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Introduction. In the previous papers $[1]^{(1)}$ the present author has
treated the theory of certain non-holonomic spaces of line-elements and of
the non-holonomic system depending on line-elements. The principal
purposes of the present paper are to generalize the concept “non-
holonomic system” into a space of higher order and to find in the ge-
neralized non-holonomic system the’ structure of several operations of
extensors considered by Prof. A. KAWAGUCJII [2]: The former is stated
in \S 2 and the latter in \S \S 4-9. As the preparation for these purposes,
\S 1 is devoted to the exposition of the notations employed and of the
definition of extensors introduced first by H. V. CRAIG [3] and in \S 3
we treat upon the transformations of the non-holonomic systems. Since
there are three kinds of the previous operations, any two of these
produce their products. In the last chapter, we discuss therefore the
commutativity of these products.

The present author wishes to express to Prof. A. KAWAGUCHI her
very sincere appreciation for his helpful guidance and his careful
criticisms.

\S 1. Notations and preliminaries. In the present paper we shall
employ at most two holonomic coordinate systems $x$ and oo and so far
as the quantities that bear indices are concerned, we shall distinguish
them whenever feasible by restricting the choice of indicial letters.
Specifically, letters at the first of the alphabet $a,$ $b,$ $c,$ $d,$ $e$ shall serve to
denote the system to, while $i,$ $j,$ $k,$ $l,$ $m$, will be correlated to the system
$x$ . Thus $x^{\iota}$ is the $i\leftrightarrow th$ coordinate variable of the system $x$ , while to“
is a variable of number $a$ of the system $\overline{x}$ . Differentiation with respect

(1) Number in brackets refer to the references at the end of the paper.
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to the parameter $t$ of a parameterized arc will be indicated by primes
and Greek $IndIces$ . To illustrate,

$x^{\prime t}=\underline{d}d^{\frac{x^{i}}{t}}$ , $x^{(a)t}=\frac{d^{a}x^{t}}{dt^{a}}$ , $X_{aa}^{()t}=X_{(\alpha)a}^{(\beta)t}=\frac{ox^{(\beta)}}{9\overline{x}^{(a)a}}$ $X_{l}^{\alpha a}=-\frac{x^{\alpha}\prec}{x^{\langle\beta}}$

)
$- 9^{\text{ノ^{}l}}9\backslash $

$f_{(a)}=\frac{9f}{9X^{(\alpha)}}t-$ $f_{(\alpha)}^{(\beta)}=\rightarrow d\overline{t^{\beta}}d^{\beta}(\frac{9f}{9x^{(\alpha)t}}),$ $f_{(a)t}^{(\beta)}=\frac{9}{ox^{(a)t}}(\frac{d}{d}\frac{\text{\’{e}} f}{t^{\beta}})$ .
Summation convention. Repeated lowe $r$ case Latin indice $s$ call for

summation 1 to $N$, while the summations indicated by repeated lower
case Greek indices are from zero (unless the contrary is specified) to
some terminal value usually $G$ or $G+1$ . Repeated Capital Greek indices
do not generate sums, thus $(_{a}^{Jf})X_{a}^{(M-\alpha)}$ with $\alpha$ not summed would be
written $(_{A}^{M})X_{a}^{(M-A)}$ .

At last, we shall use indices with primes, $i$ . $e$ . $a^{\prime},$ $b^{\prime},$ $c^{\prime},$ $\cdots$ , $i^{\prime},$ $j^{\prime},$ $k^{\prime}$ ,
. . and $\alpha^{\prime},$

$\beta^{\prime},$ $\gamma^{\prime},$ $\cdots\cdots$ , referred to non-holonomic systems.
Extensor. We shall consider a space of $line- eleme\dot{n}$ts of higher

order. For example, an element of the space of line-elements of order
$M$ will be denoted with $x$‘, $x^{(1)t}$ , $\cdot$ ........ , $x^{(M)t}$ and it is called an ex-
tended point (or expoint) following H. V. CRAIG [3].

The coordinate transformation: $\overline{x}^{a}=\overline{x}^{a}(x^{i})(a, i=1, \cdots , N)$ , which
is assumed to be of class $M$ and regular [4], gives rise upon successive
differentiations with respect to the parameter $t$ of a parameterized arc
to the ”coordinate transformation of extended point” :

$\overline{x}=\overline{x}^{a}(x^{i})$ , $\overline{x}^{(1_{\text{ノ}}^{\backslash }4}=\frac{9\overline{x}^{a}}{9x^{t}}x^{(1)}$ ,

(1. 1) $x^{2^{\backslash }a}\prec=\frac{\partial\overline{x}^{a}}{9X}x^{(2)}+\frac{9^{o}\overline{x}^{a}}{9x9X^{j}}x^{(1)i}x^{(1)j}$ ,

........................ $i..:\ldots\ldots\ldots\ldots.$ .

$\overline{x}^{(M^{\backslash },a}=\frac{9\overline{x}^{a}}{9x^{t}}X^{(M)t}+M\frac{9^{o}\overline{x}^{a}}{9x^{i}9l^{\rho}}x^{(1)l}x^{(M-1)j}+\cdots\cdots\cdots$

Then the last relationship suggests the formulas ([2], p. 17)

$\frac{9\overline{x}^{(a_{Z}^{\backslash }}}{0x^{(\beta)}}t^{-}a=\frac{\alpha!(\beta-\gamma)}{\beta!(\alpha-\gamma)}!$

. . $\frac{0_{X}^{\wedge\alpha-\tau^{\backslash },a}}{9x^{\langle\beta-T)t}}$

for $a,$ $\beta\geqq\gamma>0$ , and for $\gamma=\beta$

(1. 2) $\frac{9\overline{x}^{(\alpha)a}}{ox^{(\beta)t}}=(_{\beta}^{\alpha})\frac{9\overline{x}^{(a-\beta^{\backslash }a}}{o_{X^{t}}}$ , $\frac{0_{X}^{\wedge\alpha a}}{9X^{t}}=(\frac{0_{\mathfrak{B}}^{\wedge\alpha-\beta)a}}{9x^{t}})^{(\beta)}=(\frac{9\overline{x}^{u}}{ax})^{(a)}$
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Especially $\frac{9x^{a)a}\prec}{9x^{(\beta)t}}=\frac{9\overline{x}^{a}}{9x^{t}}$ for $\alpha=\beta$ , and $\frac{9\overline{x}^{(a)a}}{9x^{(\beta)}}=0$ for $\alpha<\beta$ .

The notion of extensor is merely that of tensor relative to this ex-
tended transformation. Its components will be denoted by means of
symbols bearing Greek-Latin doublet indices such as $\dot{\mu}$ or $aa,$ $i$ . $e.$ , if

$II(G_{\lambda}l-1A+1)\prod_{k\backslash -1}^{B}(G_{\mu}^{\prime}+1)N^{A+B}$ quantities $\acute{T}^{\tau_{J1}\cdots\tau_{AA}}\delta,j_{1}\cdots\delta_{B}i_{B}(i_{l},$ $j_{\mu}=1$ ,

2, $\cdots$ , $N;\gamma i=0,1,$ $\cdots$ , $G_{\lambda}$ ; $\delta_{\mu}=0,1$ , $\cdot$ .. , $G_{\mu}$ ) are related to the quan-
tities $T^{a_{1}a_{1}\cdots\alpha_{A}a_{A}}$ belonging to any other coordinate system z6

$\beta_{1}b_{1}\cdots\epsilon_{B^{b}B}$

according to the transformation equation

$wherethesymbo1\Delta denotesthedeterminant\left|\begin{array}{l}9\overline{x}^{a}\\- 9x^{l^{-}}\end{array}\right|,then\tau^{\alpha_{1}a_{\rfloor}\cdots a_{AA=\Delta^{-k}T^{T_{1}\cdots\cdot\Gamma_{A}i_{A}}\ldots\Pi^{A}X_{(\mathcal{T})}^{(a)a}\prod_{\mu-1}^{B}X_{(\beta)b}^{(\delta_{\mu})j_{\mu}}}}\beta b\mathfrak{g}_{p^{b_{B}\delta_{1}J_{l}\delta_{B}J_{B}}}\iota\iota.\mu\mu\lambda lwesha11$

speak of these quantities as the components of a mixed extensor of
order $A+B$, range $G$ and weight $k$ –excontravariant. of order $A$ , ex-
covariant of order $B$. If the quantities $T$ are functions of the sets of
variables $x,$

$x^{(1)}$ , $\cdot$ .. , $x^{(M)}(M\leqq P)$ , then we shall employ the term ex-
tensor fleld of function order $M$. In case that the Greek indices have
different ranges, the range of the extensor will be said to be $G$, the
maximum of separate ranges. Following Prof. A. KAWAGUCHI ([2], $p$ .
21) this extensor will be called to be of characteristic $(A+B, k, G, M)$ .

\S 2. The concept of $non\cdot holonomic$ system in a space of line $\cdot$

elements of order $Bf$. Let us consider a space $K_{N}^{(M)}$ of line-elements
of order $M$ and a set of $(G+1)N$ excovariant extensors $\lambda_{\alpha}^{a^{\prime}l^{\prime}}(x,$ $x^{(1)}$ ,
... , $x^{(w}$) $(a^{\prime}=0,1, \cdots , G;i^{\prime}=1, \ldots.N)^{1}$ of characteristic $(1, 0, G, M)$

(where $G\leqq M$), associated with each expoint $x^{(a)}$‘ of the space of line-
elements of order $M:K_{N}^{(M^{\wedge})}$ , and put the conditions that

(2. 1) $\lambda_{a}^{\alpha}‘’=0$ for $a^{\prime}<a$

and that $(G+1)N$-rowed determinant $\lambda$ constructed from $\lambda_{\alpha}^{a^{\prime}t^{\prime}}$ with
respect to the pairs $(\alpha^{\prime}i^{\prime})$ , (a i) does not vanish in the considered domain
of $K_{N}^{(w}$ . This determinant $\lambda$ becomes as follows:

(2. 2) $\lambda=|\lambda_{C}^{0^{\prime}}|\times|\lambda_{1}^{J^{\prime}}|\times\cdots\cdots\times|\lambda_{G}^{G^{\prime}}|$ ,

here we can define uniquely the reciprocal excontravariant extensors $\lambda_{\beta^{\prime}}^{\beta}j$

of the excovariant extensors $\lambda_{\alpha}^{a^{\prime\prime}}$ such that they satisfy $\sum_{a-0}^{G}\lambda_{\alpha}^{\alpha^{\prime}}:\lambda_{\beta j}^{\alpha i},$ $=$

$\delta_{\beta}^{a^{\prime}},\delta_{j}^{t}1$ , where symbol $\delta$ denotes the KRONBCKER $S$ delta.
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Remark. Let $Q$ be a certain positive integer levs than $G$, and con-
sider the $(Q+1)N$ excovariant extensors $\lambda_{\alpha}^{a^{\prime}t^{\prime}}(\alpha^{J}=0, \cdots , Q:i^{\prime}=1, \ldots, N)$

that are a part of the set of $(G+1)N$ excovariant extensor8 $\lambda_{a}^{a^{\prime}}t^{\prime}(a^{/}$

$=0,$ $\cdots$ , $G;i^{\prime}=1,$ $\cdots$ , $N$), then their reciprocal excontravariant ex-
tensors $\lambda_{\beta^{\prime}j}^{*at}$ , $(\beta^{\prime}=0, \cdots , Q;4^{\prime}=1, \cdots, N)$ will be obtain from the
equations $\sum_{a\rightarrow 0}^{Q}\lambda_{\alpha}^{a^{\prime}t^{\prime}}\lambda_{\beta}^{*\alpha}$ ノ}, $=\delta_{\beta}^{\alpha}:\delta_{j}^{l^{\prime}}$, $(\alpha^{\prime}, \beta^{\prime}=0, \cdots , Q;i^{\prime}, j^{\prime}=1, \cdots , N)$ . It is

verified without difficulty from (2. 2) that such quantities $\lambda_{\beta j}^{*ai}$, coincide
with $\lambda_{\beta^{\prime}j}^{a}$ , $(\beta^{\prime}=0, \cdots , Q;j_{-}^{\prime}--1, \cdots, N)$ which are a part of the set of
the $(G+1)N$ quantities $\lambda_{\beta j}^{\alpha t},$ $(\beta^{\prime}=0, \cdots , G;j^{\prime}=1, \cdots, N)$ .

Definition. Under ”non-holonomic system” in the extensor space
consisted of all extensors at any expoint of $K_{A^{r}}^{(M)}$ with range not greater
than $G$, we understand two sets of $N(G+1)$ mutually independent ex-
covariant extensors $\lambda_{\alpha\ell}^{\alpha^{\prime\prime}}$ and excontravariant extensors $\lambda_{a}^{a},i$, which are
called the base extensors of the non-holonomic system. Then we shall
define the components of the extensor $T^{\tau_{11}\cdot\cdot\cdot\tau_{AA}}\delta_{1}f_{1}\cdots\delta_{B}j_{B}$ of the
characteristic $(A+B, k, R, D)$ in the non-holonomic system, under the
restriction $R\leqq G$ and $P\geqq D\geqq M$ , as follows:

(2. 3) $T^{\tau_{1}^{\prime}t_{1}^{\prime}\cdots\tau_{A^{\prime}}i_{A}^{\prime}}\delta_{1}^{\prime}J_{1}^{\prime}\cdots\delta_{B^{\prime}}j_{B^{\prime}}=\prod_{f-0}^{R}\Delta_{t}^{*-k_{f}}T^{\tau_{1}i_{1}\cdots\tau_{AA}}\delta_{1}j_{1}\cdots\delta_{B}j_{B}$

$\times II\lambda_{\tau_{\lambda}}^{\tau_{\lambda^{\prime}}}\int^{\prime}\lambda=1A\prod_{\mu=1}^{B}\lambda_{\delta_{\mu}J_{\mu}^{\prime}}^{\delta_{\mu^{j}\mu}}$

where the symbol $\Delta_{9}^{\star}$ indicates the $N$-rowed determinants constructed
from $\lambda_{4^{t}}^{gt^{\prime}}$ (not summing on $\theta$) and $\sum_{\iota\rightarrow 0}^{R}k_{t}$ is equal to $k$ .

\S 3. Non-holonomic transformations of non’holonomic systems.
Now, we consider infinite collection of the set of base extensors $\lambda_{at}^{a^{\prime}1\prime}$

(or $\lambda_{a}^{\alpha},$), and between two sets of base extensors the following relation
is assumed to exist:
(3. 1) $\lambda_{\tau}^{\tau\prime\iota\prime}=N_{aa}^{\tau^{\prime\prime},},$ $\lambda_{\tau}^{a^{\prime}a^{\prime}}$

where the quantities $N_{a’ a}^{f^{\prime}t^{\prime}}$, satisfy the conditions that
(3. 2) $N_{aa}^{r^{\prime\prime},},$ $=0$ for $\gamma^{\prime}<a^{\prime}$ ,
and that $(G+1)N$-rowed determinant $N$ constructed from $N_{a’\alpha}^{\Gamma^{\prime\prime}}$, with
respect to the pairs $(\gamma^{\prime}i^{\prime}),$ $(\alpha^{\prime}a^{\prime})$ does not vanish in considered domain
of $K_{p}^{(w}$ . When (3.1) is considered as a transformation of the base ex-
tensors, these transformations form the group, that depends on} $(G+1)$

$\times(G+2)N^{2}$ arbitrary functions of variables $x,$ $x^{(1)},$ $\cdots$ , $x^{(M)}$ . Then we
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shall call such transformations (3.1) as the $mn$-holomomic transformafions
of the non-hoZononic system and such a transformation group as the non-
holonomic transformation group. The determinant $N$ is written by

$N=|N_{ca^{\prime}}^{0l^{\prime}}|\times\cdots\cdots\cdots\times|N_{Ga}^{G^{\prime}},$ $|$

from (3.2) and the functions $N_{\delta^{\prime}j^{\prime}}^{\alpha^{\prime}a^{\prime}}$ corresponding to the inverse trans-
formation of (3.1) are obtained as the solutions satisfying the equations
$N_{a’ a}^{\Gamma^{\prime}\ell^{\prime}},$ $N_{\delta j^{\prime}}^{a^{\prime}a^{\prime}}=\delta_{\delta}^{r}1\delta_{j}^{t^{\prime}}$, where concerning with these functions $N_{\delta^{\prime}j}^{a^{\prime}a^{\prime}}$, we
should remember the same remark as that for $\lambda_{\delta^{\prime}j}^{Ti}$, in \S 2.

Definition. If there is at a certain point of a parameterized arc

of class $P$ in our space one set of $\prod_{l=1}^{A}(R_{\lambda}+1)\prod_{\mu=1}^{B}(R_{\mu}^{\prime}+1)N^{A+B}$ quantities

which are functions of the set of variables $x,$ $x^{(1)},$ $\cdots$ , $x^{(D)}(M\leqq D\leqq P)$ :
$T_{1l}^{\tau\prime\prime\cdots\tau_{A^{\prime}A^{\prime}}}\delta_{1^{\prime}}j_{1^{\prime}}\cdots\delta_{B^{\prime}}J_{B^{\gamma}}(i_{\lambda}^{\prime},$ $j_{\mu}^{\prime}=1,$

$\cdots,$
$N;\gamma_{\lambda}^{\prime}=0,1,$ $\cdots,$

$R_{\lambda}$ ; $\delta_{\mu}^{\prime}=$

$0,1,$ $\cdots$ , $R_{\mu}^{\prime}$ ; $R_{\lambda}$ , $R_{\mu}^{\prime}\leqq G$) for each non-holonomic system and if the

quantities $T^{f\cdots ftr_{\delta_{1}j\swarrow}}1^{\prime\iota}1^{\prime}A^{\prime}A$

$\delta_{B}J_{B}$
associated with any one system are

related to the quantities $T^{a_{1}\prime\prime_{a_{1}}\cdots a_{A^{\prime}}a_{A^{\prime}}}\beta_{1}b_{1}’\cdots\beta_{B}b_{B}$ ’ belonging to any

other system according to the transformation equation

(3. 3) $ T^{a_{1}a_{1}\cdots\alpha_{A}a_{A}}\beta_{1}b_{1}\cdots\beta_{B}b_{B}=\prod_{\theta=0}^{R}\Delta^{*k\theta^{\prime}}T^{\tau_{11}\cdots\tau_{AA}}\theta\delta_{1^{\gamma}}i_{I}^{\prime}\prime t\prime\prime\prime$

$\delta_{B}^{\prime}j_{B}^{\prime}$

$\times\prod_{\lambda\approx 1}^{A}N_{r_{\lambda l^{\gamma}}}^{aa_{i}}\iota^{\prime}\iota^{\prime}IIN_{\epsilon_{\mu^{b}\mu}^{\mu^{\prime j}\mu^{\prime}}}^{\delta}\mu\Rightarrow lB$

where the symbol $\Delta_{f^{\prime}}^{\star}$ denotes the $N$-rowed determinant constructed from
$N_{fi}^{\theta^{\prime}a^{\prime}}$, (not summing on $\theta^{\prime}$) and $\sum_{t-0}^{R}k_{9^{\prime}}=k$ , then we shall speak of these

quantities as the non-holonomic components of a mixed extensors of

oraer $A+B$, range $R$ and weight $\sum_{v’\approx 0}^{R}k_{b},$ $=k,$ $R$ being the maximum of
$R_{\lambda}$ and $R_{\mu}^{\prime}$ , and shall denote their characteristic with the symtSol $(A+B$,
$\sum_{v=0}^{R}k_{\theta},$ $=k,$ $R,$ $D$). In virtue of this deflnition, it will be seen easily

that the characteristic of the extensor is not changed by the non-
holonomic transformations. Henceforth, we shall go to show that non-
holonomic components of various extensors obtained from extensors by
differential operations can be expressed in terms of non-holonomic com-
ponents of the original extensor.

