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1. Introduction. Let $f(x)$ be an integrable and periodic function
with period $ 2\pi$ and its Fourier series and its conjugate be

(1. 1) $a_{0}/2+\sum_{n=1}^{\infty}$ ($a_{n}$ cos $nx+b_{n}$ sin $nx$) $\equiv\sum_{n=0}^{\infty}A_{n}(x)$ ,

(1. 2) $\sum_{n\approx 1}^{\infty}$ ($b_{n}$ cos $nx-a_{n}$ sin $nx$) $\equiv\sum_{n-1}^{\infty}B_{n}(x)$ .
Further, let their termwise derived series be

(1. 3) $\sum_{n=1}^{\infty}n$ ($b_{n}$ cos $nx-a_{n}$ sin $nx$) $=\sum_{n\simeq 1}^{\infty}nB_{n}(x)$ ,

(1. 4) $-\sum_{n-1}^{\infty}n$ ($a_{n}$ cos $nx+b_{n}$ sin $nx$) $=-\sum_{n\approx 1}^{\infty}nA_{n}(x)$ .

A series $\sum_{n=1}^{\infty}c_{n}$ is said to be summable $H_{k}$ or strongly summable to
$s$ , if

$\sum_{n=0}^{n}|s_{n}-s|^{k}=o(m)$ $(m\rightarrow|\infty)$ ,

where $s_{n}=\sum_{k\rightarrow 0}^{n}c_{k}$ .

B. N. PRASAD and U. N. SINGH [7] have found a criteria for $H_{1}$ sum-
mability of the derived Fourier series which reads as follows:

Theorem A. If $f(t)$ is a continuous function of bounded variation and
if for some $a>1$ ,

(1. 5) $G(t)=\int_{0}^{t}|dg(u)|=0\{$$t/(\log\frac{1}{t})^{a}\}$ , as $t\rightarrow 0$ ,

where $g(u)=g.(u)=f(x+u)-f(x-u)-2$us,
then

$\sum_{n- 1}^{m}|\tau_{n}(x)-s|=o(m)$ ,
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where $\tau_{n}(x)$ is the n-th partial sum of the series (1.3). That is, the derived
Fourier series of $f(x)$ is summable $H_{1}$ to $s$ at a point $x$ .

One of us [6] (cf. [4]) generalized Theorem A in the following form:
Theorem 1. Under the assumption of Theorem $A$ , we have

(1. 6) $\sum_{n-1}^{m}|\tau_{n}(x)-s|^{k}=0(m)$ , $f\sigma r$ $k>0$ .

In the case $0<k<2$ of Theorem 1, we can generalize in the
following form [4]:

Theorem 2. If $f(t)$ is a continuorus functim of bounded variation and
if for some $\beta>1/2$

(1. 7) $\int_{0}^{t}|dg(u)|=O\{t/(\log\frac{1}{t})^{6}\}$ , as $t\rightarrow 0$ ,

then the $der\dot{w}ed$ Fourier ser’ies of $f(x)$ is summable $H_{2}$ to $s$ at a point $x$ , that
$is$ ,

(1. 8) $\sum_{n\Leftarrow 1}^{m}|\tau_{n}(x)-s|^{2}=o(m)$ .

This theorem is the analogue of F. T. WANG’S theorem for Fourier
series ([8]). As the analogue of another theorem due to G. H. HARDY
and J. E. LITTLEWOOD ([3], cf. [5]), we have proved [4]

Theorem 3. If $f(t)$ is a continuous function of bounded variation such
that

$\int_{0}^{t}|dg(u)|=o(t)$ ,

then

$\sum_{n\Leftrightarrow 1}^{m}(\tau_{n}(x)-s|^{2}=o$ ($m$ log $m$).

We have also the following theorem.
Theorem 4. If $f(t)$ is a continuous function of bounded variation such

that

(1. 9) $\int_{0}^{\delta}\frac{|dg(u)|^{2}}{udu}<\infty$ ;

then (1. 8) holxls.
The integral in (1.9) is taken in the Hellinger sense, that is, it

is defined as the limit of
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$\sum\frac{|g(u_{i})-g(u_{i-1})|^{2}}{u_{i}(u_{i}-u_{i-1})}$

Theorem 5. If $f(t)$ is a continuous function of bounded variattm such
that

$\frac{1}{v-u}\int_{u}^{v}|dg(t)|\rightarrow 0$ , $(v>u, v\rightarrow 0)$ ,

then (1. 8) holds.
It is known that $f(t)$ is differentiable at $t=x$ when and only when

$(f(u)-f(v))/(u-v)\rightarrow 0$

as $u\uparrow x,$ $v\downarrow x$ . Then we get

Theorem 6. If $f(t)$ is a continznus function of bounufed variation and
it is monotone in a neighbourhood of $t=x$ and is differentiable at $t=x,$ $the7l$

the Fourier series of $f(t)$ is strongly summable $H_{2}$ at $t=x$ .
We have the following generalizations of the PBASAD-SINGH theorem

concerning the series (1.4).

Theorem 7. If $f(t)$ is a continuous $funct|ion$ of $b\sigma u\prime ded$ variation $wh^{l}ich$

is differentiable at $t=x$ and if for some $a>1$

$H(t)=\int_{0}^{t}|dh(u)|=0\{t/(\log\frac{1}{t})^{a}\}$ , as $t\rightarrow 0$ ,

where

$h(u)=h.(u)=f(x+u)+f(x-u)-2f(x)$ ,

then

$\sum_{n-1}^{m}|\overline{\tau}_{n}(x)-H_{m}(x)|^{k}=o(m)$

for any $k>0$ , where $\overline{\tau}_{n}(x)$ is the n-th partial sum of the series (1.4) and

$H_{m}(x)=-\frac{1}{4_{7_{\sim}}}\int^{\kappa}h_{x}(t)1/m$ cosec2 $\frac{t}{2}dt$ .

Theorem 8. If $f(t)$ is a continuous function of bounded variation which
is differentiable at $t=x$ and if for some $\beta>1/2$

$H(t)=\int_{0}^{t}|dh(u)|=0\{$ $t/(\log\frac{1}{t})^{6}\}$ , as $t\rightarrow 0$ ,

then

$\sum_{n=1}^{m}|\overline{\tau}_{n}(x)-H_{m}(x)|^{2}=o(m)$ .



148 S. Izumi and M. Kmukawa

Proof of sketch of Theorem 1 and Theorem 2 is given in [4] and
[6]. We give he $re$ their complete proof in \S 2 and \S 3. Theorem 3 is
stated in [4], but the proof is not given there, so that we prove it in
\S 4. In the paragraphs \S 5-\S 8, we prove the remaining theorems.

