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Abstract

In this paper, we determine the rate of pointwise convergence of the Chlodowsky type Dur-
rmeyer Jakimovski-Leviatan operators L (f,z) for functions of bounded variation. We use
some methods and techniques of probability theory to prove our main result.
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1 Introduction and preliminaries

Very recently, some authors studied some linear positive operators and obtained the rate of con-
vergence for functions of bounded variation. For example, Bojanic and Vuilleumier [1] estimated
the rate of convergence of Fourier Legendre series of functions of bounded variation on the inter-
val [0,1], Cheng F. [3] estimated the rate of convergence of Bernstein polynomials of functions of
bounded variation on the interval [0, 1], Zeng and Chen [16] estimated the rate of convergence of
Durrmeyer type operators for functions of bounded variation on the interval [0,1]. On the other
hand, in recent years, there is an increasing interest in modifying linear operators so that the
new versions reproduce some basic functions, e.g. summation-integral type operators [11] and [12],
Bézier variant of the Bleimann-Butzer-Hahn operators [13], Szdsz-Bézier integral operators [15];
and some g-analogous [8], [9], [10], [14]. This line of work originated with a paper by Jakimovski
and Leviatan [5], who introduced a Favard-Szdsz type operators P,, by using Appell polynomials
pi(x), k > 0, defined by

g(u)e" = Zpk(m)uk, (1.1)
k=0

where g(u) = Y7, aru® is an analytic function in the disk | u |[< R, R > 1 and g(1) # 0,

— [ee)
nx k

i PG, (12)

e

Pn(f;x): g

.
if g(u) =1, by (1.1) we obtain pg(z) = (2)' and we obtain Szdsz-Mirakjan operators:
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Chlodowsky type generalization of Jakimovski-Leviatan operators is investigated in [2]. These
operators are defined as

—nx

Pi(fsa) = < Zpk bn), (1.3)

with b,, a positive increasing sequence with the properties

by,
lim b, = oo, lim — =0.
n—o00 n—oo N
Works on Chlodowsky operators are fewer, since they are defined on an unbounded interval [0, c0).
Durrmeyer type Jakimovski-Leviatan operators L,, is introduced by Ali Karaisa in [6]. The poly-
nomial L, (f;x) is defined by

—nx X oo k—1
pr(nx) t
> 14
n(f7 1) B n 1 k / (1 t)n+k+1 f(t)dt, T = 07 ( )

where B(n + 1, k) is beta function defined by

ot _ T@)I'(y)
B(:L’,y)f/o (1+t)”«'+ydtilﬂ(a:+y)’ x,y > 0.

2  Construction of operators and auxiliary results

For all real valued continuous and bounded functions f on [0,00), we define the Chlodowsky [7]
type Durrmeyer Jakimovski-Leviatan operators L} : BV[0,00) — W as follows:

L (f;2) ank /OO bn,k(bi)f(t)dt, z € [0,00), (2.1)

n

—nx k—1
)

where P, k(35) = ¢ (b") (35, bnk(bi) =5 B(n}H e W ={P:[0,00) - R} isa

polynomial functions set.
In this section, we give certain results which are necessary to prove our main theorem.

Lemma 2.1. By (1.1), we obtain that
(i) 2 o Pr(5r) = ehn g(1),
(i) Yo kpu(3E) = efn [32g(1) + ' (1)),

(i) Sopeo k2pr(22) = eb [2=g(1) + $2(20' (1) + 9(1)) + (1) + g (1)]:

Lemma 2.2. If s € N and s < n, then

s DT & nx. (n—s)l(k+s—1)!
Bl =20 kzzopk(ﬂ> k-0
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Proof.
L (t%x) = ipmk / bnk tdt
_ el’:f i pr(3) /°° G
bug(1) = B(n+1,k) Jo (14 - )n+h+t
Setu:bin,
Lt z) = bSEhn ZBn—i—l k) /OO (1(:):;:+:+1dt

bsebnar
- ZBn—i—lk

B(k+s,n—s+1)

_ bieﬁz (E)(n—s) I(k+s—1)! .

Lemma 2.3. For L (t°;z), s=0, 1, 2, one have
(i) Lp(Lz) =1,
(i) L (te) =2+ oA,

(iii) L7

2
(%0) = s {55 + 2B + O},

n(n—1)

_Jdm _ 2¢'(D+29(1) g"(D)+29"(1)
where A = o) ,B = o ,C' = o) .

Proof. By Lemma (2.1)and Lemma (2.2), we get

(i)

Litsa) = BT Z
k=

Liie) — Z

Ly (l;z) = 1.

nl(k — 1)

n—s) (k+s—1)

nl(k — 1)

175

Q.E.D.
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(if)
boen o nx, (n—s)l(k+s—1)!
L* ts_ — n _
n(2) 9(1) ;pk(bn) nl(k—1)!
bpe T nx k
Li(tz) = Y pp(—)—
A Nk
bn(JbZm > ne
_ bngl(l)
ERETEY
= x—l—b—nA.
n

(iii)
bSe P i (5 (k4 s — 1!