It is well known that if $v^{t}$ is a contravariant vector of functional
order $M$ and its necessary derivatives exist, then quantities $v^{\langle T)}(\gamma=$
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$0,1,$ $\cdots$ , $L;M+L\leqq P$) are the components of an extensor of charac-
teristic $(1, 0, L, M+L)$ ([2], p. 22). At first we $3eek$ the structure
of components (in our system) of this extensor $v^{(f)}$‘

In accordance with the definition (2.3), the components (in our system)
of the vector $v$

‘ and of the extensor $v^{(T)i}$ are given by $v‘’=\lambda_{0\iota}^{0^{\prime}}v$ and $v^{\tau^{\prime}t^{\prime}}$

$=\lambda_{\tau t}^{T^{\prime\prime}}v^{(\tau)}$‘ respectively. Multiplying the first equation by $\lambda_{\ell}^{0j}$ , , summing
and then differentiating the both members of the resulted equation $r$

times with respect to $t$ , we have $v^{(\Gamma)t}=\sum_{\mu\approx 0}^{\tau}(f)\lambda_{0i}^{ri(-)}\tau\prime v^{t^{\prime}(0^{\prime})}$, where $(_{\rho}^{\tau},)$

is a binomial coefficient. If we put

(3. 4) $\sum_{\tau\approx 0}^{\prime r\prime}(,r\beta^{\prime})\lambda_{rt}^{T^{\prime\prime}}\lambda_{0i^{\prime}}^{C(\tau-0^{\prime})}\equiv C_{\beta^{\prime}j}^{\mathcal{T}^{\prime\prime}}$,
$\gamma^{\prime}=0,$

$\cdots\cdots,$
$L$

$\rho^{\prime}=0,$ $\cdots\cdots,$
$\gamma^{\prime}$

$=0$ for $\gamma^{\prime}<p^{\prime}$ ,
then the quantities $v^{\tau^{\prime}t^{\prime}}$ will be written as follows:

(3. 5) $v^{\tau\prime\ell\prime}=\sum_{\rho’\approx 0}^{T^{\prime}}C_{\beta j^{\prime}}^{T^{\prime}i^{\prime}}\prime v^{0j^{\prime}(\rho\prime}$
)

Thus the structure of $v^{T^{\prime}i^{\prime}}$ is obtained by the right member of the last
equation. Here, such the new quantities $c\cdot’\beta^{\prime}j^{\prime}$ in the non-holonomic
system are called $extend\vee cdco_{\vee}^{r}/$fficients of a vector in the non-holonomic
.system. Consequently, we have the following

Theorem 1: If $v^{c_{i^{\prime}}}$ are compsnents in the non-holonomic system of a
vector of the charaeteristic $(1, 0,0, M)$ and their necessary derivatives exist,
then the quantities

$v^{\mathcal{T}^{\prime}i^{\prime}}=\sum_{\rho’\rightarrow 0}^{T^{\prime}}C_{pj}^{f^{\prime}i^{\prime}}’’ v^{0j^{\prime}(\beta^{\prime})}$ , $\gamma^{\prime}=0,$
$\cdots\cdots,$

$L$

are the ccmponents in the non-holonomic systom of an extewsor of characteristic
$(1, 0, L, M+L(\leqq P))$ .

Next, we shall find. properties of the new quantities $C_{0^{\prime}\mathfrak{l}j^{\prime}}^{T^{\prime}t^{J}}$ .
Theorem 2: If ozer system is a $holon\sigma mic$ sllstem, then it fouows that

$ c_{J}^{r}:_{j^{\prime=\delta_{\{J}^{r}:\delta_{j^{\prime}}^{i^{\prime}}}}’\cdot$ .
Proof. In a holonomic system, the quantities $\lambda_{\gamma}^{r^{\prime}t^{\prime}}$ must be indicated

by $X_{(T)}^{(\tau\prime})^{\{\prime}$ , accordingly (3.4) become as follows:

$C_{\beta^{\prime}j}^{\mathcal{T}^{\prime}i},$ $=\sum_{\gamma\Leftrightarrow v}^{r\prime},(\beta^{\prime}\tau)\lambda_{Tt}^{T^{\prime}i^{\prime}}\lambda_{0j}^{0t(\Gamma-\beta^{\prime})}=\sum_{\tau\Leftrightarrow\beta^{\prime}}^{T^{\prime}}X_{(r)t}^{(f^{\prime})t^{\prime}}X_{(\beta^{\prime})j}^{(\tau)i},$ $=\delta_{\beta^{\prime}}^{T^{\prime}}\delta_{j^{\prime}}^{t^{\prime}}$ .
Theorem 3: The $quantitiesC_{\beta j}^{r^{\prime\prime}}$, are invariant under transformations

of hoknomic coordinate systems of the base space $K_{N}^{(M)}$ .
Proof. Consider a holonomic coordinate transformation of expoints

(1.1), then the relations between these quantities $\lambda_{f}^{T^{\prime\prime}}$ and $\lambda_{aa}^{\tau^{\prime}\prime}$ , and
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between $\lambda_{0j}^{(}$ , and $\mathcal{X}_{0j^{\prime}}^{n}$ , can be put in the forms $\lambda_{\tau}^{f^{\prime\prime}}=\sum_{a-T}^{\tau^{\prime}}X_{(T)}^{(a)a}\lambda_{ba}^{T^{\prime\prime}}$ and
$\lambda_{0j}^{0},$ $=X_{a}^{l}\lambda_{0j^{\prime}}^{ca}$ respectively. Consequently, we have

$C_{\rho j}^{\tau^{\prime},t^{\prime}},=\sum_{\tau-\beta^{\prime}}^{\tau^{\prime}}(\tau O^{\prime})\lambda_{\gamma}^{\tau^{\prime\prime}}\lambda_{0j}^{0(\uparrow-p\prime})$

$=\sum_{\tau=p^{\prime}}^{\tau^{\prime}}\sum_{a-\tau}^{f^{\prime}}\sum_{\text{\‘{o}}^{\prime}-0}^{\tau-0^{\prime}}(\beta^{\prime}\tau)(\tau\delta^{\prime}-’)X_{(\tau)}^{(a)a}X_{b}^{t(T,}-1J^{\prime}-\delta^{\prime})\lambda_{aa}^{\Gamma^{\prime}t^{\prime}}\lambda_{0j}^{0b(\delta^{\prime})}$

$=\sum_{\delta^{\prime}\rightarrow 0}^{T^{\prime}-\rho^{\prime}}\sum_{a\leftrightarrow\delta^{\prime}+\rho^{\prime}\tau\approx}^{\tau\prime}\sum_{\delta+l)^{\prime}}^{a}(\beta^{\prime}\rho+\delta^{\prime})X_{(\tau)}^{(\alpha)a}X_{(\beta+\delta^{\prime})b}^{(\tau)}\lambda_{aa}^{\tau^{\prime}i^{\prime}}\lambda_{0j^{\prime}}^{0b(\delta^{\prime}}$

$=\sum_{\alpha-\rho}^{\tau^{\prime}},$ $(_{\rho}^{a},)\lambda_{a}^{\tau^{\prime}}\lambda_{0j}^{0a(a-p\prime)}$ . Q. E. D.

Theorem 4: The quantities $C_{\rho\prime r}^{\tau\prime_{i^{\prime}}}$, are given by

(3. 6) $C_{\beta^{\prime}j}^{\tau\prime\prime},$ $=\beta-\rho a\sum_{\prime\prime}^{Y^{\prime}}\sum_{-\beta^{\prime}}^{T^{\prime}}(8^{\prime}\beta^{\prime})N_{a^{\prime}a}^{T^{\prime}}:N_{0j}^{0b^{\prime}(\beta^{\prime}\leftrightarrow\rho^{\prime})}C_{\beta b}^{a^{\prime}a^{\prime}}$,

under $mn- hol\alpha omic$ transformations (2.1).
Proof. By virtueof the non-holonomic transformation of the non-

holonomic systems: $\lambda_{\tau}^{T^{\prime\prime}}=\sum_{a’-\tau}^{\tau^{l}}N_{a^{\prime}a^{\prime}}^{T^{\prime\prime}}\lambda_{\tau}^{a^{\prime}a^{\prime}}$ and $\lambda_{0j}^{nt},$ $=N_{0j}^{b^{\prime}}(\lambda_{0b^{\prime}}^{Cl}$ , it follows that

$C_{\rho j}^{\Gamma^{\prime\prime}},$ $=\sum_{\tau-p^{\prime}}^{\tau^{\prime}}(\rho\Gamma)\lambda_{Y}^{T^{\prime\prime}}\lambda_{0j^{\prime}}^{0t(r-\rho^{\prime})}$

$=.\sum_{r\approx\rho^{\prime}a}^{T^{\prime}}\sum_{-r}^{\mathcal{T}^{\prime}}\sum_{\delta^{\prime}\approx 0}^{f-p\prime}(p\tau,)(\tau\delta^{\prime}-t^{\prime})N_{a}^{\Gamma^{\prime}t^{\prime}}N^{0_{J}}:\lambda_{\Gamma i}^{a^{\prime}a^{\prime}}\lambda_{0b^{\prime}}^{\mathfrak{c}(f-\beta^{\prime}-\delta^{\prime})}$

$=\sum_{\delta\Leftrightarrow 0}^{\tau^{\prime}-\beta^{\prime}}\sum_{a^{\prime}-\delta+\beta^{\prime}}^{\tau^{\prime}}(\beta^{\prime}’+\delta^{\prime})N_{a^{\prime}a}^{\gamma\prime}’,N_{0j’}^{0b^{\prime}(\delta^{\prime})}\sum_{\infty l\delta+0^{\prime}}^{a^{\prime}}(\delta^{\prime}\star\tau 0^{\prime})\lambda_{-1}^{aa}\prime\prime\lambda_{Cb^{\prime}}^{0t(\gamma^{-}-\rho^{\prime}-\delta^{\prime})}$

$=\sum_{\beta\Leftarrow\beta a}^{\tau^{\prime}},\sum_{-\beta}^{\tau^{\prime}},(\mathcal{B}^{\prime}\rho’)N_{a’ a}^{t^{\prime\prime}},$ $N_{0j}^{c\iota}1^{(\beta^{\prime}-\beta^{\prime})}C_{\beta^{\prime}b^{\prime}}^{a^{\prime}a^{\prime}}$ (putting $\delta^{\prime}+\rho^{\prime}=\beta^{\prime}$).

Remark. If we confine ourselves to consider functions $N_{\alpha’ a}^{\Gamma^{\prime\prime}}$, of ex-
points with $8ame$ properties as functions $X_{(\tau)}^{(\alpha)a}$ induced from (1.1), I. $e.$ ,
$N_{a^{\prime}a^{\prime}}^{\gamma^{\sim\prime}i^{\prime}}=(_{a}^{\rceil^{\wedge}}:)N_{0a}^{c^{\prime}(\tau^{\prime}-a^{\prime})}$ etc., then, because of

$C_{(J}^{r}1j^{\prime},=\sum_{\mathcal{B}^{\prime}-\beta^{\prime}a\prime}^{\tau\prime}\sum_{-\beta^{\prime}}^{\mathcal{T}^{\prime}}N_{aa}^{\tau^{\prime\prime},},$ $N_{\beta^{\prime}j^{\prime}}^{\beta^{\prime}b^{\prime}}C_{\beta^{\prime}b^{\prime}}^{a^{\prime}a^{\prime}}$

we can see that the quantities $c_{\rho’ f}^{\tau^{\prime}}$: $(\gamma^{\prime},\rho^{\prime}=0, \cdots , G)$ are the com-
ponents of a non-holonomic extensor of characteristic $(2, 0, G, M+G)$
(that is, one supercript, one subscript, weight zero, rang $G$ and func-
tional order $M+G$).

\S 4. The $\mathfrak{S}^{H}$-operation of an excontravariant extensors in a non $\cdot$

holonomic system. The $\mathfrak{S}$“-operation of the excontravariant extensor
$v^{\tau}$ ‘ is defined by
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$\mathfrak{S}^{H}v^{\dot{\tau}}=\sum_{\lambda-0}^{H}(-1)^{H-\lambda}(\lambda H)v^{r+\lambda(H-\lambda)}$
$\gamma=0,$ $\cdots\cdots,$ $R-H$,

’ $H=0,$ $\cdots\cdots,$
$R$ ([2], p. 28).

By virtue of definition (2.3), the components of the extensor $\mathfrak{S}^{H}v^{r}$ ‘ are
given in a non-holonomic system by

$\mathfrak{S}^{H}v^{\gamma^{\prime}t^{\prime}}=\sum_{1^{\rightarrow 0}}^{\gamma\prime}\lambda_{Tl}^{T^{\prime}t^{\prime}}\mathfrak{S}^{H}v^{\tau}$ , $\gamma^{\prime}=0,$ $\cdots\cdots,$ $R-H$ .
Differentiating the equation $v^{\tau+i}‘=\sum_{\tau’\approx 0}^{\tau+\lambda}\lambda_{r_{j^{\prime}}}^{\tau,+\lambda}$

‘ $v^{\mathcal{T}^{\prime}j^{\prime}}$ and following the LE-
IBNITZ’S rule for differentiation of products, we observe the equations

$v^{r+\lambda(H\lambda)}i\vee=\sum_{\tau’-0}^{\tau+l}\sum_{\rho^{\prime}=0}^{H-l}(H\overline{0}^{t)})\lambda_{Y^{\prime}}^{\tau+\iota_{J},(H-1-\rho\prime}v^{\tau^{\prime}j^{\prime}(\beta^{\prime})}$ .
Consequently, it follows that

$\mathfrak{S}^{H}v^{\tau i^{\prime}}’=\sum_{\tau-0}^{f^{\prime}}\lambda_{r}^{Y^{\prime}l^{\prime}}\sum_{\lambda-0}(-1)^{H-l}(lR)\sum_{\delta^{\prime}-0}^{\tau+\iota}\sum_{\rho’\Leftarrow 0}^{H\sim l}(H\mu^{\prime}-\lambda)\lambda_{\delta^{\prime}i^{\prime}}^{\tau+\lambda(H\cdot\lambda-0^{\prime})}v^{\delta^{\prime}j^{\prime}(\bullet)}H.$

,

$=\sum_{\tau-0}^{T^{\prime}}\lambda_{\tau t}^{f^{\prime\prime}}\sum_{p’-0}^{H}\sum_{\delta-0}^{\tau+K-\beta^{\prime}}(-1)^{\rho\prime}(o^{\prime}H)v^{\delta^{\prime}j^{\prime}(\beta^{\prime})}$

$\times\sum_{\lambda-0}^{H-p\prime}(-1)^{R-\lambda-0^{\prime}}(H\iota-\theta^{\prime})\lambda_{\delta^{\prime}j}^{\Gamma+\wedge}t^{(H-\lambda-\bullet)}’$ .
As

$\sum_{\lambda-0}^{If-0^{\prime}}(-1)^{H-\lambda-\rho\prime}$ (Hl- $p’$) $\lambda_{\delta^{\prime}}^{\tau+\lambda_{j}i(H-\lambda-p\prime)}=|\mathfrak{S}^{H-\beta^{\prime}}\lambda_{\delta j^{\prime}}^{r}$ ,

we get the following results

$\mathfrak{S}^{R}\dot{v}^{\tau\prime:}’=_{\rho}Ei1$
$\sum_{\delta-0}^{Y^{\prime}+C^{\prime}}(-1)^{H-0^{\prime}}(H)v^{\delta^{\prime}j^{\prime}(H-\beta^{\prime})}\sum_{1-0}^{\tau\prime}\lambda_{\gamma}^{f^{\prime}t\prime}\mathfrak{S}^{\theta^{\prime}}\lambda_{\delta^{\prime}j}^{T},$ .

By putting

(4. 2) $\sum_{\tau-0}^{\tau^{\prime}}\lambda_{\tau}^{T^{\prime\prime}}\mathfrak{S}^{\rho\prime}\lambda_{\delta^{\prime}j}^{\gamma‘},$ $\equiv C_{\delta^{\prime}j}^{\rho^{\prime}\tau^{\prime}i^{\prime}},$ $(\mathfrak{S})$ ,

we have
(4. 3) $\mathfrak{S}^{H}v^{\tau^{\prime}t^{\prime}}=\sum_{0^{\prime}-0}^{H}\sum_{\delta-0}^{\tau^{\prime}+\beta^{\prime}}(-1)^{H-\beta^{\prime}}(H)v^{\delta^{\prime}J^{\prime}(H-\rho)}\prime C_{\delta^{\prime}j}^{0^{\prime}f^{\prime}l^{l}},(\mathfrak{S}),$ $H=0,,R\gamma^{\prime}=0,.\cdot\cdot..\cdot,R-H$

;

The right member of the above equation shows the structure of
$\mathfrak{S}^{H}v^{\tau i^{\prime}}$

’ , where the quantities $C_{\delta r}^{\beta^{\prime}\Gamma^{\prime}}1(Cc’)$ are called as $C^{i}G\triangleleft perat\dot{m}$ coef-
$fi\sigma imts$ of excontravariant extensors in the non-holonomic system. Hence
we shall get

Theorem 5: If $v^{\mathcal{T}^{\prime}}$ ‘’ $a\dot{r}e$ components in the veon-holonomic system of an
excontravar,ant extensor of characteristic $(1, 0, R, M),$ $ whd_{\vee}\circ$ the necessary
$der\dot{w}at\dot{w}$es exist, then the quantities

$\mathbb{C}^{R}\Gamma\prime v^{Y^{\prime\prime}}=\sum_{-0}^{H}\sum_{\delta-0}^{\tau^{r}+\beta^{\prime}}(-1)^{H-\beta^{\prime}}(H’))$ $\gamma^{\prime}=0,\cdot.\cdot.\cdot.’ R-HH=0,,R$
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are the companents of an excontravariant extensor of characteristic $(I,$ $0,$ $R$

$-H,$ $M+H(\leqq P))$ .
$C_{\delta j^{\prime}}^{\rho^{\prime\tau^{\prime},:}\prime}(\mathfrak{S})$ has the properties stated in following theoremg 6-8.
Theorem 6: If $\delta ursyst^{\circ}m$ is a $ho^{l}onomic$ system, then it follo $\iota vs$ that

$C_{\delta^{\prime}J}^{\rho^{\prime}\tau^{\prime}i^{\prime}},$ $(\mathfrak{S})=\delta_{\delta^{\prime}-.0^{\prime}}^{T^{\prime}}\delta_{j}^{t^{\prime}},$ .
Proof. In a holdnomic system, the quantities $\lambda_{r}^{\Gamma’ t^{\prime}}$ must be indicated

by $X_{(\tau)}^{(f^{\prime})}$:’ , accordingly (4.2) becomes as follows:

(4. 4)
$C_{\delta^{\prime}}^{\beta^{\prime}T^{\prime}}j^{\prime}’(\mathfrak{S})=\sum_{\iota^{\wedge}\leftarrow 0}^{f^{\prime}}\lambda_{\tau t}^{\gamma^{\prime}t^{\prime}}\mathfrak{S}^{\mu^{\prime}}\lambda_{\delta j}^{\tau,i}$ ,

$=\sum_{\tau=0}^{\mathcal{T}^{\prime}}X_{(\tau)t}^{(\tau^{\prime})t^{\prime}}\sum_{\lambda\approx 0}^{()^{\prime}}(-1)d’-\lambda(l)(r+\delta^{\prime}\lambda)X_{j}^{(\prime_{J^{\prime}+\Gamma-\delta^{\prime})}}$

Also, by using the fact that

$\sum_{l-0}^{()^{\prime}}(-1)^{0^{\prime}-\lambda}(_{\lambda}^{\beta^{\prime}})(^{r_{\delta}}+t)=\sum_{\mu\Leftrightarrow 0}^{\rho^{\prime}}(-1)^{\mu}(_{\mu}^{0^{\prime}})(^{\lambda+\rho^{\prime}-\mu}\delta)$ (putting $\rho^{\prime}-\lambda=/1$)

$=0$ for $\delta^{\prime}<\rho^{\prime}$

$=$ ( r ) for $\delta^{\prime}>\rho^{\prime}$ ,
then (4.4) becomes the following results: $C_{\delta j}^{\beta^{\prime}\Gamma^{\prime}},$ $(\mathfrak{S})=\delta_{\delta^{\prime}-0^{\prime}}^{\tau^{\prime}}\delta_{j}^{i^{\prime}}$ . Q. E. D. .