2. Proof of Theorem 1.1)

For the proof of Theorem 1, we need the following lemma.
Lemma. If $f(x)$ be a $c\sigma nt\prime inuousfunct\iota^{\prime}on$ of bounded $variation$ and $a_{n}$ ,

$b_{n}$ are its Fourier coeffcients, then

$\sum_{n=1}^{m}(|na_{n}|^{k}+|nb_{n}|^{k})=o(m)$ ,

where $k\geqq 1$ .
For, by the WIENER theorem (cf. ZYGMUND [9], p. 221), we have

$\sum_{n=1}^{m}n\sqrt{a_{n}^{\Phi}+b_{n}^{2}}=o(m)$ .
Hence

$\sum_{n=1}^{m}n|a_{n}|=o(m)$ , $\sum_{n=1}^{m}n|b_{n}|=o(m)$ .
Without loss of generality, we may assume that $n|a_{n}|\leqq 1,$ $n|b_{n}|\leqq 1$ ,
since the function is of bounded variation. Thus we get

$\sum_{n=1}^{m}|na_{n}|^{k}\leqq\sum_{n=1}^{m}|na_{n}|=o(m)$

and

$\sum_{n=l}^{m}|nb_{n}|^{k}\leqq\sum_{n=1}^{m}|nb_{n}|=o(m)$ ,

which complete the proof of the lemma.
We shall now prove Theorem 1. We have

(2. 1) $\tau_{n}(x)=\frac{1}{2\pi}\int_{-lf}^{IC}f(u)\{\frac{d}{dx}\frac{\sin(n+1/2)(x-u)}{\sin(x-u)/2}I^{du}$

$=-\frac{1}{2_{\pi}}\int^{\int r_{lt}}f(u)-\{\frac{d}{du}\frac{\sin(n+1/2)(x-u)}{\sin(x-u)/2}I^{du}$

$=-\frac{1}{2\pi}\int_{-\pi}^{lt}\{f(x+t)-f(x-t)\}\frac{d}{dt}\frac{\sin(n+1/2)t}{\sin t/2}dt$ .
By the integration by parts,

$\tau_{n}(x)=\frac{1}{2\pi}\int_{r1}^{r}\frac{\sin(n+1/2)t}{\sin t/2}d\{f(x+t)-f(x-t)\}$

Hence we have
1) Cf. HARDY-LITTLEWOOD [2].
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(2. 2) $\tau_{n}(x)-s=\frac{1}{2\pi}\int_{0}^{lC}\frac{\sin(n+1/2)t}{\sin t/2}d\{f(x+t)-f(x-t)-2ts\}$

$=\frac{1}{2\pi}\int_{0}^{1r}\frac{\sin(n+1/2)t}{\sin t/2}dg(t)$

$=\frac{1}{2\pi}\int_{0}^{\kappa}\frac{\sin nt}{\tan t/2}dg(t)+\frac{1}{2\pi}\int_{0}^{\kappa}$ cos $ntdg(t)$ .

For any $\epsilon>0$ , there is a $\delta$ such that

$\int_{0}^{t}|dg(u)|<\epsilon t/(\log\frac{1}{t})^{a}$ , for $ 0<t<\delta$ .
Let us put

$g(u)=g_{1}(u)+g_{2}(u)$ ,.
where

$gl(u)=g(u)$ in $(0, \delta/2)$ ,

$=0$ in $(\delta, \pi)$

and $g_{1}(u)$ is linear in $(\delta/2, \delta)$ and is continuous in $(0, \pi)$ . Hence $g_{0}.(u)$ is
also a continuous function of bounded variation which vanishes in the
interval $(0, \delta/2)$ . So we have

$\tau_{n}(x)-s=\frac{1}{2\pi}\int_{0}^{\pi}\frac{\sin nt}{\tan t/2}dg_{1}(t)$

$+\frac{1}{2\pi}\int_{0}^{\downarrow f}\frac{\sin nt}{\tan t/2}dg_{2}(t)+\frac{1}{2\pi}\int_{0}^{lC}$ cos $ntdg(t)$

$=P_{n}+Q_{n}+R_{n}$ .
Since $Q_{n}$ and $R_{n}$ are $n$ times of the n-th Fourier coefficients of con-
tinuous functions of bounded variation, respectively, we have, by
Lemma,

$\sum_{n=1}^{m}|Q_{n}$ |k=o(m) and $\sum_{n=1}^{m}|R_{n}|^{k}=o(m)$ .

However

$P_{n}=\frac{1}{2\pi}\int_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)+\frac{C}{2\pi}\int_{\delta’ 2}^{\delta}\frac{\sin nt}{\tan t/2}dt$

$=\frac{1}{2\pi}J_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)+o(1)$

$=S_{n}+o(1)$ , (as $ n\rightarrow\infty$).

Hence, it is sufficient to show that
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$T_{m}^{k}=\sum_{n=1}^{m}|S_{n}|^{k}=o(m)$ .
For this purpose we set

$c_{n}=|S_{n}|^{k-1}$ . sgn $S_{n}$ ,

$\Lambda_{m}(t)=\sum_{n\approx 1}^{m}c_{n}$ sin $nt$ ,

$\Gamma_{m}=\sum_{n=1}^{m}|c_{n}|$ .
Then

$|\Lambda_{m}(t)|\leqq\left\{\begin{array}{l}\Gamma_{m}\\mt\Gamma_{m}\end{array}\right.$

Using these formulas, we have

$2\pi T_{m}^{k}=2\pi\sum_{n=1}^{m}S_{n}|^{k-1}\cdot S_{n}$ (sgn $S_{n}$)

$=2\pi\sum_{n=1}^{m}c_{n}S_{n}=\sum_{n-1}^{m}c_{n}\int_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)$

$=\int_{0}^{\delta/2}\Lambda_{m}(t)$ cot $t/2dg(t)=\int_{0}^{1/m}+\int_{1/m}^{\delta/2}=I_{1}+I_{2}$ ,

say, whe$re$

$|I_{1}|\leqq m\Gamma_{m}\int_{0}^{1/m}|dg(t)|\leqq\epsilon\Gamma_{m}$

and

$|I_{2}|\leqq|\int_{1/m}^{\delta/2}\Lambda_{m}(t)$ cot $t/2dg(t)|$

$\leqq P_{m}\int_{1/m}^{\delta/2}$ cot $t/2|dg(t)|$

$\leqq\Gamma_{m}\{[\cot\frac{t}{2}G(t)]_{1/m}^{\delta/2}+\frac{1}{2}\int_{J’ m}^{\delta/2}$ cosec’ $t/2G(t)dt\}$ ,

where

$G(t)=\int_{0}^{t}|dg(u)|$ .
Hence we getl)