L) = o =%, nl(k — 1))
com L Blen & na (K2 +k)
Ln(t27m) - g(l) = pk(bn)n(n—l)
L R s PP P
= =1 9 {kZ::ok Pk(bn)‘*'kz:%kpk(bn)}
_ by {n2x2 na (29'(1) +29(1)) n 9" (1) +2¢'(1) }
n(n—1) | b7 bn g(1) g(1)
b2 n?z2?  nx
- n(n—l){ b2 +EB+C}.

Q.E.D.

Lemma 2.4. The function fi,, ., (), m € N°, can be defined as

pnan@) = L0~ 2)5) = 3" Pas(E) [ bus(Goy e —aymae.
k=0 n /0 n

Then,
(1) /J/n,O(l‘) = 17
(11) :u’n,l(x) = %A7

2
(i) pn2(®) = o {55 + BB+ C) — 224 — 2.

Consequently, for each x € [0,00), in.m(z) = O(n~(m*+D/2). For z > 0 by Lemma (2.4), we get,

2

b B2
pn2(x) < Z:c(B —24) + EC’. (2.2)
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Lemma 2.5. For all z € [0, 00), we have

T T
/\n T 07 = K, ) d
1 bn, 2
where -
T U x u
Kn(ava) —kZ:OPnk(bn)bn,k(bn)
Proof.
T 1 t T u
An(a»a) =~ Kn(aaa)du
< [ (Y
0 " bn’ bn r—t
1 t T U
= Ko(—, —)(x —u)?d
o | EGe e wid
1
= (x_t)zu”an( )
By (3.1 ), we have,
x ot 1 b2 n’z?  nzx 2b,x
— — L —B — A g2
)\n(bn’ bn) (z —t)2 (n(n 1){ b2 + bn 0 n v )
< Lt (g aay s e
— (z—1t)? v n2 )’

Q.E.D.

Set . . .
2,;@(5): Sk(a)_ ;f,kﬂ(b*%

n
x > z \*
mrG) = D P )
bn, , bn
k=j
where J3t 1 1(;5) =0 and o > 1.

Lemma 2.6. [17]. Let j be a fixed non negative integer and H(j) = wl/?,i!)ﬂl/ze_(j‘*‘l/z). Then,
for all k,x such that k > j and z € [0, 00), there holds

T x ]
Qni(—) < Ppi(—) < J
by b, n

=

Moreover, the cofficient H(j) and the asymptotic order n~1/2 for (n — 0o) are the best possible.
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3 Main result

In this section, by means of the techniques of probability theory, we shall estimate the rate of
convergence of operators L (f; x), for functions of bounded variation in terms of the Chanturiya’s
modulus of variation at the points on which one sided limit f(x=£) exist. For the sake of brevity,
let the auxiliary function g, be defined by
ft) = flz+),  x<t<oo,
9x (t) = 07 t= x,
f@) = fl@=), 0<t<wm

Lemma 3.1. [4]. For all z € [0,00), we have

The main theorem of this paper is as follows.

Theorem 3.2. Let f be a function of bounded variation on every finite subinterval of [0, c0). Then
for every z € (0,00), and n sufficiently large, we have,

L) - yUan + 5@ < (DY @+ 22 e - o)
k=1 mfﬁ b
(22)"

z2m

+ 5O (n~ /),

where F,(z) = 222(B — 24) + Z—%C and \/Z(gz) is the total variation of g, on [a,b].
Proof. For any f € BV[0,00), it can be seen easily that

70 = 30+ a0 DI ey, )| (o) a1 |
where
0 (1) = { (1) i;i (4.2)
If we apply the operator L¥, to both sides of the equality (4.1), we have
Lisa) = U+ S DL + Lilgasa) + T TED e g
#1050 + fao)| Eafania).

Hence, by Lemma(2.3) L% (1;z) = 1, we get,

Litfio) = 30t + 10| < 1Lt | +| LI 1 e - )

1) - 50 + 1) | B |



Rate of convergence of Chlodowsky type Durrmeyer Jakimovski-Leviatan operators 179

For operators LY, using (4.2) we can see that L} (d,;z) = 0. Hence, we have

N

L (f50) - ,

L) + f(x—))' <| L (g0 )

> ‘)\ | L (sen(t —a)ia) |

In order to prove above inequality, we need the estimates for L (g,;x) and L} (sgn(t — x); x). We
first estimate | L (g,; ) | as follows:

| Ligwia) | = ZPM(;) / h bn,k<bi>gx<t>dt

\f -+ ” z 2z 00 n
= § :Pnk + bk ()9 () dt
-z z4in—z 2z bn,
Vn

NE / b <>dt]

n

IA

bp—=

X x+ﬁ ¢
Pl by (=) gz (t)dt
) [ bt

vn

o

x 2z ¢
+ kZ_OPn,k(bn)/x bn,k(b)gx(t)dt‘

bp—x n
+bns

+ kz_opmk(bn)/Zz >bn,k(bn)gx(t)dt‘
= | Li(n,z) |+ | I2(n,z) | + | I3(n,x) | + | Is(n,z) | .