Theorem 7: The quantities. $C_{\delta^{\prime}J’}^{p\prime\tau^{J}l^{\prime}}(\mathfrak{S})$ are invariant $u\gamma_{l}d\circ,r$ transfor-
mations of $ho^{7}on0mr,c$ coordinate systems of the baes2 space $K_{N}^{(M)}$ .

Proof. For a holonomic coordinate transformation of expoint (1.1),
the relations between the quantities $\lambda_{\tau\iota}^{\tau\cdot\prime}$ and $\lambda_{aa}^{\tau\prime\prime}$ , and between $\mathfrak{S}^{\beta^{\prime}}\lambda_{\delta^{\prime}j}^{\tau t}$ ,

and $\mathfrak{S}^{0^{\prime}}\lambda_{\delta^{\prime}J^{\prime}}^{aa}$ , are written in the forms $\lambda‘’:’=\sum_{a\rightarrow\tau}^{T^{\prime}}X_{(\tau)}^{(a)a}\lambda_{aa}^{\tau\prime\iota\prime}$ and $\mathfrak{S}^{p\prime}\lambda_{\delta j}^{\tau},$ $=$

$\sum_{\beta-0}^{\tau}X_{(\beta)}^{(\tau)}\mathfrak{S}^{0^{\prime}}\lambda_{\delta j}^{\beta b}$ , respectively, consequently we have ’

$C_{\delta^{\prime}J^{\prime}}^{0^{\prime\tau^{\prime}}\prime}(\mathfrak{S})=\sum_{\tau-0}^{\tau^{\prime}}\lambda_{\tau}^{\tau^{\prime\prime}}\mathfrak{S}^{0^{\prime}}\lambda_{\delta j}^{\tau_{7}t},$ $=\sum_{\tau\rightarrow 0}^{\tau^{\prime}}\sum_{a=\tau}^{T^{\prime}}\sum_{\beta=0}^{\prime r}X_{(T)}^{(a)a}X_{(\beta\backslash b}^{(\tau)t}\lambda_{aa}^{T^{\prime}t^{\prime}}\mathfrak{S}^{0^{\prime}}\lambda_{\delta J}^{\beta b}$,

$=\sum_{a\propto 0}^{\tau^{\prime}}\sum_{\beta-0}^{a}\sum_{T\approx\beta}^{\alpha}X_{(\tau)i}^{(a)a}X_{(f)t}^{(})b\lambda_{aa}^{\tau^{\prime\prime}}\mathfrak{S}^{Q^{\prime}}\lambda_{\delta^{\prime}g}^{\beta b},$
$=\sum_{d\Leftrightarrow 9}^{T^{\prime}}\lambda_{aa}^{T^{\prime\prime}}\mathfrak{S}^{0^{\prime}}\lambda_{\delta^{\prime}j^{\prime}}^{\alpha a}-$ . Q.E. $D$.

Theorem 8: The quantities $C_{\delta^{\prime}f}^{\beta^{\prime}T^{\prime}i^{\prime}},$ $(\mathfrak{S})$ are $g\dot{w}$en by

$C_{\delta j^{\prime}}^{\rho\prime\tau^{\prime}t^{\prime}}(\mathfrak{S})=\sum^{T^{\prime}}\sum\sum^{0^{\prime\prime}}(-1)^{f^{\prime}}(f\rho 1)N^{\tau^{\prime}\iota\prime}N^{\beta^{\prime}b(f^{\prime})}C^{C^{\prime\prime\prime\prime}}\beta aa(\mathfrak{S})a-\rho^{\prime}*\theta^{\prime}$

4 $*0\iota^{\prime}\Leftrightarrow 0S_{l}^{\prime}\Leftrightarrow\delta^{\prime}$

$und,\circ rn$on-hoZonomic transfcrmations (3.1).

Proof. By virtue of the non-holonomic transformation
$\lambda_{\tau}^{r^{\prime}\iota\prime}=\sum_{a^{\prime}=\tau}^{T^{\prime}}N_{a’ a}^{T^{\prime\prime}},$ $\lambda_{\tau}^{a^{\prime}a^{\prime}}$ and $\lambda_{\delta j}^{\tau+\lambda t},$ $=\sum_{\beta\rightarrow\delta}^{\tau+\iota}N_{\delta j}^{\beta^{\prime}b^{\prime}},\lambda_{\beta b}^{\tau+\lambda}f$ , we get as follows:

$\mathfrak{S}^{\beta^{\prime}}\lambda_{\delta j}^{\tau},$ $=\sum_{\lambda-0}^{\beta}(-1)^{\beta^{\prime}}$ -a $(_{\lambda}^{\beta^{\prime}})\lambda_{\delta}^{T+}$ a $j(0^{\prime}-l)$
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$=\sum_{\lambda=0}^{\beta^{\prime}}\sum_{\beta^{\prime}-\delta}^{\tau+l},\sum_{\mu\Rightarrow 0}^{\beta^{\prime}-\lambda}(-1)^{p-\lambda}’(\lambda 0^{\prime})(\beta^{\prime}\mu^{-\lambda})N_{\delta^{\prime}j}^{f^{\prime}b^{\prime}(\mu)}\lambda_{\beta^{\prime}t}^{\tau+li(0^{\prime}-\lambda-\mu)}$

$=\sum_{\mu\rightarrow 0\beta\prime}^{\rho\prime}\sum_{=\delta}^{G},\sum_{\lambda\sim 0}^{\beta^{\prime}-\mu}(-1)^{0^{\prime}-\iota\rightarrow\mu}(\beta^{\prime}\lambda-\mu)\lambda_{g’\iota}^{\tau+l(\sigma-\iota-\mu)}’(-1)^{\mu}(\beta^{\prime}\mu)N_{\delta j^{\prime}}^{f^{\prime}b^{\prime}(\mu)}$,

b, $N_{\delta^{\prime}j}^{f^{\prime}b^{\prime}(\mu)}\lambda_{f\delta}^{\tau+d(0^{\prime}-1-\mu)},,,$
’ by $\lambda_{\beta^{\prime}b}^{\tau+\lambda^{t}},$ $=0$

for $\beta^{\prime}>\gamma+\lambda$ . Consequently, we have
$\mathfrak{S}^{\beta^{\prime}}\lambda_{\delta^{\prime}j}^{\tau}$ . $=\sum_{\mu-0\beta\prime}^{p\prime}\sum_{=\delta^{\prime}}^{G}(-1)^{\mu}(\mu\sigma^{r})N_{\delta j}^{B^{\prime b\prime}(\mu)}\mathfrak{S}^{\beta^{\prime}-\mu}\lambda_{\beta b}^{rt},$ ,

hence it follows that

$C_{\delta^{\prime\prime\prime}}^{\rho^{\prime\tau\prime}t^{\prime}}(\mathfrak{S})=\sum_{a^{\prime}\leftarrow 0}^{\tau\prime}\sum_{\mu-0}^{0^{\prime}}\sum_{B^{\prime}=\delta^{\prime}}^{c_{\tau}^{Y}}(-1)^{\mu}(\beta^{\prime}\mu)N_{\alpha^{\prime}a}^{\tau\prime\prime},N_{\delta j^{\prime}}^{\beta^{\prime}b^{\prime}(1^{4)}}\sum_{\tau-0}^{a^{\prime}}\lambda_{\Gamma t}^{a^{\prime}a}’ \mathfrak{S}^{\rho\leftarrow\mu}’\lambda_{\beta^{\prime}b}^{\tau}$ ,

$=\sum_{a’-0}^{T^{\prime}}\sum_{f-0}^{\prime\prime}\sum_{\beta\approx\delta^{\prime}}^{\beta^{\prime}+f^{\prime}}(-1)^{f^{\prime}}(\theta\rho:)N_{a^{\prime}l^{\prime}}^{\tau\prime\prime}N_{\delta i’}^{\epsilon\prime b^{\prime}(f^{\prime})}Caa-$a, .
Theorem 9: For non-holonomic $cm,p\sigma nents$ of an $\cdot$

$ eueontravariant\backslash \cdot$ ex-
tensor $v^{\tau}$ “’ of characteristic $(1, \theta_{1}+\cdots\ldots+\theta_{R}, R, M)$ and a scabr $f$ of
weight $\theta_{1}+\cdots\cdots+\theta_{R}$ , the quantities $\mathfrak{S}^{*H}v^{T^{\prime\prime}}\equiv f\mathfrak{S}^{H}(v^{\mathcal{T}^{\prime\prime}}/f)$ ,

(4. 5) $\mathfrak{S}^{*H}v^{- r’\prime}=\mathfrak{S}^{H}v^{T^{\prime\prime}}+\sum_{\mu’-1}^{H}\sum_{\lambda^{\prime}=0}^{H-\mu\prime}(-1)^{\lambda^{l}+\mu\prime}(^{R-\mu}\lambda^{\prime})(R,\mu)(\frac{1}{f})^{(\mu)}\prime f^{(1^{\prime})}$

$\times \mathfrak{S}^{*H-\mu-\lambda^{\prime}}\prime v^{\tau^{\prime}\iota\prime}$

are the $comp\sigma n_{d}^{\rho}nts$ of an excontravariant extensor of characteristie (1, $\theta_{1}+$...... $+\theta_{R},$ $R-H,$ $M+H(\leqq P))$ .
Proof. Since $v^{\gamma\prime t^{\prime}}/f$ are non-holonomic components of an excontra-

variant extensor of characteristic $(1, 0, R, M)$, it follows that
$\mathfrak{S}^{H}(v^{\Gamma^{\prime\prime}}/f)=\sum_{\rho\leftarrow 0}^{R\tau}\sum_{\delta-0}^{+\beta^{\prime}}(-1)^{H-0^{\prime}}(H0^{\prime})(v^{\delta^{\prime}j^{\prime}}/f)^{(H-\beta^{\prime})}C_{\delta}^{\beta^{\prime}r\prime/}j^{\prime},(\mathfrak{S})’,$

’

$=\sum_{\rho’\approx 0}^{H}\sum_{\delta^{\prime}\Leftrightarrow 0}^{\tau^{J}+\rho^{\prime}}(-1)^{H-\rho^{\prime}}(H\rho’)\sum^{H-0^{\prime}}(p\overline{\mu}\rho^{\prime})(\frac{1}{f})^{(\mu)}\prime v^{\delta^{\prime}j^{2}(\#-\beta^{\prime})}-\mu\prime C^{\rho^{\prime}}\oint_{j}^{\prime\iota},$$(\mathfrak{S})\mu=0$
and using the fact that

$p\leftarrow 0\sum_{\prime}^{H}\sum_{\delta\approx 0}^{T^{\prime}+0^{\prime}}(-1)^{tl-0^{\prime}}(R0^{\prime})v^{\delta^{\prime}j^{\prime}((H-\beta^{\prime})}C_{\delta^{\prime}j^{\prime}}^{\rho t^{\prime}}’(’(\mathfrak{S})\equiv \mathfrak{S}^{H}v^{\mathcal{T}^{\prime\prime}},$

$\sim\wedge$

$(_{\beta^{\prime}}^{H})(^{H0^{\prime}}\overline{\mu},)=(^{H}\overline{\rho}^{\mu\prime})(_{\mu}^{H},)$ , and $(_{b}^{a})=0$ if $a<b$ ,
then

$i$

$\mathfrak{S}^{*H}v^{\Gamma^{\prime\prime}}=\mathfrak{S}^{H}v^{T^{\prime\prime}}-f\sum_{\approx\mu’ 1}^{H}\sum_{\rho\cdot\Leftarrow 0}^{R-\mu\prime}\sum_{f-0}^{\tau^{\prime}+0^{\nu}}(-1)^{H-0^{\prime}}(^{R\mu\prime}\beta^{\prime})(\mu H,)(\frac{1}{f})^{(\mu)}\prime v^{\delta^{\prime}j^{\prime}(H-p^{\prime}-\mu^{\prime})}$

$\times C_{\delta^{\prime}j^{\prime}}^{\rho^{\prime}\tau’ t^{\prime}}(\mathfrak{S})$ .
Replacing the term $v^{\delta^{\prime}J^{\prime}(H-0^{\prime}-\mu)}$

’ in the right member of the last equation
with $(v^{\delta^{\prime}j^{\prime}}/f\times f)^{(H-\beta^{\prime}-\mu^{\prime})}$ , we shall obtain (4.5). In fact,
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$\mathfrak{S}^{*H}v^{f^{\prime}i^{\prime}}=\mathfrak{S}^{H}v^{\prime r\cdot\prime}-f\sum_{\mu’\leftrightarrow l}^{H}\sum_{\lambda^{\prime}\Leftrightarrow 0}^{R-\mu^{\prime}}(-1)^{l^{\prime}+\mu}(H-\lambda^{\prime}\mu’)(R\mu’)\langle\frac{1}{f})^{(\mu^{\prime})}f^{(\lambda^{\prime})}$

$\times\sum_{\beta-0}^{R-l-\mu^{\prime}}\sum_{\delta-0}^{\tau^{\prime}+\beta^{\prime}}(-1)^{H-\mu^{\prime}-\lambda^{\prime}-\rho^{\prime}}(^{R-\mu^{\prime}-\lambda^{\prime}}\beta^{\prime})(\frac{v^{\delta^{\prime}j^{\prime}}}{f})^{(H-\beta^{\prime}-\mu^{\prime}-\lambda^{\prime})}C_{\delta j}^{0^{\prime}r^{\prime}t^{\prime}},(.cC^{r})$

$=\mathfrak{S}^{H}v^{T^{\prime\prime}}+\sum_{\mu’-1}^{R}\sum_{\lambda^{\prime}-0}^{R-\mu’}(-1)^{\lambda^{\prime}+\mu}(Hl\sim\mu^{\prime})(R,\mu)(\frac{1}{f})^{(\mu^{l})}f^{(\lambda)}\mathfrak{S}^{*H-\mu-\lambda^{\prime}}v^{\tau^{\prime}i^{\prime}}$ ,

where we have used $(_{\rho^{\prime}}^{H-\mu^{\prime}})(^{R-\beta_{\lambda}^{\prime}\sim\mu})=(’$

‘
$)$ $(^{H-\mu}\lambda$

‘
$)$ .

Theorem 10: The $\mathfrak{S}^{H}$-operation of an excontravariant extensor in a
non-holonomic system holds the commutative and linear $associat\dot{w}elnw,$ $i$ . $e.$ , for
two positive integers $H$ and $H^{\prime}$ we have the fouowing results:

$\mathfrak{S}^{B^{\prime}}\mathfrak{S}^{B}v^{\tau^{\prime}t^{r}}=\mathfrak{S}^{H}\mathfrak{S}^{R^{\prime}}v^{\tau^{-}\cdot\prime}=\mathbb{C}^{R+R^{\prime}}\triangleright v^{\tau^{\prime}t^{\prime}}$ ,
(4. 6)

$\mathfrak{S}^{H}(v^{\tau}’’+u^{Y^{\prime}l^{\prime}})=\mathfrak{S}^{H}v^{\tau^{\prime}t^{\prime}}+\mathfrak{S}^{R}u^{\tau^{\prime}i^{\prime}}$ .
Proof. By virtue of the definition (2.3), we se\’e

$\mathfrak{S}^{R+H^{\prime}}v^{T^{\prime}t^{\prime}}=\lambda_{\tau}^{\tau}$’:’ $\mathfrak{S}^{H+R^{\prime}}v^{\tau t}$ for $\gamma=0,$ $\cdots\cdots$ , $R-(H+H^{\prime})$ ,
$=\lambda_{\tau}^{\gamma^{\prime}l^{\prime}}\mathfrak{S}^{p\nu}(\mathfrak{S}^{R}v^{\tau})$ for $\gamma=0,$ $\ldots\ldots$ , $(R-H)-H^{\prime}$ ,
$=\lambda_{\tau}^{f^{\prime\prime}}\mathfrak{S}$“ $(\mathfrak{S}^{H^{\prime}}v^{\tau_{l}})$ for $\gamma=0,$ $\cdots\cdots$ , $(R-H^{\prime})-H$

According to the fact that $\mathfrak{S}^{R^{\prime}}\mathfrak{S}^{H}v^{\tau}‘=\mathfrak{S}^{H}\mathfrak{S}^{R^{\prime}}v^{\tau}‘=\mathfrak{S}^{H+R^{\prime}}v^{\tau}$ ‘ in the holo-
nomic system ([2], p. 33), we obtain the relationship $\mathfrak{S}^{R^{\prime}}\mathfrak{S}^{H}v^{Y^{\prime}}$ $=\mathfrak{S}^{R}\mathfrak{S}^{H^{\prime}}$

$\times v^{\Gamma^{\prime}}‘’=\mathfrak{S}^{R+R^{\prime}}v^{\tau^{\prime}}$‘’. Further, using that $\mathfrak{S}^{H}$ $(v^{\tau}‘+u^{\tau t})=\mathfrak{S}^{R}v^{r}+\mathfrak{S}^{p}u^{\tau}$
‘

in the holonomic system ([2], p. 33), we can go on as follows:
$\mathfrak{S}^{H}(v^{\tau’ t^{\prime}}+u^{\gamma^{\prime\prime}})=\lambda_{l^{-i^{\prime}\mathfrak{S}^{R}(v^{\tau}+u^{r})=\lambda_{T}^{\tau^{\prime\prime}}\oplus^{R}v^{\tau\iota}}}^{\tau^{\prime}}+\lambda_{\tau}^{t^{\prime\prime}}\oplus^{R}u^{\tau t}$

$=\mathfrak{S}^{R}v^{\tau}$ $+\mathfrak{S}^{R}u^{\Gamma^{\prime\prime}}$ Q. E. $D$.
\S 5. The $\mathfrak{S}^{R}$-operation of an excovariant extensors in a $nQn\cdot holo$ .

nomic system. Under the $\mathfrak{S}$“-operation of the excovariant extensor $w_{Ti}$

of characteristic $(1, 0, R, M)$ we $under8tand$

(5. 1) $\mathfrak{S}^{R}w_{\tau\iota}=H!\sum_{\nu=0}^{H}(-1)^{\nu}(\tau+\nu\nu)(R\sim\tau-\nu)w_{\tau+\nu t}^{(y)}$ , $H=0,$ $\ldots\ldots,$
$R$

([2], p. 31).

The non-holonomic components of this extensor $\mathfrak{S}^{H}w_{\tau}$ will be expressed
in terms of the non-holonomic quantities in the following way.

By using $w_{\tau+\nu}(y)=\sum_{\delta\Leftrightarrow\tau+\nu}R\sum_{\beta-0}^{\nu}(_{\rho}^{\nu})\lambda_{r+\nu’}^{8^{\prime}j(\nu-\rho)}w_{\delta^{\prime}J^{(0)}}$ which follows from

$w_{\tau+\nu i}=\sum_{\delta-\tau+\nu}^{R}\lambda_{T+\nu}^{\delta j_{i}}w_{\delta^{\prime}J^{\prime}}$ , the equatIon of definition $\mathbb{C}^{R}c’ w_{\tau^{\prime j}}=\sum_{\tau-\tau’}^{R-R}\lambda_{\mathcal{T}^{\prime\prime}}^{1^{\wedge}}\mathfrak{S}^{H}$

$\times w_{\tau\iota}$ $(\gamma^{\prime}=0, \cdots\cdots , R-H)$ leads us, by virtue of (5.1), to

$\mathfrak{S}^{H}w_{Y^{\prime\prime}}=\sum_{\tau-T^{\prime}}^{R-H}\lambda_{\tau^{\prime}t^{\prime}}^{\gamma t}\{H! \sum_{\nu=0}^{R}(-1)^{\nu}(Y’+\nu)(RR--\cdot r-\nu)w_{T+\nu t}^{(y)}\}$
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$=\sum^{R-R}\lambda_{\gamma’\prime}^{\gamma t}\{H! \Sigma^{R}\sum^{R}\sum^{\nu}(-1)^{\nu}(\gamma\tau:_{0^{\backslash }}\nu)(\rho)(R- H-\tau)\lambda_{t+\nu}^{\delta^{\prime}}i^{\prime}w_{\delta’ j},\}$

$\tau=\cdot r^{\prime}$ $\nu=0\delta^{\prime}\leftrightarrow 0\rho-0$

$=\sum_{\gamma^{\backslash }-\tau^{\prime}}^{P\prec H}\lambda_{\gamma^{\vee\prime\prime}}^{\gamma t}\{\frac{H!}{(H-\rho)!}\sum_{p-0}^{H}\sum_{\delta\rightarrow 0}^{R}(-1)^{\rho}(^{\tau+\rho}p)w_{\delta^{l}j}^{(\beta)}(H-\rho)$ !

