bounded sequences of real numbers =z =
{z(n)}se, with supremum norm ||z := sup,, |z(n)|. As an application of Hahn-
Banach theorem, a Banach limit L is a bounded linear functional on [*°, which
satisfies the following properties:

(i) If x = {x(n)}>2, € (> and z(n) > 0, then L(z) > 0;

(i) If x = {x(n)}22, € [ and Tz = {z(2),2(3),...}, where T is the left-shift
operator, then L(x) = L(Tz);

(iif) [|IL]] = 1;

(iv) If = {z(n)}2, € ¢, where c is the Banach subspace of [*° consisting of
convergent sequences, then L(x) = lim, ., z(n).

Since the Hahn-Banach norm-preserving extension is not unique, there must be
many Banach limits in the dual space of [*°, and usually different Banach limits
have different values at the same element in [*°. However, there indeed exist
sequences whose values of all Banach limits are the same. Condition (iv) is a
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trivial example. Besides that, there also exist nonconvergent sequences satisfying
this property, for such examples please see [1] and [2]. In [2], G. G. Lorentz called
a sequence z = {x(n)}°, almost convergent, if all Banach limits of z, L(z),
are the same, and this unique Banach limit is called F-limit of z. In his paper,
Lorentz proved the following criterion for almost convergent sequences:

Theorem 1.1 ([2]). A sequence x = {x(n)}2, € I is almost convergent with
F-limit L(z) if and only if
|
Jim — > a(t) = L(x)

uniformly in i.

There is no doubt that Lorentz’s theorem is a landmark in Banach limit theory,
which in theory points out all the almost convergent sequences. Since then, con-
vergence and summability of sequences and applications have become an active
research field with fruitful results [3, 1, 5]. Recently, basing on Lorentz [2] and
Sucheston [0], B. Q. Feng and J. L. Li gave another way [!] to find the value
of Banach limits of x, where x is an element of the space of almost convergent
sequences with some properties. In the first part of this paper, we will make
a remark on the concept of essential subsequence (Definition 2, [1]), then cite
Theorem 4([!]) to develop our theory, and at last use our theory to review two
main results in [1], in the bid to include [1] into our framework and show that we
have genuinely done a work of generalization in theory.

Similar to Theorem 1.1, recently D. Hajdukovi¢[7] and S. Shaw et al[%] gener-
alized the concept of almost convergence to bounded sequences in normed vector
space and bounded continuous vector-valued functions, respectively.

Suppose (V|| -]|v) is a complex normed vector space. Let {*°(V') be the normed
vector space of bounded V-valued sequences = := {x,}2%; with supremum norm
|z]|oo := sup,, ||zx||v. In particular, ¢(V') is the subspace of [*°(V'), which consists
of convergent V-valued sequences. For any v € V', let v := {v,v,...} denote the
sequence with constant entry v, clearly v € ¢(V).

Definition 1.2 ([7]). Suppose = = {x,}22, € I®(V) and v € V. {z,}>°, is
called almost convergent to v if
1 n—1
dm Z_; Tiyy =
uniformly in j.
Let Cy([0,00), V) be the normed vector space of bounded V-valued continuous
functions f with supremum norm || f[| := sup,epg o) ./ () [lv-

Definition 1.3 ([3]). Suppose f € Cy([0,00),V) and v € V. f(t) is called almost
convergent to v when t — oo if

1 a+t
lim —/ f(s)ds =v

t—o00 t
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uniformly in a.

In [7], Hajdukovié¢ also gave the concept of quasi-almost convergence in terms
of some kind of linear functionals, which are similar to Banach limit in the real
sequence case. First, Hajdukovi¢ defined a semi-norm ¢ on (*°(V') as follows:

For x = {z,}5°, € [*(V),
n—1
in+jn ) .
=0 %

And then, he showed that there exists the family II of nontrivial linear func-
tionals L defined on [*°(V') such that for all z = {z,}>>, € [*°(V), the following
assertions are valid:

() L(T2) = L(x);

(i) L(2)] < q(2);

(iii) VL € II, L(x — v) = 0 if and only if ¢(z —v) = 0.

g(z) = lim (Sup—

1
n—0o0 j n

Definition 1.4 ([7]). A sequence z = {z,}22, € [*(V) is called quasi-almost
convergent tov € V if VL € I, L(z —v) = 0.

Similar to the definition of almost convergence, Hajdukovi¢ gave the following
equivalent characterization of quasi-almost convergence:

Theorem 1.5 ([7]). Suppose v = {x,}2, € (V) and v € V. {x,}>2, is
quasi-almost convergent to v if and only if

n—1
o1
lim — E Titjn =V
n—o0 1, < 0
1=

uniformly in j.

From this theorem, it seems that quasi-almost convergence is weaker than
almost convergence. However, in the second part of this paper, we will show
that actually they are equivalent! In Section 3, we will first define the concept
of Banach limit functional, which is a generalization of Banach limit in bounded
real sequence case but much simpler, even than Hajdukovi¢’s linear functionals
I1. To show the existence and sufficiency of Banach limit functionals, we provide
a natural construction of Banach limit functionals induced from By (V*). Then
we will give an equivalent characterization of Banach limit functional, which
shows that some items in traditional or Hajdukovi¢’s definition of Banach limit
are equivalent or one could imply another, so it is unnecessary to place them
together in the definition.

