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Abstract

Let L/K be any separable extension of complete discrete valued fields of degree p. This work,
is a study of some ”standard over-extensions” of L/K, with the description of their Galois
groups. The second target, which is the aim of this work, concerns the Galois closure of L/K.

The study of the normal case has been done in some former work.
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Introduction

Let L/K be a separable extension of degree p of complete discrete valued fields having residue fields
of characteristic p > 0. The content of this paper is as follows:

Section 1 is a general view of the standard over-extensions of K. Some specific results and examples
on the extension M = K ((K*)'/P~1)/K, in general, are also given.

Section 2 is a description of the Galois groups of the standard extensions, the question of the
finitude of the Number of Galois extensions having a given degree is studied and a Method for the
determination of some cyclic extensions of a local number field is given.

Section 3 is the study of the Galois closure of L/K (the aim of this work). The existence of the

intermediate extension and an explicit determination of it are studied.

1 Standard over-extensions

By ”local field” we mean a complete discrete valued field, meanwhile ”standard over-extensions” of
a local field K are, the maximal abelian extension M of K of exponent p— 1, the maximal p-abelian

extension of M, and the Galois closure of a p-extension of K.

1.1 Case of finite residue field

Let K a local field with finite residue field, k = F,r. The maximal abelian extension of exponent
p—1lof K is M = K((K*)"/P~1), regardless of the characteristic of K, that is the compositum of two
cyclic Kummer linearly disjoint extensions of K both of degree p — 1. The unramified and a totally
ramified K( ?~/m) (7 uniformizer of K). M/K is the compositum of all cyclic extensions of K of
degree dividing p— 1. From Kummer Theory for abelian extensions (see [12] ch:VI), T = gal(M/K)
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(the Galois group of M/K) is dual to K*/K*®=1 under the pairing:
o: T x(K*/K*r=b) — F*

p
(0,7) — oY)y
so Fy C K*, is identified with the group of the p — 1-th roots of unity. N the maximal abelian

with (y?~1 = z);

extension of exponent p of M is compositum of all extensions of K of degree p.

First case char(K) =0

Here, N = M ({/M*); furthermore M /K, and N/M are normal.

o I' = gal(M/K), is abelian of degree (p — 1)? isomorphic to (Z/(p — 1)Z)2.

e Write A = gal(N/M) seen as I' -module (from the action of T" on it, I" acts on M*/M*P and on
tp C M. A~ Hom (M*/M*P,< ¢, >) so it is isomorphic to the filtered I'-module M*/M*? of
F,-dimension p?+[M:@l See Remark (1.1).

e G = gal (N/K), need not be nilpotent. It is a semidirect product G = A x Iy, where Ty is a
subgroup of G isomorphic to I' ( Schur-Zassenhaus Theorem, see [14]Chap.7. Th.7.24).

Remark 1.1. If the extension L/Q, is finite then the order of the group L*/L*P is

e 1. If L contains the p-th roots of unity then the order of the group L*/L*P is p2 Q]

e 2. If L does not contain the p-th roots of unity p'+Qr]

Set [L: Q,] = ef, from L* = 7% x pips—1 % Uy for 7 a uniformizer of L, y, the group of the n-th
roots of unity and Uy the group Uy = {a € Lya —1 € My}, so L* ~7Z x p,r_y x Uy. From Prop.
10, Ch.XIV §.4 in [17], Uy is a direct product of a cyclic p-group and a Z,-module of rank [L : Q,],
50 Uy =~ pipn X ZI[)L:Q”} with h >0, p,n C L and pi,n+1 not in L, so h = 0 if and only if L does not

contain i, (see the following Note). So,

L* 70X s 1 X flpn X /i

1.1
L* /L = Z/pE x {1} X i J1i8y, x (Z/pZ)1=0] (1.1)

o If h =0 then pn /uih is of dimension zero.

o If h > 0 then fi,n /,uzh ~ 7 /pZ that is of dimension 1.

In consequence dim(L*/L**) =141+ [L: Q,] if h > 0 meanwhile dim(L*/L*P)
=1+[L:Q,] if h =0. See for example Corollary of Proposition 6 §.3 Ch.II in [7].
Note: we prove, Uy o p,n X ZLL:Q’)].

For L/Q), finite, the p-adic logarithm is a Z,-module homomorphism log : Uy — M, and ker(log)
is the p-th power roots of unity in L. This kernel is finite, since high p-th power order roots of
unity have high degree over Q,, and can’t lie in a finite extension of Q,, if the order is sufficiently
large. The p-adic logarithm is an isomorphism from a sufficiently small closed disc D around 1 to
a sufficiently small closed disc around 0, with its inverse being the p-adic exponential. A closed
disc around 0 in My, is a scalar multiple of M, and M ~ ZLL:Q”], so D ~ ZLL:Q”]. Since D is
a Z,-submodule of U; with finite index, U; is a finitely generated (multiplicative) Z,-module that

contains a submodule of finite index which is free of rank [L : Q,], so by the structure theorem for
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]

finitely generated modules of a PID, U; as a Z,-module is T x Z][)L:@” , T is the torsion submodule of
U;. The submodule T is T = ppn C Uy, Thus Uy > pp,n X Z,[,L:Q”]. A special case is for p = 2, since
all 2-adic field contains the 2-th roots of unity nevertheless the result still holds. For example, if
L=Q2 Q ~ZxZyxZJ/2Z ~7ZxU, (U=U; ),and Uy = Z5 = {+/ -1} x (14+4Z3) ~ {+/ -1} xZs

since the 2-adic logarithm is an isomorphism between 1 + 4Zy and 4Zy ~ Zs.

Remark 1.2. Since N/M a p-elementary abelian, gal(N/M) = A ~ (Z/pZ)™ with n = 24+[M : Q,]
and from classical group theory (Z/pZ)™ has exactly

(1), = @D D
i)p =D -1 (1)

?)p the Gaussian p-binomial coefficient (n choose i), for i < n). (The

subgroups of order p?, ((
number of i-dimensional subspaces of an n-dimensional vector space over F,,). By the theorem of

n—1u

classical Galois theory, N/M contains (?)p extensions of M of degree p

Second case: char(K)=p >0, K = F((T)), with F a finite field. Then N = M (p~'(M));
(p : * — 2P — x)(Artin-Schreier).
e I' = gal(M/K), which is abelian of degree (p — 1)? isomorphic to (Z/(p — 1)Z)?.
o A = gal(N/M) is isomorphic to the filtered I'-module M/(p(M)) of F,-dimension +oco, which is
abelian too of exponent p, isomorphic to a countably infinite product of copies of Z/pZ in general
see Proposition (1.5).
e G = gal (N/K), G need not be nilpotent, since G = A x Ty , I' ~ I’y C G, (Generalized Schur-
Zassenhaus [13]. §.2.3; page: 41)). Indeed from Krull topology, (see [12] ch:VII), A is a closed
normal subgroup of G and the exponents are relatively prime. So, we have a split short exact
sequence 1 - A -G —T'g— 1.
Note: Having I' ~ Ty, in the next, we write I" instead of I'y since no confusion can occur.

