On a K-space with certain conditions
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§0. Introduction.

Recently, K. Takamatsu and Y. Watanabe [2]V proved that a conformally
flat K-space is locally symmetric.

The purpose of the present paper is to investigate the analogous problems
in a K-space with C?%;;,,=0. In §1, we shall give some relations in a K-
space to use latter. §2 is devoted to give some results in a K-space with
Chijlc;hzo'

The author likes to express his sincere thanks to Prof. Y. Katsurada
and Dr. T. Nagai who gave me many valuable suggestions and constant
guidances.

§1. Preliminaries.

Let M” be an n-dimensional (n=2m>2) almost Hermitian manifold with
Hermitian structure (F}?, g,;), i.e. with an almost complex structure tensor
F,* and a positive definite Riemannian metric g,; satisfying

(1 1) FjiF/c = _5jk
(1- 2) gabanFjb =05

where 0% is the Kronecker’s delta.
If an almost Hermitian structure satisfies

(1. 3) Fipr+Fu;; =0 (Fy; = 92:F5") [3],

where the symbol “;” denotes the operator differentiation with respect to
the Riemann connection determined by g¢,;, then the manifold is called a
K-space.

From (1.1), (1.2) and (1.3), it follows that

(1. 4) Fij= _Fjiy F,;j;j=0-

Let R’;,,, R;;=R’;;; and R=¢"R;; be the Riemannian curvature tensor, the
Ricci tensor and the scalar curvature, respectively. Applying the Ricci’s

1) Numbers in brackets refer to the references at the end of the paper.
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identity to F,;, we get

_— z z
sz;j;k'—th';k;j - “FMR Izj/c_Flle ik -

Multiplying this equation by ¢** and summing for A and %, by virtue of
(1.3) and the Bianchi’s identity, we have

Fji;k;k —_ %F’LZRILZJ@'_R/FM (Fhl — gh/chl) .

If we notice that some tensors in the above equation are antl-symmetnc
with respect to 7 and j, we find that

(1. 5) R/F,;+ RjF,;=0

(1. 6) R, FF? =R, .

It is well known that in a Riemannian manifold, we have
(1.7) Rijire = Rype— Ry

and on multiplying (1.7) by ¢’* and summing for j and %, we get
(1.8) Riy.=—2R,.
2
Differentiating (1. 5) covariantly, by virtue of (1.4) and (1. 8), we find that

(1.9) Ry Fil = — —;«RF .

§2. A K-space with C*%;,.,=0.

Let C*; be the Weyl’s conformal curvature tensor:

2.1) Clye = Riu— —L (0Ry— 3R+ 0uR—0uR")
R
+ (n—1)(n—2) (0%9s5—039:z) -

If we assume that M™ be a K-space with C*;.,=0, then we have the
following theorem:

THEOREM 2.1. Let M™ be a K—space with C*;,,=0. Then the scalar
curvature R of M™ is constant.

Proor. Multiplying (2. 1) by F/ and summing for j, and differentiating
covariantly, we have
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h h — h h
C"sismd i + CPi5iF o = Ry B + R B

— 2 [BR B+ SR = R~ R+ R
+ R Frsn—0uR 5 F — 0 R F |
1
+ = 1) (n _2) [R;m@ZFu_ gszzh) + R(%me - gquh;m)] .

Interchanging indices 7 and / in the above equation, by virtue of (1.3) we
get

h h — h h .
CPitsmly? + Cjis I = R i B + R 1o F, mj

— L _[8tRuynFi + 8iResiF? — RugnF i — RusiFu + Ry
n —
+ Rh/c; zF mi gz‘thj; nl zj —g e:thj; ., mj]
1
+‘ (71 — 1) (71 — 2) [R;m(ﬁan — gszzh) + R;z (52Fm¢ - g:’,kah)] .

Multiplying this equation by ¢*’¢™ and summing for all indices, by making
use of C%,,=0 and (1.4), we obtain

(2.2) R+ Ry F — ni [3RY;Fo? + RuaF + 3Ryss F¥]
3
+ R,F,'=0.
(n—1)(n—2) "

Since R;;,,F*’=0, taking account of (1.7), (1.8) and (1.9), (2.2) can be writ-
ten as

3n(n—3)
2(n—1)(n—2)

from which, it follows that R=constant.

THEOREM 2.2. Let M™ be a K-space with C”,;,,=0. Then R, is
symmetric in all indices.

Proor. From our assumption and [Theorem 2.1, it follows that
R;.—R,:=0. ,
By virtue of [Theorem 2.1, 2.2 and (1.7), we have the following
THEOREM 2. 3. - Let M* be a K-space with C%;,,=0. Then we have
Riyi=0.

R;iFIti:Os
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THEOREM 2.4. Let M™ be a K-space with C*;,,,=0. Then we have
the following relation :

(2. 3) 3Rijx =Ry FPF? + Ry, F,F”+Rab,F,c"F
Proor. Differentiation (1.6) covariantly, by virtue of (1.5) we have
Rz;, = Rab IcF F ijFi /cF RazFb Fj R

Making the cyclic sum with respect to indices Z, j and % of the last equa-
tion, we have :

Rijx+Rypsi+ Rusyj = Raps t F'F 2 + R 3, F°F2 + Ry FL2F?
from which, by making use of Theorem 2.2, we get (2.3).
THEOREM 2.5. A K-space with C*,,=0 is a Ricci-symmetric space if
2.4 det. 136333 — Fy"F, 03] %0,

where the symbol ( ) denotes the symmetric part with respect to indices i,
" j and k.

ProoOF. (2. 3) can be written as
Re;o (00508 —F " F,*03) = 0.

If det. |6{70505— F§F,2 6] %0, then we have R,,,=

The Riemannian manifold is called conformally symmetric if it
satisfies C";;4;,=0. A conformally symmetric K-spaec is the special case of
a K-space with C%;,,,=0. Therefore, by virtue of [Theorem 2 1 and The-

orem 2.5, we have the following

COROLLARY 2.6. A conformally symmetric K-space is locally sym-
metric if it satisfies (2. 4).
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