Then, in terms of Banach limit functionals, we define the concept of strong
almost convergence, and show that it is equivalent to almost convergence in [7],
then it is immediate that Hajdukovi¢’s quasi-almost convergence is equivalent to
almost convergence too. We also show that our almost convergence is stronger
than that of J. Kurtz’s[9], so that’s why we call it strong almost convergence.
Some basic properties of strong almost convergence are also discussed. In par-
ticular, we show that though strong almost convergence is weaker than norm
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convergence, corresponding completenesses with respect to the two convergences
are the same.

Finally, we would like to point out that all definitions and results here could be
applied to bounded continuous functions exactly word by word from summation
to integration. Thus, to save space, we avoid to state them again.

2. DISTRIBUTION AND ALMOST CONVERGENCE OF BOUNDED SEQUENCES

Let us first give a brief introduction to the main results of [I], making the
notations and terminologies available.

Definition 2.1 (Definition 1, [1]). A real number a is said to be a sub-limit of
the sequence z := {x(n)}52, € [*, if there exists a subsequence {z(ng)}2, of =
with limit a. The set of all sub-limits of x is denoted by S(z) and the set of all
limit points of S(z) is denoted by S’(x).

Definition 2.2 (Definition 3, [1]). Let z := {z(n)}32, € I*°, and let {z(ny)}2,
be a subsequence of x. Define

w"({x(ng)}) = limsup (Sup Ak i <mp <i+n-— 1}))

n—o0 i n

and

wi({x(ne)}) = lim in (inf Ak:ism sitn= 1})) ,
n—00 7 n
where A(F) is the cardinality of the set E. w"({zx(ny)}) and w;({x(ny)}) are
called the upper and lower weights of the subsequence {z(ng)}?2,, respectively.
If w*({z(ng)}) = wi({z(ng)}), then the subsequence {x(ng)}32; is said to be
weightable and the weight of {z(ny)}%2, is denoted by w({z(ng)}), and w({z(ng)}) =

w'({z(nx)}) = wi({z(ne)}).

Remark 2.3. Tt should be emphasized that our Definition 2.2 is slightly different
from Definition 3([1]), with lim,,_, there replaced by limsup,,_,., and liminf,
for w"(-) and wy(+), respectively. Such expression is more accurate, since there is
no reason to guarantee the existence of lim,, .

Definition 2.4 (Definition 2, [1]). Suppose a € S(z) for some z := {z(n)}>, €
[*°. A subsequence {x(n;)}22, of x is called an essential subsequence of a if it
converges to a, and for any subsequence {x(m;)}i2; of x with limit a, except
finite entries, all its entries are entries of {z(ng)}72 ;.

Theorem 2.5 (Theorem 1, [1]). Let z := {x(n)}>2, € I*°. Suppose a € S(x).
Let {x(ng)}32, and {x(m:)}52, be two essential subsequences of a. Then

w'({z(ni)}) = w({2(me)}) and wi({z(ne)}) = wil{z(m)}).

Theorem 2.5 points out that, for a € S(z), all essential subsequences of a
have the same upper weight and lower weight, respectively. They are called
the upper and lower weights of a in the sequence z, and denoted by w"(a) and
wy(a), respectively. The weight of a in the sequence x is denoted by w(a), if
w"(a) = wy(a).
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We remark that not every sub-limit @ € S(x) has an essential subsequence.
The following proposition shows that this happens only when a is an isolated
sub-limit of x. This is an important erratum to [1|, and consideration on this
problem directly leads to our present work.

Proposition 2.6. ' Let z := {x(n)}>2, € [® and suppose a € S(x). a has an
essential subsequence if and only if a is an isolated sub-limit of x.

Proof. 1If a is an isolated sub-limit of x, then there exists ¢¢ > 0 such that
(a —ep,a +€0) () S(x) = {a}. Let {z(ng)} denote all the terms of = that lying
in (a —ggp,a+ €p), we will show that {x(ng)} is the desired essential subsequence
of x. Since {x(ny)} is infinite and bounded, it must have at least one conver-
gent subsequence or sub-limit. But a is an isolated sub-limit, hence {z(ny)} has
just one sub-limit, i.e., a. That’s to say {z(ng)} is convergent to a. For any
subsequence {z(m;)} of x that converging to a, from the definition of {z(n)}
and convergence of {z(m;)} to a, all of the terms of this subsequence under con-
sideration, except finite number of them, must be in {z(ng)}. So {z(nk)} is an
essential subsequence of a.