Remark 1.3. A is the single Sylow p-subgroup of G, so the number of subgroups of G of order p

equals the number of subgroups of A of order p* for all 4, namely,

(n) (i D 1C s S IO (A §)
i/p ®'=1)(p'=t=1)...(p-1)

1.2 On the prime and Equi-characteristic Case

Remain that for a complete discrete valued field K having the same characteristic p as its residue
field F' we can write K = F((T')) with T a transcendental element over F'.

1.2.1 Infinitude of K/p(K)

Proposition 1.4. K = F((T)), with F' a complete discrete valued field of characteristic p then
K/p(K), is countably infinite, ( p : z — 2P — ).

PRrROOF. Consider 7, for n > 0 and p does not divide n. If 7 — ﬁ € p(K), with n # n’ and
p does not divide nn/, then 7z — =L = f? — f, for some f € K = F ((T)) but f ¢ K = F[[T]],
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necessarily (since n,n’ > 0 and distinct ) (which is no more true if F is finite). Thus f has a leading

polar term with degree —r < 0, so fP has a pole with degree —rp < —r, that is f? — f has a pole

of order rp that is divisible by p yet the difference % - Tln,,

and n’ are distinct and not divisible by p. So, we found infinitely many different elements outside

does not have this property since n

of a subspace.

For the infinity of the codimension. (T"),, with n negative prime to p numbers is free in K/p(K).
Let ny < --- < n,, be negative prime to p integers, and ai,...,a,, € F non-zero. We have to
prove that f = a17™ + --- + a,, ™™ does not lie in p(K). Let v be the canonical valuation of
K = F((T)). Then v(f) = ny < 0. By contradiction, suppose that f = g? — g for some g € K.
Then v(g) < 0, so v(g? — g) = pv(g). f = g — g implies that ny = v(f) = v(g” — g) = pv(g),
thus p divides n1. So, we get the contradiction. Now, by Hensel’s Lemma g(K) contains an open

neighborhood of 0 so K/p(K) is just countably infinite. Q.E.D.

Note: Prop.(1.4) can be generalized to any infinite and commutative field K,

char(K) = p with p(K) G K (strict inclusion). Indeed, the equality can occur, for example if K is
algebraically closed, the equation T? — T —t is separable, with K separably closed and char(K) = p
we get p(K) = K, K/p(K) is then trivial.

Let K be a commutative and infinite field and L/K finite with [L : K] > 1. The element 1 can be
extended to a K-basis eq,...,e, of L, withey =1 andn>1. Then L = Ke; + Kes + ... + Ke,, =
K + Keg + ... + Ke,, (the sums are direct sums). Passing to additive quotient groups, L/K is
isomorphic to Kes + ... + Ke,, which is infinite since K is infinite. So, a similar argument works
when L is any field extension of K that is larger than K (not just finite extensions of K ) by using
a K-basis of L that contains K.

1.2.2 Description of the product A
Proposition 1.5. For L = F((T")) a local functional field with F a finite field of characteristic p, let

N be the maximal exponent-p abelian extension of L. Then gal(N/L) is a product of an countable

infinite product of copies of Z/pZ.

Proor. By Kummer’s theory, gal(N/L) embeds into Hom(L/p(L),Z/pZ)
~ (Z/pZ)®), and is a direct product of a non-necessarily countable number of copies of Z/pZ, of
course L/p(L) ~ gal(N/L) and L/p (L) embeds into (Z/pZ)(®). Since L/p(L) is just countably
infinite (see Prop.1.4) and thus has only countably infinite dimension then with Pontryagin duality
that swaps direct sums for direct products we see that gal(N/L) is thereby obtained as a countably

infinite product. Q.E.D.

By use of the notations of §.1.2. K = F((T)) (F finite of characteristic p), M/K is Kummer-
abelian of degree (p—1)2, then M = K ( iRV K*) with M = V((X)) too (V finite)V =F(?/(¢)) (e

a generator of F*, and X = 7 KI/T) Now, by ”continuity of roots” for separable monic polynomials,



On standard extensions of local fields 53

there are only countably many finite separable extensions of a local function fields see Example(2.9)
(as such fields have a countable dense subset), A is necessarily a countable infinite product of copies
of Z/pZ. Furthermore, Prop. (1.5) gives a direct proof of

Corollary 1.6. From Prop.(1.5). The group A = gal(N/M) (where N = M(p~}(M)) and M =
K ( PVEK *)), is a product of an countable infinite product of copies of Z/pZ.

1.3 Remarks on the extension M = K((K*)!/?~!)/K in general

e In local case with finite residue field of characteristic p we have seen that

M = K((K*)'/?=!)/K, is an abelian extension of degree (p — 1)?> the Galois group of
which is isomorphic to (Z/(p — 1)Z)2.

e Meanwhile, if K is a complete field with respect to a discrete valuation having a residue field not
necessarily finite of characteristic p, then we have M = K ((K*)'/P=1)/K is not necessarily finite,
but it is still abelian of exponent p — 1, since K contains the p — 1-th roots of unity.

e Otherwise, the extension M /K need not be finite; if it is finite it need not be Galois; and if it is

finite and Galois it need not have that Galois group. Indeed see the following.

Example 1.7. 1). e Let K = k((t)), where k = Q({3) and (3 is a primitive cube root of unity. So
K is a complete discretely valued field.

Let p = 3. k((k*)'/P=1)/k is infinite. Hence so is K ((K*)'/?~1)/K.

2). o K = Q((3) where (3 is a 3-th root of unity. Therefore, M/K = K((K*)'/P~1)/K =
Q(&3)((Q(&)*)H?)/Q(C3), is infinite, since adjoining to K the square roots of different prime ele-
ments of Z[(3] will lead to disjoint quadratic extensions whose composite has degree a large power
of 2 (the power being the number of primes).

More generally we have the following result:

3). & "Consider K = Q((,) where (, is a p-th root of unity, p being an odd prime number. Then
K("VES)/K = Q(G) (M7 3/Q(6) ") /QGp). s infinite”.

Indeed, from the well known result ”For relatively prime integers aq, ..., a,, the 2" algebraic num-
bers \/a;, ;. a;, with i1 < ... <ip and 0 < k < n are linearly independent over Q, so are a Q-basis
for Q(\/ai,, .-, /@i, ). In particular, the degree of that field over Q is the maximum possible 2"”, we
can deduce that Q((Q*)'/?)/Q is infinite. Since Q(¢,)/Q is finite then Q({,)((Q((p)*)Y/2)/Q(E,) is
infinite, therefore Q(,)((Q(¢,)*)Y/P~1)/Q(¢p)is infinite too. The result is proved.