$|I_{2}|\leqq\epsilon\Gamma_{m}+\epsilon\Gamma_{m}\int_{1/m}^{\delta/2}\frac{dt}{t(\log 1/t)^{a}}<A\epsilon\Gamma_{m}$ .
1) In the following, we denote by $A$ an absolute constant, which may be different

in each occurences.
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Collecting above results, we get

$T_{m}^{k}\leqq A\epsilon\Gamma_{m}$ .
However, by the H\"older inequality, we see that, for $k>1$ ,

$l_{m}^{\tau}=\sum_{n=J}^{m}|S_{n}|^{k-1}\leqq(\sum_{n=I}^{m}|S_{i}|^{k})^{1/k^{\prime}}\cdot m^{\iota/k}$

$=T_{m}^{k/k^{\prime}}m^{1/k}$ , $(1/k+1/k^{\prime}=1)$ .
Hence we have

$T_{m}^{k}\leqq A\epsilon m^{1/k}T_{m}^{k/k^{\prime}}$ ,

that is, $T_{m}^{k}/m\leqq A^{k}\epsilon^{k}$ .
Thus we have

$\lim_{m\rightarrow}\sup_{\infty}\frac{T_{m}^{k}}{m}\leqq A^{k}\epsilon^{k}$ .

Since $\epsilon$ is arbitrary, we get the required result.

3. Proof of Theorem 2. We can replace $0$ in (1.7) by $0$ , and then
for any $0<e<1$ , there is a $\delta$ such that

$ G(t)=\int$ $t0|dg(u)|<\epsilon t/(\log\div)^{6}$ , $(0<t<\delta)$ .

Let us put
$g(u)=g_{1}(u)+g_{2}(u)$ ,

where
$g_{1}(u)=g(u)$ in $(0, \delta/2)$ ,

$=0$ in $(\delta, \pi)$

and $g_{1}(u)$ is linear in $(\delta/2, \delta)$ and is continuous in $(0, \pi)$ . Hence $g_{2}(u)$ is
also a continuous function of bounded variation which vanishes in the
interval $(0, \delta/2)$ .

By the argument in \S 2, we have

$\tau_{n}(x)-s=\frac{1}{2\pi}\int_{0}^{iI}\frac{\sin nt}{\tan t/2}.dg_{1}(t)+\frac{1}{2\pi}\int_{0}^{\iota t}\frac{\sin nt}{\tan t/2}dg_{2}(t)+\frac{1}{2\pi}\int_{0}^{1t}$cos ntdg $(t)$

$=P_{n}+Q_{n}+R_{n}$ .
It is sufficient to show that

$\sum_{n=1}^{m}|P_{n}|^{2}=o(m)$ ,
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since, as in \S 2,

$\sum_{n\Rightarrow 1}^{m}|Q_{n}|^{z}=o(m)$ and $\sum_{n=1}^{m}|R_{n}1^{2}=o(m)$ .
Since

$P_{n}=\frac{1}{2_{T}}\int_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)+\frac{C}{2\pi}\int_{\delta/\sim}^{\delta}0\frac{\sin nt}{\tan t/2}dt$

$=\frac{1}{2\pi}\int_{0}^{\delta/2}\frac{\sin nt}{\tan t/2}dg(t)+0(1)$ ,

we have

$\sum_{n=1}^{m}|P_{n}|^{2}=\frac{1}{4\pi^{2}}\int_{0}^{\delta/2}\int_{0}^{\delta/2}\frac{dg(u)}{\tan u/2}\cdot\frac{dg(v)}{\tan v/2}\sum_{n=1}^{m}$ sin $nu$ . sin $nv+o(m)$

$=\frac{1}{4\pi^{2}}\{\int_{0}^{1/m}\int_{0}^{1/m}+\int_{0}^{1/m}\int_{\iota/m}^{\delta/2}+\int_{1/m}^{\delta/}\pi\int_{0}^{1/m}+\int^{\delta/2}1m\int_{1/m}^{\delta/}’\}+o(m)$

$=I_{1}+L+I_{3}+I_{4}+o(m)$ ,

where

$|I_{1}|\leqq A\int_{0}^{1/m}|dg(u)|\int_{0}^{1/m}|dg(v)|(\sum_{n=1}^{m}n^{2})\leqq A\epsilon m$ ,

$|I_{2}|\leqq A\int_{o}^{1/m}|dg(u)|\int_{1/m}^{\delta/2}\frac{|dg(v)|}{v}(\sum_{n=1}^{m}n)<\frac{\epsilon m}{(\log m)^{6}}\int_{1/m}^{\delta/2}\frac{|dg(v)|}{v}$

$\leqq\frac{A\epsilon m}{(\log m)^{6}}\{[\frac{G(v)}{v}]_{I/m}^{\delta/3}+\int_{1/m}^{\delta/2}\frac{G(v)}{v^{o}}dv\}$

$\leqq\frac{A\epsilon m}{(]ogm)^{6}}\{O(1)+O(\log m)^{1-\beta}\}\leqq A\epsilon m$

and
$|I_{3}|\leqq A\epsilon m$ .

We next consider the remaining part $I_{4}$ : We have

$I_{4}=\int_{J’ m}^{\delta/2}\int_{1/m}^{\delta/2}\frac{dg(u)}{\tan u/2}\frac{dg(v)}{\tan v/2}\frac{\sin(m+1/2)(u-v)}{2\sin(u-v)/2}$

$+\int_{1/m}^{\delta/2}\int_{J/m}^{\delta/2}\frac{dg(u)}{\tan u/2}\frac{dg(v)}{\tan v/2}\frac{\sin(m+1/2)(u+v)}{2\sin(u+v)/2}=J+L$ ,

where
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$|L|\leqq A\int_{1’ m}^{\delta/}\frac{|dg(u)|}{u}\int_{1/m}^{\delta/2}\frac{|dg(v)|}{v(u+v)}\leqq A(\log m)^{1-\beta}\int^{\delta/}\sim\frac{|dg(v)|}{v^{2}}J/m\varphi$

$=A(\log m)^{1-6}\{[\frac{G(v)}{v^{2}}]_{1/m}^{\delta/2}+\int_{1/m}^{\delta/2}\frac{G(v)}{v^{3}}dv\}$

