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Abstract

In this paper, a general theorem on absolute Riesz summability factors of infinite series is
proved under weaker conditions. Also we have obtained some new and known results.
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1 Introduction

Let > ay, be a given infinite series with partial sums (s,). We denote by u$ the nth Cesaro mean
of order a, with o > —1, of the sequence (s,), that is (see [6]),

1 & B
up = = Y AnTis, (1)
A" v=0

where

A0 = (a+1)(« +n'2)....(a +n) _0n®), A%, =0 for n>0. (2)

A series ) a, is said to be summable | C, ;0 |, k> 1 and 6 > 0, if (see [8])

o0
Zn‘”ﬁk*l | u® —ul_, [F< oo, (3)
n=1

If we take 6=0, then we obtain | C,« [, summability (see [7]). Let (p,) be a sequence of positive
numbers such that P, = > _p, =00 as n— oo, (P_;=p_;=0,i>1). The sequence-to-
sequence transformation

1 n
=g P (4)

defines the sequence (v, ) of the Riesz mean or simply the (NN, p,) mean of the sequence (s, ),generated

by the sequence of coefficients (p,,) (see [9]). The series ) a,, is said to be summable | N,py,;0 |4,
k>1and ¢ >0, if (see [3])

D (Pa/pn) ™ [ — vy < o0, (5)
n=1

If we take 6=0, the we obtain | N,p, |, summability (see [1]). In the special case p, = 1 for all
values of n | N, pp;d |, summability is the same as | C,1;6 |, summability. Also if we take 6 = 0
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and k = 1, then we get | N, p, | summability.

2. Known results. The following theorems are known dealing with | N,p, |x and | N,p,; 9 |x
summability factors of infinite series.

Theorem A ([2]). Let (X,,) be a positive non-decreasing sequence and suppose that there exists
sequences ((3,) and (),) such that

| A [< By, (6)
Bn—0 as n— oo, (7)
Zn|Aﬂn\Xn<oo, (8)
n=1
If
| s [*
Z =0(X,) as m— oo, (10)
n=1 n
and (p,) is a sequence such that
P, = O(npy), (11)
PnApn = O(pnpn-‘rl); (12)
then the series >~ | a, %p): is summable | N,p, |, k > 1.

Theorem B ([4]). Let (X,,) be a positive non-decreasing sequence. If the sequences (X,,), (5n),
(An), and (p,,) satisfy the conditions (6)-(9), (11)-(12), and

m ok k
Z <P”> Lsn 2 =0(X,,) as m — oo, (13)

=1 \Pn n
m—+1
Py s 1 Py sk 1
— — =0((—)""—=) as m — oo, 14
3 G S0 ) (14)

then the series Y > | an% is summable | N,p,;d |, , k> 1and 0 <68 < 1/k.

Remark. It should be noted that if we take § = 0, then we get Theorem A. In this case condition
(13) reduces to condition (10) and condition (14) reduces to

m+1 D m+1 1 1 1
LB —— ) = — 1
PP, Z <Pn—1 Pn> O (R;) as m — 0o, (15)
n=v+1 n=v-+1

which always holds. Also it may be noticed that, under the conditions on the sequence (\,) we
have that (\,,) is bounded and A),, = O(1/n) (see [2]).

3. Main result. The aim of this paper is to prove Theorem B under weaker conditions. Now, we
shall prove the following theorem.
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Theorem. Let (X,,) be a positive non-decreasing sequence. If the sequences (X,,), (8,), (An), and
(pn) satisfy the conditions (6)-(9), (11)-(12), (14), and

ok | s |k
Z ( > Xnk_l =0(X,) as m — oo, (16)
_ Pn nAn

then the series >, ani—)‘ is summable | N,p,; 8 |,, k> 1and 0 <8 < 1/k.

Remark. It should be noted that condition (16) is the same as condition (13) when k=1. When
k > 1, condition (16) is weaker than condition (13) but the converse is not true. As in [12], we can
show that if (13) is satisfied, then we get

m

ok m
P, |sn ¥ ( ) |snl®
3 - ) =0(X,,).
n_1<pn> nXF 1 Xf ! Pn n (Xom)

n=1

To show that the converse is false when &k > 1, as in [5], the following example is sufficient. We can
take X,, =n?, 0 < o < 1, and then construct a sequence (u,,) such that

P sk | 80 |
un:(pn) Xk 1 _Xn_Xn—h
hence
w P’I’L n
Sy lon L, — e
n=1 Pn TLXn
and so
m ok m m
Z <RL> | Sn |k _ Z(Xn Xn—l)Xnil _ Z(ng . (TL o 1) ) (k—1)
n=1 Pn n n=1 n=1
> i o—1,0(k—1) _ i ok—1 m"
= (o2 n n (o n ~ k; as m — o0
n=1 n=1

It follows that

provided k > 1. This shows that (13) implies (16) but not conversely.
We require the following lemmas for the proof of our theorem.

