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Abstract

A proper coloring of a graph G is a function from the vertices of the graph to a set of colors
such that any two adjacent vertices have different colors, and the chromatic number of G is
the minimum number of colors needed in a proper coloring of a graph. In this paper, we will
find the chromatic number of the Harary graphs, which are the circulant graphs in some cases.
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1 Introduction

All graphs considered here are finite, undirected and simple. For standard graph theory terminology
not given here we refer to [3]. Let G = (V, E) be a graph with the vertex set V of order n and the
edge set E of size m.

A proper coloring of a graph G is a function from the vertices of the graph to a set of colors
such that any two adjacent vertices have different colors, and the chromatic number x(G) of G is
the minimum number of colors needed in a proper coloring of a graph [3]. In a proper coloring of a
graph a color class is the independent set of all same colored vertices of the graph. If f is a proper
coloring of G with the color classes Vi, V3, ..., V; such that every vertex in V; has color ¢, we simply
write f = (V1, Vo, ..., V).

As you see in many references such as [3], the Harary graphs are defined as follows: given
2m < n, place n vertices around a circle, equally spaced. Form Ha,,, by making each vertex
adjacent to the nearest m vertices in each direction around the circle. If n is even, form Hopy1 p
by making each vertex adjacent to the nearest m vertices in each direction and to the diametrically
opposite vertex. Both kinds are regular. When n is odd, index the vertices by the integers modulo
n. Construct Hop41,, from Hoy, n, by adding the edges @ < i + ”?*1 for 1 <i< ”TH Obviously,
Hy, = C, and H,_, = K,, which C,, and K,, denote the cycle and complete graph of order n,
respectively. These cases are not the subject of our study.

For [n] = {1,2,...,n} and a subset D of it, the circulant graph G(n, D) is a graph with the
vertex set [n], and ¢j is an edge if and only if i — j (to modulo n) belongs to D U (—D). The study
of chromatic number of circulant graphs of small degree has been widely considered in many papers
such as [1, 2, 4].

Every one can see that the Harary graph Hs,, , is the circulant graph G(n,D) with D =
{1,2,...,m}, and the Harary graph Hay,,11 5 is the circulant graph G(n, D) with D = {1,2,...,m}U
{n/2} when n is even, while for odd n the Harary graph Ha,, 11, is not a circulant graph. Here,
we will find the chromatic number of Harary graphs.
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Recall that for a graph G of order n, a(G) or simply « denotes the independence number of G,
which is the maximum cardinality of an independent set S in G. It can be easily verify that for
any Harary graph H,

lig) =1 if H=Hopi1n, nisevenand n=0 (mod 2m + 2),

o(H) = { g otherwise.
By considering this fact that each color class is an independent set, and every independent set has
cardinality at most a(G), we conclude

n

G) > [——]. 1.1
X(@) = [T (11)
Since the Harary graph H,, , is a complete graph of order n if and only if n = m + 1, and so its

chromatic number is n, so in this paper, we always assume that n > m + 1, and prove

[2]+1 ifn=m+3>10, and m=3 (mod 4),
[2] otherwise.

() =

Through this paper, we consider

n—t=s (modt—1), (1.2)

where t = [2], and « denotes the independence number of a Harary graph.

2 The chromatic number of Hj,,,
In the following theorem we prove x(Hamn) = [2].

e

Theorem 2.1. For any integers m > 1 and n > 2m + 2, x(Hamn) = [2].

(03

Proof. Since a = |- |, we may assume that n = a(m + 1) +r, for some 0 <7 < m. Let r = 0.
Since for each 1 < i < m+ 1, theset V; = {i+ (m+1)j | 0 < j < a— 1} is independent, we
conclude x(Ham,n) =m+1=[2], by (1.1). So, we may assume r # 0. Clearly, £ > m +1, and we
continue our proof in the following two cases.