$\leqq A(\log m)^{1-6}\{\frac{\epsilon m}{(\log m)^{6}}+\epsilon\int_{1’ m}^{\delta/2}\frac{dv}{v^{2}(\log 1/v)^{6}}1$

$\leqq A\epsilon m(\log m)^{1-2\beta}+A\epsilon(\log m)^{1-6}\{\int_{1/m}^{(l/m)^{\Delta}}+\int_{(1/m)^{\Delta}}^{\delta/2}\}\frac{dv}{v^{?}(\log 1/v)^{6}}$

$(0<\Delta<1)$ ,

$\leqq A\epsilon m(\log m)^{1-2\beta}+A\epsilon(\log m)^{1-2\beta}\int_{1’ m}^{(1/m)^{\Delta}}\frac{dv}{v^{\underline{9}}}+A\epsilon(\log m)^{1-\beta}\int_{(1/m)^{\Delta}}^{\delta/2}\frac{dv}{v^{2}}$

$\leqq A\epsilon m(\log m)^{1-2\beta}+Aem(\log m)^{1-2\beta}+A\epsilon m^{\Delta}(\log m)^{1-\beta}\leqq A\epsilon m$ .
It is then sufficint to show that $|J|\leqq A\epsilon m$ . We have

$2J=\int_{1’ m}^{\delta/2}\int_{1/m}^{\delta/2}\frac{dg(u)}{\tan u/2}\frac{dg(v)}{\tan v/2}\frac{\sin(m+1/2)(u-v)}{\sin|(u-v)/2}$

$=\int_{1/m}^{\delta/z}\frac{dg(u)}{\tan u/2}\int_{u}^{\delta/2}\frac{dg(v)}{\tan v/2}\frac{\sin(m+1/2)(u-v)}{\sin(u-v)/2}$

$+\int_{1/m}^{\delta/2}\frac{dg(u)}{\tan u/2}\int_{1/m}^{u}\frac{dg(v)}{\tan v/2}\frac{\sin(m+1/2)(u-v)}{\sin(u-v)/2}=J_{J}+J_{2}$ ,

say. Let us first estimate $J_{1}$ . We write

$J_{1}=\int^{\delta/2}\frac{dg(u)}{\tan u/2}1/m\{\int_{u}^{2u}+\int_{2u}^{\delta/2}\}\frac{dg(v)}{v}\frac{\sin(m+1/2)(u-v)}{\sin(u-v)/2}=J_{11}+J_{12}$ .
Then

$|J_{12}|\leqq A\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u}\int_{2u}^{\delta/2}\frac{|dg(v)|}{v}$ ,

where the inner integral becomes, by integration by parts,

$\int_{2u}^{\delta/2}\frac{|dg(v)|}{v^{2}}=[\frac{G(v)}{v^{2}}]_{2u}^{\delta/2}+2\int_{2u}^{\delta/2}\frac{G(v)}{v^{3}}dv$

$\leqq\frac{A\epsilon}{u(\log 1/u)^{6}}+\frac{A}{\delta(\log 1/\delta)^{6}}\leqq\frac{A\epsilon}{u(\log 1/u)^{6}}$ .
Hence
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$|J_{12}|\leqq A\epsilon\int_{1/m}^{\delta/2}\frac{\rfloor dg(u)|}{u’(\log 1/u)^{6}}$

$=A\epsilon[\frac{G(u)}{u^{2}(\log 1/u)^{6}}]_{\iota m}^{\delta/2}+A\epsilon\int_{J/m}^{\delta/2}\frac{G(u)}{u^{3}(\log 1/u)^{6}}du$

$\leqq Ae^{2}\frac{m}{(\log m)^{6}}+A\epsilon^{2}m\int_{1m}^{\delta/2}\frac{du}{u(\log 1/u)^{\sim 6}}\leqq A\epsilon^{2}m$ .
Concerning $J_{11}$ , we have

$J_{11}=\int_{1’ m}^{\delta/2}\frac{dg(u)}{u}\{\int_{u}^{u+1/m}+\int_{u+1/m}^{2u}\}\frac{dg(v)}{v}\frac{\sin(m+1/2)(u-v)}{\sin(u-v)/2}$

$=J_{111}+J_{112}$ ,

whe$re$

$|J_{111}|\leqq Am\int_{J/m}^{\delta/2}\frac{|dg(u)\}}{u}\int_{u}^{u+1/m}\frac{|dg(v)|}{v}$

$=Am\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u}\{[\frac{G(v)}{v}]_{u}^{u+1/m}+\int_{u}^{u+1/m}\frac{G(v)}{v}dv\}$

$\leqq A\in m\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u}\{\frac{1}{\{\log 1/(u+1/m)\}^{6}}+$

$+\frac{1}{\{\log 1/(u+1/m)\}^{6}}\int_{u}^{u+1/m}\frac{dv}{v}\}$

$\leqq Aem\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u\{\log 1/(u+1/m)\}^{6}}$

$\leqq A\epsilon m\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u(\log 1/u)^{S}}$

$\leqq A\epsilon m\{e[\frac{1}{(\log 1/u)^{2\beta}}]_{1’ m}^{\delta/2}+\epsilon\int_{1/m}^{\delta/z}\frac{du}{u(\log 1/u)^{26}}1\leqq A\epsilon^{2}m$

and

$|J_{112}|\leqq\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u}\int_{u+1/m}^{2u}\frac{|dg(v)|}{v(v-u)}$

Since $\frac{1}{v(v-u)}=\frac{1}{u}(\frac{1}{v--u}-\frac{1}{v})$ . we obtain

$|J_{112}|\leqq\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\backslash \int_{u+1/m}^{2u}\frac{|dg(v)|}{v}+\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\int_{u+1/m}^{u}\frac{|dg(v)|}{v-u}$

$=J^{\prime}l\iota 2+J_{112}^{\prime\prime}$ ,

where
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$|J_{113}^{\prime}|\leqq|J_{112}^{\prime\prime}|\leqq A\epsilon\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\{[\frac{v}{v-u}\frac{1}{(\log 1/v)^{6}}]_{u+1/m}^{2u}$

$+\int_{u+1/m}^{zu}\frac{v}{(\log 1/v)^{6}}\frac{1}{(v-u)^{\underline{o}}}dv\}$

$\leqq A\epsilon\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u}\frac{mu}{(\log 1/u)^{6}}\leqq A\epsilon^{2}m$ .

Hence we have proved that
$|J_{1}|\leqq A\epsilon^{2}m$ .

Finally we consider $the\cdot\cdot remaining$ part

$J_{2}=\int_{1/m}^{\delta/2}\frac{dg(u)}{\tan u/2}\int_{1/m}^{u}\frac{dg(v)}{\tan v/2}\frac{\sin(m+1/2)(u-v)}{\sin(u-v)/2}$ .

