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Abstract

In the article, the authors introduce the new concepts “co-ordinated (a,QC)-, («,JQC)-,
(o, CJ)- and (a, J)-convex functions”, establish some Hermite-Hadamard’s type integral in-
equalities for the co-ordinated (a, QC)-, (a, JQC)-, (o, CJ)- and («, J)-convex functions.
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1 Introduction

The following definitions are well known in the literature.
Definition 1.1. A function f: I CR = (—o00,400) — R is said to be convex if

fOz+ (1 =Ny) <Af(@) + (1 =N f(y) (1.1)
holds for all x,y € I and A € [0,1].

Definition 1.2. A function f: I C R — R is Jensen-convex(J), if

f(ery)S f@)+ f(y) (1.2)

2 2
holds for all x,y € I.
Definition 1.3. ([5, 6, 8]) A function f: I C R — R is said to be quasi-convex(QC), if
Oz + (1= Ny) <max{f(z), f(y)} (1.3)
holds for all z,y € I and A € [0,1].
In [5], the authors introduced the class of real functions of JQ type, defined as follows.

Definition 1.4. ([5]) A function f:I C R — R is Jensen- or J-quasi-convex(JQC) if

F(55Y) < maxt (o). 1) (14)
holds for all z,y € I.
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In [5], Dragomir and Pearce proved the following theorem:

Theorem 1.1 ([5, Theorem 2.2]). Suppose a,b € I CRand a <b. If f € JQC(I)N L1 ([a,b]), then
a+b

<

(%50

I(a,) :/O F(ta+ (1 — £B) — F(1 — B)a+ th)] dt. (1.6)

b
bia/ f(z)dx + I(a,b), (1.5)

where

In [3, 4], S.S. Dragomir considered the convexity on the co-ordinated.

Definition 1.5 ([3, 4]). A function f : A = [a,b] X [c,d] C R? — R is said to be convex on the
co-ordinates on A with a < b and ¢ < d if the partial mappings

fyla, bl = R, fy(u) = fy(u,y) and fo : [e,d] = R, fo(v) = fo(z,v) (1.7)
are convex where defined for all z € (a,b),y € (¢, d).
A formal definition for co-ordinated convex functions may be stated as follows:
Definition 1.6. A function f : A = [a,b] x [¢,d] € R? — R is said to be convex on the co-ordinates
on A with a < b and ¢ < d if the inequality
fltz+ (1 —t)z, y+ (1 — Nw)
S EAf(z,y) + (1= A) f(z,w) + (1= )Af(z,9) + (1 =) (A =X f(z,w) (1.8)
holds for all ¢, A € [0, 1], (x,y), (2, w) € A.
n [3, 4], S.S. Dragomir established the following theorem.

Theorem 1.2 ([3, Theorem 2.2]). Let f : A =[a,b] X [¢,d] — R be convex on the co-ordinates on
A with a < b and ¢ < d. Then, one has the inequalities:

a+b c+d
(5557
1 b c+d 1 d a+b
[b—a/af(‘”’ﬁd“d—c/c f( 2 *’)dy]
1 b d
<o—aaa ) [ Sevvi

gi[bia(/abf(x,c)der/abf(z,d)dx) +dic</Cdf(a,y)dy+/cdf(b,y)dy>]
1

<;lf(a,e) + £(b,¢) + f(a,d) + f(b, d)]. (1.9)

In this paper, we introduce the new concepts “(a, QC)-, (o, JQC)-, (v, CJ)- and (v, J)-convex
functions on the co-ordinates on the rectangle of the R2?” and we establish some new integral
inequalities of Hermite-Hadamard type for the co-ordinated (a, QC)-, (a, JQC)-, (e, CJ)- and (v, J)-
convex functions.
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2 Some Definitions and Properties
We will start the following definition.

Definition 2.1. A mapping f : [a,b] X [¢,d] — R will be called co-ordinated («, QC)-convex on
[a,b] x [e,d] with a, b, ¢, d € R and a < b, ¢ < d, if the following inequality:
flx+ (1 =tz y+ (1 = Nw)
<t max{f(z,y), f(z,w)} + (1 - t*) max{f(z,y), f(z,w)} (2.1)
holds for all ¢, A € [0, 1], (z,y), (z,w) € [a,b] X [c,d] and some « € (0, 1].

Now we introduce the new concept “(«, JQC)-convex functions on the co-ordinates on the rect-
angle of the R?”.