$\times\sum_{\lambda-- 0}^{H-0}(-1)^{\lambda}(T\tau++\beta+p\lambda)(RB--(r+\beta)-l.)\lambda_{r+0+\iota}^{\delta^{\prime}j(\lambda)}\}$ (putting $\nu-\rho=\lambda$).

Since $\lambda_{\tau}^{\gamma}$ in the last member may be considere $d$ to be of range $R$, we
can put

(5. 2) $(-\rho)\overline{\lambda}^{\gamma}(-1)^{\lambda}(f\tau++0+\rho\lambda)(RR--((7+\beta)-l)\lambda_{\gamma+\rho+\lambda^{i}}^{\delta^{\prime}f^{\prime}(l)}=\mathfrak{S}^{H-\rho}\lambda_{\tau+\rho}^{\delta^{\prime}}i^{\prime}$

following $t\dot{h}e$ definition of the $r_{C\prime}^{\approx}H$-operation. Then it follows that
(5. 3) $\mathfrak{S}^{H}w_{f^{\prime\prime}}=\sum_{\rho=0}^{H}\sum_{\delta\cdot-0}^{R}\frac{H!}{(H-\rho)!}(-1)^{\rho}w_{\delta j}^{(\rho)}\sum_{r\rightarrow\tau}^{R-H},(f+\rho\rho)\lambda_{Y^{\prime}}^{\gamma},$ $\mathfrak{S}^{\pi-\rho}\lambda_{f+\beta}^{\delta^{\prime}j^{\prime}}$

$=\lambda_{\approx 0}^{\prime}\sum_{0\delta^{\prime}=0}H!HR|(-1)^{\rho^{\prime}}(\delta^{\prime}0’)(RH-\rho’$

$\gamma^{\prime}=0,$ $\cdots\cdots$ $R-H.$; $H=0,$ $\ldots\ldots$ $R$ ,
putting

(5. 4) { $(H-\rho)$ ! $(\delta^{\prime}\rho’)(R-\delta$

$(5_{b}3)$ shows the structure of $\mathfrak{S}^{R}w_{r^{f}t^{\prime}}$ and $C_{\tau}^{0^{\prime}a;}j^{\prime}(\mathfrak{S}^{R})$ are called $\mathfrak{S}^{R}-$

operafion $coe.ffi\sigma ients$ of excovariant extensors having range $R$ in the non-
holonomic system. From this we have

Theorem 11: In the non-holonomic system the quantities

$\mathfrak{S}^{H}w_{Y^{\prime\prime}}=\sum_{\hat{\rho}^{\prime}\rightarrow 0}\sum_{\delta-0}^{R}H$ ! $(-1)^{0^{\prime}}(\dot{\delta}^{\prime}0^{\prime})(RH--\delta^{\prime}\rho^{\prime}\rangle$$w_{\delta j}^{(\beta^{\prime})}C_{r}^{\rho^{\nu}\delta^{\prime},j^{\prime}},(\mathfrak{S}^{H})p.H=0,,R\gamma^{\prime}=9,\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.’ R-H$
,

are the components of an excovariant extensor of characteristic (1, $0,$ $R-$
$H,$ $M+H(\leqq P)),$ whilo $w_{r},$ , are components of an excovariant extensor of
$charact^{\rho},ristic(1,0, R, M)$ .

On $t\acute{h}e$ coefficients $C_{\tau’}^{\rho^{\prime}\delta^{\prime}J^{\prime}},(\mathfrak{S}^{H})$ , we can $8tate$ Theorems $12\leftrightarrow 14$ .
Theorem 12: For a holonomic system it follows that $C_{\tau’}^{0^{\prime}\delta^{\prime}}J^{\prime},$ $(\mathfrak{S}^{H})=$

$\delta_{\tau’}^{\delta^{\prime}-\beta^{\prime}}\delta_{t}^{j^{\prime}},$ .
Proof. In a holonomic system the quantities $\lambda_{f}^{\prime}$ :, must be $X_{(f)^{\prime}}^{(Y)}$ .

Hence it follows that

$ C^{H\vee\beta^{\prime}}\lambda_{\tau+\rho’}^{\delta j^{\prime}}=(H-\rho^{\prime\int!\sum_{\lambda-0}^{-\sigma^{\prime}}(-1)^{\lambda}(.)(,)()Xi^{(\delta-f-\rho^{\prime})}}r+\beta^{\prime}\delta^{\prime}RR\sim(7+\beta^{\prime})-l-(H-\beta)-(\tau+\beta^{\prime})\delta^{\prime}-f-\beta^{\prime}\lambda$

By reason of

$(_{\tau+\beta^{\prime}}\delta)\sum_{\lambda\Leftarrow 0}^{H-\rho^{\prime}}(-1)^{\lambda}(RR--(\gamma\cdot+0^{\prime})-\lambda)(\delta^{\prime}-r_{\lambda}-0^{\prime})=(v\cdot\delta^{\prime}+\rho^{\prime})(R-RY\sim {}_{p}P^{\prime})(R-\underline{\cdot r}-\beta^{\prime})^{\leftrightarrow 1}$
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$\times B\beta^{l}\overline{F}_{-0}$ c $R-rR-\beta^{\prime}-\iota,$

$\sum_{\iota\sim 0}^{H-\beta^{\prime}}(-1)^{\lambda}(R\overline{\tau}\rho’)(R-\Gamma-R-\$’’-\lambda)=\sum_{l\Leftrightarrow 0}^{H-0^{\prime}}(-1)^{\lambda}(H-l\rho^{\prime})(R-\tau_{R-\theta}-H+H,-0^{\prime}-\lambda)$

$=0$ for $R-H+\rho^{\prime}<\delta^{\prime}$

$=(_{R-+\rho^{\prime}-\delta^{\prime}}^{R^{\prime}Y-ff}\vee)$ for $R-H+\rho^{\prime}\geqq\delta^{\prime}$ ,

we have thp following results
$\mathfrak{S}^{R-\beta^{\prime}}\lambda_{\tau+\beta^{f}}^{\delta^{\prime}J^{\prime}}=(H-\rho^{\prime})$ ! $(\tau^{\delta^{\prime}}+\beta)(RH\sim\sim\delta^{\prime}\beta^{\prime})X_{i}^{j^{\prime}(\delta^{\prime}-7-\rho\prime})$

Hence (5.4) goes into
$C_{\tau}^{\rho’\delta.j^{\prime}},(\mathfrak{S}^{R})=\frac{1}{K}.\sum_{r\rightarrow t^{\prime}}^{R-R}(\tau+\rho\overline{0}^{\prime})(H-\rho^{\prime})$ ! $(,r^{\delta}+\rho^{\prime})$ (RR– $\delta^{\prime}$

$p^{\prime}$) $X_{r^{1}t}^{\tau i},$ $Xt^{\prime}(\delta^{\prime}-\tau-\rho’)$

$=\sum_{f-Y^{\prime}}^{R-R}(a_{\overline{\gamma}}^{\prime\rho^{\prime}})X_{T^{\prime}}^{\tau i},$
$X_{l}^{j^{\prime}(\delta^{\prime}-\rho^{\prime}- f)}=\sum_{T\rightarrow V}^{R\sim H},X_{\Gamma^{\prime}}^{f}{}^{t}X_{\tau’}^{\delta-\rho^{f}j^{\prime}}=\delta_{f^{\prime}}^{\delta^{\prime}-0^{\prime}}\delta_{t}^{J^{\prime},}$ ,

putting $K\equiv(H-\rho^{\prime})$ ! $(_{\rho^{\prime}}^{\delta^{\prime}})(_{H-\grave{\rho}^{\prime}}^{R-\delta^{\prime}})$ .
Theorem 13: The quantities $C_{Ti}^{9^{\prime}\delta^{\prime}J^{\prime}},$ $(\mathfrak{S}^{R})$ are invariant $uni_{d}\circ r$ trans-

formations of hofonomic $co\alpha rdinat^{\rho}$, systems of the base space $K_{N}^{(w}$ .
The method of proof is similar as that of Theorem 7.
Theorem 14: The quantities $C_{\tau\cdot\iota’}^{*0^{\prime}\delta^{\prime}J}(C^{H})\equiv(_{Q^{\prime}}^{\delta^{\prime}})(_{H-p}^{R-\delta’},)C_{Y^{\prime}}^{\beta^{\prime}\delta^{\prime}J^{\prime}}.(\mathfrak{S}^{R})$ are

given by
$C_{\tau’ t}^{*p’\delta^{\prime}j\{}(\mathfrak{S}^{R})=,\sum_{a=r\epsilon’}^{R-H},\sum_{\approx\theta}^{\delta^{\prime}}\sum_{\mu=0}^{R-\rho^{\prime}}(-1)^{\mu^{\prime}}(\rho^{\prime}pt^{\mu^{\prime}})..N_{f^{\prime}i^{\prime}}^{a^{r}a^{\prime}}N_{f}^{\delta^{\prime}}\cdot t^{j},(\mu^{\prime})C_{\mu}^{*0^{\prime}+\mu^{\prime}\beta}j_{l}^{b},(\mathfrak{S}^{H})$

$und_{\swarrow}\circ rnm- hol\sigma nomic$ transfcrmation $s$ of non-holonomic systemg (3.1).

Proof. By virtue of the non-holonomic transformation of the non-
holonomic systems, we have

$\mathfrak{S};_{0_{\lambda_{Y+0^{\prime}}^{\delta^{\prime}}\oint^{\prime}}^{\prime}}=(H-\rho^{\prime})$ ! $\sum_{\epsilon^{\prime}\nu\approx 0=}^{H-\beta^{\prime}}\sum_{T+0^{\prime}+\nu’}^{\delta^{\prime}}\sum_{\mu’=0}^{\nu^{\prime}}(-1)^{\nu^{\prime}}(r\tau++\rho^{\prime}\rho^{+\nu^{\prime}})$

$\times(_{R-(R-p’)-(\tau+0^{\prime})}^{R-(T+0^{\prime})-\nu^{\prime}})(\mu\nu^{\prime})N_{\beta}^{\delta^{\prime}}i^{\prime}(\mu^{\prime})\lambda_{Y+0+\nu’\prime}^{\mathcal{B}^{\prime}b(\nu^{\prime}-\mu^{\prime})}$ ,
consequently it follows that

$C^{*\beta^{\prime}}\S:J:(\mathfrak{S}^{H})=(\overline{H}-\overline{\rho)!}1\sum_{\tau\overline{-}\tau^{\prime}}^{R-H}(^{\prime r+0^{\prime}}\rho)\lambda_{\gamma t^{\prime}}^{\tau,t}\mathfrak{S}^{\beta-\rho}\lambda_{Y+\beta^{\prime}}^{\delta^{\prime}J^{\prime}}$

$=\sum_{\tau\Rightarrow\tau^{i}}^{R-H}\sum_{a=\tau^{\prime}}^{\tau}(T\rho+\beta^{\prime})N_{\tau’ i^{\prime}}^{aa^{\prime}}N_{\beta^{\prime}b}^{\delta^{\prime}j^{\prime}(\mu^{z})}\lambda_{aa}^{\tau,;},$ $(-1)^{\mu^{\prime}}(\tau+\mu p^{\prime}+\mu’)\frac{1}{(H-p^{\prime}-\mu^{\prime})!}$

$\times\sum^{H-0^{\prime}}$ $\sum^{\delta^{\prime}}$ $\sum^{\nu^{\prime}}(H-\rho^{\prime}-\mu^{\prime})$ ! $(-1)^{\nu^{\prime}-\mu^{\prime}}(Y+\tau\beta++\rho\mu++\mu\nu^{\prime}-\mu^{\prime})$

$V^{\cdot}’-*0\epsilon’\Leftarrow\tau+0^{\prime}+\nu^{\prime}\mu’\approx 0$

$\times(_{R-(H-\beta-\mu)-(Y+\rho’+tt)}^{R\sim(Y+0^{\prime},+\mu^{\prime})-(\mathcal{V}^{\prime}-\mu^{\prime})})\lambda_{Y+\overline{\beta}^{\prime}+\nu^{\prime}}^{8^{\prime}b^{\prime}(\nu^{\prime}-\mu^{\prime})}$ .
Since we see $\sum_{\nu’=0}^{H-\rho^{\prime}}\sum_{\mu’-0}^{\nu^{\prime}}=\mu\Leftarrow 0\sum_{\nu’}^{H-\rho^{\prime}R}\sum_{\Rightarrow\mu}^{-Q^{\prime}}$ and $\sum_{\beta\Leftrightarrow\tau+\beta+\nu’}^{\delta^{\prime}}.N_{\beta b}^{\delta^{\prime}1^{\prime}()}\mu’\lambda_{\gamma+\rho’+\nu’ i}^{\beta^{\prime}b^{\prime}(\nu^{\prime}-\mu^{\prime})}$

$=\sum_{\epsilon\Leftrightarrow 0}^{\delta^{\prime}}N_{\hslash^{\prime}}^{\delta^{\prime}}i^{(\mu’)}’,\lambda_{\tau+0’+\nu^{\prime}/}^{6^{\prime b^{\prime}(\mathcal{V}}}‘-\mu^{\prime}$

) as $\lambda_{r+\beta+\nu’ i}^{\beta^{\prime}b^{\prime}(\nu^{j}-\mu’)}=0$ for $\beta^{\prime}<r+\rho^{\prime}+\nu^{\prime}$, we have
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$C_{\gamma’ t}^{*\rho^{\prime}\delta^{\prime}j}’,$ $(\mathfrak{S}^{H})=\sum_{\alpha=\tau^{l}}^{R-H}\sum_{\tau\Rightarrow l^{\prime}}^{R-H}\sum_{\epsilon’-0}^{\delta^{\prime}R}\sum_{\mu=0}^{-\beta^{\prime}}(0_{p^{+\mu\prime}}^{\prime})(-1)^{\mu\prime}N_{\tau^{\prime}t}^{a^{\prime}a},$ $N_{\beta b}^{\delta^{\prime}j^{\prime}(\mu\prime}$
)

$\frac{1}{(H-p-\mu^{\prime})!}$

$\times(^{\tau+\rho+\mu^{\prime}}0^{\prime}+’\mu)\lambda_{a^{\prime}a}^{\tau t},$ $\mathfrak{S}^{H-\rho^{\prime}-\mu^{\prime}}\lambda_{f+0+\mu’\iota}^{\beta b^{\prime}}$

$=\sum_{a-Y^{\prime}}^{R\rightarrow H}\sum_{\beta\leftarrow 0}^{\delta^{\prime}}\sum_{\mu’-0}^{\vee\beta^{\prime}}(\rho^{j}\iota_{O}+\mu’)()^{\mu^{\prime}}(\mu))’$

Q. E. D.
Theorem 15: If $w_{\tau},$ $j$ are non-holonomic ccmponents of an exco $nartb\hslash t$

extensor of $ch\alpha racteristic(1, \theta_{1}+\cdots\cdots+\theta_{R}, R, M)$ and $f$ is a seafar of
weight $\theta_{1}+\cdots\cdots+\theta_{R}$ , then the $quantiti^{\circ}B\mathfrak{S}^{*H}w_{\tau},$

$,$

$\equiv f\cdot \mathfrak{S}^{R}(w_{\tau’\iota};/f)$ :

$\mathfrak{S}^{*H}w_{Y^{\prime}i^{\prime}}=\mathfrak{S}^{H}w_{\tau}$ $+f\sum_{p’=0}^{H}\sum_{\delta-0}^{R}H$ ! $(-1)^{\rho^{\prime}}\sum_{\lambda=1}^{\rho^{\prime}}(l\rho)(\frac{1}{f})^{(\lambda)}w_{\delta f}^{(0^{\prime}-\lambda^{\prime})}$

$\times C_{\tau’}^{*0^{\prime}b^{\prime}J^{\prime}},$ $(\mathfrak{S}^{R})$

are the components of an excovariant extenscr of characteristic (1, $\theta,$ $+\theta..,$ $+$

...... $+\theta_{R},$ $R-H,$ $M+H(\leqq P))$ .
The theorem is proved without difficulty.
We know in the holonomic system that if $w_{\tau i}$ is an excovariant

extensor of characteristic $(1, 0, R, M)$ , theh $\mathfrak{S}w_{R-H}(H=0, \cdots\cdots , R)$ is
a vector ([2], p. 32), but this fact does not hold in the non-holonomic
system: But between the quantities $\mathfrak{S}^{H}w_{R-H\ell^{\prime}}=\lambda_{R-Ht}^{R-Ri_{(}}C\prime^{R}w_{R-Hi}$ and the
components $\lambda_{t}^{t},$ $\subset \mathfrak{S}^{H}W_{R-Ht}(\equiv\tilde{C^{H}\vee}w_{R-Hi},)$ in the non-holonomic system of the
vector $\mathfrak{S}^{H}w_{R-Ht}$ , the following relation holds good:

(5. 5) $\sim \mathbb{C}^{B}\vee w_{R-Hi},$ $=\mathfrak{S}^{H}w_{l}C^{R\rightarrow Hj^{\prime}}$

where $C_{t}^{R-Hj^{\prime}},=\lambda^{i},$ $\lambda_{R-H}^{R-Hj^{\prime}}$ Accordihgly, We have
Theorem 16: If $w_{T^{\prime}}$ , are nm-holOnomic compments of an excovariOnt

extensor of $cha\gamma acte\gamma ishc(1,0, R, M)$ , then the quantities $C_{t^{\prime}}^{R\leftarrow Hj^{\prime}}\mathfrak{S}^{H}w_{R-Rj}$,

$(\equiv\tilde{\mathfrak{S}}w_{R\rightarrow i},)$ are rm-holonomic components of a $vecWr$.
For example, from a scalar function $F$ of order $M$, we have the

excovariant extensor $w_{\tau t}=\frac{9F(x,\cdots\prime x^{(M)})}{9x^{(Y)l}}(\gamma=0, \cdots\cdots, M)$ and $ve$ctors of

SYNGE $E_{t}^{K}=(M-K)$ !
$1$

$(-1)^{K}\mathfrak{S}^{M\vee K}F_{(K)}$ $(K=0, \cdots\cdots , M)$ . In the noii $\cdot$

holonomic system, vectors of SYNGE are then written in.
1

$\overline{E}_{i}^{K}=C_{t}^{Kj^{\prime},}(\overline{M-}K)^{-}!(-1)^{K}\mathfrak{S}^{M- K}\overline{F}_{Kj^{\prime}}$

because of (5.5), where the quantities $\overline{F}_{Kj^{\prime}}$ are the components of $P_{(\tau)}$ ih

the non-holonomic system, $i$ . $e.\overline{F}_{Kj^{\prime}}=\sum_{\tau\approx K}^{M}\lambda_{Jfj}^{r}tF_{(fi)}$ .
Theorem 17: If our system is holonomic, then $C^{Kj^{\prime}}=\delta_{i}^{j^{\prime}}$ .
As in a holonomic system, the quantities $\lambda_{A}^{Kj}$

‘ is equal to $9X^{j^{\prime}}/9X^{l}$ ,
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this theorem will follow.
Theorem 18: The quantities $C^{K}i^{\prime}$, are $imiarian_{I}l$ undoJr transformations

of holonomic $coordinat^{\circ}$. systems.
Theorem 19; The $quant\prime itiesC_{i}^{Kj^{\prime}}$, are changed by

$C^{Kj^{\prime},}=N_{0:}^{ca^{\prime},}N_{Kb}^{Kj^{\prime}}C_{a}^{Ab^{\prime}}$,

under nm-holonomic transformation.$s$ of $\gamma m- hol\sigma mmicsyst_{d}cm_{\aleph}s$ .
Proof. The non-holonomic transformation of the non-holonomic sys-

tems $\lambda_{u’}^{0}=N_{0t}^{oa}j\lambda_{0a}^{0\prime}$, and $\lambda_{K}^{Kj^{\prime}}=N^{K^{\prime}}d’\lambda_{Rl}^{Kb\prime}$ shows that $C^{RJ^{\prime}}=N_{e)\iota^{\prime}}^{ca}’ N\ovalbox{\tt\small REJECT} C_{a}^{R^{b^{\prime}}}$ .
Q. E. D.