Since $\frac{1}{v(u-v)}=\frac{1}{u}(\frac{1}{v}+\frac{1}{u-v})$ , we have

{ $J_{2}|\leqq A\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u}\int_{1/m}^{u}|dg(v)|\frac{1}{v(u-v)}|$ sin $(m+1/2)(u-v)$ I

$=A\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\frac{|dg(v)|}{u-v}|$ sin $(m+1/2)(u-v)|$

$+A\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\int_{1/m}^{u}\frac{|dg(v)|}{v}|$ sin $(m+1/2)(u-v)|=J_{21}+J_{23}$ ,

say, where

$J_{21}\leqq Am\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\int_{1/m}^{u}|dg(v)|\leqq Aem\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u(\log 1/u)^{6}}$

$\leqq A\epsilon m$ ,
(cf. $J_{111}$), and

$J_{22}\leqq A\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}\int_{1/m}^{u}\frac{|dg(v)|}{v}$

$\leqq Ae\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{3}(\log 1/u)^{6}}+A\epsilon(\log m)^{1-\beta}\int_{1/m}^{\delta/2}\frac{|dg(u)|}{u^{2}}$

$\leqq A\epsilon^{2}m+A\epsilon^{2}(\log m)^{1-\beta}\{\frac{m}{(\log m)^{6}}+\cdot\int_{1/m}^{(1/m)^{\Delta}}u^{2}(\log 1/u)^{8}du$

$+\int_{(l/m)^{\Delta}}^{\delta/2}\frac{du}{u’(\log 1/u)^{6}}\}$ , $(0<\Delta<1)$ ,

$\leqq A\epsilon^{2}m+Ae^{2}(\log m)^{1-6}\{\frac{m}{(\log m)^{\beta}}+\frac{m}{(\log m)^{6}}-+m^{\Delta}\}$

$\leqq A\epsilon^{2}m$ .
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Thus we have
$|J_{\sim},|\leqq A\epsilon^{2}m$ .

Collecting above estimations, we get

$\lim_{m\rightarrow\infty}\sup\frac{1}{m}\sum_{n=1}^{\varphi}|P_{n}|^{2}\leqq A.\epsilon$ ,

which completes the proof of Theorem 2.

4. Proof of Theorem 31).

We see that the assumption of Theorem 3

(4. 1) $G(t)=\int_{0}^{t}|dg(u)|=o(t)$

implies that

(4. 2) $\int_{1/n}^{I\mathfrak{r}}\frac{|dg(t)|}{t}=o(\log n)$

and

(4. 3) $\int_{1/n}^{\iota r}\frac{|dg(t)|}{t^{2}}=0(n)$ .
By integration by parts, we have

$i_{1/n}^{\tau}\frac{|dg(t)|}{f^{o}}=[G(t)\frac{1}{t^{3}}]_{1/n}^{\kappa}-\int_{1/n}^{\{r}\frac{G(t)}{t^{3}}dt$

$=0\{[1/t]_{1/n}^{1C}I^{+0}\{\int_{1/n}^{\kappa}\frac{dt}{t^{2}}I=o(n)$ ,

which shows (4.2). (4.3) is similarly proved.
For the proof of Theorem 3, we have

$\sum_{n-1}^{m}|\tau_{n}(x)-s|^{2}=\frac{1}{4\pi^{2}}\sum_{n=1}^{m}\int_{0}^{lC}\frac{\sin(n+1/2)t}{\sin t/2}dg(t)\int_{0}^{lt}\frac{\sin(n+1/2)u}{\sin u/2}dg(u)$

$=\frac{1}{4\pi^{2}}\sum_{n=1}^{m}\int_{0}^{lt}\frac{\sin nt}{\tan t/2}dg(t)\int_{0}^{\mathfrak{l}t}\frac{\sin nu}{\tan u/2}dg(u)$

$+\frac{1}{2\pi}\sum_{n=1}^{m}n$ ($b_{n}$ cos $nx-a_{n}$ sin $nx$) $\int_{0}^{lt}\frac{\sin nt}{\tan t/2}dg(t)$

$+\frac{1}{4}\sum_{n=1}^{m}n^{2}$ $(b_{n}$ cos $nx-a_{n}$ sin $nx)^{2}+o(1)$

$=J+K+L+o(1)$ ,

1) Cf. T. KAWATA [5].
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where, by Lemma,

$|L|\leqq\sum_{n\rightarrow J}^{m}n^{2}(a_{n}^{2}+b_{n}^{2})=o(m)$

and

$|K|\leqq\sum_{n=1}^{m}n(|a_{n}|+|b_{n}|)\{\int_{0}^{1/n}\frac{nt}{t}|dg(t)|+\int_{1/n}^{lC}\frac{|dg(t)|}{t}\}$

$=0\{\sum_{1}^{m}n(|a_{n}|+|b_{n}|)\log n\}=0\{\log m\sum_{n=1}^{m}n(|a_{n}|+|b_{n}|)\}$

$=o$ ($m$ log $m$).

Hence it is sufficient for the proof to show that

$4\pi^{2}J=\sum_{n=1}^{m}\int_{0}^{\iota r}\frac{\sin nt}{\tan t/2}dg(t)\int_{0}^{\iota r}\frac{\sin nu}{\tan u/2}dg(u)=o(m\log m)$ .

For this purpose, we have

$4\pi^{2}J=\int_{0}^{ll}\frac{dg(t)}{\tan t/2}\int_{0}^{\iota r}\frac{dg(u)}{\tan u/2}\sum_{n=1}^{m}$ sin $nt$ sin $nu$

$=\int_{0}^{1/m}\int_{0}^{1/m}+\int_{0}^{1/m}\int_{1/m}^{\kappa}+\int_{1/m}^{ir}\int_{0}^{1/m}+\int_{1/m}^{\iota r}\int_{1/m}^{\iota r}=J_{1}+J_{2}+J_{3}+J_{4}$ ,

where

$|J_{1}|\leqq\int_{0}^{1/m}|dg(t)|\int_{0}^{1/m}|dg(u)|(\sum_{n=1}^{m}n^{2})=o(m^{3}/m^{2})=o(m)$ ,

$|J_{2}|\leqq\int_{0}^{1/m}|dg(t)|\int_{J/m}^{\kappa}\frac{|dg(u)|}{u}(\sum_{n\Rightarrow 1}^{m}n)=o$ ($m^{2}$ log $m/m$) $=0$ ($m$ log $m$) ,