Conversely, suppose that a has an essential subsequence {z(ny)}. Assume a is
not an isolated sub-limit of sequence x, then there exist a sequence of sub-limits
{a,} that converges to a. We know, for each a,, from {a,}, there is a subsequence
{z!} that converges to a, when i — co. Without loss of generality, we can assume
0 <d, = |a—a,| <1/n. Then, for each n, we can find y, from {x!} such that y,
doesn’t lie in {z(ny)} and |y, — a,| < 1/n. Actually, this construction is possible.
Since a and a, are distinct with distance d,, then we can find positive integer
Ny and N, such that, when & > Nj, i > Ny, it holds that |z(n) — a| < d,/3
and 2!, — a,| < d,/3, respectively. It is easy to see such g, can be found and
satisfying |y, — a| < d, < 1/n. Here we have constructed a subsequence {y,}
converging to a, but not lying in the essential subsequence {z(n)}, which leads
to a contradiction. O

Remark 2.7. Since in [1] they just considered sequences with isolated sub-limits,
or a little complex case with only one limit point, this ambiguous treatment of
essential subsequences wouldn’t lead to serious mistakes.

The following theorem is the most important result of [1], which will be cited
and reviewed later.

Theorem 2.8 (Theorem 4, [1]). Suppose x := {x(n)}>2, €1 and
S(x) ={ay,aq,...,a,} is a finite set, where a; # a; if i # j. Then

Yo auuile)+ Y auwt(ay) < L(x)

0<ajeS(x) 0>aj;€S(x)

< Z ajw"(aj) + Z ajwi(a;).

0<a;€eS(x) 0>a;€5(x)

ISpecial thanks goes to Prof. J. L. Li for discussion with him on this proposition. In fact, it
was him that first pointed out this proposition and provided a proof for the sufficient condition.
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If w(a;) exists for each j, then x is almost convergent and for any Banach limit
L, L(z) = 327 ajw(ag).

This form of L(z) = 377" | ajw(a;) is much like the integration sum in measure
and integration theory, so we ask the question whether the unique Banach limit
value of almost convergent sequence could be expressed as an integral form?
Previous work shows this is related to the distribution of values appearing in the
sequence. In [10], the concept of uniform distribution of sequences was introduced
as following: Suppose x € [* is a [0, 1]-valued sequence, i.e. 0 < z(n) < 1 for
each n € N. x is called uniformly distributed if for any [a,b) C [0, 1],

lim A({n e N:z(n) € [a,b),n < N})

N—oo N

—b—
Now we want to generalize the concept of distribution to cover both the uniform

and ununiform cases.

Definition 2.9. A sequence z := {z(n)}>°, € [* is called properly distributed
if for any Borel subset S of [—||%]|co, || ||oc] it holds that

A({k 2k +1i) € S,k =0,1,...,n—1})

w(z,S) = liminf

n—00 n
:hmsupA({k::x(k:—l—z) €S k=0,1,...,n—1})
n—00 n

exists uniformly in i € N and w(z, S) is called the weight of = with respect to S.

If we treat a properly distributed sequence x as a function defined on N, z is
analogous to the measurable function in real analysis, with w(z, S) corresponding
to some measure p({n : z(n) € S}) over N. Though w(z,S) indeed has some
similar behavior as a measure, like nonnegativity and finite additivity, w(z, S) is
not a measure in general setting, for it fails to satisfy countable additivity. Here
is an illustrating example:

Example 2.10. Let s; = {1,...,1,0,0,...}, which is obviously properly dis-
n—times otherwise

tributed. If there exists a measure u over N such that u({n : z(n) € S}) =
w(z, S) for any properly distributed sequence x € [* and Borel subset S, then
w{1,2,...,n}) =w(z, [l —e,1+¢)) =0, where ¢ is a sufficiently small positive
number. Similarly, it can further be implied that for any finite subset F of N
it always holds p(FE) = 0. Since p is countably additive and N is the union of
pairwise disjoint finite subsets, it follows that u(N) = 0. However, if we set sy =
{1,...,1,...}, then s, is properly distributed and pu(N) = w(sq, [1—¢,1+¢)) =1,
which leads to a contradiction. Thus, such measure u over N doesn’t exist.

From Example 2.10, you may have already realized that s; and s, represent
a simple but useful class of properly distributed sequences. Hence, we naturally
give the following definition of simply distributed sequences, which would play the
similar role as “simple functions” in real analysis.
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Definition 2.11. A sequence s := {s(n)}>2; € [* is called simply distributed if
s is finitely-valued with range {ay,...,a,} and it holds that

A({k :s(k+1i) =a;,k=,0,1,...,n—1})

w(s,a;) = liminf

n—00 n
A{k:s(k+i)=a;,k=0,1,...,n—1
= lim sup Ak : sk +1) = ), 0.1,....,n=1})
n—00 n
exists uniformly in ¢ € N for j = 1,...,m and w(s, a;) is called the weight of s

with respect to a;.

Though we cannot bring our work into the framework of measure and inte-
gration(In fact, we really tried to do so at the beginning of our research.), we
still find much common feature between them, which suggests us to generalize
the measure-integration procedure in real analysis to obtain a formal integral
to express the unique Banach limit of almost convergent sequence. This would
partially answer the open question of [1].