Theorem 20: The $Cc$’-operatton of an excovariant extenisor in a non-
$hol\alpha omic$ system holds the commutatw$e$ and linearly associative law.

The method of proof is essentially that of Theorem 10.

\S 6. The $8^{R}$-operation of an excontravariant extensors in a non $\cdot$

holonomic system. The quantities

(6. 1) $8^{H}v^{r}‘=\sum_{\lambda-0}^{\tau}(\tau\lambda)2^{R\lambda}(1-2^{B})^{t-\lambda}v^{\lambda i(Y-\lambda)}$ , $H=0,$ $\cdots\cdots$ $R$

are the components of an excontravariant extensor, being $v^{\tau}$ ‘ an ex-
contravariant extensor ([2], p. 37). Put

$v^{\lambda(\tau-\lambda)}=(\sum_{\delta\leftarrow 0}^{\lambda}\lambda_{\delta’ J}^{l}, v^{fj^{\prime}})^{(T-\lambda)}=\sum_{\delta-0}^{l}\sum_{\mu-0}^{T-\lambda}(T\overline{\mu}\lambda)\lambda_{\delta l^{\prime}}^{lt(\tau-\iota-\mu)}v^{\delta^{\prime}j^{\prime}(\mu)}$

into (6.1), then the components of the extensor $8^{H}v^{T^{\prime}i^{\prime}}=\sum_{\tau r0}^{\tau^{\prime}}\lambda_{\tau}^{\tau^{\prime}\iota^{\prime}}8^{R}v^{Ti}$

$(\gamma^{\prime}=0, \cdots\cdots , R)$ in the non-holonomic system have the forms

8 $v^{\tau^{\prime\prime}}=\sum_{f-0}^{Y^{\prime}}\lambda_{\tau}^{\tau^{\prime}t^{\prime}}\sum_{l-0}^{\rceil}\sum_{\delta-0}^{l}\sum_{\mu-0}^{Y-l}2^{H}$ a $(1-2^{H})^{Y-\lambda}(\tau\lambda)(t\overline{\mu}\lambda)\lambda_{\delta j}^{\lambda t(Y-\lambda-\mu)}v^{\delta^{\prime}j^{\prime}(\mu)}$

$=\sum_{\tau-0}^{r^{\prime}}\lambda_{\gamma l}^{r^{\prime}t^{\prime}}\sum_{\mu-0}^{\tau}\sum_{\delta’-0}^{\tau-\mu}\sum_{\lambda-S^{\prime}}^{\tau-\mu}2^{H}$ a $(1-2^{H})^{\gamma-\mu-\iota}(Y-\lambda\mu)$

$\times\lambda_{\overline{\delta}}^{\lambda}t(\gamma-\lambda-\mu)(1-2^{R})^{\mu}(\mu\tau)v^{\delta^{\prime}j^{\prime}(\mu)}$

Since we se$e$ , using the fact that $\lambda_{\delta j}^{\lambda},$ $=0$ for $\lambda<\delta^{\prime}$ ,

$\sum_{l-\delta^{\prime}}^{T-\mu}2^{H\lambda}(1-2^{B})^{t-\mu}\vee\lambda(t-\lambda\mu)\lambda_{\delta j}^{\lambda(\tau-\lambda-\mu)}=\sum_{\lambda-0}^{\tau-\mu}(\tau l-\mu)2^{Rl}(1-2^{H})^{\tau-\mu\rightarrow\lambda}\lambda 8_{j}^{\iota e\tau-\iota-\mu)}’$’

$=8^{R}\lambda_{\delta^{\prime}j^{\prime}}^{\tau-\mu}$ ,

the following result is obtained:
$8^{H}v^{\tau^{\prime\prime}}=\sum_{\tau-0}^{\tau^{\prime}}\sum_{\mu\Leftrightarrow 0}^{\tau}\sum_{o\approx 0}^{\tau-\mu}\lambda_{Yi}^{\tau^{\prime}t^{\iota}}8^{R}\lambda_{\delta^{\prime}l}^{\tau-\mu}{}^{t}(\mu f)(1-2^{H})^{\mu}v^{\delta^{\prime}j^{\prime}(\mu)}\sim’$

$\langle$

$=\sum^{\tau^{\prime}}-\mu\sum^{\tau^{\prime}}$ $\sum^{Y^{\prime}}$

$(_{\mu}^{\tau})\lambda_{Yi}^{\tau^{\prime}t^{\prime}}8^{H}\lambda_{\delta^{\prime}j}^{r-\mu},$ $(1-2^{H})^{\mu}v^{\delta^{\prime}j^{\prime}(\mu)}$ .
$\mu\leftrightarrow 0\delta^{\prime}\leftrightarrow 0\gamma\leftarrow\delta^{\prime}+\mu$
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Here by putting

(6. 2) $\{2^{H\delta^{\prime}}(\delta^{\prime}\overline{o}+\mu’)\}^{-1}\sum_{\tau\Leftrightarrow\delta^{\prime}+\mu}^{f^{\prime}}$ $(_{\mu}^{\tau,})\lambda_{\tau}^{Y^{\prime}l^{\ell}}8^{B}\lambda_{\delta^{\prime}J^{\prime}}^{\gamma\mu\prime}\vee’=C_{\delta J}^{\mu^{\prime}\prime r^{l}i^{\prime}}\cdot(8^{H})$ ,

we can se $e$ the relation

(6. 3) $8^{H}v^{T^{\prime\prime}}=\sum_{=0}^{\tau^{\prime}}\sum_{\delta\approx 0}^{T^{\prime}-\mu\prime}(\delta^{\prime}\delta+\mu’)2^{R\delta}(1-2^{R})^{\mu\prime}v^{\delta^{\prime}j^{\prime}(\mu^{\prime})}C_{\delta}^{\mu\prime\tau}1_{j}^{t}j(8^{H})$ .
The quantities $c_{\delta’ j}^{\mu^{\prime}\tau^{\prime}:}’(\mathfrak{Z}^{R})$ in the non-holonomic system are said the
8$H$-operation coefficients of excontravariant extensors in the non-holonomic
system,-and we can state

Theorem 21: Let $v^{Y^{\prime}t^{\prime}}$ be $c\sigma mpments$ of an excontravariant extensor
of $charact_{d}^{\rho}ristic(1,0, R, M)$ in the non-holOnomic system, then the quantities

$8^{H}v^{f^{\prime}t^{\prime}}=\sum_{\mu^{\prime}=0}^{T^{\prime}Y}\sum_{\delta=0}^{-\mu^{\prime}}(\delta^{\prime}\delta+\mu^{\prime})2^{P\delta}’,(1-2)^{\mu\prime}v^{\delta^{\prime}j^{\prime}()}\mu\prime C_{b^{\backslash }j}^{\mu^{\prime}f^{\prime}i^{\prime}},$$(8^{R})’,$”

are the components of an excontravariant extensor of characteristtc, (1, $0,$ $R$,
$M+R\leqq P)$ .

Theorem 22: For a holonomic system $C_{\overline{0}^{\prime}j^{\prime}}^{\mu^{\prime}f^{\prime\prime}}(8^{B})=\delta_{\delta}^{Y^{\prime}-\mu\prime}\delta_{j}^{t}1$ .
Proof. Since in a holonomic system the quantities $\lambda$‘’ $t^{\prime}$ are equal to

$X_{(Y)i}^{(\tau^{\prime})i^{\prime}}$ , (6.2) may be written in the form
$KC_{\delta}^{\mu^{\prime}\tau}1_{j}^{t^{\prime}},$ $(8^{H})=$ $\sum_{\gamma\Leftrightarrow\overline{o}^{\prime}+\mu^{\prime}}^{\Gamma^{\prime}}$

$(_{\mu}^{\tau,})\lambda_{\tau}^{\tau}i’ 8^{H}\lambda_{\delta}^{\gamma\cdot-\mu^{\prime}}j$ ,

$=\sum_{\tau-\overline{0}+\mu^{\prime}\lambda}^{\tau^{\prime}}\sum_{=\delta^{\prime}}^{\tau-\mu\prime}x((\tau r^{\prime}))^{\prime}i^{\prime}\tau,r_{\lambda}-\mu^{\prime}\mu 0\iota(1-2^{R})^{Y-\mu-}’\int X_{j}^{i(\tau-\mu’\leftrightarrow\delta^{\prime})}$

$=\lambda^{\urcorner}$$\sum_{\sim,f\leftrightarrow\delta+\mu\prime\iota=0}^{\tau-\mu^{\prime}},$
$ X_{(\tau)i}^{(Y^{\prime})i^{\prime}}(\mu’\tau+\delta^{\prime})(\mu^{\prime}\delta^{1}+\dot{\delta}^{\prime})(T\lambda\vee\mu^{\prime}\sim\text{\‘{o}}-’\delta^{\prime})2^{R\lambda}(1-2^{H})^{\tau-\mu^{r_{\vee}}}Y^{\prime}\sim$

. a $ x_{j}^{t},-\circ^{\prime}\sim$

$=$ $\sum_{\grave{b},f\approx+\mu\prime}^{\tau^{\prime}}(\mu’\delta^{+\delta^{\prime}})’’\sum_{\prime\lambda)}^{l}(r_{\lambda-\delta})2^{p_{\lambda}}(1-2^{R})^{\tau-\mu^{\prime}-\lambda}\tau-\mu--’$

’

putting $K=(^{\delta+\mu^{\prime}}\delta^{\prime})2_{-}^{H\delta^{\prime}}$ . Furthermore applying the relation $\sum_{l-\delta}^{\tau-\mu},$ $(^{\tau-\mu^{\prime}-\delta^{\prime}}\lambda-\delta^{\prime})$

$\times 2^{H}$ a $(1-2^{H})^{\tau-\mu\prime}$ -a $=2^{H_{i\lrcorner}^{\sim}}’$ ,

$C_{\delta {}^{t}j}^{\mu^{\prime}Y^{\prime}i^{\prime}},$ $=\frac{1}{K}\sum_{\tau-\delta+\mu’}^{T^{\prime}}(^{\mu_{-}^{y\rightarrow\prime}}\vee+r’)X_{r^{j^{\prime}}}^{\iota_{i}^{\prime\prime}}\cdot X_{\mu’+\delta^{\prime}J}^{\Gamma t},$ $2^{H_{\tilde{b}^{l}}}=\delta_{\mu’+\delta}^{\tau^{\prime}},$ $\delta_{i}^{i^{\prime}},.$ . Q. E. D.

Theorem 23: The $quantiti_{\sim}^{\rho}sC_{\delta^{\prime}j}^{\mu^{\prime}\gamma^{\prime}t^{\prime}},(8^{H})$ are invariant $un\emptyset\rho\swarrow r$ trans-
formations of holonomic coordinate systems.

Theorem 24: The $quantiti^{\rho}\vee sC_{\delta j^{\prime}}^{*\mu^{\prime}\tau^{\prime}i^{\prime}}(8^{H})\equiv 2^{H\delta^{\prime}}(^{\overline{6}^{\prime}+\mu\prime}\delta)C_{\delta j}^{\mu^{\prime}\tau^{\prime}}{}^{t}i(8$“ $)$ are
changed in the form

$C_{\delta j^{\prime}}^{*\mu\prime\tau^{\prime\prime}}(8^{R})=\sum_{\alpha^{\prime}-\mu+\delta^{\prime}}^{Y^{\prime}},\sum_{\rho^{r}-0}^{a^{\prime}-\delta^{\prime}-\mu^{\prime}a^{\prime}}\sum_{\beta^{\prime}\approx\delta}^{-\beta^{\prime}-\mu\prime},(\mu’\beta^{\prime}-\beta^{\prime})(1-2^{H})^{0^{\prime}}N_{\alpha a}^{f^{\prime\prime}},$ $N_{\delta^{\prime}J^{\prime}}^{ff^{\prime}b^{\prime}(\rho^{\backslash })}$

’

$\times C_{\beta b^{\prime}}^{*\rho^{\prime}+\mu’ a^{\prime},a^{\prime}}(8^{R})$
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under non-holonomic transfommtions of $nm- hol\sigma nomic$ systems.
Proof. According to the non-holonomic transformation

$\lambda_{\gamma}^{\iota^{\prime}\iota\prime}=\sum_{a-\tau}^{f^{\prime}}N_{aa}^{\tau^{\prime\prime},},$ $\lambda_{\tau}^{a^{\prime}a^{\prime}}$ and $\lambda_{6}^{1},;’=\sum_{\beta-\delta}^{\lambda},$ $N_{\delta’ J^{\prime}}^{\beta^{\prime}b^{\prime}}\lambda_{\beta b}^{l},$ , we have

$8^{R}\lambda_{\delta^{\prime}j}^{\tau-p^{\prime}i},$ $=\sum_{\lambda-\delta^{\prime}}^{r-\mu\prime}2^{R}$ a $($1-2 $)^{\tau-\mu\prime}\vee$ a $(^{r-\mu\prime}J\iota)\lambda_{\delta}^{\lambda}t^{(\tau-\iota-\mu^{\prime})}$

$=\sum_{l-\delta^{\prime}\theta\prime}^{\tau\sim\mu^{\prime}}\sum_{-\delta^{\prime}}^{\lambda}\sum_{\rho’-0}^{\tau\sim\lambda-\mu^{\prime}}2^{H}$ a $(1-2^{H})^{\tau-\mu\prime}$ -a $(^{r-\mu^{\prime}}\iota)(f-\rho\lambda-\mu^{\prime})N_{\delta^{\prime}j^{\prime}}^{\epsilon,b^{\prime}(\rho^{\prime})}\lambda_{\beta b^{\prime}}^{\lambda t(\tau-\lambda-\mu-\beta^{\prime})}$

’

$r-\mu^{\prime}\tau-\mu^{\prime}-\rho^{\prime}$

$=\sum_{\beta^{\prime}-\delta^{\prime}}\sum_{\beta^{\prime}-0}$

$(1-2^{H})^{0^{\prime}}(\gamma\cdot\beta^{l}\mu’)N_{o}^{\xi}1_{j}^{b^{\prime}(r3^{\prime})}$

$\times T-\mu\cdot\rho’\sum_{\lambda-\text{\’{e}}^{\prime}}^{\vee}2^{H\lambda}(1-2)^{\tau-\mu^{\prime}\leftrightarrow 0^{\prime}-}$ a $(^{v_{\lambda^{\prime}}}-\mu-\beta^{\prime})\lambda_{\beta b}^{l(T-\mu-\beta^{\prime}\vee\lambda)}$

’

$=\sum_{\beta^{\prime}-\delta^{\prime}}^{\tau-\mu^{\prime}\tau-}\sum_{\rho’-\theta}^{\mu^{l}-0^{\prime}}(1-2^{H})^{\rho\prime}(\gamma\overline{\rho}\mu’)N_{\delta^{\prime}j}^{\beta^{\prime}b^{\prime}(\beta^{\prime})}8^{R}\lambda_{\beta}^{Y\leftarrow\mu-\sigma_{b}^{\prime}}’$,

Consequently, the following relations are introduced:

$C_{\overline{0}i}^{*\mu\prime\tau^{\prime},}{}^{t}j(8^{H})=\sum_{\tau\approx 0+\mu^{\prime}}^{\tau^{\prime}}\sum_{\alpha’-\gamma}^{T^{\prime}}.\sum_{\beta-\delta}^{\tau_{\vee}\mu^{\prime}\tau-}\sum_{\rho-0}^{\mu^{\prime}-\beta^{\prime}}(\mu\tau,)N_{aa^{\prime}}^{Y^{\prime},i^{\prime}}\lambda_{\tau i}^{a^{r}a^{\prime}}(-2^{H})^{0^{\prime}}$

$\times(^{r\mu\prime}\overline{\rho})N_{\delta j}^{\beta^{\prime}b^{\prime}(0^{\prime})}8^{R}\lambda_{\beta^{\prime}b}^{\Gamma-\mu^{\prime}\leftarrow\beta^{\prime}i}$ ,

$=$ $\sum_{\prime_{-\delta^{\prime}+\mu^{\prime}}}^{\tau^{\prime}}\sum_{\epsilon^{\prime}-\delta^{\prime}}^{\prime}\sum_{\rho’-0}^{-|t^{\prime}-\beta^{\prime}}(\beta^{\prime}\mu+\mu^{\prime})(1-2^{H})^{\dot{Q}^{\prime}}N_{aa}^{\tau_{l}:}\prime\prime,$

$N_{\delta^{\prime}j}^{\beta^{\prime}b^{\prime}(\rho^{\prime})}a^{l}-\mu a^{\prime}$

$\times\sum_{V-\beta+\mu^{\prime}+\beta}^{a,}(\tau)\lambda_{\tau}^{a^{\prime\prime}},$ ,

$=a^{\prime}\leftrightarrow\delta^{\prime}+\mu\epsilon\sum_{\prime\prime}^{\gamma^{\prime}}\sum_{-\delta^{\prime}}^{a^{\prime}-\mu^{\prime}a^{\prime}}\sum_{p’-9}^{-\mu^{\prime}\sim\beta}(\beta^{\prime}+\mu\mu^{r})(1-2^{R})^{\rho\prime}N_{a}^{\tau}1_{a’\delta^{\prime}j^{\prime}\beta b^{1}}^{i}N^{\beta^{\prime}b^{\prime}(\rho^{\prime})}C^{*\alpha,a}0^{\prime}+\mu\prime\prime\prime(\mathfrak{Z}^{R})$ .
Theorem 25: For non-holoncmic components of an excontravariant

extensor $v^{\tau^{\prime}}$ ‘’ of characteristic $(1, \theta_{l}+\cdots\cdots+\theta_{R}, R, M)$ and a scalar $f$ of
weight $\theta_{1}+\cdots\cdots+\theta_{R}$ , the quantities $8^{*H}v^{\tau^{\prime}t^{\prime}}\equiv f\cdot 8^{H}(v^{Y^{\prime\prime}}/f)$ :

$8^{*R}v^{\tau^{\prime}}$ $=8^{H}v^{Y^{\prime}t^{\prime}}+f\sum_{\mu’-0}^{r^{\prime}\tau}\cdot\sum_{\tau’-0}^{-\mu^{\prime}}(1-2^{R})^{\mu}\mu’’’\mu\nu.’$

are the components of an excontravariant extensor of charactermic (1, $\theta_{1}+$

...... $+\theta_{R},$ $R,$ $M+R\leqq P$).
Remark. Take the non-holonomic components of $x^{(\tau+1)t}(\gamma=0,$ $\cdots\cdots$ ,

$M-1):x^{f^{\prime}+l}$ ‘’ instead of $v^{f^{\prime}i^{\prime}}$ in Theorem 21, then it follows that $8^{R}x^{\tau^{\prime}+1}$
‘’

$=x^{Y^{\prime}+1t^{\prime}}(\gamma^{\prime}=0, \cdots\cdots, M)$ .

