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1. Introduction

The main purpose of this paper is to investigate the behavior of Poisson
bracket under mappings in terms of differential geometry. The formalism
of Poisson bracket relates with the problem in quantizing of dynamical
systems. Hence this formalism plays an important role in quantum physical
theory. The basic concepts in this paper are given in the literatures by

R. Hermann [1], [2]

2. The Poisson bracket defined by a closed
2-differential form

Let M be a differentiable manifold, w a given closed 2-differential form
on M, i.e., '

(2.1) do=0,
where d denotes the exterior derivative.

Let M, be the tangent space to M at p, then a vector veM, is said
to be a characteristic vector of w if

(2. 2) v_lo=0 1ie, olv,M,)=0.

The set C,(w) of all these characteristic vectors forms a subspace of M,,.
The following theorem is shown by R. Hermann ([1], 122-123).
TueoreMm 2.1. Let vy, -+, v, be a basis for M, such that v,,---,v,

form a basis for C,(0); o1, , 0, the dual basis of v,, -, v, ie.,

(2. 3) 0)@(7)_7)7—'5” for 1SZ,]Sm,

then o is written at p as follows:

(2. 4) 0= 2, a“"'wi/\é)j, det (a*”)#0.

i,j>n n<i,j<m

Let F(M) be the ring of C* real valued functions on M, then a func-
tion feF(M) is said to be an integral of the characteristics of w if



Poisson bracket under mappings 233

(2.5) v(f)=0 for all veC,lo), all peM.

The set F(w) of all these integrals forms a subring of F (M).

THEOREM 2.2. A function feF(M) is an integral of the characteristics
of o, i.e, fEF(w) if and only if there exists a vector v, determined in a
unique manner up to modulo C,(0) such that

(2.6) df=v;, _lo.

ProOF. Let us assume (2. 6), then for any vector veC,(w) we see
(2.7) v(f)=v ldf=v_lv, _lo=—v _(v_lw)=0,
ie, feF(o). |

The converse is already stated by R. Hermann without precise proof
(2], 34. This can be shown as follows. For the basis choosen as in
theorem 2.1, set

(2' 8) Uy = Z Skvlc ’

n<k<m

then by theorem 2.1 we have

('vf —Jw)(vl) = 2 a“wz'/\wj(skvka 'vz)

i,i>n . .
(2.9) . [0, if 1<i<n,
12 % o, if n<i<m.

n<é<m

On the other hand, since v,€C,(0) for 1<I<n, we see

. 0 if 1<i<n
2.10 df)(v,) = _ % -
(2.10) (df)(w:) = v,(f) L), i n<l<m.
Since det (a”)%0, the following linear equations
n<é,l<m
(2. 11) 2 2 d%=v(f), n<i<m,

n<ism

can be solved with respect to variables &(n<i<m); hence the existence of
Ur is proved. The rest part of this theorem is clear. Hence the theorem
is proved. :

For two functions f, geF(w), the Poisson bracket operation {f, g} is
defined by the following :

(2.12) s a}p)=v,dg), peM,
and by this operation F(w) makes into Lie algebra (1], 176-177; [2], 34-35).
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3. Behavior of Poisson bracket defined by a closed
2-differential form under mappings

The set C,(®w) of all characteristics forms a subspace of M,. The
number dim M—dim C,(w) is called the rank of w at peM; and if its rank
is the same at every point of M,  is said to be of constant rank on M.

THEOREM 3.1. Let o be a closed 2-differential form on M of constant
rank on M, then for each point peM a vector veEM, is a characteristic
vector of o, i.e., vEC,(0), if and only if

(3.1) v(f)=0 for all fe F(o).

Proor. As well known ([I], 124-125), each point p€M has a neigh-
borhood U with coordinate system (x;, -+, x,,) such that o takes the following
canonical form in U:

(3.2) o= Y drAdz;.

n<i<j<m

Hence at any point g€U; (_8_) , s ( 9 ) becomes a basis of C,(w).
q q

0x, ox,
Moreover we know that there exist a neighborhood VC U and C* real valued
functions f; such as fy;=x; on V and f;=0 on M\U. We see these for
functions f; are integrals of characteristics of o for n<i<m, i.e., fi€F(o)
n<i<m. Let assume (3.1) and set

(3.3) v le‘;jj( afcj ) ,
then we have |
(3. 4) v(£) = (df),(v) = (dzy), (s( 2 : )) w3

Since f;(n<i<m) belong to Fl(w), we see v(f;)=0 for n<i<m; hence we
have &=0 for n<i<m i.e., veC,(w) |

The converse is clear from the definition of F(w). Thus the theorem
is proved.

Let M, M' be two manifolds with C* map ¢: M—M', ' a closed 2-
differential form on M'. Define a form o such as
(3.5) o =¢*(o'),

where ¢* denotes the pull-back map induced from ¢. Of course w becomes
a closed 2-differential form on M. By this definition it can be seen that
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(3.6) 67 (Cotn (@) ©Cyl0).
THEOREM 3.2. Let o' be of constant rank on M, then the relation
(3.7) Cy(@) =6 (Con@)  for all peM

holds, if and only if
¢*Fo")C Fw).