Theorem 2.12. If s € [* s a simply distributed sequence with finite range
{ai,...,an}, then it is almost convergent with the unique Banach limit L(s) =

Z;'nzl Cij(S, aj)'

Proof. Let S(s) denote the set of all sub-limits of s. Since s is finitely-valued, we
have S(s) C {a1,...,a,} is finite. Moreover, if a; ¢ S(s), then a; must appear
finite times in s with w(s,a;) = 0. Hence, by Theorem 4 of [1], it implies that s

is almost convergent and for any Banach limit L, L(s) = Y 7", a;w(s, a ). O

From Theorem 2.12; we can see that for any simply distributed sequence s, its
unique Banach limit could be expressed as formal integral L(s) = > 7" | ajw(s, a;).
Then it naturally arises the question whether it is still true for general properly
distributed sequences. To this end, we’d like to generalize the procedure of inte-
gration in real analysis. Firstly, let us approximate properly distributed sequences

by simply distributed sequences.

Lemma 2.13. For any properly distributed element x € [°°, there is a sequence
of simply distributed elements {si}32, C I such that limy_,o s, = = under the
norm || - ||so in 1.

Proof. For k € N, there is a partition
T =zl = a0 < ... < @y, = ||7]|0
of [—||%]|cos ||%]|oc) such that ||Tk|] < 1/k. Define

ao, if ag < z(n) < ay,
sp(n) = ¢ -« n=123,...

?

-1, I A1 < 2(N) < Ay -

Since z is properly distributed, it follows easily that each s; is simply distributed.
According to the construction above, it is obvious that ||s; — 2|l < 1/k. Thus
llmkﬁoo S = X.
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Theorem 2.14. If x € [*° is any properly distributed sequence, then x is almost
convergent. And if {sr}32, is any sequence of simply distributed sequences con-
vergent to x under the || - || norm, for any Banach limit L, it always holds that
limy 00 L(sg) = L(z).

Proof. For any Banach limit L, since L is a bounded linear functional on [* and
limy_ o Sk = x, it follows that limy_,o, L(sx) = L(x). By Theorem 2.12; the value
of each L(sy) is independent of L, thus so is L(x). We conclude that = is almost
convergent and the unique Banach limit is limy,_,o L(sg). O

Now we want to use the new theory to review the work of [1], which will be
shown to be a special case in our framework.

Lemma 2.15. Let x := {z(n)}32, € I*°. Suppose a is an isolated sub-limit of
x, and there exists g > 0 such that (a — g, a +€9) () S(z) = {a}. Then for any
0<e<eg, w(z,la—e,a+¢)) exists if and only if w(a) does. Moreover, if they
both exist, they are equal.

Proof. Like Proposition 2.6, for any 0 < ¢ < g, let {z(ng)} denote all the terms
of x that lying in [a — &, a + ¢). Then, similarly, it is easy to show that {x(ny)}
is an essential subsequence of a. And, for any n,: € N, we have

A{jra—e<a(i+j)<a+ej=0,1,...,n—1})

n
CA{ki<ng <i+n—1})
— - )
Consequently,
A{j:a—e<z(i+ 4 1 =0.1.....n—1
lim sup {j:ra—e<z(i+j)<a+ej=0,1,...,n—1})
n—o00 n
i<y <i+n-—
_ limsup Ak i <np <i+n 1})’
n—00 n
and
AHj:a—c<z(i+7 1 =0,1.....n—1
lim inf {j:a—e<z(i+j)<a+ej=0,1,...,n b
n—oo n
A i <nyg <1 —1
= lim inf ({h:ism <itn })
n—o00 n

Now it is clear that w(z,[a — €,a + €)) exists if and only if w(a) does. And, if
they both exist, they are equal. O

Now it’s time to include Theorem 4([1]) into our framework.

Theorem 2.16. Suppose x := {z(n)}:>, € I* and S(z) = {a1,aq,...,an} is a
finite set, where a; # a; if i # j. If w(a;) exists for each j, then x is properly
distributed.
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Proof. For any interval [c,d), if [c,d)({a1,as,...,a,} = 0, there would be at
most finite terms in [c, d), so

w(z, [c,d)) = lim inf A({k: 2(k +1) € [¢,d),k=0,1,...,n—1})

n—00 n

— limsup A({k - z(k+1) € [e,d),k=0,1,...,n—1})
n—00 n

=0

exists uniformly in 7 € N. Otherwise, there are some a;s in [¢, d). Without loss of
generality, we can assume only a; lying [c,d). In fact, if there are more than one
such a;, we can decompose [c, d) into disjoint subintervals such that each contains
only one a;. From Lemma 2.15, since w(a;) exists, we also have w(z, [c, d)) exists,
and w(z, [c,d)) = w(a;). Thus we have proved that x is properly distributed. O

Moreover, we can reobtain the unique Banach limit of x above, using the
approximation method by simply distributed sequences.

Corollary 2.17. Suppose x := {z(n)}>2, € I* and S(z) = {a1,a9,...,an} is
a finite set, where a; # a; if i # j. If w(a;) exists for each j, then x is almost
convergent, with the unique Banach limit L(x) = 2311 ajw(a;) for any Banach
limat L.