Case 1: n—m > (o — 1)t. Let f = (V1, Va,...,V;) be a coloring function of Ha,, p, in which
Vi={i+kt|0<k<a-1}, forl1<i<n-—(a—1)},

and
Vi={i+kt|0<k<a-2}, forn—(a—1t+1<i<t.

The condition n—m > (a—1)t guarantees that each of the sets V; is independent, and so x(Hzm n) =
m+1=/[2], by (1.1).

[e3

Case 2: n—m < (o — 1)t. Let f = (V1,V4,...,V;) be a coloring function of Ha,, , in which

Vi={i+kt|0<k<s—1}U{i+st+k(t—-1)]0<k<a-—s—1},
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for 1 <i<t—1, and V; = {n} UB, where

B— %] if s=0
Tl {Rt1<k<s} if s#0.

Since |Vi| = s+ 1 and |V;] = a foreach 1 <i <t —1,and n = a(t — 1) + s + 1, we conclude that
the distance between every two vertices in each V; is at least t — 1, ans so t — 1 > m + 1 implies
that each of the sets V; is independent. Hence x(Hzm,n) = m+1=[2], by (1.1). Q.E.D.

3 The chromatic number of Hj,,;, with even n
By considering this fact that

-] -1 ifnisevenand n=0 (mod 2m + 2),

— m+1

(Homi1,n) = { mLLj otherwise,
we have n =a(m+1)+rorn=(a+1)(m+1)+r, for some 0 <r < m. Now, let » = 0. In the
first case, X(Ham+1.n) = m + 1 =t and in the second case, ¢ > m + 1. If r # 0, then 2m + 2t n
and so n = a(m + 1) + r for some 1 < r < m which easily implies that ¢ > m 4+ 1. So in this
section, Without loss of generality, we may assume that ¢ > m+ 1. Also, without loss of generality,
we may assume that s £ 0 if n —m < (a — 1)t. Because s = 0 implies 2t — 2 1 n, and so the set
{14+ k(t—1)|0 <k <a—s—1} is independent for each 1 < ¢ <¢. Therefore x(Ham+1,n) = .

To find the chromatic number of the Harary graph Hs,, 1,5, with even n, we need the following
two lemmas.

Lemma 3.1. Let n —m < (a — 1)t. If 2t | n, then 55 > s.

Proof. Set g := q. First, let § —st = j(t—1)—it, forsome 0 <7 < s—landsome 1 < j < a—s—1.
Then (i +q — s)t = j(t — 1). Since ¢t and ¢ — 1 are coprime, j is a multiple of t and i + ¢ — s is a
multiple of t — 1. Specially, t +¢—s >t —1. Moreover, i —s < —landsot—1<i+qg—s<qg—1
which implies that ¢ < ¢g. Since ¢ < s implies t < s, we have ¢ > s.

Now, let § — st # j(t —1) —it, for each 0 <i < s—1and each 1 < j < a —s— 1. By knowing
n=a(t—1)+s+1,since ¢ < simplies § —st =j(t —1) —itfori=g—1land j =a—s5—1, we
obtain g > s. Q.E.D.

Let V/ ={i+kt|0<k<s—1}and V' ={i+st+k(t—1)|0<k<a—s—1},for1 <i<t,
be subsets of the vertex set of the Harary graph Hop,41,,. We note that V/ NV = @, and V} is
independent, by Lemma 3.1, because V; is independent if and only if either 2¢ { n or 2¢ | n and
57 > s. Also V/ is independent if and only if either 2t —2{n or 2t =2 | n and %5 > a—s—1. So
for each 0 < < s—1, the set V; = V/ UV, is independent if and only if the set V;” is independent
and § — st # j(t—1)—it, for each 1 < j < a—s—1. Next lemma states that if § —st = j(t —1)—it
for some 0 <i<s—1and some 1 <j <a—s—1, then the set Vi" is again independent.