ProOF. Let assume (3.8). For any f’€ F(o') and any veC,(w), since ¢*f'e
Fw) we see

(3.9) (24@) () =v(g*f) =0
Hence by theorem 3.1 we have
(3. 10) $x(v) € Cypy (@) e, Cp(w)Cgb;l(C,,(p)(w’)).

Therefore by (3.6) and (3.10) we get (3.7).
The converse of this theorem (the assumption of constant rank is not
necessary) is the result of R. Hermann ([2], 37). Thus the theorem is proved.
The following theorem is shown by R. Hermann ([2], 37-40).

THEOREM 3.3. Suppose [, g'e F(w'), and set

(3.11) f=¢*f"), 9=9¢%0".
And if a map ¢: M—M satisfies (3.7) and the map
(3.12) My—M; ) [ Cory (@)

is onto, then ¢*: F(o')—F(w) defines a Poisson bracket homomorphism, i.e.,
(3.13) $* ({7, o) = {*(F), %0}

In the following, suppose M=M" and ¢ is a diffeomorphism on M. For
the given closed 2-differential form @ on M we set o' =¢*(w).

THEOREM 3.4. Suppose ¢ is a diﬁeomorphism on M, then we have

(3. 14) ¢*(Flo) = F(o).

Proor. Since ¢ is a diffeomorphism we see ¢4(M,)=M,,, hence it
follows that ([2], 36)

(3. 15) 6:(Cyr (@) = C,(@)  for all peM,
therefore we have ([2], 37)
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(3. 16) ¢*(Flo)) C F(o).
By the same way, ¢! is a diffeomorphism we get
(3.17) Flo)c¢*(F()),

and hence (3.16) and (3.17) imply (3.14). Thus the theorem is proved.

THEOREM 3.5. Suppose ¢ is a diffeomorphism on M and w is of con-
stant rank on M, then the relation

(3. 18) C,(0)=C,(o) for all pe M,
holds if and only if
(3. 19) Flo) = ¢*(F(w)).
ProoF. Let assume (3.18), then we see
(3. 20) F(w)= F(o'),

and hence by theorem 3.4 we have (3. 19).

Conversely assume (3. 19), by theorem 3.4 we have (3.20). On the other
hand, for any f€F(0) and any v'€C,(0’), since fe€F(w') we see v'(f)=0.
Hence by theorem 3.1 we have v'€C,(0) i.e,

(3. 21) C,(0)cCylo).
By the same method as the above it follows that
(3.22) C,(w)CC,yl0'),

and hence (3.21) and (3.22) imply (3.18). Thus the theorem is proved.
THEOREM 3. 6. The relation (3.18) holds, if and only if

(3. 23) &(C, (@), My) =5 (C, (@), M) =0 for all peM,
where |
(3. 24) *w)=0'=0+6.

Proor. Suppose (3.18), then it follows that
(3. 25) 0¥ (G), My) = o (Cyl0), M,) =0,
and hence we see
(8.26) (0=0")(C,(0), M) =0,

therefore we have (3. 23).



Poisson bracket under mappings 237

Conversely suppose (3.23), then we see

(3. 27) o' (C,(@), M,) = 0(C,(0), M,) +&(C,(w), M) =0,
and hence we have

(3. 22) Crlo)cCyle).

On the other hand, it follows that |

(3. 28) o' (C,(), M,) = o(C,(@), M,) +&(C,(0),M,),
hence we have w(C,(o'), M,)=0, i.e.,

(3. 21)  CW)CC),

therefore (3.21) and (3.22) imply (3.18). . Thus the theorem is proved.

THEOREM 3.7. Suppose o is of constant rank on M, then the form o
is invariant under the mapping ¢*, i.e.,

(3. 29) $*w)=w,

if and anly if the Poisson bracket is invariant under the mapping ¢*, i.e.,
(3. 30) Flo) = ¢*Flo),

(3. 31) gy ={fig)  Sfordl f,g€Flo),

where {f, g}* means the Poisson bracket defined by the form o.
Proor. Suppose (3.30) and (3.31). By (3.30) and the theorem 3.4 we

see F(w)=F('); hence for any f, g€ F(w), the Possion bracket {f, g}* can
be defined. Let

(3.32) df=v; _Jo, df=vy o',

at peM, then it follows that

(3. 33) (f B =vle), (o B =),

and hence we have |

(3. 34) (v —vp)g)=0  for all g€ Flo).

Hence by theorem 3.1 we see
(3, 35) vi=v; (mod C,(w)).

Therefore from theorem 3.5 and theorem 3.6, it follows that
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(3. 36) vy _Jo' = (“0? + C,,(w)> Jo+)
=07 _lo+v;_|o,

hence we see

(3. 37) v & =0.