\S 7. The $\mathfrak{Z}^{H}$-operation of an excovariant extensor in a non $\cdot$

holonomic system. The quantities

(7. 1) $8^{H}w_{\tau}=\sum_{\nu-0}^{R-R-\tau}(-1)^{y}(H-H1-+1\nu)w_{\tau+H+\nu}(\nu)$ $\gamma=0,\cdots\cdots,$ $R-H$
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are the components of an excovariant extensor, being $w_{\tau t}$ an $excovaria\eta t$

extensor ([2], p. 40). Put

$w_{\tau+R+\nu t}^{(\nu)}=(\sum_{\delta^{\prime}-Y+H+\nu}^{R}\lambda_{\tau+H+\nu i}\delta^{\prime}r_{w_{6^{\prime}j^{\prime}}}^{\prime}\rightarrow)^{(\nu)}=^{R}\rightarrow\sum_{\delta^{\prime}-\tau+E+\nu}\sum_{l-0}^{\nu}(l\nu)\lambda_{Y+R+\nu}w_{\delta}$ ,

into (7.1), then the components of the extensor $8^{R}w_{f},$ $’=\sum_{\tau-\tau’}^{R-R}\lambda_{\tau}^{f},$ $\prime 8^{R}w_{\tau}$

in.the non-holonomic system have the form
$8^{R}w_{\tau},$

$,$ $=\sum_{7-\gamma}^{R\sim H}..\lambda_{t^{\prime}}^{\tau t},\sum_{\nu-0}^{R\sim R-\tau}\sum_{\iota-0}^{\nu}\Sigma^{R}(-1)^{\nu}(R\rightarrow H1-+1\nu)(l\nu)\lambda_{r+R+\nu}^{s\prime}\prime i^{(\nu-\iota)}w_{\delta^{\prime}J^{C\lambda)}}\delta^{\prime}\sim\tau+H+\nu$

$=\sum_{\tau-\tau^{\prime}}^{R-R}\lambda_{\tau\cdot t^{\prime}}^{\tau}\sum_{\lambda-0}^{R\sim R-f}\sum_{\delta^{\prime}-\tau+R+\lambda}^{R}(-1)$ a $(_{R-1}^{R\sim 1+\lambda})w_{\overline{b}^{\prime}j}^{(\oint)}|$

$\delta^{\prime}-(\tau+R+\lambda)$

$\times$

$\sum_{\nu-\iota-0}$
$(-1)^{\nu-\iota}(R+H+\lambda-1$

From the fact that $\lambda_{\omega i}^{f^{\prime}j^{\prime}}=0$ for $\omega>\theta^{\prime}$ , we have the equation

(7. .2) $\sum_{\nu-l}^{R-(\gamma+R)}(-1)^{\nu-\lambda}(\dot{H}+R\iota+-1\lambda+-\nu 1-\iota)\lambda_{f+H+\lambda+(\nu-\lambda)}^{\delta’}i^{\prime}(\nu-\iota)$

$=\sum_{\nu\rightarrow\iota}^{\delta^{\prime}-(\tau+R)}(-1)^{\nu-}$ a $(^{H+l-1+\nu-\lambda}H+l-l)\lambda_{\tau+\lambda+(y\rightarrow\lambda)i}^{b^{\prime}j^{\prime}(\nu-\iota)}+H^{\wedge}=8^{R+\iota}\lambda_{ft}^{\delta^{\prime}j^{\prime}}$

$or\delta^{\prime}fromwhichwesha11knowthatevenifthecorresponding8^{R}-operationsofthethebaseexrangeo\not\in ensorscannotbe\lambda_{fi}^{\delta^{\prime}j^{\prime}}iseitherR$

distinguished. Then it follows that

$8^{H}w_{\tau^{\prime}i^{\prime}}=\sum_{\tau-r}^{R\sim H},\sum_{\lambda-0}^{R-H-}.\sum_{\delta-\tau+H+\lambda}(-1)^{\lambda}(HB-1-+1\lambda)w_{\delta^{\prime}J^{(\lambda)}}\lambda_{V^{i}}^{\tau\iota},\overline{8}^{H+l}\lambda_{\tau}^{\delta^{\prime}j^{\prime}}YR$

$=\sum_{\lambda=0}^{R\wedge R\sim\tau^{\prime}}\sum(-1)\delta^{\prime}-Y^{\prime}+H+lR$. a
$(^{H-1+\lambda}-1)w_{\overline{\delta}^{\prime}J^{(l)}},\sum_{\tau-\tau^{\prime}}^{\delta^{\prime}-R-\iota_{\lambda_{\tau’\prime}^{\tau}}}8^{R+\lambda}\lambda_{\tau t}^{\delta^{\prime}j^{\prime}}\neg$ ,

and by putting

(7. 3) $\sum_{\tau-\tau^{\prime}}^{\delta^{\prime}-R-\lambda^{\prime}}\lambda_{\tau}^{\tau},i,$
$8^{H+\lambda^{\prime}}\lambda_{\tau i}^{\delta^{\prime}J^{\prime}}=C_{\tau}^{\lambda^{\prime}\delta^{\prime}},t_{r}^{\prime}(8^{R})$ ,

(7. 4) $8^{r_{w_{\tau^{\text{ノ}?}}}}=\sum_{\lambda-0}^{R-R-\tau^{\prime}}\sum_{\delta^{\prime}\leftrightarrow Y+H+\lambda’}^{R}(-1)^{\lambda^{\prime}}$ ( $R\wedge 1+H-1$ a $’$ ) $w_{\delta^{\prime}j}^{(\lambda^{\prime})}C_{\tau}^{l^{\prime}\delta^{\prime}},i^{\prime}(8^{E})$ .
The quantities $C_{r}^{\lambda^{\prime}.\theta^{\prime}},i^{\prime},$ $(8^{R})$ in the last equation are called $8^{R}$-operation

coefficients of excovariant extensors in the non-holonomic system. Further-
more we can $8tate$

$($

Theorem 26: The quantities

$8^{R}u_{\tau^{\prime\prime}}=\sum_{6^{\prime}\lambda\Leftrightarrow 0^{\rightarrow}\leftrightarrow}^{R-H-\tau}\Sigma^{R}(-1)^{\lambda^{\prime}}(H-1-+1\lambda’)w_{\overline{6}j}^{(\lambda^{\prime})}C_{\tau’ t^{\prime}}^{\lambda^{\prime}\delta J}’(8^{H})\tau+H+l^{\prime}$

are $c\sigma mpdn^{\circ}dnts$ of an excovariant extensor of character,stic (1, $0,$ $R-H,$ $M+$
$R-H(\leqq P))$ , when $w_{Ti}$ , are compoteents of an excovariant extensor of charac-
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teristic $(1, 0, R, M)$ in the mon-holonomic system.

Theorem 27: When our system is holonomic, the relatims $C_{Yi^{\prime}}^{\iota_{b}^{\prime\prime}i^{\prime}}\backslash (8^{R})=$

$\delta_{\tau}^{\delta^{\prime}-l};-R\delta_{i}j^{\prime}$ hold good.
Proof. The quantities $\lambda_{\tau’ t^{\prime}}^{\tau t}$ must be $X_{(\tau)i}^{(r)i}’$ , in a holonomic $sy8tem$ .

Accordingly, (7.2) is calculated as follows:

$8^{H+1}\lambda_{\gamma i}^{\delta^{\prime}i^{r}}=\sum_{\nu=0}^{R-Y-H-\lambda}(-1)^{\nu}(HR++\lambda-\lambda 1-+1\nu)\lambda_{Y+R+\lambda+yi}^{\delta^{\prime}j^{\prime}(\nu)}$

$=\sum_{\nu\Leftrightarrow 0}^{\delta^{\prime}-\tau-R-\lambda}(-1)^{\nu}(RH++\lambda\lambda-1-+1\nu)(.r+H\delta^{\prime}+\lambda+\mathcal{V})X_{i}^{j^{\prime}(\overline{b}^{\prime}-\tau-H-\lambda)}$ ,

which $\wedge becomes\mathfrak{Z}^{H+\lambda}\lambda_{\Gamma i}^{5^{\prime}J^{\prime}}=X_{\tau i}^{\delta^{\prime}-(H+\lambda)j^{\prime}}$ , $because\sum_{\nu=0}^{\delta^{\prime}-\Gamma-H-\lambda}(-1)^{\nu}(_{R+l-1}+\lambda-1+\nu)$

$\times(_{\gamma+p_{+\lambda+y}^{\delta^{\backslash }}}’)=(^{\delta^{\prime}-H-\lambda}\gamma\cdot)$ . From it we can prove

Theorem 28: The quantities $C_{\tau}^{\lambda^{\prime\epsilon}}1_{i}^{j^{\prime}},(8^{H})$ are invariant under trans-
formations of holonomic coordinate system $s$ .

Theorem 29: The $quantiti^{\rho}\vee sC_{\tau’ i^{\prime}}^{\lambda^{\prime}\delta^{\prime}j^{\prime}}(8^{R})$ are given by

$C_{\tau\cdot\iota’}^{\lambda^{\prime}\overline{6}^{\prime};}’(8^{H})=\sum_{a\Rightarrow\gamma}^{\delta^{\prime}-\lambda^{\prime}-.H},\sum_{\mu’\Leftrightarrow 0}^{\delta^{\prime}-a^{\prime}-\lambda^{\prime}\vee H}\sum_{\beta^{\prime}\Leftrightarrow a^{\prime}++\lambda^{\prime}+\mu}^{S^{\prime}}(H+\lambda-1’(\mu’$

$\times C_{aa^{\prime}}^{l^{\prime}+\mu^{\prime}\beta b^{\prime}}(8^{R})$

under a nm-holonomic transformation of ron-holoncmic systems.

Proof. By virtue of the non-holonomic transformation of the non-
holonomic systems $\lambda_{ri^{\prime}}^{\tau,i}=\sum_{a’-Y}^{\tau}N_{\tau’ i}^{a^{\prime}a^{\prime}},$ $\lambda_{\alpha a}^{Y,i}$ , , $\lambda_{\tau+H+\lambda+\nu i}^{S^{\prime}i^{\prime}}=.\sum_{\beta=\Gamma+H+\lambda+\nu}^{o^{\prime}}N_{\beta}^{\delta]}i^{\prime}\sim$,

$\times\lambda_{\tau+R+\iota+\nu i}^{\beta^{\prime}b^{\prime}}$ , we have

$8^{H+l}\lambda_{\Gamma l}^{\delta^{\prime}i^{\prime}}=\sum_{\nu\approx 0}^{\vee-\lambda}\sum_{\beta^{\prime}=Y++\lambda+\nu}^{\text{\‘{o}}^{\prime}}\sum_{\mu=9}^{\nu}\delta^{\prime}-\tau.(-1)^{\nu}(+H\lambda+-\lambda 1-+1\mathcal{V})(\nu\mu)N_{\beta^{\prime}}^{\delta^{\prime}}i^{(\mu)}’\lambda_{\tau+H+\nu^{b^{\prime}(\nu-\mu)}}^{\beta^{\prime}}+\lambda i$

$=\sum_{\mu\rightarrow 0}^{\delta^{\prime}-\tau-R-\lambda}\sum_{\beta^{\prime}\Rightarrow\tau+H+\lambda+\nu}^{\delta^{\prime}}\sum_{\nu\Leftrightarrow\mu}^{6^{\prime}-\tau-H\rightarrow\lambda}(-1)^{\nu-\mu}(H+\lambda\nu+\mu-\overline{\mu}l+\nu-\mu)$

$\times\lambda_{Y+R+\lambda+\mathcal{V}i}^{\beta^{\prime}b^{\prime}(\nu-\mu)}(-1)^{\mu}(HH++\lambda+\lambda\mu-1-1)N_{\beta}^{\delta^{\prime}},l:(\mu)$

$=\sum_{\mu\leftarrow 9}^{6^{\prime}-\tau--\lambda}\Sigma^{\delta^{\prime}}(-1)^{\mu}(HH++\lambda\lambda+-\mu 1-t)N_{\mu’ b^{\prime}}^{\delta^{\prime}j^{\prime}(\beta)}8^{B+\lambda+\mu}\lambda_{\tau i}^{\beta^{\prime}b^{\prime}}\wedge\beta^{\prime}\Leftrightarrow\tau+H+\lambda+\mu$

from which it follows that

$C^{\lambda\delta}1^{j^{\prime}},$ $(8^{H})=\sum_{f\leftarrow\tau^{\prime}}^{\delta^{\prime}-\lambda^{\prime}-R}\sum_{\alpha^{\prime}\Leftarrow Y^{\prime}}^{\tau}.\sum_{\mu’\approx 0}^{\vee}.\sum_{\beta^{\prime}=\gamma+H+l+\mu}^{\delta^{\prime}}N^{a}1^{a^{\prime}}N_{\beta^{\prime}b}^{\delta^{\prime}j^{\prime}(\mu)}(-1)^{\mu}(H+\lambda+\mu-J)\delta^{\prime}-\tau\iota-HH+\lambda^{\prime}-1$

$\times\lambda_{aa}^{7,i},$ $8^{R+\lambda+\mu}\lambda_{i}^{\beta^{\prime}\iota}$

$=\sum_{a’\approx\Gamma^{\prime}}^{\delta^{\prime}-l-H\delta^{\prime}-}.\sum_{\mu=0}^{a^{\prime}-\lambda-H}\sum_{\beta^{\prime}\leftrightarrow a^{\prime}+H+\lambda+\mu}^{\delta^{\prime}}(-1)^{\mu}(RR++l+\iota\mu-1-1)N_{\tau}^{a}\int^{a^{\prime}},N_{\beta^{\prime}b}^{b^{\prime}}\backslash _{j^{\prime}(\mu)}$

$\times C_{\sigma’ a}^{\lambda+\mu B^{\prime}b^{\prime}},$ $(8^{R})$ .
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Theorem 30: If $w_{fi}$ are non-holonomic components of an excovariant
extensor of characteristic $(1, \theta_{1}+\cdots\cdots+\theta_{R}, R, M)$ and $f$ is a scalar of weight
$\theta_{1}+\cdots\cdots+\theta_{R}$ , t.hen the quantih $9\nu s8^{*H}w_{Y^{\prime}i},$ $\equiv f\cdot 8^{H}(w_{T^{\prime}i^{\prime}}/f),$ $8^{*R}w_{T^{\prime}i^{\prime}}=$

$\mathfrak{Z}^{R}w_{\tau\prime:}*+\sum_{\mu\Leftrightarrow\iota}^{R-H-\tau^{J}}\sum_{\nu\rightarrow 3}^{R-(H+\mu)-Y^{\prime}}(-1)^{\mu+\nu}(HH+\mu-1-1)(HH++\mu\mu+\underline{\nu}\overline{\iota}l)(\div)^{(\mu)}f^{\backslash }\nu)8^{*H+\mu+\nu}w_{Y^{\prime}}$ ,

are components of an excovariant extensw of characteristic (1, $\theta_{1}+\cdots\cdots+\theta_{R}$ ,
$R-H,$ $M+R-H(\leqq P))$ .

The method of proof is essentially same as that of Theorem 9.
Theorem 31: A necessary and su.Mcient condition far that a function

$fdt$ of an $exp\alpha int(x, x^{(1)}, \cdots, x^{(w})$ be invariant in functional form under
a transformation of $paramet^{\circ}Jrt?Sg\dot{w}$en by the $equat?_{J}ms$ referred to
a non-holonomic $syst\vee\circ m$ : 8 $f_{\gamma’ i},$ $x^{\tau^{r}+1i}‘=f,$ $8^{H}f_{r’ t},$ $x^{T^{\prime}+1i^{\prime}}=0$ for $H\geqq 2$ .

Proof. From the definition, we can observe the relations
$8^{H}f_{\tau^{\prime}i^{\prime}}=\sum_{f\approx f}^{M-H},\lambda_{\tau’\iota\prime 8^{H}f_{(7)i}}^{fi}$ and $x^{\tau^{l}+1i^{\prime}}=\sum_{\delta=0}^{\tau^{\prime}}\lambda_{\delta j}^{\tau^{\prime}i^{\prime}}x^{(\delta+l)j}$ $(H=1, \cdots\cdots M)$ .

Consequently, we have

$\sum_{\tau\Rightarrow\tau^{\prime}}^{M-H}8^{H}f_{ri^{\prime}}x^{Y^{\prime}+1i^{\prime}}=\sum_{\gamma=0}^{M-H}.\sum_{\Gamma-\tau’}^{-H}\sum_{\delta\Leftarrow 0}^{\mathcal{T}^{\prime}}\lambda^{\gamma i}\tau^{\prime}i^{\prime}\lambda_{6}^{\tau_{\wedge}^{\prime}i^{\prime}}t8^{H}f_{(f)i}\cdot x^{(\delta+t)j}M.$.

$=\sum_{\approx f\delta c}^{Jf-H}\sum_{=0\tau}^{M-H}1\sum_{\approx\delta^{\prime}}^{\tau}(\lambda_{\gamma’ i}^{Yi}, \lambda_{\delta j}^{\tau^{l}i}’)8^{H}f_{(\tau)i}\cdot x^{(\delta+1)j}$

,

$=\sum_{\delta\Leftrightarrow 0}^{M-H}8^{H}f_{(\delta)j}$ . $x^{(\delta+\downarrow)j}=f$ for $H=1$

$=0$ for $H\geqq 2$

from the similar theorem in a holonomic system ([2], p. 41).
Remark. In a holonomic system, we have the following relation
$(\alpha)$ $8^{H}w_{\Gamma-1}$ $\Leftarrow 8^{H-l}w_{\tau i}-(8^{H}w_{\tau i})^{(1)}$ ,

$r=0,1,$ $\cdots\cdots,$ $R-H$
$(\beta)$ $8^{H}w_{R-Hi}=8^{H-1}w_{\dot{R}-+1i}$

([2], p. 42).
Next, we shall consider whether such the properties exist or not for
the $ 8^{H}\prec$)$peration$ of excovariant extensors in the non-holonomic system.

$(\alpha)$ . From the equations $8^{H}w_{\tau’ i},$ $=\sum_{\tau=\tau}^{R-H},$ $\lambda_{Yi}^{\tau i},$ $8^{H}w_{\tau i}$ , we obtain the fol-
lowing results:

$8^{H-1}w_{\gamma:},$ $-(8^{H}w_{f^{\prime}i^{\prime}})^{(1)}=\sum_{\tau=\tau’}^{R-H+1}\lambda_{\tau’ i^{\prime}}^{Yi}8^{H-J}w_{\tau:}$

$-\sum_{\tau=\tau}^{R-H},$ $\{(\lambda_{\gamma’.\prime}^{Yi})^{(1)}8^{H}w_{Yi}+\lambda_{\tau’ i^{\prime}}^{Yl}(8^{H}w_{r:})^{(1)}\}$

$=\lambda_{Yi}^{P-H+1:_{\mathfrak{Z}^{H-1}w_{R-H+:i}+\sum_{\tau-\gamma^{\prime}}^{R-H}.\lambda_{\tau’ i^{\prime}}^{Ti}\{8^{H-l}w_{\tau i}-(8^{H}w_{\tau i})^{(1)}\}-\sum_{T\overline{\sim}T^{\prime}}^{R-H}(\lambda_{Yi}^{\gamma i},)^{(1)}8^{H}u_{ti}}},$,
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$=\lambda_{\tau’}^{R-H+l}f,8^{H-1}w_{R-H+1}+\sum_{\tau-\tau}^{R-H},$ $\{\lambda_{\tau}^{\tau},i,\dot{8}^{H}w_{f-1} -(\lambda_{t^{\prime}}^{\tau})^{(l)}8^{r}w_{r}\}$

$=\sum_{f-Y}^{R-r+1},\lambda_{\gamma}^{r,}i,$ $8^{H}w_{\tau-1i}-\sum_{\tau-\tau}^{R-H},(\lambda_{\tau:}^{ti}\prime\prime)^{(1)}8^{H}w_{\tau}$

$=\sum_{\tau-\gamma}^{R-H}.,$ $\{\lambda_{\tau’ i}^{\prime r+1i}-(\lambda_{r}^{\tau,i},)^{(1)}\}8^{H}w_{ti}+\lambda_{t^{\prime}i}^{t^{\prime}}\prime 8^{H}w_{r^{\prime}-1i}$ (not summing on 7’).