Definition 2.2. A mapping f : [a,b] X [¢,d] — R will be called co-ordinated (a, JQC)-convex on
[a,b] X [¢,d] with a, b, ¢, d € R and a < b, ¢ < d, if the following inequality:

ytw

f(tx + (1 — 1)z, 5

) < e max(fe) S )} + (- ) S0} (22)

holds for all ¢ € [0, 1], (x,y), (¢, w) € [a,b] X [c,d] and some « € (0, 1].
We give the definitions of co-ordinated (o, CJ)- and (e, J)-convex functions.

Definition 2.3. For a € (0, 1], a function f : [a,b] x [¢,d] — R is said co-ordinated («, CJ)-convex
function on the co-ordinates on [a,b] X [c, d], if

fl@,y) + =z, w)
2

f(zy) + [z w)
2

flxz + (1 =)z, y + (1 — Nw) < t° + (1 —1t%) (2.3)

holds for all ¢, A € [0,1], (z,y), (2, w) € [a,b] X [c,d].

Definition 2.4. For « € (0, 1], a function f : [a,b] X [¢,d] — R is said co-ordinated («, J)-convex
function on the co-ordinates on [a,b] X [¢,d], if

i s 200) < plen I e fEn e g

2

holds for all t € [0,1] and (z,¥), (2, w) € [a,b] X [c,d].

Theorem 2.1. Let (a, QC), (o, JQC), (o, CJ) and («, J) denote the class of («, QC)-, (o, JQC)-,

(o, CJ)- and (v, J)-convex functions on [a, b] X [c,d] € R? for some « € (0, 1], respectively. Then
(o, QC) C (v, CJ) and (e, JQC) C (av, J).

Proof. Since
u+ v+ |u—v S utv
2 - 2
for all u, v € R, then (a, QC) C (a, CJ) and (e, JQC) C (v, J). Theorem 2.1 is proved. Q.E.D.

max{u,v} =
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Theorem 2.2. Let (o, QC), (o, JQC), (e, CJ) and (av, J) denote the class of («, QC)-, (o, JQO)-,
(a, CJ)- and («, J)-convex functions on [a, b] x [c,d] C R? for some « € (0, 1], respectively. Then

(o, Q0O) C (e, JQO) and (cr, CJ) C (v, J).

Proof. In (2.1) and (2.3), if A = 3, then (2.2) and (2.4) hold. So (o, QC) C («,JQC) and (a,CJ) C
(a,J). The proof of Theorem 2.2 is complete. Q.E.D.

Corollary 2.2.1. Under the conditions of Theorem 2.1 and Theorem 2.2, then
(@, QC) € (@, JQC) C (e, J) and (o, QC) € (e, CJ) C (a, J).

3 Some integral inequalities of Hermite-Hadamard type
In this section, we establish Hermite-Hadamard integral inequality for co-ordinated (o, QC)-, (v, JQC)-
, (@, CJ)- and (o, J)-convex functions on rectangle from the R2.

Theorem 3.1. Let f : R — R be a integrable on [a,b] x [c,d] with a < b andc < d. If f is
co-ordinated (a, J)-convex on [a, b] X [c¢,d] for some « € (0, 1], then

b d
[bia/ f(x»";d)dwic/ (55 ) ]

/ [f(a,y)+af(b,y>] dy. (3.1)

Proof. From the (a, J)-convexity of f, we have

f<a42rb7042rd>
/01f<ta+(1t)b;(lt)athb,(c+d)/242r(c+d)/2>dt

§2a1+1/01 [f(mﬂlt)b,c;d) +(20‘1)f<(1t) 1 th, ;dﬂ dt

:ﬁ / ’ f(m, ;d> a. (3.2)
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By the (a, J)-convexity of f( with ¢ = 1 in (2.4)), and using the (3.2), give
a+b c+d
(550
1 ’ c+d c+d
- ctd dzdA
ima | 1)y [ [ (= 5)

1 b
—ﬁ/o /[f(mw(l— Nd) + f(z, (1= A)ec+Ad)]dzd A

d b
_%_;W_C)//f(x,y)dxdy (3.3)

Similarly, we obtain
a+b c —|— d
2 )

< (5
dlc f<a;rb )dy
§4d1 5 // Fltat (1—t)b,y) + F((1—a+th,y)] dedy

:mfc/af(z,y)dzdy. (3.4)

By addition (3.3) and (3.4), the first inequality in (3.1) is proved.
On the other hand, letting = ta + (1 — t)b, 0 < ¢ < 1, by the («, J)-convexity of f, then

d rb d p1
(b_a)l(d_c)/c/af(:c,y)dxdy—dic/c/of(twr(lt)b,y)dtdy

d 1
§dic/ [t (@y) + L= t)f(by)] dtdy

d
=g | e +area)dy (5.5)

The proof of Theorem 3.1 is complete.