Note that the degree of Q(Cp)(y/@i, .-, /3, ) over Q((p) is 2™ or 2”715 it depends on whether the
set the numbers a; union +p or —p is still independent or not and /+p or /—p belongs to Q((,),
depends on whether p =1 mod 4 or p = 3 mod 4.

4). e Let k be an algebraically closed field of characteristic 0, and let K = k((¢)).

Then K ((K*)Y/P~1)/K is Galois with group Z/(p — 1)Z, not (Z/(p — 1)Z)>.

5). e Let k be the field of 3 elements, and let K = k((t)).

Let p = 11. Then K((K*)'/?~1)/K is Galois with group Z/2Z x Z/10Z.
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6). e Let k be the field of 3 elements, and let K = k((¢)).

Let p = 7 Then K((K*)'/P~1)/K has degree 12 (not 36), but it is not Galois because it is not
separable, since ¢t'/3 is in this field.

7). o ” For any fractions field K, with characteristic p # 2, of a Dedkind ring 2 having infinite
many prime ideals , we have M = K ((K*)Y/P=Y) /K, is infinite”.

Indeed, it suffices to notice that when adjoining to K the square roots of two different prime el-
ements of A will lead to disjoint quadratic extensions. In fact, let L = K(y/p) and L' = K(,/q).
They are both quadratic. Necessarily LN L" = K otherwise L = L’, this means that \/q = a +b\/p
for a,b € K, thus ¢ = a® + 2ab,/p + b2p. Clearly b has to be non-zero. If a is also non-zero, then
this formula shows \/p € K, so a has to be zero. Then ¢ = b2p, localizing at ¢, p is a unit and g is
a uniformizer so this cannot happen.

8). e In contrary, in characteristic 2 Fo(T)(v/T) = Fo(T)(v/T + 1) Is a counter-example.

Note:
Concerning items 7) and 8), the different result for characteristic 2 is really just an artifact. More
generally , if p is any prime and a positive integer n is not a power of p, then M = K ((K*'/")/K is
infinite for rings as in item 7). Of course if p is prime and n = p — 1, then n cannot be a power of a
prime ¢ unless ¢ = 2, which leads to the item 8). But if we take a different n (e.g. take n = p — 2),
then characteristic 2 need not be the exception.

2 Description of the over-extensions
2.1 Case of mixed characteristic

2.1.1 Explicit description of the semidirect product

From §.1.1 First case, I' ~ (Z/(p—1)Z)?, and A ~ (Z/pZ)"™. Write A =< aq, ag, ...,y >. M*/M*P
being a Fp[I']-module of dimension n, by local class field theory M*/M** ~ A = gal(N/M).
Furthermore, A ~ Hom (M*/M*P, < { >) with ¢ a primitive p-th root of unity. So, N is generated
over M by n elements b; such that b € M that is N = M(b1,bs,...,b,), so consider A =<
a1, Q2, ..., 0y, > such that a;(b;) = (;b; with ¢; a p-th root of unity, and «;(b;) = b; if i # j. To
sum up we have the result:

Proposition 2.1. For N = M(by,ba, ..., by,), with oY € M. Then
A= gal(N/M) =< a1, Q9, ...,y > i8S defined by ai(bi) = Czbz with Oéi(bj) = b]’ if 4 75 7.

Let ¢ : (Z/(p — 1)Z)?> — Aut((Z/pZ)™) a non trivial homomorphism.
Set A x, I' = (Z/pZ)" %, (Z)(p — 1)Z)? =< a1, e,y > Xy < g1,92 >, by use of the basic
representation theory, every representation of I' is completely reducible by the theorem of Maschke
see [4]. Further [Hom(I',F})| = |I'|, so every irreducible representation of I' over I, has dimension

1. then, if V' is a vector space over I, and ¢ : T' — Aut(Vr,) a homomorphism, there exists a basis
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B of V' and homomorphisms ¢, : I' = F , b € B such that ¢(g)(b) = ¢u(g)b for every g € T' and
every b € B. So we get:

Proposition 2.2. The semi-direct product G,

G=Ax,T = (Z/pL)" x, (Z)(p— 1)L)* =< a1, qz, ..., n, > Ny < 0,T >,

is defined by the 2n relations:

oa;o”l = (g, and T = Loy, for i = 1,...,m; ¢, & being elements of (Z/pZ)*.
That is by terms of characters, for y; € T' = Hom(T, [Fy) (dual of I'); write

My = diag(x1(0), x2(0), ..., Xn(0)), and M = diag(x1(7), x2(7), .-, X (7)),

for the diagonal matrices images of ¢ and 7, then the action above becomes:

oa;o™l = xi(0)ay, and Toy T = (7).

2.1.2 Noticeable remarks on the group G

Remark 2.3. :

e 1. In general such groups are metabelian, but nonnilpotent. Meanwhile, they can be nilpotent,
then abelian, if and only if for all i; ; = &; =1 (G is then a direct product).

Concerning the center Z(G) of G. Since (Z/pZ)"™ and (Z/(p — 1)Z)?* are abelian, any generator of
the first subgroup that commutes with the generators of the second lies in the center and vis versa.
So:

©2 G =Ax,TI = (Z/pZ)" x, (Z/(p — 1)Z) note the action of I' on A the homomorphism
¢ : T — Aut(A) then ker(p) consists of all 0%7° for which (#¢? = 1 for all i. Put C = CaA(T) =
Ca(o) N Ca(r) it is described in terms of the i such that (; = & = 1. Then C = AN Z(G). For
or € G with 0 € A and 7 € T then o7 € Cg(T") & o € C. On the other hand o7 € Cg(A) & 7 €
Cr(A) = ker(y). Finally Z(G) = Cg(T') N Cg(A).

e 4. For m < n if there are exactly m indices ¢ with ¢; = & = 1 then #2(G) > p™.

e 5. #Z(G) > p™ if and only if there exist a,b not both are zero, such that 0 < a,b <p—1,
and ¢ - & =1 for all i. Indeed, for g € G, g = nh with n € (Z/pZ)" and h € (Z/(p — 1)Z)?, g is
central if and only if both n and h are central. Since, central elements in G contained in (Z/pZ)"
are generated by the «; for which ¢; = & = 1. So h = 0%7° is central if and only if the condition
above holds, so there can be more than p™ elements in the center. Also, #Z(Z(G)) = p™ - ¢ with
¢ a proper divisor of (p — 1)2.

e 6. Particularly if ¢; = &; for all i; then o~ 17 lies in the center that is (p — 1)|#Z(G). Likewise if
¢i = & ! for all i; then 7o lies in the center that is (p — 1)|#Z(G) too.

e 7. If none of the conditions 4.), 5.) and 6.) hold then G is centerless.