Lemma 3.2. Let n —m < (o — 1)t. If § — st = k(t — 1) — pt for some 0 < p < s — 1 and some
1<k<a-—s—1,thentheset V' ={i+st+k(t—1)]|0<k<a-—s—1} is independent, where
1< <t
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Proof. 1t is sufficient to prove 2t —2 t n. Let 2t —2 | n and § — st = k(t — 1) — pt, for some
0<p<s—landsomel <k<a—s—1 Then (s—p)t = (55 —k)(t—1). Since t and ¢t — 1
are coprime, it follows that 55 — k is a multiple of ¢ and s — p is a multiple of ¢ — 1, specially
t —1 < s—p. On the other hand, we have s + 1 < t — 1, which implies p < —1, a contradiction.

Hence 2t — 2t n, and so the set V” is independent, where 1 <14 < t. Q.E.D.
Theorem 3.3. For each even n with n > 2m + 3,

_J IRl +1 ifn=2m+4>10, and m=1 (mod 2),

X(Homt1.n) = { [2] otherwise.

Proof. First let n =2m +4 > 10 and m =1 (mod 2). Let x(Hami1,n) =t = [2], and let f be a

proper coloring function of Ha,,4+1n. Since the subgraph of the graph induced by the vertices 1, 2,

..., m+ 1 is a clique, we may assume that f(i) = ¢ for each 1 < i < m + 1. Then for each vertex
m+2<11<2m+4,

fm+2)e{l,m+2}, f(m+3)e{2,m+2}, f(n)e{m+1,m+2},
fln=1)e{m,m+2}, fim+i)e{i—3,i—1,m+2}, 4<i<m+2.

Now we discuss on the following two cases.

Case 1. f(m+2) =m+2. Then f(n) =m+1, and f(m+2i+1) = 2i, for 1 <i < 2L which
implies f(n) = f(n—2) = m+ 1, a contradiction. Because the distance between the vertices n and
n — 2 is less than m.

Case 2. f(m + 2) = 1. First, by a proof similar to Case 1, we have f(n) # m + 2. Hence
f(n) = m + 1. We also see that for at most one vertex m +3 < i < n — 1, we may have
f@) =m+2. Let f(m+3) = m+ 2. Then f(n — 1) = m, which implies f(m + 2i) = 2i — 1,
for 2 <1 < ’”TH, a contradiction. Hence f(m + 3) = 2. Also, with a similar proof, we will have
fn—1) #m+ 2. If for each vertex m+3 <i<n-—1, f(i) # m+2, then f(n—2i—1) =m — 21,
for 0 < i < -1 a contradiction (Because f(m +4) = f(m + 2) = 1). Therefore, for only one
vertex m+3<i<n-—2, f(i)=m+2. Then f(n —1) =m and f(n—3) € {m+2,m — 2}.

Since f(n —3) = m + 2 implies f(n — 2) = m + 1, which is a contradiction to f(n) = m + 1,
we have f(n —3) =m — 2. Then f(n —5) € {m + 2,m — 4}. By continuing this method, we will
have f(m +4) = m + 2. Hence f(n+2i+1) = 2i, for 2 < i < ™ a contradiction. Therefore
X(H2m+1,n) > [2]. Now since the coloring function f with criterion

f@) =i, for1<i<m+2, f(m+3)=2, f(m+4)=3, f(m+5)=m+3,

3
Fm+20) =2~ 1, f(m+2i+1)=2i—2, for3<i< ™

is a proper coloring of the graph with [Z] + 1 colors, we obtain x(Hamy1,n) = [2] + 1, where
n = 2m + 4 and m is odd.

Now, in the second part of our proof, we may assume that if n = 2m +4 > 10, then m = 0
(mod 2), and we continue our proof in the following four cases. We recall that t = [Z2].
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Case 1. n—m > (e — 1)t and 2t f n. Let f = (V4, V5, ..., Vi) be a coloring function of Hapt1,n
in which
Vi={i+kt|0<k<a-1}, forl1<i<n-—(a-1),

and
Vi={i+kt|0<k<a-2}, forn—(a—1t+1<i<t.