Proof. For any sufficiently big k& € N, define

; if a; —1/k < + 1
Sk(n):{aj, if a; —1/k < x(n) < a; + /k,j:

1,...,m;n €N.
x(n), otherwise.

It is easy to see that each sy is a simply distributed sequence with only w(sy, a;) #
0, and L(sg) = D", ajw(sk, [a; — 1/k,a; + 1/k)) = >.7" ajw(a;). From the

=1 j=1

construction of {s}2, limy_ Sx = x under the || - || norm. Then it follows

that L(x) = limy o0 L(sk) = 3272, a;w(ay). O
In Theorem 5 and 6 of [1], sequences whose sub-limit sets have limit points

are considered. In order to keep the form L(z) = 3 g,y aw(a), the authors
made a great effort to give a complex definition for the weight of limit points
of S(z). Now, from our viewpoint of distribution, it is very easy to understand
those complex formulae. Let us take Theorem 5 [1] for example, Theorem 6 [!]
is treated in a similar way locally at each limit point of S(z).

Theorem 2.18. Suppose x := {x(n)}°, € 1> and S(x) is infinite but countable
and has a unique limit point p, that is S'(x) = {p}. If, furthermore, w(a) exists
for all a € S(x) and a # p, then x is properly distributed, and for any Banach

limit L, L(x) = 3 () aw(a), where w(p) =1 =37 sy w(a).
Proof. For any sufficiently big k € N, define
D, ifp—1/k <z(n) <p+1/k,
sp(n) = < aj, ifa; —1/k <xz(n) <a;j+1/k, and a; ¢ [p—1/k,p+1/k),
x(n), otherwise.
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Since there are only finite a; ¢ [p—1/k,p+1/k), each sy is properly distributed
and limy_,., s = x. Moreover, from Lemma 2.15, we have

L(sk) = > a;w(a;) +p(l — > w(ay))-

a;&[p—1/k,p+1/k) a;&[p—1/k,p+1/k)
Let k — oo, it follows that L(z) = limycc L(sr) = D_,c5(z) aw(a), where w(p) =

3. BANACH LIMIT FUNCTIONAL AND STRONG ALMOST CONVERGENCE OF
BOUNDED SEQUENCES IN NORMED VECTOR SPACE

Similar to Banach limit, we will give its counterpart for bounded sequences in
normed vector space as follows:

Definition 3.1. A bounded linear functional L on [*°(V) is called a Banach limit
functional if it satisfies the following two conditions:

() IL] < 1

(ii) Vo = {z,}32, € (V) and Tx = {z2, x3,...}, then L(Tz) = L(x).

To see the existence and sufficiency of Banach limit functionals, let us begin
with the following lemma, which is similar to that in Sucheston’s paper|[(].

Lemma 3.2. Vo = {z,,};°, € *(V),

lim (sup
n—o0

exists.

Proof. Set

= sup

We need to show that lim,,_. ¢, exists. For each m, n, one has

m+n—1 m—1 m+n—1
sup E Titj|| <sup E Tivjl| + E Titj
=0 \%4 J =0 V4 i=m 14
m—1 m+n—1
< sup E Tiyj|| +sup E Titj
J =0 v J i=m %
m—1 n—1
< sup E Titj|| +sup E Titj||
J =0 v I li=0 v

e, (m+n)epmin < mey + ne,. Thus
(r 4+ km)crykm < rey + kmegy, < re. + kmey,.
Dividing by r 4+ km and letting k — oo with 7, m fixed, we obtain

lim sup ¢,11m < -
k—o00
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Since this holds for r =0,1,...,m—1, limsup,,_, ., ¢, < ¢, for each m, and hence
limsup,,_, . ¢, < liminf,, , ¢, which implies that lim,, ., ¢, exists. O

From Lemma 3.2, it is easy to see that p is a well-defined seminorm on [*°(V).

Lemma 3.4. If v = {z,};2, € *°(V) such that

Definition 3.3. For any = € [*(V), define

n—oo

p(z) = lim (sup

n—1
o1
lim — E Tipil| =m
n—oo N || 4
=0 1%
uniformly in j, then
1 n—1
lim sup E xH_J = lim — E Tivil| = m.
n—o00 n—oo M,
=0 1
Proof. Ye > 0, since
n—1
lim — E Tirjl| =m
n—oo 1,
=0 %

uniformly in 7, there exists NV € N such that for any j € N if n > N, then

n—1
Z Titj —m| <e,
1=0 \%
ie.,
—e< — <m-+e.
Hence
—5<sup Zx,ﬂ <m+e.