We shall evaluate | Iy (n,z) |, | Ia(n,x) |, | Is(n,z) | and | I4(n,z) | . To do this, we first observe
that | Iy(n,x) |, | Ia(n,z) |, | Is(n,2) | and | I4(n, z) | can be written as Lebesgue-Stieltjes integral,

=Um z t
ina) = | [ a0don G o)
0 n n
a bz x
Ig(n,.%‘) = / ; gz(t)dt)‘n(bivb7>
x—ﬁ n n
2x
r t
Ln,z) = / gald ()
x4 v\t/%” n  Un
> z t
14(71,1’) = / gr(t)thn(bia bi) )
2x n n
where .
x t T u
M, =) = | Ku(=,-2)d
(i) = | Kl i
and
x t > T
K,(—,—)= P, (—



180 M. Mursaleen, A. AL-Abied, Kh. J. Ansari

First, we estimate I5(n,x). For t € [x — %, x+ b’\’/_ﬁr], we have

1+b" - r t
| L(n,a) | ‘/ ~ @M 5)
r 1
< 2(t) = 9o (2))de | | Aa(3=5 1-)
x 1 n T
L—ﬁ k:lw—%

Next, we estimate I1(n,x). Using partial Lebesgue-Stieltjes integration, we obtain

o5 Tt
D) = [ g0doGe )
0 n Un

x x T~ ﬁ x
= T - =)\ — Yz 0 )\n T
== r t
- An(—, —)di(ga
| nG a0,

Since .

T T

gx(CC -—=)| = gm(x -—)- gw(l‘) < \/ (gw)a

vz vz A

it follows that
* r T— = s r t *
) 1<V @PaGe 20+ [ G o V)

From Lemma (2.5), it is clear that

x

T = 1 by, b2
Ml — ) < = 2{ (B—24)+ 2 }
It follows that
* 1 (b b2
L) | <\ (92) 5] —a(B - 24) + 5C
e (ﬁ) n n
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Furthermore, since

Putting t =z — % in the last integral, we get

mfﬁ 9 T 1 n 1 n T
| e Vet =5 [V @i= 53V @)
t T— = k:lzfﬁ
Consequently,
) 1< 20 N g+ R - s V@) S Ve 53V (6
=r v (=) z z ]
n xfﬁ n wf\% 0 k:lmf—k

Using the similar method for estimating | I3(n,z) |, we get

x

13<n,x>|SFn<x>{;\/ )+ 5>V )

0 k=1lz—-2%

k= 1:67—

By assumption g, (t) = O(t") for v > 0 at t — oo, taking m > /2 and t > 2z, ﬁ is
monotone decreasing for variable ¢, hence by Lemma (2.5), we get

° t
| Is(n, @) | < 9o (8)deAn (', )
2x bn bn
e x © t
=N"P, (= by (=)t 7dt
3 PusG) [ bna)
(2z)7 & x /°° 2 t
= P, (— t— mp, —)dt
o 2 Pk [ =D )
2x)7Y
= (12,)71 Nn,m@?)

(21‘)7 O(n7<m+1)/2).

x2m
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Hence, from (4.3)-(4.6), it follows that

| Ly (gei2) | <| Ii(n, @) | + | L2(n, @) | + | I3(n, ) | + | La(n, ) |

e SRV R SIVTAREL L) SRV

k= lzfﬁ k: 117% k:lzfi‘k
(22)Y (2
4Fy (z _
S5 i \/ (9 + G om0,

k=1z—

Now secondly, we can estimate L} (sgn(t — x);z). If we apply operators L) to the signum
function and using Lemma (3.1), we have

= T > t
LI (sgn(t —x);2) = _1+22Pn’k(?)/ bn’k(b—)dt
_1+2Z-Pnk an,]
x x

n

.13
_1+22pn] i ; ).

Thus,
L7 (sgn(t — x); —Qan)] i ( ZQ277

since 527 Qnk(3-) = 1. By mean value theorem, we have

5 T 9 5 x x x
Qn,j(bn) Jn j(bn) J ]Jrl(bn) - 2pn»j(a)’7n»j(a)7
where " "
Jna](bn) <ﬁyn,](bn) < J ’j(bn).

Therefore,



Rate of convergence of Chlodowsky type Durrmeyer Jakimovski-Leviatan operators 183

Ly, (sen(t — x); )

= 23 Py () Ui () = s (G)
§=0 " !

= 23 P () ni() = Jnin ()
=0 " "

= x
- 23R
=0 "

Using Lemma (2.6), we have

. 2H(j) — T 2H (j
L (sgnlt — a)ea)| < 2Dy, () = 2H0) (48)
\/ b 3=0 " b
Combining (4.7) and (4.8), we get the required result.
This completes the proof of the theorem. Q.E.D.
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