Proposition 2.4. Let Gy be a subgroup of G = (Z/pZ)" x, (Z/ (p — 1)Z)? of index p , then
Go N (Z/pZ)"™ is normal in G.

PRrOOF. First note that (Z/pZ)", is the p-Sylow subgroup of G and is normal in it. Since Gg
contains a copy of (Z/ (p — 1) Z)?, then (Z/ (p — 1) Z)*, normalizes G and therefore normalizes
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Go N (Z/pZ)". By other hand (Z/pZ)" normalizes Go N (Z/pZ)", since (Z/pZ)" is abelian. In

consequence Go N (Z/pZ)" is normal in G. Q.E.D.

Remark 2.5. The result above does not mean that any subgroup of index p of (Z/pZ)", is normal
in G = (Z/pZ)" x4, (Z/(p—1) Z)*. See the following counter-examples.

Example 2.6. (Counter-example)
In Proposition (2.4) when considering p = 3 , n = 2 take for example for the action defining the
semi-direct product [¢(z,y)](a,b) = (a,yb) (here we identified Z/ (p — 1) Z with Fy). The subgroup

{(a,a)|a € Z3} is obviously not normal in G.

Example 2.7. (Counter-example)

Let K = Qg, consider M = K (\/K*) =Q3 (i, \/3), and consider £ = M (\3/ 1+ \/3), that is a nor-

mal 3-extension of M. The Galois closure of E/K is N = M(\s/ M*) ie, N=M (\3/ 1—|—\/§, v 1—\/5)
and gal (N/M) = (Z/3Z)°. But E/K is not normal otherwise there should be an intermediate
subextension E'/K of degree 3 of E/K and an automorphism o of E that maps v/3 to —/3, which
is the identity on E’, furthermore o (/1 + v/3), must be a cubic root of (14 v/3) = 1 — /3, but

E contains no such root, since E is strictly contains in N. Hence the subgroup gal (N/E) is not
normal in gal (N/K).

2.2 Equi-characteristic Case

For A a p-profinite group, product of a countable number of copies of Z/pZ, N is generated over
M by a countable number of elements b; such that b — b; € M. So, A is generated by «; of order
p with a{(bi) =b;+jfor 0<j<p, i€ N and a;(bg) = by, for i # k. So:

Proposition 2.8. With a countable number of relations, we define G =Ax,I'=< a1, ag, ..., ap, ... >
X, < 0,7 >, i oayo~ ! = (o, and 77 = &y for i € N 5 and (& € (Z/pZ)*. That are,

oo™t = xi(0)ay, and T 71 = x;(7)a; where x; € I.

2.3 On the Number of Galois extensions having a given degree

The finitude of the number of all extensions of a local number field having a given degree” was
studied and explicitly computed first by I.R.Safarevié in [15], M.Krasner in [6] then by J.P.Serre in
[16]. In characteristic p > 0 this result holds no more. See the Example:

Example 2.9. For instance,

e The field F,((X)), (F, of p elements), has only one inseparable extension of degree p. Indeed for
L an inseparable extension of degree p, LP = F,((X)), of course p-th power in K = F,((X)) are
Laurent series in X? (F), is perfect). So, if f € K, f =ao+ a1 X + + ap_lXp_1 each a; is a p-th
power. K({¢/F) lies in K(¥/X) , and so K({/X) is the only purely inseparable extension of degree
p, and L = F,((X)'/P)). Meanwhile, it has infinitely many separable ones (Artin-Schreier) of this
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degree. In fact the question reduces to whether ;, K/p (K), (p : © — xP — z), is infinite? which is
true. Prop. ( 1.4).

e In imperfect residue field case, we have the following beautiful example. K = k(x)((2)) (k is
algebraically closed of characteristic p) has infinitely many extensions of degree p. Extensions given

by y? —y =27, (j € N and j 1 p), are all disjoint Galois p-extensions.
Now, let us first state some important results on groups:

Lemma 2.10. A finitely generated group G has only finitely many normal subgroups of a given
index n, and only finitely many subgroups of G of bounded index.

PRrROOF. Let G =< z1, ...,z > be a finitely generated group and H a fixed finite group. There
are finitely many homomorphisms from G to H (for each tuple g1, ..., g there is at most one sending
x; 10 g;). So there are finitely many normal subgroups N of G such that G/N ~ H (for each such
N there exists at least one homomorphism from G to H with kernel N). As, up to isomorphism
there are finitely many groups of fixed order, then there are finitely many normal subgroup of G
having fixed (or even bounded index). Let K be a subgroup of G of finite index m, it has at most m
conjugates K7, ..., K; and the intersection of all K; is a normal subgroup of index at most m! < m™.
(The normal core of K). As for a normal subgroup N of index s there are at most 2° subgroups

containing N, then the number of subgroups of bounded index in G is bounded. Q.E.D.

Theorem 2.11. Let G be a topologically finitely generated profinite group, then:

e For each natural number n the number of open subgroups of G of index n is finite.

e Identity element 1 of G has a fundamental system of neighborhoods consisting of countable chain
of open characteristic subgroups of G =V 2 V; D V;... See [13] (Prop. 2.5.1)

The Galois group of any infinite extension is a profinite group, the converse is also true. So in
case of Theorem (2.11), ”the finitude” still holds.

Corollary 2.12. If gal(K*/K) is topologically finitely generated, then there are only finitely many
Galois extensions of a given degree of K. Particularly if K is quasi-finite.

~

In ”Serre’s sense” a field is said to be quasi-finite if it is perfect and gal(K*®/K) ~ Z.

2.4 Method for the determination of some cyclic extensions of a local number field

Let K/Q, be a finite extension, [K : Q,] = r. Set K. the compositum of all cyclic extensions of K
of degree p.

2.4.1 On the compositum of all cyclic p-extensions

Proposition 2.13. With the hypothesis above,

1e[K.: K] =p*! and gal(K./K) ~ (Z/pZ)" !, if the p — th roots of unity are in K. 2 e
[K.: K] =p"*? and gal(K./K) ~ (Z/pZ)"*2, if K contains the p — th roots of unity.
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PROOF. By local class field theory, K*/K*? is isomorphic to the Galois group of the maximal
elementary abelian p-extension of K ie. K.. Remark.(1.1 ) gives the result. Q.E.D.

2.4.2 Explicitness for the case K =Q,

Application: The Maximal p-abelian extension of Q,

For p # 2, Q, has exactly p 4+ 1 cyclic extensions of degree p, all are totally ramified except one is
unramified. For p = 2 a detailed classification of the quadratic and the quartic extensions is given
in [10]. Put r = 1 in Prop.(2.13) to determine the compositum of all cyclic extensions of Q,, of
degree p. Exhibit two cyclic linearly disjoint extensions of degree p of Q, ( the unramified Q,()),
and the subextension Q,(n) (totally ramified) of degree p of Q,((,2); (p2 is a primitive p*-th root of
unity). The p+1 cyclic extensions of degree p of Q,, are the subextensions of Q, (A, 7). Respectively
write, Gy = gal(Q,(N))/Qp and G, = gal(Q,(n))/Qp. There are natural isomorphisms from Gy
and G, into F,,.

