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Rigidity of transversally biharmonic maps

between foliated Riemannian manifolds
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Abstract. On a smooth foliated map from a complete, possibly non-compact, fo-
liated Riemannian manifold into another foliated Riemannian manifold of which
transversal sectional curvature is non-positive, we will show that, if it is transver-
sally biharmonic and has the finite energy and finite bienergy, then it is transversally
harmonic.

Key words: foliation, divergence theorem, transversally harmonic, transversally bihar-
monic.

1. Introduction

Transversally biharmonic maps between two foliated Riemannian man-
ifolds introduced by Chiang and Wolak (cf. [4]) are generalizations of
transversally harmonic maps introduced by Konderak and Wolak (cf. [19],
120]).

Among smooth foliated maps ¢ between two Riemannian foliated man-
ifolds, one can define the transversal energy and derive the Euler-Lagrange
equation, and transversally harmonic map as its critical points, which are by
definition the transversal tension field vanishes, 7,(¢) = 0. The transverse
bienergy can be also defined as Es(p) = (1/2) [, [7(0)|?
Lagrange equation is that the transversal bitension field 75 (¢) vanishes and
the transversally biharmonic maps which are, by definition, vanishing of the

vy whose Euler-

transverse bitension field.
Recently, S. D. Jung studied extensively the transversally harmonic
maps and the transversally biharmonic maps on compact Riemannian fo-

liated manifolds (cf. [14], [15], [17], [18]).

2010 Mathematics Subject Classification : Primary 58E20; Secondary 53C43.

The second author was supported by the Grant-in-Aid for the Scientific Research,
(C) No. 25400154 and (C) No. 26400073, Japan Society for the Promotion of Science.

The third author was supported by the Grant-in-Aid for the Scientific Reserch, (C)
No. 25400154 and (C) No. 18K03352, Japan Society for the Promotion of Science.



638 S. Ohno, T. Sakai and H. Urakawa

In this paper, we study transversally biharmonic maps of a complete
(possibly non-compact) Riemannian foliated manifold (M, g, F) into another
Riemannian foliated manifold (M’, ¢’, ') of which transversal sectional cur-
vature is non-positive. Then, we will show that:

Theorem 1.1 (cf. Theorem 2.11) Let (M,g,F) and (M’,q',F") be two
foliated Riemannian manifolds. Assume that the foliation F is transversally
volume preserving (cf. Definition 2.1) and the transversal sectional curvature
of (M',q', F') is non-positive. Let ¢ : (M,g9,F) — (M', g, F') be a C
foliated map satisfying the conservation law. If @ is transversally biharmonic
with the finite transversal energy E(p) < oo and finite transversal bienergy
Es(p) < oo, then it is transversally harmonic.

This theorem can be regarded a natural analogue of B. Y. Chen’s con-
jecture and the generalized Chen’s conjecture (cf. [3], [12]).

B. Y. Chen’s conjecture: FEwvery biharmonic submanifolds of the Eu-
clidean space R™ must be harmonic (minimal).

The generalized B. Y. Chen’s conjecture: FEvery biharmonic submani-
folds of a Riemannian manifold of non-positive curvature must be harmonic
(minimal).

Several authors has contributed to give partial answers to solve these
problems (cf. [1], [5], [8], [11], [9], [10], [22], [23], [24]). For the first and
second variational formula of the bienergy, see [13]. For the C'R analogue of
biharmonic maps, see also [2], [6], [31].

2. Preliminaries

We prepare the materials for the first and second variational formulas
for the transversal energy of a smooth foliated map between two foliated
Riemannian manifolds following [17], [18] and [32].

2.1. The Green’s formula on a foliated Riemannian manifold
Let (M, g,F) be an n(= p + ¢)-dimensional foliated Riemannian mani-
fold with foliation F of codimension ¢ and a bundle-like Riemannian metric
g with respect to F (cf. [29], [30]). Let T'M be the tangent bundle of M,
L, the tangent bundle of F, and Q = TM/L, the corresponding normal
bundle of . We denote gg the induced Riemannian metric on the normal
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bundle @, and V?, the transversal Levi-Civita connection on @Q, R%, the
transversal curvature tensor, and K@, the transversal sectional curvature,
respectively. Notice that the bundle projection 7w : TM — (@) is an element
of the space Q(M, Q) of Q-valued 1-forms on M. Then, one can obtain the
@-valued bilinear form a on M, called the second fundamental form of F,
defined by

a(X,Y)=—(Dxm)(Y)=7n(VEY), (X, Y eT(L)),

where D is the torsion free connection on the bundle @ (cf. [32, p.240,
Proposition 1]. See also Definition of «, (6) in Page 241 of [32]). The trace
7 of a, called the tension field of F is defined by

p
=Y g7a(X; X)),

4,j=1

where {X;}Y_, spanns I'(L|U) on a neighborhood U on M. The Green’s the-
orem, due to Yorozu and Tanemura([32]), of a foliated Riemannian manifold
(M, g,F) says that