$\lceil J_{3}|\leqq\int_{1/m}^{\{\zeta}\frac{|dg(t)|}{t}\int_{0}^{1/m}|dg(u)|(\sum_{n=1}^{m}n)=o$ ($m$ log $m$)

and

$J_{4}=\int_{1/m}^{\iota r}\frac{dg(t)}{\tan t/2}\int_{1/m}^{lC}\frac{dg(u)}{\tan u/2}\sum_{n=1}^{m}[\cos n(u-t)-\cos n(u+t)]$

$=\int_{1/m}^{lf_{/}^{\prime}2}\frac{dg(t)}{\tan t/2}\int_{1/m}^{\prime C}\frac{dg(u)}{\tan u/2}\frac{\sin m(u-t)}{\sin(u-t)/2}$

$+\int_{1I/2}^{1C}\frac{dg(t)}{\tan t/2}\int_{J/m}^{Jl}\frac{dg(u)}{\tan u/2}\frac{\sin m(u-t)}{\sin(u-t)/2}$

$-\int^{\pi}\frac{dg(t)}{\tan t/2}l/m\int_{1/m}^{\mathfrak{l}t}\frac{dg(u)}{\tan u/2}\frac{\sin m(u+t)}{\sin(u+t)/2}=J_{41}+J_{42}+J_{43}$ .
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We consider first $J_{41}$ . We have

$J_{41}=\int_{1/m}^{It/2}\frac{dg(t)}{\tan t/2}\{\int_{|u-t|<1/m}\underline{)}+\int_{|u-t|\geq 1/-m}I\frac{1}{\tan u/2}\frac{\sin m(u-t)}{\sin(u-t)/2}dg(u)$

$=J_{41}^{\prime}+J_{42}^{\prime}$ ,

where

$|J_{41}^{\prime}|\leqq Am.\int_{1/m}^{\iota t/2}\frac{|dg(t)|}{t}\int_{Iu-t\rceil<1f2m}\frac{|dg(u)|}{u}$

$=Am\int_{1/m}^{\iota r/2}\frac{|dg(t)|}{t}\int_{t-J/\cdot,m}^{t+1/2m}\frac{|dg(u)|}{u}$

$=Am$ $\int_{1/m}^{\llcorner dg\underline{(t)|}}lt/2t1\frac{G(t+1/2m)}{t+1/2m}-\frac{G(t-1/2m)}{t-1/2m}1$

$+Am\int_{1/m}^{lI}\frac{|dg(t)|}{t}\int_{t-1/2m}^{t+1/2m}\frac{G(u)}{u^{2}}du$

$=o$ ($m$ log $m$) $+O\{m\int_{1/m}^{il/2}\frac{|dg(t)|}{t}$ log $\frac{t+1/2m}{t-1/2m}\}$

$=o(m\log m)+O^{(}(m\int^{tL/2}l/m\frac{|dg(t)|}{t}\}=o$ ($m$ log $m$),

slnce

$1\leqq\frac{t+1/2m}{t-1/2m}\leqq 3$ for $1/m\leqq t\leqq\pi/2$ ,

and

$|J_{41}^{\prime}|\leqq A\int_{1fm}^{ltf2}\frac{|dg(t)|}{t}\int_{t+1/2m}^{\pi}\frac{|dg(u)|}{u}+A\int_{a/2m}^{l}\frac{|dg(t)|}{t}\int_{1/m}^{|dg(u)|}u(t-u)$

$=A\{J_{4t1}+J_{41?}\}$ .
Integrating by parts, we get

$J_{411}=\int_{1/m}^{\iota r/}\underline{\Phi}\frac{|dg(t)|}{t}[\frac{G(u)}{u(u-t)}]_{t+1/2m}^{1t}+\int_{1/m}^{lC}\frac{|dg(t)|}{t}\int_{t+1/2m}^{\kappa}\frac{G(u)(2u-t)}{u^{2}(u-t)^{2}}du$

$=O\{\int_{1/m}^{il/-}\frac{|dg(t)|}{t(\pi-t)}1^{+0}\{m\int_{1/m}^{\kappa/2}\frac{\lceil dg(t)|}{t}\}+O\{\int_{1/m}^{\kappa/z}\frac{|dg(t)|}{t}\int_{t+I/m}^{lC}\underline{n}\frac{du}{(u-t)^{2}}\}$

$=O\{\int_{1/m}^{iC/2}\frac{|dg(t)|}{t}\}+0$ ($m$ log $m$) $+O\{m\int_{J/m}^{1t/2}\frac{|dg(t)|}{t}\}$

$=o$ ($m$ log $m$)

and we have similarly
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$J_{41^{\circ}}$. $=\int^{lt/2}32m\frac{|dg(t)|}{t}[\frac{G(u)}{u(t-u)}]^{t-1/m}\underline{0}+\int_{3/2m}^{\kappa/2}\frac{[dg(t)|}{t}\int_{1/m}^{t- 1/2m}G(u)\frac{t-2u}{u^{2}(t-u)^{2}}du$

$=O\{m\int_{3/2m}^{lt/2}\frac{|dg(t)|}{t}I^{+0}\{\int_{3/m}^{\kappa_{\underline{?}}/}\sim\frac{|dg(t)|}{t(t-1/m)}\}+0\{\int_{3/m}^{\kappa/z}\underline{)}\frac{|dg(t)|}{t}\int_{1/m}^{t-t/2m}\frac{du}{u(t-u)}1$

$=0$ ($m$ log $m$) $+O(m\int_{3/2m}^{\kappa/2}\frac{|dg(t)|}{t})+0\{\int_{3/2m}^{f\zeta/2}\frac{|dg(t)|}{t}[\log\frac{u}{t-u}]_{1/m}^{t-1/2m}\}$

$=o$ ($m$ log $m$) $+o$ ($m$ log $m$) $+O\{\log m\int_{3/2m}^{il/z}\frac{|dg(t)|}{t}\}=o$ ($m$ log $m$).

Hence we get

$J_{41}=o$ ($m$ log $m$).

The circumstances for the remaining parts $J_{42}$ and $J_{43}$ are very
simple. We have namely,

$|J_{4_{\sim}^{\prime}}|\leqq A\int_{\kappa/}^{\tau}\frac{|dg(t)|}{t}\underline{\supset}\int_{1/m}^{lt}\frac{|dg(u)|}{u}=0(\log m)$ ,

and

$|J_{43}|\leqq A\int_{1/m}^{\iota r}\frac{|dg(t)|}{t}\int_{1/m}^{\kappa}\frac{|dg(u)|}{u(u+t)}=0(\log m\int_{1/m}^{lI}\frac{|dg(u)|}{u^{2}})$

$=o$ ($m$ log $m$).