To determine the primitive elements, set 7 = 1+ > ;20121 mod p(;)Q an uniformizer (the
trace), their conjugates nx = 1+ 3 o 2ir-121 mod pC;jkp, with 0 < k < p — 1 (action of F),
on the conjugates of 7). For a prime ¢, ¢ = 1 mod p; and pla=1/P not congruent to 1 mod ¢

and p@=1/P not congruent to 1 mod ¢, write A\ = > Cg the conjugates are

7 modgq;j(¢—1)/P=1 mod ¢
_ y k . . .
Ak = Zj modg;j(a=1/p=1 mod ¢ $gCp> With 0 <k < p —1. The expression Ay, 75, + ... + Ap, 75, gives

the primitive elements for the p-cyclic extensions of Q,,.

Example 2.14. For a numerical example, consider the case p = 7 we have

[Q7(Ca9) : Q7] = 42, 50 we can take i = 1+ (a9 + (gt +CUS + Cio'® + Chg + (o thus we get [Qr(7) :
Q7] = 7 with Q7(n)/Q7 cyclic totally ramified. Then by taking ¢ = 29 we get [Q7({29) : Q7] = 28
therefore, we can take A\ = Cag + (59" + (32 + (59'2 and thus [Q7(N) : Q7] = 7 with Q7(\)/Qy cyclic
unramified.

For a detailed study (see [8] §.3 page 139). With software Pari, for several values of p, the Eisenstein
polynomials corresponding to the p cyclic extensions are determined, as well as their reduites (in

Krasner’s sense).

2.4.3 Determination of the cyclic extensions of degree d of Q,, with d|p — 1)

p an odd prime, and d = ¢j'.¢5%...¢%* (¢; prime) for d|p — 1. By Kummer theory, the cyclic
extensions of degree d of @@, are in bijection with the cyclic subgroups of order d of Qj /(@;d.
Since Q} = p? x Z, = p? X pp—1 x Uy (pn n-th roots of unity), and Ul = Uy, so Q/Qp* ~
p? [p% x Mp—1/tp—1)/a =< p > X < ¢ > a product of two cyclic groups of order d. These
extensions come from taking a d-th root of £p?, (i integer determined mod d, € is a p — 1-th root of
unity (determined up to multiplication by a ((p — 1)/d)-th root of unity). This gives the product
of two cyclic groups of order d. Now The number of cyclic non-isomorphic extensions of degree d of
Q, is equal to the number of cyclic subgroups of order d of (Z/dZ) x (Z/dZ). Since, a cyclic group

of order d contains ¢(d) elements of order d, (Euler’s totient). For g(d) the number of elements



On standard extensions of local fields 59

of order d in a group, the number of cyclic subgroups is g(d)/¢(d). The order of any element
of G (direct product of two cyclic groups of order d) divides d. If m divides d, then the set of
elements whose orders divide m is the subgroup of G which is the direct product of two cyclic

2. So, if g(m) is the number of elements of order exactly

groups of order m, whose order is m
m, m? = >_kim 9(k), and by mébius inversion (u) g(m) = >y, k2u(m/k). For m = d gives the
number of elements of order d in G. The number of cyclic subgroups of order d in the group G is
9(d)/(d) = (Typa K2u(d/ k) /().

For d = 60, ¢(d) = 16 and then the number of elements of order 60 is 602 — 30 — 20% — 122 + 10 +
62 4 42 — 22 = 2304, so the number of cyclic subgroups of order 60 is 144.

For d a prime, it is (d> —1)/(d — 1) = d+ 1 see Huppert in [3] (Hilfssatz 8.5). The number of cyclic
groups of order d in an elementary abelian d-group of rank n, is (d® —1)/(d — 1).

Description of Galois groups of cyclic extensions of degree d of Q, with d|p—1. Forr =1
and s = 1 then d is prime, these are in bijection with the pairs (i,j) € (Z/dZ)? with either i = 1
or (4,7) = (0,1), corresponding to the Fy points on the projective line.

A similar description for prime-powers, say ¢", the subgroups generated by pairs (1, j) for all j and
those generated by pairs (¢,1) for all ¢ divisible by the prime gq.

For the general case use the canonic splitting into the direct product of the Sylow subgroups and

combine for each Sylow subgroup.

Example 2.15. Description of cyclic extensions of degree 3 of Q77

By local class field theory, this is the same as the number of one-dimensional subspaces of the
F3-vector space Q%/(Q%)3. As 3 divides 6 = 7 — 1, this is 2-dimensional: the cubes in Q% are 73"¢
where e = + — 1 (mod 7). So there are 4 such extensions.

Q7 contains the cube roots of unity. So, the degree 3 cyclic extensions are Kummer extensions,
they are generated by the cube roots of 2,7,14 and 28.

3 Embedding of an extension of prime degree in its Galois closure
3.1 Existence of the intermediate extension

Proposition 3.1. Let K be a commutative field, for every separable extension L/K of degree p,
p an odd prime, G = gal(L¢)/K the Galois group of the Galois closure of L/K is solvable. Then
there exists a cyclic extension F'/K of degree m dividing p — 1 such that LF'/F is cyclic of degree
p and LF/K is Galois (ie. Lo = LF ). Furthermore if L/K is not cyclic ( LF/K is hence not
abelian), then L has exactly p conjugates over K in LF.

PROOF. G is solvable, its order is divisible by p but not by p?. Seen as a transitive subgroup
of the symmetric group &, then according to ([1], ch.3, th.7) G contains a unique subgroup P of
order p so it is normal in G. P is contained in its normalizer N(P) in &,. Also N(P) seen as

the affine linear group GA;(F,), we have the isomorphism Fy — Aut(P), and a split short exact
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sequence : 1 = P — N(P) = F; — 1

Furthermore, N (P) is isomorphic to the group of all 2x2 matrices over GF(p) of the form z (1) >
In consequence G/P is cyclic of order m dividing p — 1. Therefore, and since G C N(P) it is also
a semidirect product G = P x M with M cyclic of order m.

If the semidirect product is a direct product then it is cyclic since m and p are co-prime.
Otherwise G is not abelian. In such case M being cyclic then all its conjugates are cyclic too.
Write m in the form m = []._, m{",
of the conjugates of M (note that according to Hall’s theorem(see [14]Chap5. Th5.23. page 85)

all the subgroups of G of order m are conjugate). Since M is cyclic it contains one and only one

m; being different prime numbers, and N for the number

subgroup M; of order m;"* (Sylow m;-subgroup of G) which is cyclic too. Conversely every Sylow
my-subgroup of G can be embedded in some conjugate of M. So the number N must divide mp,
being N = 1 modulo m; for all 4 , thus (N,m) = 1. So the number of conjugates of M is exactly
p if G is not cyclic. Set F' the field fixed by P, then the Galois closure of L/K is Lc = LF. The
proof is ended. Q.E.D.