[ davo)v, = [ gotrye, (v eT@Q) (2.1)
M M

where divp(v) denotes the transversal divergence of v with respect to V@
given by divp(v) := 0, , 9% 9o(Dx, v, m(Xp)). Here {X,}¢_, spanns
['(L+|U) where L™ is the orthogonal complement bundle of L with a natural
identification o : @) =S

Definition 2.1 A foliation F is transversally volume preserving if div(r)
=0.

Let us recall Gaffney’s theorem ([7], [24]):

Theorem 2.2 Let (M, g) be a non-compact complete Riemannian mani-
fold without boundary, If a C' vector field X on M satisfies that

/|X]vg<oo and /div(X)vg<oo. (2.2)
M M
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Then, it holds that
/ div(X) v, =0. (2.3)
M

Furthermore, if f € CY(M) and a C* vector field X on M satisfy div(X) =
0, [1; Xfvg <oo, [1;|fIPvg < o0 and [, |X[*vy < oo, then it holds that

/M Xfu,=0. (2.4)

For the sake of completeness, we give a proof of Theorem 2.2 in the
appendix.

If F is transversally volume preserving, it holds by definition that
/ T9o(v,v)vy =0 (v € I'(Q) with compact support). (2.5)
M

2.2. The first and second variational formulas

Let (M,g,F), and (M’',¢’, F') be two compact foliated Riemannian
manifolds. The transversal energy E(y) among the totality of smooth foli-
ated maps from (M, g, F) into (M’,¢', F') by

B(e) =5 | ldrel v, (26)

Here, a smooth map ¢ is a foliated map is, by definition, for every leaf
¢ of F, there exists a leaf ¢/ of F’ satisfying ¢(¢) C ¢. Then, dry :=
7' odpoo; Q — Q' can be regarded as a section of Q* ® ¢~ 1Q’ where Q* is
a subspace of the cotangent bundle T*M. Here, m, 7’ are the projections of
TM — Q =TM/L and TM' — Q' = TM'/L’. Notice that our definition
of the transversal energy is the same as the one of Jung’s definition (cf. [18,
p. 11, (3.4))).

The first variational formula is given (cf. [17], the case f = 1 in The-
orem 4.1, (4.2)), for every smooth foliated variation {p;} with ¢g = ¢ and
dpy/dt|;—o = V in which V being a section p~1@Q’,
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d

dt

Ewoz—/umu@—wwﬂwg (2.7)
t=0 M

Here, 7,(p) is the transversal tension field defined by

q

() = Z(ﬁEa dre)(Ea), (2.8)

a=1

where V is the induced connection in Q* ® ¢ 'Q’" from the Levi-Civita
connection of (M’,¢’), and {E,}?_; is a locally defined orthonormal frame
field on Q.

Definition 2.3 A smooth foliated map ¢ : (M,g,F) — (M', ¢, F') is
said to be transversally harmonic if 7,(¢) = 0.

Then, for a transversally harmonic map ¢ : (M,g,F) — (M', ¢, F'),
the second variation formula of the transversal energy E(p) is given as fol-
lows (cf. [18, p.13], the case f = 1in Theorem 4.1, (4.2)): let st : M — M’
(—e < s,t < €) be any two parameter smooth foliated variation of ¢ with

V' = 00s,1/05|(s,0)=(0,0), W = 005t/ 0t|(5,6)=(0,0) and 0,0 = ¢,

62
Hess(E),(V,W) := D50t

E(@s,t)
(s,t)=(0,0)

— [ oV W)vy+ [ VOWdrpr) vy (29)
M M

where J, , is a second order semi-elliptic differential operator acting on the
space ['(p~1Q’) of sections of ¢ ~1Q’ which is of the form:

Jp, (V) = V*VV - V.V — traceQRQl (V,drp)dre
q
==Y (Ve,Ve, = Vv b))V
a=1

— "RV, dro(Ba))drp(E) (2.10)

a=1

for V€ T'(¢=1Q’). Here, V is the Levi-Civita connection of (M, g), and
recall also that:
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q
> (Ve,VE, = Vv, 5)V + V.V, (2.11)
a=1
’ q !
traceqRY (V, dre)dre := Y R (V,dr¢(Ea))dro(Ea). (2.12)
a=1