Since ¢ is arbitrary, it follows that

lim <Sup
n—oo

E Titj

)

Lemma 3.5. If v = {2,}°°, € ¢(V) such that lim,, o x, = 0, then
n—1
S

=0
1%

hm —
n—oo M

uniformly in j.
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Proof. Ye > 0, since lim,,_,, 2, = 0, there exists N7 € N such that ||z,[v < /2
if n > N;. Choose Ny such that (||zi||v + ||z2|lv + -+ + ||z, ||v) /N2 < €/2. Let
N = max{Ny, No}. Let n > N, for any j € N, if j > Ny, then

1|5 o i e/2
- me < 2ico I%itsillv < / = /2,
— . n n

if j < Ny,

n—1
E Tivj|| =
1=0 Y4

S il + N i iy

<eg/24¢€/2=¢.

n
Hence .
i 25
= 1%

uniformly in j. O
Corollary 3.6. If x = {z,}>2, € ¢(V) with lim,, oz, =v € V, then

n—1

Jim — Dl = lvllv
=0 Vv

uniformly in j.

Proof. Since lim,, o z,, = v, i.e., lim,_,o (2, —v) = 0, it follows from Lemma 3.5
that

n—1
hm — 5 Tiyj — =0
n—oo N
v
uniformly in j. Since
n—1
S al| = lollv| = § | =l < 2 § iy o)
=0 Vv 1%
it follows that
n—1
lim — 1> “zigs| = lollv
n—oo N
=0 \%
uniformly in j. O

Definition 3.7. Suppose that f € V* and || f|| < 1, define the induced bounded
linear functional Ly on ¢(V) as following: for any =z = {z,} € ¢(V) with
limy, oo 2, =v €V, L(x) = f(v).
Proposition 3.8. For any x = {z,}5°, € (V) with lim,, oz, = v € V,
|1 Ly(@)| < p(2).

) = p(x).

Proof. From Lemma 3.4 and Corollary 3.6, we have
O

1
Ly(a)| = 1) < ol = lim

E CL'Z+]

n—1
> i = Jim (sup
=0

\%
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Corollary 3.9. ||Ls|| < 1.

Proof. Vo = {x,}5>, € ¢(V), from Proposition 3.8, |Ls(z)| < p(z) < ||z||e. So
ILfl] < 1. -

From Hahn-Banach Theorem, we know that there must exist a norm-preserving
extension Ly of Ly on whole (*°(V') such that

Ly ()] < p(z),
Vo = {x,}2, € 1°(V). Now we will show that such L; is an example of Banach
limit functional as defined in Definition 3.1.

Theorem 3.10. If L € [®(V)* and v = {z,}3°, € [®(V) such that |L(z)| <
p(z), then L(Tx) = L(x).

Proof. Define sequence y := {y,}52, as y, := 11 — Tp, i.e., y = Tx — x. Since
x is bounded, y is also bounded, i.e., y € [**(V). Then we have

n—1
) 1
p(y) = lim sup — E (Titjt1 — Tigy)
n—oo j n P v

n—o0

) 1
= lim {sup — ||zp4; — 25|,
j n

< 1 2l
n— 00 n

Since |L(y)| < p(y) =0, i.e., L(y) = 0, we have
L(y) = L(Tx —z) = L(Tx) — L(z) =0,
e, L(Tx) = L(x). O

=0.

So far, we have shown that ff is indeed a Banach limit functional. Since
that f is an arbitrary choice from B;(V*) and Hahn-Banach norm-preserving
extension is not unique, we can see that [*°(V') has sufficiently many Banach
limit functionals. Let us denote all the Banach limit functionals of (V) by
(V).

Remark 3.11. Our definition of Banach limit functional here has greatly im-
proved and simplified corresponding definition in D. Hajdukovié¢’s paper [7]. First
of all, you will find that we don’t confine V' to be only real normed vector
space. Actually, since there is no longer positive element in normed vector space,
we don’t need real scalars. And we also improve the definition of p(x) from
lim,, o (supj % HZ?;& xiﬂ'”v) to lim,,_yoo (supj % HZZ‘:ol xiﬂ”v)? which is more
accurate. Moreover, due to the following theorem, we will show that suppose
L € >*(V) and |L|| < 1, for any = = {x,}>2, € I*(V), L(Tz) = L(z) <=
|L(z)| < p(x). Hence we exclude the condition |L(z)| < p(z) from Definition 3.1.

Theorem 3.12. Suppose L € [*°(V)*, the following two statements are equiva-
lent:

(i)L is a Banach limit functional;

(1)|L(z)| < p(x), Vo = {zn )52, € 12(V).
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Proof. (ii)==(i) is exactly Theorem 3.10.
For (i)= ( ) let ¢, = {cn;}52, € 1°(V), where ¢,; = 1 Z o [EH_], ie.,

= L3 T'z. Then for any Banach limit functional L, we have
n—1 1 -1 1 n—1
sup |1 ) || = llealloe = [L(en)| = HZ =—|>_ L(T'z)| = |L(x)|.
J i=0 % i=0 i=0
Hence |L(z)| < lim, o (sup; = |30, xHJH = p(z). O

Classical Banach limit on bounded real sequences is a generalization of ordinary
convergence, so item (iv) is always included in the definition of Banach limit.
From our view point of Banach limit functional here, Banach limit actually is
the Banach limit functional induced from linear functional f(z) = z, Vx € R.
Moreover, the following proposition shows that in some sense item (iv) can be
implied from item (ii) and (iii). Hence, our definition of Banach limit functional
is essentially a simplification of Banach limit.