Remark 3.2. F is unique. Now, L/K being of prime degree, from now on we can suppose that
L/K is totally ramified (so LF/F is too) and write LF' = F (7).

3.2 Intermediate extension, explicit determination

From now on, assume that K has a finite residue field of characteristic p.

3.2.1 Description of the Galois closure

Recall that the compact group I' ~ Hom(K*/K*P~, pi,,_1) then by duality I' ~ K*/K*P~!1. Hence
T is of the exponent p — 1, and M/K is Kummer abelian relatively to p— 1. The subextension F of
L¢/K (Prop. 3.1), and of M/K, is cyclic Kummer of degree m dividing p — 1 then, F = K ( %),

with b € K*. So, K ( T\"/l;) =K ( W) if and only if there exists an integer k > 1; with (k,m) =1
such that d € b*K*™.

By considering the quotient group K*/K*™ the order of the class bK*™; in it is m. Since m is
dividing (p—1), K*/K*™ ~ (Z/mZ) x (Z/mZ); therefore K*/K*™ is of order m?. The number of
the distinct Kummer cyclic extensions of K of degree m is exactly the number of cyclic subgroups
of order m in (K*/K*™). So, the number of the cyclic distinct Kummer extensions of K of degree
m equals the number of the cyclic subgroups of order m included in (Z/mZ) x (Z/mZ), so by
writing m = p{* ... p2, we get this number equals to (p" + p(l’“_l) coee (P27 4 p2~1). Furthermore
gal (F/K) ~ H; H being a subgroup of gal (Lc/K) and Le the Galois closure of L/K; is a
cyclic group of order m dividing (p — 1) that can be embedded in p,_1 the group of the p — 1-
th roots of unity. So, Schur-Zassenhaus theorem ( [14]Chap.7. Th.7.24., page:151 ) ensures the

semi direct product gal (Le/K) ~ gal(Lc/F) x H. From local class field theory see [2] the
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isomorphism between the three groups gal (F/K) ~ H ~ K*/Np/k (F*) of order m, and the
surjective homomorphism s : K*/K*™ ~ (Z/mZ) x (Z/mZ) — K*/Np/k (F*).

3.2.2 The group gal (LF/K)

Since gal (F/K) is cyclic of order m dividing p— 1, write gal(F/K) =< & > with e( ¥/b) = &, ( V/b),
where &,, a primitive m-th root of unity and name the extension of £ to F(x), € too. Since
gal(F(m)/F) is cyclic of order p write gal(F(n)/F) =< o >. LF/K being Galois, consider 7 any
element of gal(LF/K), thus 7 = o'e/, with 1 <i < pand 1 < j < m, then from the normality of
< o > in gal(LF/K), we have the identity

Tor ! =0ol with1<t<p-1. (1.2)

Consider the affine group AGL (1,p), of all maps from F,, to itself in the form = — uz + v where
v # 01in F,. gal (LF/K) has order mp and is isomorphic to a subgroup of AGL (1,p), which

is isomorphic to the subgroup GLs (Z/pZ), of the matrices in form 1(; 11) an automorphism

L) 6 (&) = &y, and 0(x) = §)x; &y, is a primitive p-th root of unity.

Pick a generator g of (Z/pZ)*, for a generator of gal (F/K) take, ¢ : x + gx that corresponds to

u
§ corresponds to ( 0

0
eoe™! = 09, For any 7 of gal(LF/K); 7 = o%e/, with 1 <i < pand 1 < j <m, o7~

0 1 1
( 9 ) ) and for a generator o of gal(LF/F), o : x — x + 1 that corresponds to ( L0 ) then

1 _ O.gj’
also g must verify g™ = 1 in F,,. (Z/pZ)*, has ¢ (m) elements of order m, ¢ (.) (Euler’s totient).
Meanwhile the equation 2™ = 1 mod p has exactly m solutions in (Z/pZ)*, (m divides p — 1 which
is the order of (Z/pZ)*), these solutions are the elements of the cyclic subgroup of order m of the

cyclic group (Z/pZ)*, and is isomorphic to the group of the m-th roots of unity.

3.3 Generation of the intermediate extension

3.3.1 Ramification elements of LF/K :

LF = F(r), m uniformizer of L and of LF too. d, ey and f( the respective discriminant,
ramification index and residual degree. So err/p = er/x = p; frr/r = fL/x = 1.

Write ep/x = epp/r =t = #|Go/G1| and fp/x = frrp/r = 7 that is the order of G/G; (with

respectively G the Galois Gy the inertia and G the ramification groups).
a(m) —1

For any K-homomorphism o of L, define the break relative to o as v = v (Z*—1). v is independent

of m and o and depends of L/K only, see [5]. With a prime degree it is unique with v < ;7. Its

integrity is a necessary condition for the normality of L/K.
By computing vk (dpp /i) in two different ways, along the towers LF/F/K and LF/L/K we get
VR (dLF/F) = (p—1) (1 +v); furthermore we have vk (dF/K) = v, (dLF/L) =(t—-Dr=m-—r.
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In conclusion we get vi (dr ) = (p—1) (1+%). So,
ged (v, t) = 1. (1.3)

3.3.2 Explicit computation of the break
Let f(X) = Y% ,a; X", be an Eisenstein polynomial of degree p a; € K (f (w) = 0), write 7 =

7r1,772,...,7rp, fortherootsoff( ) = 0 Set fo (X)=X"1f(r(X+1))=X"1>"F a7 (X + 1)i=
i=0 2t=0 G () Z] 0 —J+1 (j+1)“i7r X7 = ‘
Zf éd X7, with d; = —J+1 (]_H) Y odp—r =7 and do = Y0, (;)ami =>" ia;w". Then
= %, so v, (dp) = (p — 1) w + p (vr(.) normalized valuation of L).
Since vr(do) = infi<i<p(vr(ta) + t), there exists ay the principal coefficient of f, such that
w = Ww. Having doy = ka,m", modulo 7t (kax)+k+1 two cases can be distinguished.
First case, k # p, and then w = w , with k = (p — 1) w — vg, (ag) + p, in the Second k =p

p—
(necessarily char(K) = 0) so w = 5 Wlth w = ¥ we have:

do = (kakﬂ'_”(ak)) (77(p_1)w+p) modulor(P= 1P, (14)

(kapm=?2(@) being an unit of L ).