Here, V* is the adjoint of the connection V which satisfies (cf. [14, Propo-
sition 3.1]) that

[ @ vy, = [ wSme, v ere@)),
M M

and for all V, W € I'(¢=1Q’), it holds that

/Mﬁ*ﬁv, W)v, = /Mﬁv, VW) v, = /M(V, VW) v,

Definition 2.4 The transversal bitension field T2 () of a smooth foliated
map ¢ is defined by

To,0(9) 1= Jbp(T6(0))- (2.13)

Definition 2.5 The transversal bienergy Eo of a smooth foliated map ¢
is defined by

Bae) =5 [ ()P v (214)

Remark that this definition of the transversal bienergy is also the same
as the one of Jung (cf. Jung [18, p.16], the case f = 1 in Definition 6.1,
(6.2)) because () = S0, (Vg,dpo)(Ey) = —dre (cf. Jung [18, p.11],
the case f = 1 in (3.3)). On the first variation formula of the transversal
bienergy is given as follows. For a smooth foliated map ¢ and a smooth
foliated variation {p:} of ¢, it holds (cf. [18, p. 16], the case f =1 in (6.3))
that

d

a Es(¢t) / {(V, (¢ + (V. V, ()} = (V, Vm( ) } vg-

(2.15)

t=0
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Definition 2.6 A smooth foliated map ¢ : (M,g,F) — (M', ¢, F') is
said to be transversally biharmonic if 75 (p) = 0.

Let us recall that

Definition 2.7 A smooth foliated map ¢ : (M, g, F) — (M', ¢, F') sat-
isfies the conservation law if

divg S(p)(X) =0 (VX e I'(Q)). (2.16)
Here, divg S(p)(X) is defined by

q

dive S(p)(X) =Y (Ve,S()(E., X), (X€T(Q), (217

a=1

and recalld cf. [18, p.11]) the transversal stress-energy tensor S(p) :=
(1/2)|dr¢l? 9 — ¢* 9o, and Jung showed (cf. Jung, [18, p 11, Proposition
3.4]) that:

Proposition 2.8 For every a C* foliated map ¢ : (M,g9,F) —
(M', g, F"), it holds that

dive S(9)(X) = —(n(9), dro(X)), (X € T(Q)). (2.18)

Then, one can ask the following generalized B.Y. Chen’s conjecture:

The generalized Chen’s conjecture:

Let ¢ be a transversally biharmonic map from a foliated Riemannian
manifold (M, g,F) into another foliated Riemannian manifold (M',q', F')
whose transversal sectional curvature K@ is non-positive. Then, ¢ must be
transversally harmonic.

To this conjecture, Jung showed (cf. [18, p.19]) that

Theorem 2.9 (Jung) Assume that (M,g,F) is a compact foliated Rie-
mannian manifold whose transversal Ricci curvature is non-negative and
positive at some point, and (M',q',F') has a positive constant transver-
sal sectional curvature: K@ = C > 0. Then, every transversally stable,
transversally biharmonic map ¢ : (M,g,F) — (M',¢', F') which satisfies
the conservation law must be transversally harmonic.
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Jung also showed (cf. [18, p.5, Theorem 6.5]) that

Theorem 2.10 (Jung) Assume that (M, g, F) is a compact foliated Rie-
mannian manifold whose transversal Ricci curvature is non-negative and
positive at some point, and (M',g',F') has non-positive transversal sec-
tional curvature K9 < 0. Then, every transversally biharmonic map ¢ :
(M, g,F) — (M',g',F") must be transversally harmonic.

Then, we can state our main theorem which gives an affirmative par-
tial answer to the above generalized Chen’s conjecture under the additional
assumption that ¢ has both the finite transversal energy and the finite
transversal bienergy:

Theorem 2.11 Let ¢ : (M,g,F) — (M', ¢, F') a smooth foliated map
satisfying the conservation law. Assume that (M, g) is complete (possibly
non-compact), F is transversally volume preserving, i.e., div(r) = 0, and the
transversal sectional curvature K9 of (M',g', F') is non-positive: K@ <o.

If v is transversally biharmonic having both the finite transversal energy
E(p) < 00 and the finite transversal bienergy Eo(p), then it is transversally
harmonic.