Lemma 1.1([10]). Under the conditions on (X,), (8,) and (A,) as as expressed in the statement
of the theorem, we have the following ;
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Z/Ban < 0. (18)

n=1

Lemma 3.2 ([11]). If the conditions (11) and (12) are satisfied, then A (%) =0 (3).

n

4. Proof of the theorem. Let (T,) be the sequence of (N, p,) mean of the series > oo, %.
Then, by definition, we have

*ZPUZGTPA 1 ZP P, 1)aUP)\

v=1 r=1 Pr n Py
Then we get that
Pn - PvflpvavAv
Ty —Tp 1 = Con>1, (P,=0
! PP, ) UPv ( ! )

By using Abel’s transformation, we have that

Py, AnS
Tn—Tn, _ . v—1 non
L PPnle ( >+

v=1 Do n

n—1
Snin n P, 1P, A\,
n PP, ) ('U + 1)pv+1

n—1
Pn 1
)\ A - SvPvAvf
(Upv> PP, 1;1 v

= Tn,l + Tn,2 + Tn,3 + Tn,4~

To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show that

o) P Sk+k—1
> <”> | Tr |F< 00, for r=1,2,3,4. (19)

n=1 n

Applying Abel’s transformation, we have that

m ok+k—1 m k—1 ok k
P, P, P s
2 () rmer = 2() ) ey

n=1 n=1 nPn Dn
m Sk . k—1
P, | sp |k 1
- o L T 0 by An
<>n§(pn) " (X) |
m—1 n ok
P, | s |F
= 0Of(1 Al N, —
WA Y () s

m

ok
P, | s |F
+ O) | A\ — _
(1) @(p) Lk
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m—1
O) Y [ AN | Xo +0(1) [ Am | X,

n=1

m—1
o(1) Z BnXn +0Q) | A | X = O(1), as m — oo,
n=1

by the hypotheses of the theorem and Lemma 3.1. Now, by using (12) and applying Hélder’s
inequality we have that

mAl o\ Skl m+1 sh-1 | n-1
S(2) " imar = oS (B) G S s
n=2 n n=2 n n—1 45=1
m+1 k=1 n-lp k
- omy (1) APAPRINY
nz:; Pn Pk, ;pv
m—+1 dk—1 1 n—1 P k
= 0O(1 (n) <v> Sy kpvﬂvk
03 (2) SR (2) e
k=1
P 2P
v=1
m k m+41 P ok—1 1
_ 1 £y 1Bk P,
O )Z<pv> [0 "o Z <pn> P,
v=1 n=v+1
m k—1 P ok
= oY () () ps
Do Dov

v=1
= 0(1) évﬂv (ZJ)M v|;:k|fl
= 01 7:?_11 A(vBy) g:l (i:)ék T;:;Jfl
+ o) mﬂmi (Z)Jk J;:k'kl
m—1
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m—1

= 0 | (w+1)AB, — By | Xy + O1)mBr X,
:7)1:—11 m—1

= 0(1) D> v|AB | X, +0(1) Y XyBy + O(1)mBy Xy, = O(1),
v=1 v=1

as m — 00, by the hypotheses of the theorem and Lemma 3.1. Again, as in 7}, 1, we have that

m—+1 P Sk+k—1 m+1 P Sk4+k—1 » n—1
- T.5|F = - ” P,sy A\ A k
Z< > ‘ ,3| Z<pn> |PnPn—1; ’ ( )

P,
Pn UPv

n=2 n=2
" B e k
. B e k
SCOD oI (R S COTRVENE).
- oS () RS () me

m Pv k m+1 Pn 0k—1 1
oS () it E (2

) Do neot1 Pn
m k Sk
P P, 1 v
= 01 - o lso FI X P (=) —.—
W (o) else i (02) 5
m P k—1 P ok ‘ s |k
= 0O(1 v Ao k—1 Ao (v) 1ov 1
<>;<m) (2] L
B 0(1) m L k—1 | \ ‘ & ok ‘ S0 |k
- v=1 XU ’ Pv v
m ok
P, | s |F
= O(1 Ao | | —
( )1; | ‘ (pv) ’U)(Uk_1
m—1
= 0(1) XoBo +O(N) X | A |=0(1) as m — oo,
v=1

by the hypotheses of the theorem, Lemma 3.1 and Lemma 3.2. Finally, using Holder’s inequality,
as in T, 3, we have get

ma1 Skt+k—1 m+1 Sk—1 n—1
P, P, 1 P,
) T, . F = I RSV

§:( ) | T | }j( ) | T

n=2 Pn n=2 Pn
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1 dk—1 -1
wp, 12 P, N
= § P % Dou A v |
n—1 y—1 UPv

Sk— -1 k
Logon ) ‘k P, o |\ |k
Pnfl _ v UPvy Y Y

IA
M1
VRS
¥

k

PU k klU
'UUA

()|s|p|m

=
) e
<

v

v=1 vp
- 0wy L“M\ )" Lo
o X, v v
v=1

i P, Sy |F
— 0> [\ | () le kl_1

Py

= 0(1) XoBo + O X | A |=0(1) as m — oo.

S
Il
—

This completes the proof of the theorem. If we take =0, then we get a new result dealing with
| N,pn |  summability factors of infinite series. If we take £ = 1 and 6=0, then we get a known
result of Mishra and Srivastava dealing with | N, p,, | summability factors of infinite series (see [11]).
Finally, if we take p, = 1 for all values of n, then we get a new result concerning the | C,1;4 |,
summability factors of infinite series.
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