Since the given coloring function f = (Vi,Va,...,V;) is a proper coloring of Hayt1,n, we obtain
X<H2m+1,n) = (%W
Case 2. n—m > (o — 1)t and 2t | n. For even t, let

Vaii1 = {24kt | 0<k<n/2t—1}U{2i —1+kt |n/2t <k<a-—1},

Voi={2i —1+kt |0<k<n/2t—1}U{2i+kt | n/2t <k <a—1},
where 1 < i <t/2, and for odd ¢, let

Vaica ={2i+kt |0<k<n/2t—1}U{2i —1+kt | n/2t <k <o —1},

Var = {20~ 14+ Kkt |0<k<n/2t—1}U{2i+kt|n/2t <k <a—1},
where 1 < i < (t —3)/2, and

Vico={kt—1]1<k<n/2t}U{kt—2|n/2t+1<k<a-1}U{n},
Vicr={kt|1<k<n/2t}U{kt—1|n/2t+1<k<a-1}U{n-—2},
Vi={kt—=2|1<k<n/2t}U{kt |n/2t+1<k<a-1}U{n-—1}.

In each case, the given coloring function f = (V1, Va, ..., V;) is a proper coloring of Hap41,p, and
_rn
so X(Hamt1,n) =[]

Case 3. n—m < (a—1)tand §—st # j(t—1)—it, foreach0 <i < s—landeachl <j <a—s—1.
Let V/ = {i+kt |0<k<s—1}and V' ={i+st+k(t—1) | 0<k <a—s—1} be subsets of
the vertex set of the Harary graph Hap,41,n, where 1 < i < t. We note that V/ NV = @, and V/
is independent, by Lemma 3.2.

First let either 2¢ —2{n or 2t —2 | n and 55 > a—s—1. Then the set V" is independent, and
this condition that %—st # j(t—1)—it foreach 0 <i < s—1and each 1 < j < a—s—1, implies that
each of the sets V; = V/ UV, is independent. Therefore the coloring function f = (V1,Va,...,V;) is

a proper coloring of Hayp41.p, Where
Vi={i+kt|0<k<s—1}U{i+st+k(t—-1)]|0<k<a-—s—1},
for 1 <i<t—1,and V; = {kt|l <k <s}U{n}. Hence x(Hami1,n) = [2].

Now, let 2t —2 | n and 55 < a — s — 1. Then the given coloring function f = (V1,V2,...,V})

is a proper coloring of Hoy,41,,, Where

Vi {i+kt]|0<k<s}
{i+st+k(t—1)|1<k<n/(2t—2)—1}

{i+14+st+kt—1)|n/(2t—-2)<k<a-s—1},

cCcCl
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foreach 1 <i <t —1,and V; = {kt[l <k < s}U{l+st+ 5} Hence x(Hami1n) =[2].

Case 4. n—m < (a— 1)t and § — st = q(t — 1) — pt, for some 0 < p < 5 — 1 and some
1 < g < a—s—1. Then each of the sets V;” = {i+st+k(t—1) | 0 <k < a—s—1} is independent,
by Lemma 3.2. Now we define for odd ¢,

Varo1 = {20-1+kt|0<k<p-—1}
U {201+ pt}
U {20—1+kt|p+1<k<s—1}
U V2/l/715
Vor = {20+ kt|0<k<p-1}
U {20 -1+ pt}
U {20+kt|p+1<k<s—1}
U Vi,
Vi={kt|1<k<s}uU{n},
while for even ¢,
Voaior = {20-1+4+kt|0<k<p-—-1}
U {20+ pt}
U {20-1+kt|p+1<k<s—1}
U Vo,
Voo = {204kt ]|0<k<p-1}

U {21—1+pt}
U {2l4+kt|p+1<k<s—1}
U vy
where 1 < < [%]. Then the coloring function f = (V4,Va,...,V;) is a proper coloring of Hayy 1.1,

2
and so X(Hami1,n) = [2]. Q.E.D.