Remark that in the case that M is compact, Theorem 2.11 is true due
to Jung’s work (cf. [18, p. 17, Theorem 6.5]).
3. Proof of main theorem

In this section, we give a proof of Theorem 2.11.
(The first step) First, let us take a cut off function n from a fixed point
xg € M on (M,g), i.e.,

(0<n(x)<1 (xeM),
W =1 (€ Bw))
WD) =0 (o Barlao)

vonl <2 (we ),

where B,.(zg) := {z € M|r(xz) < r}, r(z) is a distance function from z( on
(M, g), V9 is the Levi-Civita connection of (M, g), respectively.
Assume that ¢ is a transversally biharmonic map of (M,g,F) into
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(Mg, F'), ie
T2,6(0) = Jb,0(T6(0))

V() — V() — traceqRY (1o(), drp)drep)
, (3.1)

[T
] <]3

where recall V is the induced connection on e lQ'@T*M.

(The second step) Since 7,(¢p) € I'(Q) satisfies that [, [7()[? vy < oo,
it holds that as r — oo,

1

| @il ael e =5 [ @@t

— 5 [ rnne)n =0 (62

due to the completeness of (M, g), div(t) = 0, [, |€T7'b(g0)|2vg < o0 and
Gaffney’s theorem (cf. Theorem 2.2).
Furthermore, by (3.1), we obtain that

/<vv ()27 7(9)) vy

traceQRQ (1o(), dr)dre, () Vg

RQ Tb< ), dTQO(Ea))dT(P(Ea)v Tb(‘p» Ug

MQ

n

o
M a

0, (3.3)

o
[

S

a=1

KQ (Hp,a) vg

[M]=

1

IN

where the sectional curvature K@ (Il ,) of (M’, g, F') corresponding to
the plane spanned by 7,(¢) and drp(E,) is non-positive.

(The third step) On the other hand, by the properties of the adjoint
V* of V, the left hand side of (3.3) is equal to
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/ (F1(0), T (0P 7(9))) v
M

- /M Z<6Ea7'b(§0), %Ea (772 () Vg

q

- /M 7 S Ve ), 2 /M > (0960 (Bar) )
(3.4)

since
Ve, (7 1(9)) = 1* Ve, () + 21 (Ean) ().

Together (3.3) and (3.4), we obtain

/M "’ ; V(@) vy < -2 /M ;@7 Vi, 7(0), (Ean) 7)) v

1 - 2 I
< 2/ 7Y |Vem(p)] vy +2 / D B [mo(@)P vy (3.5)
M a=1 Ma:l

Because, putting V, := n Vg, 7(p), Wa := (Ean) (1) (a = 1,...,q), we
have

2

1 1
< Vot —W,| =e|Vo|?+£2(V,, W) + = |[W,/|?
0< |Veva Ll = el e v, + 2w
which is
1
F2(Vo, Wo) < €| Vo> + = |[W, |2 (3.6)
€

If we put e = 1/2 in (3.6), then we obtain

1
F2(Vas Wa) < 5Vl +2IWal” (a=1,....0). (37)

By (3.7), we have the second inequality of (3.5).
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(The fourth step) Noticing that n = 1 on B,(zo) and |E,n|*> < 2/r in
the inequality (3.5), we obtain

q q
/ S Ve (@) vy = / 23 [Vrn(e) v,
Br(z0) q=1 By (20)

a=1

q
= 2
S/ 7Y V()| v
M a=1
q
<4 / S 1 Banf? ()2 v,
Ma:l

<z [ e, (35)

Letting » — oo, the right hand side of (3.8) converges to zero since
Es(¢) = (1/2) [, Im(9)[? vg < oo. But due to (3.8), the left hand side of

(3.8) must converge to [,, > ¢_, Ve, 7()|2 v, since B.(Xo) tends to M
because (M, g) is complete. Therefore, we obtain that

q
OS/ Z‘VEaTb(w)‘Qvggo,
M 4=1

which implies that
Ve, (@) =0(a=1,...,q), ie, Vxm(p) =0 (VX € (Q)). (3.9
(The fifth step) Let us define a 1-form o on M by
a(X) = (de(r(X)), 7(9)), (X € X(M)), (3.10)

and a canonical dual vector field a# € X(M) on M by (a#)Y) =
a(Y), (Y € X(M)). Then, its divergence div(a#) written as div(a#) =
P 9(VIga® E)+Y_ g(VIp, o, E,), can be given as follows. Here,
{E;}?_, and {E,}Z_, are locally defined orthonormal frame fields on leaves
L of F and Q, respectively, (dim L, = p, dimQ, = q, x € M).
Then, we can calculate div(a?) as follows:
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div(a#) = Z {Ei(a(Ez)) _ O‘(ngiEi)}
+3 " {Ea(a(Ea)) — a(V9g, E)}

3 (T (do(B)) - d¢<w<ngaEa>>},Tb<¢>>. (3.11)

a=1

since Vg, 7(¢) = 0 in the last equality of (3.11). Integrating the both hands
of (3.11) over M, we have

= /M < > {Vg, (dp(Eq)) — dp(n(V9E, Ed))}, Tb(go)> vg.  (3.12)

because of [,, div(a#) v, = 0. Notice that the both hands in (3.12) are well
defined because of E(¢) < 0o and Es(p) < oo.