Thus we get Theorem 3.

5. Proof of Theorem 4. Since $f(t)$ is a continuous function of
bounded variation, it is sufficient to prove (1.8), replaced $\tau_{n}(x)$ by

$\tau_{n}^{*}(x)=\frac{1}{\pi})_{0}^{2_{I}r}(\frac{d}{dx}\frac{\sin n(x-u)}{2\tan(x--u)/2})f(u)du$ .
We have

$\tau_{n}^{*}(x)-s=\frac{1}{\pi}\int_{0}^{\kappa}\frac{\sin nt}{2\tan t/2}dg(t)$ .

We shall prove that

(5. 1) $\sum_{\prime\nu=1}^{\infty}(\tau_{\nu}^{*}(x)-s)^{2}r^{n}=o(1/(1-r))$ $(r\uparrow 1),$

$\cdot$

from which we get easilyl)

1) It follows from the
$inequality-m^{m}$

(valid for any $p_{n}\geqq 0$ )

$\sum_{0}^{m}p_{n}\leqq(1-1/m)$ $\sum_{0}p_{n}(1-1/m)^{n}\leqq 4\sum_{0}^{\infty}p_{n}(1-1/m)^{n},$ $m\geqq 2$ .
Cf. $0$. Sz\’Asz [10].
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$\sum_{n=1}^{m}|_{T_{n}^{*}}(x)-s|^{2}=o(m)$ .
The left side of (5.1) is

(5. 2) $\sum_{n=1}^{\infty}(\tau_{n}^{*}(x)-s)^{2}r^{n}=\frac{1}{\pi^{2}}\sum_{n=1}^{\infty}{}^{t}r^{n}\int_{0}^{\mathfrak{l}I}\int_{0}^{j\tau}\frac{\sin nt.\sin nu}{2\tan t/22\tan u/2}dg(u)dg(t)$

$=\frac{1}{\pi^{2}}\wedge\int_{0}^{\kappa}\int_{0}^{\kappa}\frac{dg(u)}{2\tan u/2}\frac{dg(t)}{2\tan t/2}(\sum_{n=1}^{\infty}r^{n}$ sin $nt$ sin $nu)$

$=\frac{1}{\pi^{\varphi_{d}}}.\int_{0}^{\iota r}\int_{0}^{l\zeta}P(u, t, r)dg(u)dg(t)$ .
Then

$P(u, t, r)=\frac{1}{2\tan u/2\cdot 2\tan t/2}\sum_{n=1}^{\infty}r^{n}$ sin $nt$ sin $nu$

$=\frac{4r(1-\mu)}{\pi^{2}}[1-2r\cos(u+t)+r^{2}][1-2r\cos(u-t)+r^{2}]\ovalbox{\tt\small REJECT}\cos t/2\cos u/2$

$>0$ $(0<t<\pi, 0<u<\pi, 0<r<1)$ .
The right side integral of (5.2) is majorated by

(5. 3) $\int_{0}^{\tau}\int_{0}^{Jt}P(u, t, r)\frac{|dg(t)|^{2}}{dt}du$

$=\frac{1}{\pi^{9}}\int_{0}^{\kappa}\frac{l}{2\tan t/2}\frac{|dg(t)|^{2}}{dt}\int_{0}^{\kappa}\frac{du}{2\tan u/2}(\sum_{n=1}^{\infty}r^{n}$ sin $nt$ sin $nu)$

$=\frac{1}{\pi^{2}}\int_{0}^{lC}\frac{l}{2\tan t/2}\frac{|dg(t)|^{\underline{\prime}}}{dt}$ $\frac{\pi}{2}\sum_{n=1}^{\infty}r^{n}s\ddagger nnt$

$=\frac{1}{2\pi}F^{\prime}\{\int_{0}^{lI}\frac{1}{(1-re^{it})2\tan t/2}\frac{|dg(t)|^{2}}{dt}\}$ .

The integral may be written as

(5. 4) $)_{0}^{1-r}+\int_{1-r}^{\{r}=O(\frac{1}{1-r}\int_{0}^{\kappa}\frac{|dg(t)|^{2}}{tdt})$ .

1) For, the integral is the limit of
$\Sigma\sum P(ui, t_{j}, r)|g(ui)-g(u_{i-1})||g(t_{j})-g(t_{j-1})|$

$=\sum\Sigma\sqrt{P(ui,t_{J},r)}\frac{|g(\iota i_{i})-g(u_{i-}\iota)|}{\mapsto_{u_{t}-ui-1}}\mapsto^{t_{j}-t_{j-1}}$

$\sqrt{P(u_{i},t_{j},r)}\frac{|g(t_{j})-g(t_{j-1})|}{1/\overline{t_{j}-t_{f-1}}}\sqrt{u_{i}-ui-1}$

$\leqq\Sigma\Sigma P(ui, t_{J}, \gamma)(u_{i}-u_{i-l})\underline{|g(t_{j})-g(t_{J-1})|^{2}}$

$t_{j}t_{j-1}$

which tends to the integral (5. 3).
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Since the relation (1.8) depends only on the local property of $f(t)$ at
$t=x$ , we can suppose, from the begining, that $f(t)=0|$ for $|x-t|>\delta$ , and
then it may be supposed that the integral of (5.4) in the right side
is sufficiently small, by the condition (1.9). Thus we have proved (5.1).

6. Proof of Theorem 5. From (5.2), it is sufficient to prove that

(6. 1) $\int_{-\pi/2}^{(t/2}\int_{-\iota \mathfrak{r}’/2}^{\iota r/-}\frac{(1-r)^{2}|dg(u)||dg(v)|}{[(1-r)^{2}+(u-v)^{o}\cdot][(1-r)^{2}+(u+v)^{2}]}=o(1)$ $(r\uparrow 1)$ .
By the symmetry, it suffi\v{c}es to consider the integral

$\int_{0}^{\kappa/2}du\int_{u}^{\iota r/2}dv$ .
Let $D_{k}$ be the set

$ 0\leqq u\leqq\pi$ , $2^{k-1}(1-r)\leqq v-u\leqq 2^{k}(1-r)$ ,

contained in the triangle $0\leqq u\leqq\pi/2,$ $u\leqq v\leqq\pi/2$ .
The integral (6.1) on $D_{k}$ is less than