3.3.3 Explicit computation of the primitive element

Consider g(X) = X 1f(n+ X) = Ef;& b X, its roots are §; = o' (7) — 7, for 1 <i < p— 1.
(c(0) = 0 mod T, so, NLF/F(G) = Qp =60 mod ), then L (6,,. ~.-70p) ‘is the splitting field
of f over K. g(X)=>10>0 (tj_l)al X by = 3 () e, by = 1 and
- 9—b0— 11(1)all1— P_ia;m1 so do = bo.

vL (bo) 1nf1<t<p (v(tag)+t—1)=wv(dp) —1=(p—1)(w+1). So, vg (ax) =(p—1)w—k +p.
Then []2 6; = by = k:akﬂ'k U= (kapm—ve(@)) (z(P=D(w+1)) modulo n(P—Dwte,

Write v = fbo = —karm"~1, and extend the normalized valuation vy, (.) of L to LF in a nonnor-
malized way (vpp (7) = 1). Denote by g1 (X) = XP~' — « (its roots are the ¢} _; »/y , where
Cp—1 is a (p — 1)-th root of unity), and by 6’ any root of g1 (X) = 0. Compute the expression
g(0) — g1 (0") =g (0) in two different ways:

g(0) =g (0) =071 — 0P+ 000+ !
= Zf;f blall + Zf:Li;ﬁk Z'aiﬂ'iil

All valuations in the sums are > (p — 1) w+p. Since g (¢')=[]"_; (¢ —6;) then v (Hp (0" —0; )) =

f 1 ULF(H’ ;) > p—Nw+p=(p—-1)(w+1)+1, so there exists iy with vpr (6/ —6;,) >

(w+1)+ _1, that is vpp (0" — 0;,) > (w+ 1), by Krasner’s Lemma (see [9]) L (¢") = L(0;,) =
L ( P*\lﬁ) L(6,,...,0,) =K (7T, P*\lﬁ) = LF. Then:

Theorem 3.3. With the current notations, let L/K be a separable extension of degree p. If

there exist an index k, 1 < k < p — 1, such that vg (ar) + k = infi<i<p (v (a;) +4), then

(1.5)
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K ( Py —kakﬂk—l) /K is cyclic Kummer extension of degree m, m dividing p — 1. Furthermore,
the splitting field of f over K is K (77, Py —kakwk—l)
Notice that §' = 6;, = 0 mod 7 and take 6’ = »-}/7, then
¢’ = »-/y =0 modulo m (1.6)

v
t

0 = raf5— Gyt Y hagm i (L.7)

(p — 1) being prime to p then L*/L*®~Y ~ K*/K*P=1) ~ 7 /(p — 1)Z x Z/(p — 1)Z, so

Furthermore, from the equality k — 1 = (p — 1) (w + 1) — v, (ax), and since w =

L*/L*(p_l) N K*/K*(p—l)
SL*P=D s Np (S, (1.8)
is an isomorphism. Since NL/K(W) e K*@®=1 thus the pre-image m e L),

that is p—\l/% € L*. So L(»~/7) = K (m, /A7) = K (7, /N (7)), and then F =
K (*+/Np/k (7)), and LF = K (7, »{/Np/k (7)). By other words we can take

»/Np /K () as primitive element of F/K (1.9)

If the principal coefficient is a, = 1 (char(K) = 0 ), LF = L(*/—pr) = L(»¥V=p) =
K (m, »</=p) = K (m,(p) is the splitting field of f over K. (where (, is a primitive p-th root
of unity). Furthermore, since XP~! + p is Eisenstein, K (m,(,) /K is totally ramified of degree
p(p—1) (K with no the p-th roots of unity), otherwise L/K is normal. then:

Theorem 3.4. With the current notations, let L/K be a separable extension of degree p. If
vr (a;) > v (p) +p = ple+1) for i , 1 < i < p—1 then the splitting field of f over K is
K (m, »/—p) = K (m,(p). Furthermore K (m,(,) /K is totally ramified of degree p(p—1), (K
with no p -th roots of unity). Otherwise K (7) /K is normal of degree p.

Now let us generate the intermediate extension another way:

Theorem 3.5. With the current notations, let L/K be a separable extension of degree p. Then

there exists ¢ € K*, unique up to K*®~1) such that the following hold:

e L (»+/c) is the Galois closure of L/K

e For every 7 € Gal (L (*¢) /K), and o € Gal (L ( *+/c) /K ( »/¢)), we have

ToT™t = 0%, with a = T(,p_\%)

) e

PROOF. K contains the p — 1-th roots of unity, F/K is Kummer cyclic of degree m, so F =

K ( "\75), be K*. K ( "\75) =K ( \/3), if and only if there exists an integer k > 1; with (k,m) =1

modulo p.
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such that d € ¥*K*™. Up to take ¢ = b®~1/™ LF = L (»Y/c).

Now 7( »+/c) = ol (el ( »/c)) = o'( 01 P/e) =)y " /c, for every T € gal (L (7</c) = LF/K).

So T(:,;%E) is a unit of L/F. ng does not depend on ¢ but on the coclass cK*P~1 only. Indeed

r=y/c (P
T(p,l\f) = (p,;/da), if and only if 7 ( P‘{/g) = P‘\l/g, that is 5 € K*r—1L,

Set § = o(m) — 7 s0 6 = 0 mod 7! and m; = 7 (n) it is uniformizer too. So o (m) — m =

u(o (r) — ) = uf with v unit of LF. w =1 mod m, as o(7(w) —7) = 7(7) —7© mod , so the
class of # mod 7 is independent of m and depends on 7 and ¢ only. Then write

0 =or ! (m)—7"1(m), thatis 7 (§) = 707! (1) —m1. Now, since gal(LF/F) =< ¢ > is a normal
subgroup of gal(LF/K) which is not abelian we have 7o7~1 = ¢, with 1 < a < p — 1, therefore
7(0) = (0%(m)—m). Since the equality between ideals o ((*)) = (') holds, by successive
substitutions we get 0 (m1) —m =a (o (m) —m) =a(o (7)) — 7)

modulo 72, that is 7 () = af modulo 7¥*2 for 1 < a < p — 1, finally we get

# =g modulo 7**! thatis modulo p for 1<a<p-1 (1.10)

From (1.9); ¢ = Nk (y) = Npp/r(7); v = —kapm* ™1, ay, is the principal coefficient of f. By (1.6)
/7 =0 mod m= Npp/p(*»+/7) = Npp/rp(0) =607 =60 mod 7, then finally

T(NLF/F( p7W))

New e (g5 = @ modulo 7Tl that is modulo p for 1<a<p-1 (1.11)

Q.E.D.

3.4 Explicit construction of the splitting field
3.4.1 Interpretation in case the principal coefficient is not a, :

By a simple calculation we get the following Theorem ( 3.6) through the equality:

/N (7) = Ep-rkag (—ag) i) Pf\l/_kak (—ag) P, (1.12)

Theorem 3.6. With the current notations, let L/K be a separable extension of degree p. If there

exists an index k, 1 < k < p — 1 such that vy, (ag) + k = inf1<,<, (pvK (a;) + %) (hence necessarily
vy (ar) + k < vr(p) + p) then the splitting field of f over K is

K (77, (—ao)% P_i/_kak (_ao)fva(ak) .