Proposition 3.13. If L € £(V) and x = {x,}5°, € (V) with lim,,_,oo x, = v €
V, then L(z) = L(v).

Proof. Since lim,,_,o(z, —v) = 0, it follows from Lemma 3.4 and Lemma 3.5 that
p(xr—v) = 0. From Theorem 3.12, |L(z—7)| < p(x—7v) =0, i.e., L(z) = L(v). O

Remark 3.14. We remark that in the definition of classical Banach limit of
bounded real sequences, item (i)(positivity) could be implied from item (iii) and
(iv), so this item could be excluded. Moreover, due to Proposition 3.13, item
(iv) could be replaced by (iv’) L(1) = 1. We leave the proofs as easy exercises to
interested readers.

Now we are ready to define the strong almost convergence in terms of Banach
limit functionals.

Definition 3.15. A sequence z = {z,,}5°, € I*°(V) is called strongly almost
convergent to v € V if for any Banach limit functional L € £(V), it holds that
L(z) = L(?). Let us denote it by 2, —= v, and v is called strong almost limit of
x.

Next we will give an equivalent characterization of strong almost convergence,
and show that our strong almost convergence is equivalent to almost convergence
given by Hajdukovié[7]. Moreover, as an immediate corollary, his quasi-almost
convergence is equivalent too.

Lemma 3.16. Suppose © = {x,};>, € [*(V). p(xz) = 0 if and only if L(x) = 0,
VL € £(V).

Proof. 1f p(z) = 0, then VL € £(V), it follows from Theorem 3.12 that |L(x)| <
p(z) = 0. Hence L(z) = 0.
Conversely. Since VL € £(V) L(x) = 0, it suffices to find a particular Banach

limit functional Lo such that Lo(z) = p(z). The following is the construction
of such Ly. Let M = {Xz : A € C} be a subspace of [*(V). On M define
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fo(Az) = Ap(z), then |fo(y)| = p(y) Yy € M. From Hahn-Banach Theorem, we
can get an extension Ly of fo on whole [*°(V') such that | Lo(y)| < p(y) Yy € (V).
From Theorem 3.12, we know that Ly is a Banach limit functional. So we are
done. 0

Remark 3.17. In fact, so far all statements concerning p in this section still hold
for ¢, so we can see that quasi-almost convergence given by Hajdukovi¢ is actually
equivalent to strong almost convergence.

An immediate corollary of Lemma 3.16 is the following important theorem:

Theorem 3.18. A sequence x = {x,}>2, € [*(V) is strongly almost convergent
tov €V if and only if p(x —v) = 0.

Proposition 3.19. (i) If v = {z,,}5>, € [*(V) is strongly almost convergent in
V', then its strong almost limit is unique.

(ii) Suppose x = {x,}22 .,y = {y, 122, € I®(V). If 2, =% u and y, == v,
then for any A\, it € C, A\ + pyn =5 Au+ po.

(1i1) If {x,}2, is a sequence from V such that lim, . x, = v € V, then
T, 2% .

Proof. (i) If z,, =% v, and z,, =% v, simultaneously, then it follows from Theorem
3.18 that |lv; — va||ly = p(v1 — v2) < p(v; — ) + p(x — v3) = 0+ 0 = 0. Hence
V1 = V3.

(il) p(Ax + py — XN — pv) < |Mp(x —u) + |ulp(y — ).

(ili) From Theorem 3.13. O

Remark 3.20. Please notice that if z, =% v € V, it doesn’t mean that each
subsequence of z = {x,}22; is also strongly almost convergent, let alone strongly
almost convergent to the same vector. For example, consider bounded real se-
quence r = {1,0,1,0,...}. Then z, =% 1/2. However, limy_,o, 21 = 1, while
llmkg)oo Tof = 0.

Lemma 3.21. Suppose v = {z,}5, € (V) and p(z) =0, then

n—1
1
lim — E Tivi|| =0
n—oo 1
=0 \%

uniformly in j.

Proof. Since p(x) = 0, for any € > 0, there exists N € N such that

n—1
E Litj
=0

when n > N. In other words, for any 7 € N, when n > N

n—1
E Litj
=0

<e€
\%

1
sup —
j n

1
n

< €.
\%4
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So
=0

n—1
E Litj
=0 vV

uniformly in j. O

1
lim —
n—oo N,

Theorem 3.22. Suppose = {,}°2, € [®(V). z, =% v € V if and only if

n—1
1
lim — E Lipj =V
n—oo 1,
i=0
uniformly in j.

Proof. x, 2% v <= p(x — ) = 0. From Lemma 3.21,

n—1 n—1
1 ) 1
lim — E (Xir; —v)|| = lim —g Tig;—v|| =0
n—oo M n—oo (| M
=0 Vv =0 Vv
uniformly in 7, i.e.,
n—1
.1
lim — E Tiyj =V
n—oo 1
=0
uniformly in j. OJ

This theorem shows that strong almost convergence is equivalent to almost
convergence in [7], and so is quasi-almost convergence.