4 The chromatic number of H,,.;, with odd n

Since a(Ham+1,n) = |;57] for odd n, we have n = a(m + 1) + r for some 0 < r < m. Without
loss of generality, we may assume that ¢ > m + 1. A simple calculation shows that if s = 0, then

X(H2ms1,n) = [2] (we recall that n —t = s (mod ¢t — 1), and ¢ = [2]). So we assume s # 0.

[e%

Theorem 4.1. For each odd n with n > 2m + 3, x(Ham41,n) = [2].

[e%
Proof. We presend our proof in the following two cases.
Case 1. n—m > (a — 1)t. We first prove that 2t f n — 1. Assume on the contrary 2t | n — 1.

Then n = 1+ s+ a(t — 1) implies that o — s = (a — 2)t. The condition o # s implies that
a—s>tand sot < a. On the other hand, since n = a(m + 1) + r for some 0 < r < m, we obtain

< a(m+1)
< alt—-1)
< (a—=1)t,

n—m
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which is a contradiction. Therefore 2¢fn — 1. Now let f = (V, V5, ..., V4) be a coloring function of
H2m+1,n7 in which

Vi={i+kt|0<k<a-1}, wherel <i<n-—(a-1)t,

and
Vi={i+kt|0<k<a—-2}, wheren—(a—1)t+1<i<t.

Since the condition n —m > (a — 1)t guarantees that each of the sets V; is independent, we
obtain x(Homy1,n) = [2].

Case 2. n—m < (a—1)t. For 1 <i <t let V/ ={i+kt|0<k<s—1}and V =
{i+st+k(t—1)|0<k<a-—s—1} be subsets of the vertex set of the Harary graph Hay41 n-
Since V; is independent if and only if either 2¢ f n—1 or 2¢ | n—1 and 251 > s, so to prove that V; is
independent, it is sufficient to show that if 2¢ | n—1, then % > s. Since n = 1+st+ (a—s)(t—1),
we obtain (21 — s)t = (o — s)(t — 1). Then 21 — s is a multiple of t — 1 and o — s is a multiple

t t

of t. In particular, "T_l — s >t —1. Since by the definition of s, s <t — 1, we obtain "2—;1 > s.

Since also V;” is independent if and only if either 2t —2{n—1or 2t—2 | n—1 and =% > a—s—1,
to prove that V) is independent, it is sufficient to show that 2¢ — 2 { n — 1. For this aim, let
n—1t=Fk(t—1)+s for some integers k and 0 < s <t —2. Thenn—1= (k+1)(t — 1) + s implies
t—14n—1,and so 2t —2¢n— 1.

Therefore V; = V; U V/ is independent if and only if 25 — st # j(t — 1) — it, for every
0<i<s—landeveryl <j<a—s—1. So, without loss of generality, we may assume that

%—st:q(t—l)—ptforsomeintegersO§p§5—1andlgqga—s—l. Now we define for

odd t,

Varor = {20—14kt|0<k<p—1}
U {20+ pt}
U {20-1+kt|p+1<k<s—1}
U Vi,

Voo = {20+kt|0<k<p-—1}

U {20 —1+pt}
U {21+kt|p+1<k<s—1}
U Vy

Vi ={kt|]1 <k < s}U{n},

where 1 <1 < |£], while for even ¢,

Vo1 = {2l—-1+4+kt|0<k<p-1}
U {20+ pt}
U {20l—1+4+kt|p+1<k<s—1}
U Vi,

Vor = {20+ kt|0<k<p-1}

U {20 —1+pt}
U {204+Fkt|p+1<k<s—1}
Uy
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where 1 <[ < L%J Then the coloring function f = (V1, Vs, ..., V}) is a proper coloring of Hoyyy1 1,
and so x(Hamy1,0) = [2]. Q.E.D.
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