~

A) >+f<“+b (1—>\)c+>\d>}d)\

Q.E.D.
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Corollary 3.1.1. Under the conditions of Theorem 3.1, if &« = 1, then

Theorem 3.2. Let f : R? — R be a integrable on [a,b] x [c,d] with a < b ande < d. If f is
co-ordinated (a, CJ)-convex on [a,b] X [¢,d] for some a € (0, 1], then

a—|—b c+d
(5 )

i1 c+d 2 (4 (a+b
<zb_a/nfG”:z>dm+d_c[~“iz W>d4
(b—a _C//f:z:ydxdy

1 d
(b—a)/a [f(l” c)+ f(x, d)]der(—l—l)(d—C)/c [f(a,y)+af(b,y)}dy

Sﬁ{f(a,c) + f(a,d) +a[f(b,c) +f(b,d)]}. (3.6)

Proof. Using the (o, CJ)-convexity of f, similarly to the proof of Theorem 3.1, we obtain first

inequality in (3.6).
Putting y = Ac+ (1 — A\)d, 0 < A <1, by the (a, CJ)-convexity of f, then

(d //fmydmdy

(a+1 )/ [f(a,y) + af (b,y)] dy

1
)(d
/ Flahe + ( 1—A)d)Jraf(b,)\ch(lf)\)d)}d)\

2m+n{ﬂa@+ﬂa®+aum@+fwmn (3.7)
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and setting x = ta + (1 — t)b, 0 <t < 1, by the (o, CJ)-convexity of f, we get
=) _c//facydmdy— //fx)\chlf d)dxdA
—a// (z,¢)+ f(z,d)] dzd X = 20 )/[f(xc)—kf(xd)}dx
<1/’wv( &)+ (1— 1) (b, ) + £ flard) + (1 — )£ (b, d)] dt

2

= 01 d b b,d 3.8

=51/ @0+ fad) +alf6.0+ /b)) 58)
The proof of Theorem 3.2 is complete. 05D,

Corollary 3.2.1. In Theorem 3.2, if & = 1, then

a+b c+d
2f( et )

A e o)
3 _C‘/ /’fxg/dxdy
[bia/a[f@cwf(xd)]dﬂf (@) + F00.0)] 4

<=[f(a,c) + fla,d) + f(b,c) + f(b,d)].

Theorem 3.3. Let f : R? — R be a integrable on [a,b] x [c,d] with a < b ande < d. If f is
co-ordinated (a, JQC)-convex on [a,b] X [c¢,d] for some « € (0, 1], then

a+b c+d
f( et )

1 1 b c+d 1 d la+b 1
< | I - —
—2[b—a/af<x’ 2 >d“d—c . f( 2 ’y>}+4Ma’b(C’d)

d b
h—a _C)/ / f(%y)dxdy"‘iMa,b(C,d)—i-iD(a,b;c,d) (3.9)
and
1 d rb 1 d
m/c /a f(w,y)dxdyém/c [f(a,y)—l—af(b,y)]dy, (3.10)
where
d
Map(c, d)—dic/ f(a;b,y>—f(a—2|—b —I—d—y)’dy, (3.11)

D(a,b;c,d) = / / |f(z,y) — f(z,c+d—y)|dzdy. (3.12)
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Proof. From the (a, JQC)-convexity of f, we have

f<“+b C+d> <L [f(ta+(1—t)b,czd)+(2a—1)f((1—t) + b, ;d)] (3.13)

2 72 A

for all t € [0,1].
Integrating the inequality (3.13) on [0, 1] over ¢, we obtain

a+b c+d

(50

32% 1[f(ta+(1—t)b,c—gd>+(2“—1)f((1—t)a+tb7c—;d>}dt
0

Lt [

Nd), f(@, (1= Ne+Ad)}dzd A

W//m{f@ y), f(z.c+d—y)}dady

1

20— a)(d —c// 2f(x,y) + |f(x,y) = fz,c+d—y)|] dady. (3.14)

Similarly to the proof of (3.14), we have

f<a+b c+d>
g {f(“H’A + 1—/\)d),f<a;rb(1—/\)c+/\d>}d>\
Lol (2

LB P 3]

d 1
dic/ f(a—2|—b7y>dy= ; f<a42—b’y)dtdy
S%d—0 / / [ <m+ (1—t)b CJ2rd>+(2°‘1)f<(1t)a+tb,c;rd>}dtdy