Remark 3.7. It is clear that if the condition ( 1.13) is satisfied then K (7)/K is normal.

Y~ kar (—a0) ) € K (). (1.13)
Particular case £ = 1.

Corollary 3.8. With the hypothesis and notations of theorem (3.3) , if:
1. v (a1) < vk (a;) forevery i , 2 <i<p-—1and
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2. v (a1) < vp(p),
then the splitting field of f over K is K (7, **/—aq).

If a1 = pay; a1 = 1 mod Pr , (K a local number field) the splitting field of f over K is
K (m, »~/—a1) = K (7, »/—p) = K (m,§,), where &, is a primitive p-th root of unity.
Lemma 3.9. Let (m,p) =1 and x € K*, then K ({/z) /K is an unramified extension precisely if
x € Ux K*™. (See [11]Lemma 5.3.)

From Lemma (3.9) with FF = K (( )t T \/ kay (—ag)~ va(ak)), we have:
Lemma 3.10. With the conditions of Theorem (3.3)
(p — 1) divides (vi(ar) + k — 1) (ie. the break is integer), if and only if F'/K is unramified.
Generation by di(scr)iminant:
We have A (f) = (=1) 2 Ny (f' (7). f/(7) =30 daiw ™!
= kapmh1 <1 + Z#k rnri_l), with r; suitable choosen integers. Then it is clear that vr, (riwi_l) >
0, for every i, 1 < i < p and i # k and therefore, (1 + 37, i 7= € U}, thus Ny =
Ni/k <1+Zi¢km ) € U, and then *+/Ny = N’ € K. Indeed, since UKDNL/K(UL) and if
L/K is normal and totally ramified Ny, /x (U} ) is a subgroup ofindex p of Uk . Now Ny, i (—f'(m)) =

Npr(—kapm*=1).No,  therefore  »~/=Np, k (f' (7)) = & P*i/NL/K(—kakﬁk—l).N’,
then L ( */=kagm" 1) = K (m, »~/=Niyx (77 (7)) = K (ﬂ, Yy A (f)).

Theorem 3.11. With the conditions of Theorem (3.3). If there exists an index k,
1 <k <p—1such that vy, (ax) + k = inf1<;<;, (vr (a;) +4). Then

p— p(p—1) . . . e 1.
K( i/(—l) 7ot A(f)) /K is a cyclic Kummer extension of degree m, m dividing p — 1.

o . p—1 plp=1) 4q
Furthermore, the splitting field of f over K is K [ m, \/(—1) z A(f)).

3.4.2 Interpretation in case the principal coefficient is a), :

Generation by discriminant:

f(m) =" dami=t = prrt (1 + Zz Lt 1) with vy, (r7=1) > 0, for every i,
1<i<p—1,50 Ny (—f' (7)) = Npjx (—pr?~1) No = (—p)” (—ao)” " .Ny; that is
rY/=Np i (f (7)) = plp—1 */=paoN, with N € K thus the splitting field is

K (m, »/=p) =K (7,({) =K <7r, pii/(—l)p(pz‘_lhrl A (f)) With the current notations:

Theorem 3.12. K being a finite extension of Q. if vy (a;) +4 > vg (p) +p = p(e+ 1) for every ¢

,1<i<p-—1then K (r) /K is normal if and only if the p-th roots of unity lay in K, otherwise
p(p—1)
the splitting field of f over K is K (7, (,) = K <7T, ! {/(—1) = TIA (f))
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3.5 Completeness and generation

The generation above by a (p— 1)-th root of the discriminant in Propositions (3.11) and (3.12), was
done in a local case with finite residue field, so the completeness is a necessary. Here, a counter-
example of an Eisenstein polynomial defined on Q its splitting field can not be generated by a
(p — 1)-th root of the discriminant, even by adjoining the (p — 1)-th roots of unity to Q, and the
splitting field has a solvable Galois group.

Example 3.13. (Counter-Example):

Consider the number o = \5/\/% +5— {r’/\/% — 5.

By calculation of successive powers of a we get the minimal polynomial of «, Irr(a,Q)(X) =
X®4+5X34+5X —10 (Eisenstein), a the single real root, (Q(a) C R). Set r = /1/26 + 5, so we have
a=r—1/r and o; = r(g — 1/r§§, ({5 is a primitive 5-th root of unity). By a similar calculation

of successive powers of «; we get that a; and « are conjugate (same minimal polynomial). So
Irr(c, Q)(X) = [Tj_(X — ay) = TTj_o(X — (r¢ = 1/7¢2)).

1-st case:

Consider K = Q5. Irr(a,Qs)(X) = Irr(a,Q)(X) and is still Eisenstein, then with respect to
(Theorem 4.1. page 336 in [9]), Qs5(a)/Qs5 is not normal. According thz study above the splitting
field E of I'rr(a,Qs) over Qs is of degree dividing 20.

Now since none of the nonzero coefficients of f is divisible by 25 the principal coefficient of fisa; =5
then thanks to corollary (3.8) and Theorem (3.11) the splitting field of f over Q5 is Q5(a, /—a1) =

Qs(a, \/ (—l)wﬂA(f)). Furthermore, the discriminant of I'rr(a,Qs) is A(f) = 338000000 =
55.10816 = 5°.16.262. As 10816 = 1 modulo 5 it is then a 4-power in Qs, Q5(V/ (—1) S +1A(f)) =
Qs(v/=5) = Qs(&s). That is E = Qs(av,&5)

2-nd case:

K = Q(i) (with i> = —1). The discriminant of Q(i) is —4, it is not divisible by 5, it does not ramify
in Q(4), Irr(a, Q) is still Eisenstein in K. The splitting field M of Irr(«, Q), over Q has a solvable
group of degree 20 (Software Pari), explicitly < o® = 7* = 1,77 lo7 = 02 >. M is included in
Q(r,¢5)/Q which is of degree at most 40 (7 is a root of the polynomial X1 — 10X® — 1). Since,
75 = 54 /26 then Q(r®) = Q(v/26). Q(a,(s,v/26) = Q(a, (s,7°) is included in Q(r,(s). Since
Q(av, ¢5,v/26)/Q is of degree 40 then Q(a, (s, v/26) = Q(r,(s5), and the splitting field M is then
included in it.

By degrees consideration K (v/—5) C K(1/26,(s5). Ad absurdum assume that v/—5 € K(v/26,(5) =
Q(v/26, C20). Q(v/26,(20)/Q being abelian cannot contain the non-normal extension Q(+/—5)/Q,
so v/—5v/26 does not lay in K(a,/26,(s) neither to the splitting field of Irr(a, K) = Irr(a, Q)
over K that is included in it. Then the counter example.
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