Since k% := m(3F_, V95, E;) is the second fundamental form of each
leaf L in (M, g) and
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(%) —Z{%E (dp(Ea)) — dp(V95, Ea)}

i Fa) — dp(r(V 5 Ea»}—d@((imﬂa)j,

the right hand side of (3.12) coincides with

/M< +d@((ZV 2 ) >,Tb(<p)>vg, (3.14)

(3.12) is equivalent to that

/ (dip(5#), () v,
M

- [ ey, + [ <d¢((§ngaEa)L),n<so)>vg- (3.15)

Finally, ¢ : (M,g) — (M’,q’) satisfies the conservation law, then it holds
due to Proposition 2.6 that (dy,(Qz), Ts(¢)) = 0. Furthermore, recall that
X1 (X € X(M)) is the Q-component of X € X(M) relative to the decompo-
sition "M = L ® (@ of the bundles. Therefore, these imply that both the left
hand side and the second term of the right hand side of (3.15) must vanish.
That is, we obtain that [, (7(¢),7(¢)) vy = 0. Therefore 7,(¢) = 0. We
have Theorem 2.11. g

4. Appendix

Here, we give a proof of Theorem 2.2. For the first part of the proof,
see Appendix, Page 271 in [24]. We give a proof of the latter half.

Theorem 4.1 (cf. Theorem 2.2) Let (M,g) be a non-compact complete
Riemannian manifold without boundary, If a C* vector field X on M satis-
fies that

/ | X| vy <00 and / div(X) vy < 0. (4.1)
M M
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Then, it holds that
/ div(X) v, =0. (4.2)
M

Furthermore, if f € CY(M) and a C* vector field X on M satisfy div(X) =
0, [1; Xfvg <oo, [1;|fIPvg < o0 and [, |X[*vy < oo, then it holds that

/M X fv, =0. (4.3)

Proof. (The first step) For f € C2(M) (f € C*(M) with compact su-
port) and a C! vector field X on M satisfying div(X) = 0, let us define
m-form w = fuvg, (m = dim M). Then, the Lie derivative Lxw of w by X
is calculated as follows:

{wa—Xf’Ug—i-fLX’Ug—Xf?fg‘i‘fdiV(X)vg—vag’ (4.4)

Lxw=ixdvo+dixw=dixw

due to div(X) = 0, the H. Cartan’s identity and dw = 0, where ix K is the
interior product of a tensor field K by X. By (4.1), we have

/vag:/ LXw:/ dz'Xw:/ ixw=20 (4.5)
M M M oM

because each integral is finite due to f € C?(M), and OM = ().

(The second step)  Let us take f € C'(M) and a C*! vector field X on
M satisfying div(X) = 0 and [,, X fv, < co. Then there exists a sequence
fn € C?*(M) (n = 1,2,...) such that f, — f in the C! topology in a
Riemannian manifold (M, g). Then, it holds that

/M X frvg — /M Xf v, (4.6)

in the C° topology in (M, g).

(The third step) Let us take a cutoff function p from a fixed point
xo € M on (M, g) as in the first step of the proof of Theorem 2.11 in Section
Three.

Applying the first step to the functions f,, u € C2(M), it holds that
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[ Xty =o. (4.7)
M

But, we have

| X = [ (X f)uvt [ (X, (4.8)

By (4.4) and (4.5), we have,

‘/M(an)uvg =' / fa (X )

s/ Ful IXII¥ 1l g
M

2
— n X
S MIALE

2C 2C
== s < 2 1) (19)

o < [ 1l1X s,

IN

IN

with || f[|? = [, [f]?vy < o0 and [ X|? = [,,|X[?vy < oo for a certain
positive constant C' > 0. Tending 7 — oo in (4.6), since the right hand side
of (4.6) goes to zero,

/ (Xfn)pvg —0 (as 7 — 00). (4.10)
M

On the other hand, as r — oo,

/M(an)wg —>/Manvg (4.11)

which implies that

/ X fr vy =0. (4.12)
M

Due to (4.3), as n — 0o, we have
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/ Xfvo,=0 (4.13)
M

which is the desired. U
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