Using symbols $\mu_{Y-1i}^{fi}$ ’ and $\mu_{\tau’-1}^{Y^{\prime}-1}i$ , for $\{\lambda_{\gamma i}^{\tau_{l}+1l}, -(\lambda_{fi^{\prime}}^{ri})^{(l)}\}$ and $\lambda^{t^{\prime}},,i,$ respec $\cdot$

tively, and putting $\sum_{f-f^{\prime}-1}^{\delta^{\prime}}$ $\mu_{f-1}^{\tau}’\lambda_{fi}^{o^{\prime}j^{\prime}}\rightarrow=C_{f^{\prime}-1}^{*\delta^{\prime}}$ {; ( $=\delta_{\tau-l}^{\delta^{\prime}}\delta^{j^{\prime}}$, in the case of

the holonomic system), we have

$8^{H-1}w_{t^{\prime}i^{\prime}}-(8^{H}u)f^{\prime\prime})^{(1)}=_{s\prime}\sum_{-\tau’-1}^{R-H}C_{\tau^{\prime}-l}^{*S^{\prime}j^{\prime},}8^{H}w_{\overline{b}^{\prime}i^{\prime}}$ .
$(\beta)$ . Also from that
$8^{H}w_{R-H},$ $=\lambda_{R-H}^{R-Hi}\prime 8^{H}w_{R-Hi}$ and $8^{H-1}w_{R-H+1i},$ $=\lambda_{R-H}\ddagger_{1i^{\prime}}8^{H-1}\uparrow v_{R-H+1i}$ ,

it follows that
8“ $w_{R-H},$ $-8^{H-1}w_{R-H+1l^{\prime}}=(\lambda_{R-Ri^{\prime}}^{R\vee Ht}-\lambda_{R-H+1i}^{R-H+1},)8^{H}w_{R-Hi}$

and further putting $(\lambda_{R-Hi}^{R-Hi}, -\lambda_{R-H}^{R-H}\ddagger_{1i}^{1})\lambda_{R-H}^{R-Hj^{\prime}}=C_{\star}^{R-Hj^{\prime}}$, ( $=0$ in the
holonomic system), in the non-holonomic system, the following results
are obtained:

$(\alpha^{\prime})$
$8^{H-1}w_{fi^{\prime}}-(8^{H}u_{t^{\prime}t^{\prime}})^{(1)}=\sum_{\delta^{\prime}-Y^{\prime}-1}^{R-H}$ $C_{\tau-1i}^{*a^{\prime}ij}\sim 8^{H}w_{\overline{6}^{\prime}}i^{\prime}$

’

$(\beta^{\prime})$ $ 8^{H}w_{R-Hi^{\prime}}-8^{H-1}u\rangle$$R-H+4^{\prime}=C_{*i^{\prime}}^{R-Hj^{\prime}}8^{H}w_{R-Hp},$ .
Theorem 32: The $8^{\prime}\sim f$-operation in the non-holonomic system holds the

$c\alpha nmutative$ and hnearly associative law.

\S 8. The $\mathfrak{Y}^{H}$-operation of an excontravariant extensors in a non $\cdot$

holonomic system. The $\mathfrak{B}^{H}$-operation for an excontravariant extensor
is define $d$ by

(8. 1) $\eta^{u}v^{fi}=H$ ! $\sum_{\nu-0}^{H}(\tau\nu)(^{R^{*}+H}H-\overline{\nu}^{\gamma})v^{\tau-yt(\nu)}$ for $\gamma=H,$ $H+1,$ $\cdots$ , $R^{*}$

$=H$ ! $\sum_{\mathcal{V}\cdot 0}^{r}(_{\nu}^{\tau})(^{R^{t}+}r^{\underline{r}}\overline{\nu}^{Y})v^{f-\nu\iota(\nu)}$ for $\gamma=0,1,$ $\cdots\cdots\cdots$ , $H$

$=H$ ! $\sum_{y-f-R}^{H}*(_{\nu}^{\tau})(R^{*}+ff\prod_{-\overline{y}^{Y}})v^{r-\nu:(\nu)}$ for $\gamma=R^{*},$ $R^{*}+1,\ldots,$ $R^{\#}+H$

$(R^{*}\leqq R, H=1,2, \cdots\cdots, R^{*})$

where $v^{r:}$ is an excontravariant extensor ([2], p. 44). We shall confine
ouselves to consider only $R^{*}$ and $H$ satisfying the relation $R^{*}+H\leqq G$

in this chapter. (8.1) can be written simply in an equation
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$($8. $1)^{\prime}$ $\mathfrak{B}^{H}v^{\tau\iota}=H$ ! $\sum_{\nu\Leftrightarrow 0}^{f}(\tau\nu)(R^{*}H+H-\overline{\nu}^{f})v^{Y-yi(\nu)}$ , $\gamma=0,$ $\cdots\cdots\prime R^{*}+H’$,

reading $(_{\mu}^{\lambda})$ for $ 0<\lambda<\mu$ or $\mu<0$ as zero. Using (8.1) and

$v^{\tau-yi(y)}=(\sum_{\delta-0}^{t-\nu}\lambda_{\delta^{\prime}j}^{t-yl}v^{S^{\prime}1^{\prime}})^{(\nu)}=\sum_{\theta^{\prime}-0}^{f-\nu}\sum_{\rho-0}^{\nu}(\rho\nu)\lambda_{\delta^{\prime}i’}^{Y-\nu i(\nu-\beta)}v^{\delta^{\prime}i^{\prime}(\rho)}$ ,

it follows that .
$\mathfrak{Y}^{r_{v^{\prime}}r^{\prime}}$ $’=\sum_{\tau\rightarrow 0}^{\tau^{\prime}}\lambda_{\tau}^{\tau^{\prime}}i^{\prime}\mathfrak{Y}^{H}v^{Ti}$ $(r^{\prime}=0, \cdots\cdots\prime R^{*}+H)$

$=\sum_{Y-0}^{\tau^{\prime}}\lambda_{ti}^{\gamma^{\prime}i^{\prime}}H$ ! $\sum_{\nu\leftarrow 9}^{\tau}(\tau\nu)(R^{*}H+-H\overline{\nu}\Gamma)\sum_{\delta^{\prime}\leftarrow 0}^{\tau-\nu}\sum_{\rho-0}^{\nu}(\nu)\lambda_{\overline{o}^{\prime}i^{i}}^{7-\nu(\nu-p)}v^{\delta^{\prime}i^{\prime}(\beta)}$

$=\sum_{\tau-0}^{Y^{\prime}}\lambda_{\gamma i}^{Y^{\prime}i^{\prime}}\frac{H!}{(H-\rho)!}r-\delta^{\prime}\sum_{\delta-0}^{\tau}\sum_{\rho-0}^{\tau-\overline{6}^{\prime}}(_{\rho}^{\tau})v^{\delta^{\prime}i^{\prime}(p)}$

$\times\sum_{\nu-\rho}$
$(H-\rho)$ ! $(Ty--\rho\rho)(R^{*}+HH-\rho-(\underline{r}-\rho))\lambda_{\delta i’}^{Y-\beta-(\nu-\rho)i(\nu-\beta)}$ .

On the other hand, we can see, because of $\lambda_{\delta i}^{\tau-p-(\nu\rho)i}\vee,$ $=0$ for
$\nu-\rho>\gamma-\delta^{\prime}-\rho$

(8. 2) $\sum_{\nu=\rho}^{\tau-\delta^{\prime}}(H-\rho)$ ! $(Y\nu--\rho\beta)(R^{*}+HH-\rho-(\underline{\tau}-l))\lambda_{\delta i’}^{\tau-\rho-(\nu-p)i(\nu-p)}$

$=\sum_{\nu-\rho}^{\tau}(H-\rho)$ ! $(\tau\nu-\beta$

which depends on the range $R$ of $\lambda_{\delta i}^{\tau-\beta i},$ . Consequently, we have

$\mathfrak{B}^{H}v^{Y^{\prime}i^{\prime}}=\sum_{\delta-0}^{\tau^{\prime}\tau}\sum_{\rho-0}^{-\delta^{\prime}}\sum_{T-\beta+\delta^{\prime}}^{\tau^{\prime}}\frac{H!}{(H-\rho)!}(\tau 0)\lambda_{7}^{r^{\prime}i^{\prime}}\eta H-\rho\lambda_{\delta^{\prime}j}^{t-\cdot l}v^{\delta^{\prime}i^{\prime}(\rho)}’,$ .
By putting

(8. 3) $\{(H-\rho) ! (^{\rho+\delta^{\prime}}\beta)(R^{*}+HH-\overline{\rho}^{f^{\prime}})\}^{-l}\Sigma^{\tau^{t}},$
$(\tau\beta)\lambda_{fi}^{\gamma^{\prime}i^{\prime}}\mathfrak{B}^{H-\rho}\lambda_{\delta J}^{t-\rho i}f\leftrightarrow\beta+\delta=C_{\delta j}^{\beta f\int i^{\prime}},$

$(g)^{H})$ ,

it follows that

(8. 4) $\mathfrak{Y}^{H}v^{Y^{\prime\prime}}=\sum_{\delta’-0}^{\tau^{\prime}}\sum_{0-0}^{T^{\prime}-\delta^{\prime}}H$ ! $(^{\beta^{\prime}+\delta^{\prime}}\beta)(R^{*}H+H-\overline{\rho}^{f^{\prime}})v^{\delta^{\prime}j^{\prime}(\theta^{\prime})}C_{\delta}^{\beta^{\prime}\tau}1_{j}^{i^{\prime}},$ $(\mathfrak{Y}^{H})$

where the quantities $C_{\delta}^{\rho^{\prime}\tau}j_{j}^{i^{\prime}},(\eta^{g})$ are called the $\mathfrak{B}^{H}$-operation $co^{p},fficients$

of excontravariant extensors of the range $R$. Here we can see
Theorem 33: If $v^{Y^{\prime}l^{\prime}}$ are components in the ncn-holonomic system of an

excontravariant extensor of characteristic $(1, 0, R, M)$ , then the quantities

$V)^{H}v^{\tau^{\prime:}\prime}=\sum_{\delta’-0}^{Y^{\prime}t}\sum_{l-0}^{-\delta^{\prime}}H$ !
$’$

$(^{l^{\prime}+\delta^{\prime}}t)(R^{*}H+H--\beta Y^{\prime})v^{\delta^{\prime}l^{\prime}(0^{\prime})}C_{\delta^{t}i}^{\rho^{\prime}Y^{\prime}i^{\prime}},(\eta^{H})$

$(\gamma^{\prime}=0, \cdots\cdots, R^{*}+H, H=1,2, \cdots\cdots, R^{*} ; R^{*}\leqq R)$

are $c\sigma mw\iota ents$ of an excontravariant extensv of characteristic $(1|0,$ $R^{*}+$

$H,$ $M+H(\leqq P))$ .
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Corollary. The $V)^{H}\infty perati\sigma n$ of an excontravariant extensor $v^{\gamma^{\prime}i^{\prime}}$ in a
nen-holonomic system has the property $\mathfrak{Y}(\mathfrak{B}^{H}v^{T^{\prime}i}’)=q)^{H+1}v^{\gamma^{\prime}i^{\prime}}$ .

Since V) $(9^{H}v^{ti^{\prime}})=\sum_{\tau-0}^{\tau^{\prime}}\lambda_{fl}^{t^{\prime}i^{\prime}}\mathfrak{Y}(\mathfrak{B}^{H}v^{\tau:})$ and $\mathfrak{Y}^{H+1}v^{\tau^{J}i^{i}}=\sum_{\tau\approx 0}^{Y^{\prime}}\lambda_{\tau i}^{\gamma^{\prime}i^{\prime}}\mathfrak{Y}^{B+I}v^{\tau i}$

from the definition and also $\nabla$) $\mathfrak{B}^{H}v^{\gamma i}=\mathfrak{P}^{H+1}v^{ti}$ in the holonomic system
([2], p. 45), the corollary follows.

Remark. When we replace $v^{t^{\prime}i}$
’ in Theorem 33 with the non-

holonomic components of $x^{(\tau+1)i}(\gamma=0, \cdots, M-1)$ : $x^{Y^{\prime}+1i^{\prime}}(\gamma^{\prime}=0,$ $\cdots,$ $M$

$-1)$ , it is established that $\mathfrak{Y}^{H}x^{7^{\prime}+1i}‘=H$ ! $(^{M^{*}+H}H)x^{\tau^{\prime}+1i^{\prime}}$ $(\gamma^{\prime}=0,$
$\cdots,$

$M^{*}$

$+H\leqq M-1,$ $H=1,$ $\cdots\cdots,M^{*};$ $M^{*}\leqq M$).
Theorem 34 : The $quantih_{\nu}^{\rho}sC_{\delta}^{\rho_{\rceil^{\prime}}^{\prime}}t_{j}^{i};(\mathfrak{B}^{H})$ become $\delta_{p+\delta^{\prime}}^{7^{\prime}}\delta_{j}^{i^{\prime}},$ , if our

system is holcnmic.
Proof. In this case, (8.3) may be written in the form

$C_{\delta}^{\theta^{\prime}Y\int_{j}^{i^{\prime}},(\eta)=K^{-1}}$$\sum_{\tau\Leftrightarrow\rho^{\prime}+\delta}^{\tau^{\prime}}(_{\rho^{\ell}}^{\tau})X_{(\gamma)i}^{(Y^{\prime})i^{\prime}}$

$Y-\beta^{\prime}$

$\times\sum_{\nu\Leftrightarrow 0}(H-\rho^{\prime})$ ! $(R*+HH--\beta^{\prime}\beta^{\prime}--(\nu\tau-\rho^{\prime}))(T\overline{\nu}\beta^{\prime})X_{\delta j}^{(\tau-\theta^{\prime}-\nu)i(y)}$

$=K^{-1}\sum_{r\approx\beta^{\prime}+\delta^{\prime}}^{f^{\prime}}(r,\rho)X_{(\tau)i}^{(7^{\prime})i^{\prime}}$

$\times\sum_{\nu\approx 0}^{\tau-p^{\prime}}(H-\rho^{\prime})$ ! $(R^{*}+HH--0^{\prime}\beta--(\tau\nu-\beta^{\prime}))(\gamma-0_{y}^{\prime}-\delta^{\prime})(\tau\delta-0^{\prime})X_{j}^{i(\tau-Q^{\prime}\cdot\delta^{\prime}}$ .
putting $K=(H\leftarrow p^{\prime})$ ! $(^{\rho^{\prime}+\delta^{\prime}}\beta)(^{R^{*}+-\tau^{\prime}}H-\beta)$ . Since

$\sum_{\nu\approx 0}^{\tau-\beta^{\prime}}(R^{*}+HH--\rho^{\prime}\beta^{\prime}\vee-(\nu)(\tau-\beta^{\prime}\nu-\delta^{\prime})=(R\#+HH--\beta^{\prime}\beta-\delta^{l}),$

it follows
$C_{\delta j}^{\beta^{\prime}Y^{\prime}i^{\prime}},(\eta^{r})=K^{-1}$

$\sum^{\tau^{\prime}}$

$(_{\beta^{\prime}}^{\tau})(f\delta-\rho\cdot)(H-\rho^{\prime})$ ! $(R^{*}+HH--p^{Q^{\prime}-\delta^{\prime}})X_{(\tau)i}^{(Y^{\prime})i^{\prime}}X_{j^{\text{ノ}}}^{i(\tau-\theta^{\prime}-\delta^{\prime})}$

$\tau\Rightarrow e^{\prime}+a$

$=\sum_{\tau\rightarrow\rho’+\delta}^{7^{\prime}},$ $X_{(Y)t}^{(Y^{\prime})}’ X_{(\beta+\delta^{\prime})j}^{(f)i}=\delta_{0+\delta^{\prime}}^{Y^{\prime}}\delta_{j}^{i^{\prime}}$, . Q. E. D.

Theorem 35: . The quantities $C_{\delta}^{\rho\cdot\tau}1_{j}^{i^{\prime}},$ $(\mathfrak{B}^{H})$ are invariant $und^{\rho}Jr$ trans-
fornations of holonomic coordmate systems.

Theorem 36: The quantities $C_{\delta}^{*\beta^{\prime}t}1_{j^{\prime}}^{i},$ $(q)^{H})\equiv(^{0_{p}^{\prime}+\delta^{\prime}})(R+H+\tau^{l}H-\rho’)C_{\delta}^{\beta^{\prime}Y}1_{j}^{i^{\prime}},(\mathfrak{B}^{H})$

are given by

$C_{\delta^{\prime}j}^{*Yi^{\prime}}\iota^{\prime}’,$ $(\eta^{ff})=\sum_{a^{\prime}-\beta+\delta^{\prime}}^{\tau’},\sum_{\mu\approx 0}^{a^{\prime}-\rho^{\prime}-\delta^{\prime}a}\sum_{B\Rightarrow\delta}^{-\beta^{\prime}-\mu\prime}.(\rho^{r}\mu^{+\mu^{\prime}})N_{aa}^{\gamma^{\prime}i^{\prime}}\prime\prime N_{\delta t’\beta b^{d}}^{\beta^{\prime}(\mu)}b^{\prime}\prime C\beta^{\prime}+\mu^{\prime}a^{\prime}a^{\prime}(\eta)$

under nm-holonomic transfcrmations of the non-holoncmic systems.
Proof. From a non-holonomic transformation of the non-holonomic
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systems $\lambda_{fi}^{f^{\prime\prime}}=\sum_{a’-t}^{\tau\prime}N_{\alpha’ a}^{f^{\prime}l^{\prime}},$ $\lambda_{\tau}^{s^{\prime}a^{\prime}},$ $\lambda_{\delta}^{\tau-0-\nu_{i}},$ $=\sum_{\beta^{l}-\delta}^{T-l-y},N\S^{b^{\prime}}’’\lambda^{\vee 1-\nu t},$ , we cah calcu-
late as follows:

$\eta^{r-\rho}\lambda_{\delta j}^{T-\bullet l},$ $=\sum_{\nu-0}^{\tau-\rho}(H-\rho)$ ! $(^{R+H-l-(r-p)}H-\rho-\nu)()\lambda^{\tau\sim}\S_{i’}-\nu i_{(V)}$

$=\sum^{\tau-0-\delta^{\prime}}T-\epsilon-\nu\nu$

$\nu\approx 0$

$\sum_{\beta^{\prime}\rightarrow\delta^{\prime}}\sum_{\mu\rightarrow 0}(H-\rho)!()(R+HH\vee-\rho-\nu)(\mu\nu)N_{\delta j,\beta^{\prime}b}^{f^{\prime}b^{\prime}(\mu)}\lambda^{t-\beta-yi(\nu-\mu)}$

$=\sum_{\mu\leftarrow 0}^{\vee}\cdot\sum_{\beta^{\prime}-\delta^{\prime}}^{\vee}\frac{(H-\rho)!}{(H-\rho-\mu)!}\tau-0\delta^{\prime}f-p\mu(^{r}\overline{\mu}^{\beta})N_{\delta’ j}^{f^{\prime}b^{\prime}(\mu)}\mathfrak{B}^{H-\beta-\mu}\lambda_{\beta}^{\tau-\rho-\mu_{b}}$ . .
Ffom this, it follows that

$C_{\delta}^{*p\prime\tau}1_{j}^{i^{\prime}},(\mathfrak{B}^{H})=\sum_{t-\rho’+\delta^{\prime}}^{\tau\prime}\sum_{a^{\prime}=}^{r^{\prime}}:-\iota\sum_{\mu’-0}^{\prime}-\delta^{\prime}\tau-\sum_{\beta^{\prime}-\delta^{\prime}}^{\prime}p^{\prime}\tau N_{\iota a’}^{f^{\prime}i^{\prime}}N_{\delta i^{\prime}}^{\epsilon;,)}b(\mu’\tau\rho’\overline{\mu}$

$\times\lambda_{ti}^{aa^{\prime}}\eta H-0^{\prime}-\mu’\lambda_{\beta b^{l}}^{T-\beta^{\prime}-\mu\prime\iota}$

$=\sum_{a^{\prime}\Leftrightarrow\bullet+\delta^{\prime}}^{r^{\prime}}\sum_{\mu’\Rightarrow 0}^{a^{\prime}-\theta^{\prime}-\delta^{\prime\prime}}\sum_{\beta^{\prime}\Leftrightarrow\delta^{\prime}}^{-\rho^{\prime}-\mu\prime}(t^{\prime}\mu^{\mu\prime}+,)N^{t^{\prime\prime},\prime}aN_{\delta^{\prime}i^{\prime}}^{\iota^{\prime}\nu(\mu\prime})\{(H-\rho^{\prime}-\mu^{\prime})!\}^{-1}$

$\times\sum_{\tau-\beta^{\prime}+\rho+\mu\prime}^{l^{\prime}},(\rho’\tau_{\mu\prime}+)\lambda_{ft}^{l^{\prime}l}’\emptyset^{Z-\beta-\mu\prime}\lambda^{r-\#^{\prime}}i^{-\mu}b$