Remark 3.23. In the definition of strong almost convergence, we require x =
{z,}°2; to be bounded. Actually this is not constrained, because from

n—1
.1
lim — E Tipj =
n—oo N, 5
i

uniformly in j, we can easily imply that {x,}52; is bounded.

Corollary 3.24. Suppose v = {x,}>, € I®(V). Ifx, 2% v € V, then v €
co{x, :n € N}.

Definition 3.25. V is a normed vector space and A C V. A is called s.a.-
sequentially closed if V{x,}>° | from A such that z, =% v € V, then v € A.

Theorem 3.26. Suppose V is a normed vector space and A C'V is convezr. A is
(norm) closed if and if A is s.a.-sequentially closed. In particular, a subspace of
V' is (norm) closed if and if it is s.a.-sequentially closed.

Proof. Suppose A is s.a.-sequentially closed. If {z,}5°, C A and lim, oz, =
v € V. From Theorem 3.19 (iii), z,, =% v € A. Hence A is (norm) closed.
Conversely, suppose A is (norm) closed. If {z,}2%, C A and z, =% v € V.
From Corollary 3.24, v € ¢o{z, : n € N} C A = A. Hence A is s.a.-sequentially
closed. O
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Definition 3.27. A bounded sequence {x,}>°; of normed vector space V is
called an s.a.-Cauchy sequence if for any e > 0 there exists n € N such that for
any j € Nif n,m > N, then || 3"z, — 230 :CHJHV < e. Vis called
s.a.-complete if every s.a.-Cauchy sequence in V is strongly almost convergent to
a vector in V.

Corollary 3.28. A normed vector space V' is (norm) complete if and only if it
18 s.a.-complete.

Remark 3.29. This shows that though strong almost convergence is weaker than
(norm) convergence, considering completion, it doesn’t enlarge the space further.

In the end, we will explain why we use the terminology strong almost conver-
gence.

Definition 3.30 (J. Kurtz[9]). Suppose z = {z,}32, € [*(V). We say that
x = {x,}2, is weakly almost convergent to v € V if for any f € V*, f(z) :=
{f(x,)}2, € 1°(C) is almost convergent to f(v). Let us denote it by z, —% v.

Remark 3.31. From the definition, it is immediate that any weakly convergent
sequence is weakly almost convergent to its weak limit.

Theorem 3.32. Suppose v = {1,}°2, € I°(V) and v € V. If z, =% v, then
T, =5 v.

~

Proof. From Theorem 3.18, we just need to show that for any f € V*, p(f(z) —
f(v)) = 0. Since p(x — v) = 0, we have

p(f(z) = f(v)) = lim suplz v))D

n—2
, 1
AT f<2 —>D

1
< lim | sup —|/f]
j n

n—oo

#UM@—QZO
0J

Theorem 3.33 (J. Kurtz[9]). Suppose x = {x,}5°, € I®°(V) and v € V. If
{x, : n € N} is precompact and z, =% v, then x, == v.

Remark 3.34. When V' = C, strong almost convergence and weak almost conver-
gence coincide, since each bounded sequence in C is precompact. So we just say
almost convergence there.

REFERENCES

1. B.Q. Feng and J. L. Li, Some estimations of Banach limits, J. Math. Anal. Appl. 323
(2006), no. 1, 481-496.



66 C. YOU

[\

. G.G. Lorentz, A contribution to the theory of divergent sequences, Acta Math., 80 (1948),
167-190.
3. M. Mursaleen, On some new invariant matriz methods of summability, Quart. Jour. Math.
Oxford (2) , 34 (1983), no. 1, 77-86.
4. 7Z.U. Ahmad and M. Mursaleen, An Application of Banach limits, Proc. Amer. Math. Soc.,
103 (1988), 244-246.
5. M. Mursaleen, On A-invariant mean and A-almost convergence, Analysis Mathematica,
37(3) (2011), 173-180.
6. L. Sucheston, Banach limits, Amer. Math. Monthly, 74 (1967), 308-311.
7. D. Hajdukovi¢, Quasi-almost convergence in a normed space, Univ. Beograd. Publ. Elek-
trotehn. Fak. Ser. Mat. 13 (2002), 36-41.
8. S. Shaw and S. Lin, Strong and absolute almost-convergence of vector functions and related
Tauberian theorems, J. Math. Anal. Appl. 334 (2007), 1073—1087.
9. J.C. Kurtz, Almost convergent vector sequences, Téhoku Math. Journ. 22 (1970), 493-498.
10. L. Kuipers and H. Niederreiter, Uniform distribution of sequences, New York, Wiley, 1974.

NATURAL SCIENCE RESEARCH CENTER, ACADEMY OF FUNDAMENTAL AND INTERDISCI-
PLINARY SCIENCES, HARBIN INSTITUTE OF TECHNOLOGY, HARBIN 150001, HEILONGJIANG,
P. R. CHINA.

E-mail address: youchao®hit.edu.cn



	1. Introduction and preliminaries
	2. Distribution and almost convergence of bounded sequences
	3. Banach limit functional and strong almost convergence of bounded sequences in normed vector space
	References