:m/c /a f@,y)dady. (3.16)

Here
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By the (3.16) into the inequality (3.15), then
f<a—2|—b7 c—;—d)
Swl-@/d{?f(“” o) \f(““’ o) o5 e =)o
b= a)d—0) / / flz,y)d

1
(a;b,y>—f<a—2|—b,c+d—y>’dy. (3.17)

+

2(d-c¢) J,
Choose x =ta+ (1 —t)b for 0 <t <1, by the (a, JQC)-convexity of f( with0 <t <1, A= % in

(2.2)), we can write
1 d rb
m /p /a flz,y)daedy

- / Flta+ (1 —)b,y)dtdy
d—cJ. Jo

d 1
_d—c C/0 [t f(a,y) + (1 —t*) f(b,y)] dtdy

(QH)(d_C)/ [f(a,y) +af(by)] dy. (3.18)

The proof of Theorem 3.3 is complete. Q.E.D.

Corollary 3.3.1. Under the conditions of Theorem 3.3, if f,(y) = fu(2,y) be symmetric to <2
on [c,d] for all z € [a,b], then

b d
305 it [ 5 (5

1 4 rb 1
Sm/c /a f(l‘,y)dxdyém/c [f(a,y)+af(b,y)]dy.

By the Theorem 2.2 and the Theorem 3.3, we have

Theorem 3.4. Let f : R? — R be a integrable on [a,b] x [c,d] with a < b andc < d. If f is
co-ordinated («, QC)-convex on [a,b] X [c,d] for some « € (0, 1], then

a+b c+d
1(55)
1 1 b c+d 1 d fa+b 1
<Z _
<5l [ oS5 aer g [ (M) |+ gMeste)

d rb
Sm/c /a f(xay)dxdy+ZMa,b(C,d)-l—iD(a,b;C,d), (3.19)

where M, ;(c,d) and D(a,b;c,d) are given by (3.11) and (3.12).
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Theorem 3.5. Let f : R? — R be a integrable on [a,b] x [c,d] with a < b ande < d. If f is
co-ordinated (a, Q@C)-convex on [a,b] X [¢,d] for some « € (0, 1], then

= 70//fxydwdy

(b
< [2@_) [ e+ st ) az
* m /Cd [f(a,y) +af(by)] dy} + %Nc,d(aqb)
Sﬁ{ [f(a,¢) + fla,d) + a[f(b,c) + f(b, d)]} n %Nc,d(ayb)
+ﬂj%ﬁﬂﬂ%@*f@dﬂ+®ﬂ@@—f&@&, (3.20)
where
Ne.a(a,b) = 7/|fxc f(z,d)|dz. (3.21)

Proof. Similarly to the proof of (3.7) and (3.8), and using the (a, QC)-convexity of f, we obtain

/ / flz,y)dzdy
bfa d—c)

Sm/a [f(z,0) + f(z,d) + |f(z,¢) — f(z,d)|] da

S%/O {t@[f(a,c) + fla,d) + (1 = t*) [ f(b,c) +f(b,d)]}dt+ %J(C,d)
1

:m{f(aa C) + f(aa d) + a [f(b, C) + f(b7 d)} } + %J(c, d) (322)

By a similar argument and from (3.10), we observe that

b_a<d //fxydxdy

1
<(04+1)()/c [fla,y) +af(by)]dy

Sﬁ{ﬂ“’c) + fla,d) +|f(a,c) — f(a,d)|
+alfb,0)+ f(bd)+1£(b,) 7, d)] | (3.23)

By (3.22) and (3.23), the inequality (3.20) is proved. Q.E.D.
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Corollary 3.5.1. Under the conditions of Theorem 3.4 and Theorem 3.5, if f,.(y) = fo(x,y) is

symmetric to <£¢ on [c, d] for all € [a, b], then

a+b c+d 1] 1 b c+d 1 d la+b
(505 salis [ (5 )am e [ o(55 )
1 d b
Sm/c /a flz,y)dzdy
b

1 d
2|:2(b—a)/a [f(x,c)—l—f(x,d)]dw-i-m/c [f(a,y)+af(b,y)]dy:|

gﬁ{f(mc) + fla,d) + a[f(b,c) —i—f(b?d)}}_

Furthermore, if o = 1, then

() 2 [ 5o [ 5
o | [ e
i [ swatans 2 [+ e a]

IN

—~

IN

[ e N

<

[f(a,c) + f(a,d) + f(b,c) + f(b,d)].
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