Now, choose the neighborhood U of p with coordinate system (z, -, z,,)
as in the proof of theorem 3.1 such that w takes the canonical form (3.2),

then( 9 ) , ,( 9 ) form a basis for C,(w) and there exist functions
D »

0x, 0x,
Ji€F(o)(n<i<m) such that (df;),=(dx;),. Since f;€F(w), there exist vectors
v% such that

(3. 38) dfi)y=v5_Jo n<i<m.
Hence by (3.37) we see
(3. 39) v, =0 n<im,

and since v are linearly independent vectors which are determined in a
unique manner up to modulo C,(w), the equation (3. 39) implies w=0. Hence
we have (3. 29).

The converse of this theorem is clear, therefore the theorem is proved.

Let G be a group of diffeomorphism of M, then G is said to be a
group of symmetries with respect to w if the form ® is invariant under
any element of G. The theorem 3.7 indicates that G becomes a group of
symmetries if and only if the Poisson bracket is invariant under any element

of G. ‘

4. Behavior of Poisson bracket difined by an arbitrary
differential form under mappings

In the preceeding sections we defined the Poisson bracket by using of
a closed 2-differential form and discussed the behavior of it under mappings.
In this section we shall consider some probrems along the same line for a
closed (r+ 1)-differential form w on M.

Let F"(M) be a space of r-differential forms on M, V(M) be a space
of vector fields on M. Set

(4.1) ArYw)= {0 F'(M): dge V(M)_lo},

then for two forms 6, P€ A""'(w) the Poisson bracket operation {f, 0} is
defined by the following ([2], 167-171):
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(4.2) {0y =[X0),
where X is a vector field such as
(4. 3) dd=X_lo,

and [X(0)] denote the class of X(0) modulo dF"-%(M), i.e., an element of
A" Yw)/dF3(M). .
Let C(w) denote a space of characteristic vector fields of o, i.e., the

vector fields Xe V(M) such that
(4. 4) X_Jo=0.

Let M, M’ be manifolds with C= map ¢: M—M’', o' given closed
(r+1)-differential form on M’, and define a closed (r+ 1)-differential form on
M by

(4.5) o = ¢*(o),
then we have
(4.5) 6+*(C (o)) cClw).

The mapping ¢ is said to be of maximal rank if

46 (VD) =vr).
THEOREM 4.1. Suppose ¢ is of mazximal rank, then it follows that |

(4.7) $:(C@) = Clo).

Proor. Let XeC(w), then we see X_lw=0. Let Xj,:--, X, be vector
fields on M’; then since ¢ is of maximal rank, there exist vector fields
X, -, X, on M such that o

4.8) X =¢u(X) 1<i<r,

hence we have

(450 )X, X = 0 ($2(X), 400 84(X)

(4.9) - = 65 (@)X, X, -+ X.)
= (X 1o)X, -+ X))

=0.

Therefore it follows that

(4. 10) $x(X)eCw) ie, Clo)cg:'(Clw)).
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Relations (4.5) and (4.10) imply (4.7). Hence the theorem is proved.
THEOREM 4. 2. Suppose ¢ is of maximal rank, then it follows that
(4. 11) #* (A (o)) A (o).
Proor. Let #'€¢ A" ('), then since d¢’=X'_lo', we see
(4.12) d(g*(@) = ¢*(X' o).

Since ¢ is of maximal rank, there exist Xe V(M) such as ¢,(X)=X"; hence
it follows that

PHX )Xy, 0, X)) = (X, $4(X0), -, $(X)

(4.13) = ' ($4(X), Px(X0), -, 84 (X))
= (X _Jo)(X;, - X.),

where X, -+, X, are vector fields on M.
Therefore by (4.12) and (4.13) we see

(4. 14) d(¢*0)=X_o ie, §* (A (w) C A (o).

Hence the theorem is proved.

THEOREM 4.3. Suppose ¢ is of maximal rank, then ¢* is a Poisson
bracket homomorphism, i.e., for two forms @', '€ A" ('),

(4. 15) ¢ ({0, o) = {5*(@), o*(@).
Proor. Since .
(4. 16) ¢* (dF (M) cdF-*(M"),

¢* may be induced to a map of quotient classes. Let
(4. 16) =X o', do'=Y_lo',

then it follows that

(4.17) @, 0) =[X ()] = (X' 1de') = [X' 1Y o).
On the other hand as in the proof of theorem 4.2, we see
(4.18) d($*@)) =X Jo, d(¢*) =Y Jo,
where

(4.19) L (X)=X', s (Y)=Y,
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hence we have
420 {g*(0), 9%} = [X(* () ] = [X 1d(9* (@) ] = [X_IY ).
Let X, -, X,_; be vector fields on M, then it follows that

FF(X Y 10Xy, o, X,0) = @ (Y, Xy $a(X0), -+, 60 (X))

(4.21) = ' ($2(Y), $x(X), 4(X0), -, (X, 1))
= (XY _J0) (X, -+, X,

hence we have

(4.22) XY Je) =X Y o,

therefore by (4.17), (4.20) and (4.22) we see ¢* is a Poisson bracket homo-
morphism. Thus the theorem is proved.

Suppose ¢ is a diffeomorphism of M, then by theorem 4.2; for a given
closed (r+1)-differential form w, it follows that

(4.23) o H(ATe) = A,

where o' =¢*(w); and hence by the above theorem, ¢ becomes a Poisson
bracket automorphism. B
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