$=\sum_{a^{\prime}\rightarrow\beta^{\prime}+\delta^{\prime}}^{Y^{\prime}}\sum_{\mu’=0}^{a^{\prime}-\beta^{l}-\delta^{\prime}a\prime}\sum_{\beta^{\prime}\rightarrow\delta^{\prime}}^{\prime}(0_{\mu^{+\mu\prime}}^{\prime},)N^{Y^{\prime},i^{\prime}},$
$N^{\beta^{\prime}(\mu\prime}b^{\prime}$)$C^{*aa}\partial^{\prime}+\mu\prime\prime,’(\eta^{g})-\rho-\mu^{\prime}$

Theorem 37: When $v^{\gamma^{\prime}i^{\prime}}$ are non-holonomic components of an excon-
travariant $extens\sigma r$ of $character\dot{\mathfrak{B}}hc(1, \theta_{1}+\cdots\ldots+\theta_{R}, R, M)ardf$ is a
scalar of weight $\theta_{1}+\cdots\cdots+\theta_{R}$ , the quantities $\eta^{*1}\dot{A}v^{\tau^{\prime}i^{\prime}}-=-f\mathfrak{Y}^{H}(v^{Y^{\prime\prime}}/f)$ :

$\mathfrak{Y}^{*H}v^{Y^{\prime}i^{\prime}}=\mathfrak{B}^{H}v^{\tau^{\prime}i}’+f\sum_{\delta’-0}^{Y^{\prime}}\sum_{p-0}^{t^{\prime}-\delta^{\prime}}\sum_{\mu-0}^{\beta-l}(\rho\mu)(\frac{1}{f})^{(\beta-\mu)}v^{\delta^{\prime}j^{\prime}(\mu)}H$ ! $C_{\delta j}^{*0f^{\prime\prime}}.(9^{H})$

$(H=1,2, \cdots\cdots, R^{*}, R^{*}\leqq R)$

are $c\sigma mp\sigma nents$ of an excontravariant extensor of charactenstic (1, $\theta_{1}+\cdots\cdots$

$+\theta_{R},$ $R^{*}+H,$ $M+H(\leqq P))$ .
\S 9. The $\mathfrak{B}^{H}$-operation of excovariant extensors in a $non\cdot holonomic$

system. Next, we shall proceed to consider non-holonomic components
of an extensor $\mathfrak{Y}^{H}w_{tl}$ which is defined by

(9. 1) $\mathfrak{B}^{r}w_{ri}=\sum_{\nu-0}^{H}(_{\nu}^{H})w_{f-\nu t}^{(H-\nu)}$ for $\gamma=H,$ $H+1,$ $\ldots\ldots,$
$R$

$=\sum_{\nu-0}^{\tau}(_{\nu}^{H})w_{r-\nu i}(H-\nu)$ for $\gamma=0,1$ , $\cdot$ ........... , $H$

$=$ $\sum_{\nu=T-R}^{H}(_{\nu}^{H})w_{\tau-\nu}(H-y)$ for $\gamma=R$, $\cdot$ ........ , $R+H$

$(H=1,2, \cdots\cdots R)$ ([2], p. 46).
Let $R$ and $H$ considered $8atisfy$ the relation $R+H\leqq G$, if we a\’{s}sume
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that $w_{T-yt}=0$ for $\gamma-\nu>R,$ $(9.1)$ is given by the equation:

$V)^{H}w_{\tau i}=\sum_{\nu\rightarrow 0}^{\tau}(\tau y)w_{f-\nu i_{\backslash }}^{(B-\nu)}$ , $\gamma=0,$ $\ldots\ldots$ $R+H$ ,
therefore the components of the extensor $V)^{H}w_{ri}$ in our system are
indicated by $V)^{H}w_{r^{\prime\prime}}=\sum_{\tau-\tau’}^{R+H}\lambda_{r’\prime 9^{H}w_{\tau\iota}}^{\tau:}-(\gamma^{\prime}=0, \cdots\cdots , R+H)$ . Since

$w_{r-\nu}(H-\nu)=( \sum_{\delta^{\prime}-\sqrt{}-\nu}^{R} \lambda_{\tau^{\underline{\delta}^{l}}\nu}{}^{t^{\prime}}w_{\delta^{\prime}j^{\prime}})^{(H-y)}$

$=\sum_{\delta^{\prime}-\tau-\nu}^{R}\sum_{p-0}^{H-\mathcal{V}}(H\overline{\rho}^{y})\lambda_{\gamma\nu}w_{\delta j}\prime\prime.,$ ,

it will be that

$\eta^{g}w_{T^{\prime\prime}}=.\sum_{r-\tau^{\prime}}^{R+H}\lambda_{i^{\prime}}^{t,t}\sum_{\nu-0}^{\tau}\sum_{\delta^{\prime}-r-\nu}^{R}\sum_{-0}^{\alpha-\nu}(H\nu)(H\overline{\rho}^{\mathcal{V}})\lambda_{Y-yi}w_{\delta i}$ ,

$=\sum_{\tau-f^{\prime}}^{R+H}\lambda_{\tau l^{\prime}}^{\tau,}\sum_{\delta-v}^{R}\sum_{\rho-0}^{H},(Hp)w_{\delta’ j}^{(\beta)}\sum_{\nu-v}^{\tau}(H\overline{\nu}\beta)\lambda_{\gamma yi}^{\underline{\delta}^{\prime}j^{\prime}(H-\nu-p)}$

On the other hand, we can write

(9. 2) $\sum_{\nu-0}^{\tau}(H\overline{\nu}\rho)\lambda_{\tau\nu i}^{\underline{\delta}^{l}j(H-\nu-\rho)}=\mathfrak{B}^{H+\rho_{\mathfrak{l}}}\lambda_{\gamma t}^{\delta^{\prime}J^{\prime}}$ ,

consequently we have

(9. 3) $\eta_{w_{\tau^{\prime}i^{\prime}}}^{g}=\sum_{\delta-0}^{R}\sum_{p\rightarrow 0}^{H}(H\rho)w_{\delta^{\prime}i^{\prime}}^{(\beta)}C_{Y^{\prime}t^{\prime}}^{H-\beta\delta^{\prime}j^{\prime}}(\eta)$ ,

by putting

(9. 4) $\sum_{\tau-t^{\prime}}^{R+H}\lambda_{\tau’ i^{\prime}}^{Ti}\eta^{r-\rho}\lambda_{t^{J^{\prime}}}^{\delta^{\prime}}=C_{7^{\prime}l^{\prime}}^{H-t\delta^{\prime}i^{\prime}}(\eta)$ ,

where we shall call the quantities $C’-\beta\delta^{\prime}\tau’ t^{\prime}(\eta)$ the $Q$)$-operat\dot{m}lco_{J}^{p}fficients$

of excovariant extensors. That is,
Theorem 38: When $w_{Y^{\prime}i^{\prime}}$ are components in the non-hobmmic system

of an excovariant extensor of charactertshc $(1, 0, R, M)$ , the quantihes

$\mathfrak{B}^{H}w_{Y^{\prime}i^{\prime}}=\sum_{\delta’-0}^{R}\sum_{l-0}^{H}(H\rho)w^{(\rho)}\delta^{\prime}C^{H-\theta\delta^{\prime}j^{\prime}}(\eta)$ , $r^{\prime}=0,$ $\cdots\cdots,$ $R+H$
$H=1,2,$ $\cdots,$

$R$

are componente of an excovar ant extensor of characterUtic (1, $O,$ $R+H$ ,
$M+H(\leqq P))$ .

Corollary. 9 $\mathfrak{B}^{H}w_{T^{\prime}t^{\prime}}=\mathfrak{B}^{H+1}w_{r^{\prime}i^{\prime}}$

The corollary is similarly proved as that of Theorem 33.
Remark. Applying Theorem 38 to $f_{\tau’\iota\prime}$ $(\gamma^{\prime}=0, \cdot-\cdots. , R-1)$ , it fol-

lows that $\backslash v^{H}f_{\tau^{\prime\prime}}=f_{T^{\prime\prime}}^{H}$ where $f_{\tau^{\prime\prime}}^{H}=\sum_{\tau-\tau’}^{R+}\lambda_{Ti^{\prime}}^{\tau\iota}f_{(\gamma)i}^{(H.)}$ .
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Theorem 39: Let $w_{\tau\cdot t}$ , be nm-holOnomic $c\sigma mwbeMs$ of an excovariant
extensor of charactemstic $(1, \theta_{1}+\cdots\cdots+\theta_{R}, R, M)$ and $f$ be a $scal\alpha r$ of
weight $\theta_{1}+\cdots\cdots+\theta_{R}$ , then the quantihes $\eta^{*H}w_{\tau’ i},$ $\equiv f\cdot \mathfrak{B}^{H}(w_{f^{\prime}},/f)$ :

$\mathfrak{B}^{*H}w_{\gamma^{\prime}t^{\prime}}=\mathfrak{B}^{H}w_{\Gamma^{\prime}i^{\prime}}+\sum_{\mu-1}^{HH}\sum_{\nu-0}^{-\mu}(H\mu)(u_{\overline{\nu}}\mu)(\frac{1}{f})^{(\mu)}f^{(\nu)}\mathfrak{B}^{*H-\mu-\nu}w_{\tau^{\prime}i^{\prime}}$

$(H=1,2, \cdots\cdots , R)$

are components of an excovariant extensor of characteristic $(l,$ $\theta_{1}+\cdots\cdots+$

$\theta_{R},$ $R+H,$ $M+H(\leqq P))$ .
Theorem 40: The $\mathfrak{B}^{H}$-operatim lin a $nm- hol_{D}nomic$ system conserve

the $c\alpha nmutat\dot{w}e$ and hnearly associatw$e$ law.
Theorem 41: $ C’-\rho\delta^{\prime}j\tau$

”
$(\mathfrak{B})=\delta_{\tau’}^{H-l+\delta^{\prime}}\delta^{j^{\prime}}$ for the $sp^{\circ}.cial$ case thabt our

system is holOnomi.
Proof. (9.2) will be denoted as follows:

$9^{H-\rho}\lambda_{T^{l}}^{\delta^{\prime}i^{\prime}}=\sum_{\nu-0}^{\tau}(H\overline{\nu}\rho)\lambda_{T-yt}^{\delta^{\prime}j^{\prime}(H-\rho-\nu)}$

$=\sum_{\nu-0}^{\tau}(H\overline{\nu}^{0})(\tau^{\underline{\delta}^{\prime}}\nu)X^{j^{\prime}(\cdot J-p+\delta^{\prime}-Y)}\sim’=X_{\tau}^{(H-p+\delta^{\prime})}i^{\prime}$

from the reason that $\sum_{\nu-0}^{\tau}(H\overline{\nu}\rho)(_{\tau-\nu}\delta^{\prime})=(^{H-p}\tau^{+\delta^{\prime}})$ . Consequently, we obtain

$C_{\tau’ i}^{H-l\delta^{\prime}l^{\prime}},$ $(\sigma 4j)=\sum_{\tau-\tau’}^{R+}X_{\tau}^{\tau},:,$ $X^{r_{\Gamma}p+\delta^{\prime}j^{\prime}}=\delta_{\tau’}^{H-\rho+\delta^{\prime}}\theta_{i}^{l^{\prime}},$ . Q. E. D.

Theorem 42: The $quantih^{p}sC_{f\ell}g_{\sim}\rho\delta^{\prime}j^{\prime}’(\eta)$ are invar,ant $und_{\nu}^{g}rtram-\backslash $

,

$fo\ell mat\dot{w}\tau\iota s$ of holOnomic coordinate systems.
Theorem 43: The $quantrti^{\circ}sC_{\tau}^{H-\rho\delta^{\prime}},i^{\prime},(\mathfrak{Y})$ are changed as follOws:

$C^{H\delta i^{\prime},}-0_{r’}^{\cdot}=\sum_{a’-T^{\prime}}^{\delta^{\prime}+H-\beta}\sum_{\beta-0}^{\delta^{\prime}}\sum_{\mu\rightarrow 9}^{H-\rho}(H\overline{\mu})N_{\tau^{\prime\prime}}^{a^{\prime}a}N_{\epsilon’ b}^{\delta^{\prime}j}J^{(\mu)}G_{aa}^{H-\rho-\mu\beta^{\prime}b}$:
under non-holonomic transformahons of the $\gamma on\cdot holor_{\iota}omic\epsilon ystems$.

Proof. According to a non-holonomic transformation of the non-
holonomic systems $\lambda_{\tau}^{\tau},:,$ $=\sum_{a’-\tau’}^{\tau}$

.
$N_{\tau^{\prime}\iota}a^{\prime}a^{lr}\lambda_{a’ a}^{rt}$ , and. $\lambda_{\tau-\nu^{l^{\prime}}}^{\delta^{\prime}}=\sum_{\beta-\tau-\nu}^{\delta^{\prime}}N_{\beta^{\prime}}^{\delta^{\prime}}t^{\prime}\lambda_{T-\nu\iota}^{\beta^{\prime}b^{\prime}}$

$=\sum_{f-0}^{\delta^{\prime}}N_{\beta b}^{\delta^{\prime}j}$ノ, $\lambda t_{-\nu}^{\prime}b^{\prime}$ , we have the following $resul\cdot ts$

$\backslash ^{1}$

SI)) $H-\rho\lambda_{\tau 1}^{\delta^{\prime}J^{\prime}}=\sum_{\nu-0}^{\tau}(H\overline{\nu}^{0})\lambda_{\Gamma-\nu}^{\delta^{\prime}j^{\prime}(H-p-y)}$

$=\sum_{\beta’-0}^{b^{\prime}}\sum_{\mu-0}^{H-\beta}\sum_{\nu-0}^{H-\beta-\mu}(H\overline{\mu}^{0})(H-p\nu-\mu)N_{\beta^{\prime}b}^{\delta^{\prime}j^{\prime}(\mu)}\lambda_{\tau\nu^{b^{\prime}(H-\rho-\mu-\nu)}}^{\underline{\epsilon}^{\prime}}$

$=\sum_{\beta-0}^{\delta^{\prime}}\sum_{\mu-0}^{H\wedge\rho}(r\overline{\mu}\rho)N_{\beta b}^{\delta^{\prime},j^{\prime}(\mu)}\mathfrak{Y}^{\dot{H}-l-\mu}\lambda_{\tau’ i}^{\beta b}$ .
Consequently, it follows that
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$C_{T^{\prime}}^{ff-9l^{\prime}J^{\prime}},$ $(\eta)=\delta’\sum_{\tau-\tau^{l}}^{+H-}\beta\sum_{A^{\prime}-f^{\prime}}^{\tau}\S^{\prime}\sum_{\mu-\sigma}^{H-\prime}(r\check{\mu}\rho)N_{T^{\prime\prime}}^{a^{\prime}a^{\prime}}N_{\beta b}^{3];(\mu)}’\lambda_{a^{\prime}a}^{\gamma.1},$

$\eta^{B-\ell-\mu}\lambda_{\mathcal{T}t}^{\theta^{\prime}b}\epsilon-0$

$=_{a’\approx 0}^{b^{\prime}+}g^{-\rho}\delta^{\prime}\sum_{\mu\Leftrightarrow 0}^{H}-gu\rho\langle\mu)\beta-0\check{\mu}\prime i^{\prime}\sum_{\tau\approx a^{\prime}}^{B^{r}+H-\rho}\lambda_{aa}^{\tau i}$ ,

$=\sum_{a’-0}^{\delta^{\prime}+H-\beta}\sum_{\beta-0}^{\delta^{\prime}}\sum_{\mu\simeq 0}^{H-\rho}(r\overline{\mu}p)N_{T}^{a^{l}a^{\prime},}N_{\beta}^{\delta^{\prime}},t^{\prime}(\mu)C_{a^{l}a}^{H\neg\beta-\mu\beta^{\prime}b^{\prime}},\langle\nabla))$ .

\S 10. The product operation of $\mathfrak{S}^{H}-,$ $8^{K}$-and $\eta^{L}$-operations in a
$non\cdot holonomic$ system. We shall at last consider properties concerning
to the product of any two of three kinds of the operations considered
in the previous chapters.

Theorem 44: $F\sigma r$ non-holonomic components of an excontravariant
extensor $v^{T^{\prime}}$‘’ of characterishc $(1, 0, R, M)$ , $the\backslash 7)^{L}$-operatw$n$ is interchangeable
with the $\mathfrak{S}^{H}$-operation and $8^{K}$-operation, $i$ . $e$ . ,

$\mathfrak{Y}^{L}\mathfrak{S}^{H}v^{\tau^{\prime}t^{\prime}}=\mathfrak{S}^{g}\eta^{L}v^{\tau^{\prime}}$ , $\mathfrak{B}^{H}8^{K}v^{f^{\prime}i}’=8^{K}\nabla)^{H}v^{\tau^{\prime}i^{\prime}}$ ,

although the $\mathfrak{S}$“-and $8^{K}$-operations are not interehangeable but
$\mathfrak{S}^{H}8^{K}v^{T^{\prime\prime}}=2^{rx}8^{K}\mathfrak{S}^{H}v^{r^{\prime}i^{\prime}}$ .

Proof. In according to
$\psi \mathfrak{S}^{H}v^{T^{\prime}t^{\prime}}=\sum_{\tau-0}^{\tau^{\prime}}\lambda_{\tau}^{T^{\prime}}:^{\prime}\nabla)^{L}\mathfrak{S}v^{\tau t}$ , $\mathfrak{S}^{H}\mathfrak{Y}^{L}v^{\tau^{\prime\prime}}=\sum_{\tau-0}^{\tau^{\prime}}\lambda_{\tau}^{\tau^{\prime}t^{\prime}}\mathfrak{S}^{H}\nabla)^{L}v^{\tau}$

and $q)^{L}\mathfrak{S}^{H}v^{\tau}‘=\mathfrak{S}^{H}V)^{L}v^{\tau}$
‘ in the holonomic system ([2], p. 50), it follows

that $\eta^{z}\mathfrak{S}$
“ $v^{\gamma^{\prime}t^{\prime}}=\mathfrak{S}^{r}\varphi v^{\tau^{\prime}}$

“

The other statements in the theorem are proved in the sam $e$ way.
Theorem 45: The $\mathfrak{S}^{H}\leftrightarrow,$ $8^{K}-$ and $9^{L}-op$grations $fcr$ ron-holOnomic

components of an excovariant $extens\alpha r$ of characteristic $(1, 0, R, M)$ are
imterchangeable with each other, $i$ . $e$ . ,

$\mathfrak{S}^{r}8^{l}u_{\gamma i^{\prime}}=8^{X}\mathfrak{S}^{r}w_{\tau’\prime}$ , $8^{K}\mathfrak{P}^{L}w_{\tau’\prime}=\sigma 1)^{L}8^{K}w_{Y^{\prime\prime}}.$ ,
$\sigma_{4)^{L}\mathfrak{S}^{H}w_{\tau^{\prime\prime}}=}\mathfrak{S}^{H}\eta^{L}w_{\tau^{\prime}t^{\prime}}$ .

The method of proof is essentially same as that of Theorem 44.
It may be possible to find many new interesting relations among

the derivatives of the new quantities $C_{\tau}^{2b}$ ,{; $(\mathfrak{S})$ , $C_{\tau}^{\rho b^{\prime}}$,‘, (83 and
$C_{|i}^{\theta\delta i^{\prime}},(\eta^{z})$ by virtue of Theorem 44, as well as Theorem 45.

$(=0,\ldots.G)havebeenconsideredasfunctionsofx,x^{(1)},,x^{(M)}Remark.\cdot.\ln thepresentpaper,thequantities\lambda_{T}^{\tau^{\prime}t^{\prime}}(x,x^{(1)}.’..\cdot.\cdot.\cdot.’ x^{(M)})$

but if they depend on only $x,$ $x^{(1)},$ $\ldots\ldots$ , $x^{(\tau\prime)}$ where $x^{(T^{\prime})}$ means the $\gamma^{\prime}-$

th derivative of $x$, we can 9stabli\S h more concrete results which are
nearer to the holonomic case. But we shall put off treatments of these
relations for the present. (January, 1950)
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