$\int\int_{D_{k}}\frac{|dg(u)||dg(v)|}{2^{(k-1)}\underline{9}[(1-r)^{2}+u^{d}\prime]}\leqq\frac{1}{2^{z_{\backslash k-1)}}}\int_{0}^{lI/2}\frac{|dg(u)|}{[(1-r)^{2}+u^{d}\prime]}\int_{u+(1-r)}^{u+2^{k}(1-r)}0\sim k-1|dg(v)|$

$\leqq\frac{1-r}{2^{k-2}}0\{\int_{0}^{\pi/0}\frac{|dg(u)|}{(1-r)^{2}+u^{2}}I=\frac{1-r}{2^{k-1}}0\{\int_{0}^{1-r}+\int_{1-r}^{\kappa}\}=I_{k}+J_{k}$ ,

where

$I_{k}=\frac{1}{2^{k-1}}0\{\frac{1}{1-r}\int_{0}^{1-r}|dg(u)|\}$

and

$J_{k}=\frac{1}{2^{k-1}}0\{\frac{1}{1-r}\int_{0}^{1-r}|dg(u)|\}+\frac{1}{2^{k-1}}0\{(1-r).\int_{1-r}^{lf}\frac{1}{u^{2}}\int_{0}^{u}|dg(u)|\}$

$0$ being uniform in $k$ . Thus, summing up above estimations, we $get$

(6.1). Thus the theorem is proved.

7. Proof of Theorem 7. As usual if we put
$\overline{D}_{n}^{*}(t)=$ ($1-$ cos $nt$) $/2$ tan $t/2$ ,

then

(7. 1) $\overline{\tau}_{n}(x)=-\frac{1}{\pi}\int^{lr}f(u)\frac{d}{dx}\overline{D}_{n}^{*}-\kappa(u-x)du$

$-\frac{1}{\pi}\int_{-f\zeta}^{lt}f(u)\frac{d}{du}[-\frac{1}{2}$ sin $n(u-x)]du$

$=I(n)+J(n)$ .
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We easily see that

$J(n)=-\frac{1}{2}$ ($na_{n}$ cos $nx+nb_{n}$ sin $nx$).

Hence we have, by the lemma,

(7. 2) $\sum_{n-1}^{m}|J(n)|^{k}\leqq A\sum_{n=1}^{m}(|na_{n}|^{k}+|nb_{n}|^{k})=o(m)$ .
For the first part of (7.1), we have, for $n\leqq m$ ,

$I(n)=-\frac{1}{\pi}.\int_{0}^{\kappa}\frac{d}{dt}\overline{D}_{n}^{*}(t)\{f(x+t)+f(x-t)\}dt$

$=-\frac{1}{\pi}J_{0}^{1r_{\overline{D}_{n}^{*}(t)dh(t)}}$

$=-\frac{1}{\pi}\{’\int_{0}^{1/m}+\int_{J/m}^{lC}\}=I_{1}(n)+I_{2}(n)$ .

By the assumption, we have

$I_{1}(n)=O\{J_{0}^{1/m}(nt)/t|dh(t)|)=O\{nj_{0}^{1fm}|dh(t)|\}=o(1)$

and

$I_{2}(n)=-\frac{1}{2\pi}\int_{1/m}^{\iota t}\cot\frac{t}{2}dh(t)+\frac{1}{2\pi}\int_{1/m}^{\pi}\cot\frac{t}{2}$ cos $ntdh(t)$

$=-\frac{1}{2\pi}\left\{- & cot\frac{t}{2} & h(t)\right\}-\frac{1}{2\pi}\int_{1/m}^{\kappa}\frac{1}{2}$ cosec2 $\frac{t}{2}h(t)dt$

$+\frac{1}{2\pi}\int\pi\cot\frac{t}{2}\cos ntdh(t)1/m=G_{m}+H_{m}+L_{mn}$

where

$G_{m}=-\frac{1}{2r_{\vee}}$ cot $\frac{1}{2m}h(\frac{1}{m})=0(1)$ ,

for $h(t)/t\rightarrow 0$ with $t$ , as $f^{\prime}(x)$ exists.
Collecting above results, we get

$\overline{\tau}_{n}(x)-H_{m}=L_{mn}+J+o(1)$ .
By virtue of (7.2), it is sufficient to show that

$\sum_{n=1}^{m}|L_{mn}|^{k}=o(m)$ .
For any $\epsilon>0$ , there is a $\delta$ such that
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$\int_{0}^{t}|dh(u)|<et/(\log\frac{1}{t})$ , $(0<t<\delta)$ .
Let us put

$h(u)=h_{1}(u)+b(u)$ ,

where

$h_{1}(u)=h(u)$ in $(0, \delta/2)$ ,

$=0$ in $(\delta, \pi)$

and $h_{1}(u)$ is linear in $(\delta/2, \delta)$ and is continuous in $(0, \pi)$ . Hence $h_{2}(u)$ is
also a continuous function of bounded variation which vanishes in $(0, \delta/2)$ .
So we have

$L_{mn}(x)=\frac{1}{2\pi}\int_{1/m}^{\kappa}\cot\frac{t}{2}$ cos $ntdh(t)$

$=\frac{1}{2\pi})_{1/m}^{\pi}\cot\frac{t}{2}\cos ntdh_{1}(t)+\frac{1}{2\pi}\int_{1/m}^{lr}\cot\frac{t}{2}\cos ntdh_{2}(t)$

$=\overline{P}_{n}+\overline{Q}_{n}$ .
Since $Q_{n}$ is $n$ times of the n-th Fourier coefficient of a continuous func-
tion of bounded variation, we have, by Lemma,

$\sum_{n=1}^{m}|\overline{Q}_{n}|^{k}=o(m)$ .

However

$\overline{P}_{n}=\frac{1}{2\pi}\int_{1’ m}^{\delta/2}\cot\frac{t}{2}$ cos $ntdh(t)+o(1)$

$=\overline{S}_{n}+o(1)$ .
Hence it suffices to show that

$\overline{T}_{m}=\sum_{n=1}^{m}S_{n}|^{k}=o(m)$ .
SimIlarly as in the proof of Theorem 1, we put

$\overline{c}_{n}=|\overline{S}_{n}|^{k-1}$ sgn $\overline{S}_{n}$ , $\overline{\Lambda}_{m}(t)=\sum_{n=J}^{n*}\overline{c}_{n}$ cos $nt$ .

and

$\overline{\Gamma}_{m}=\sum_{n=1}^{m}|\overline{c}_{n}|$

Then we have



164 S. Izumi and M. Kmukawa

$\overline{T}_{m}^{k}=\sum_{n\Leftarrow 1}^{m}\overline{c}_{n}\overline{S}_{n}=\sum_{n=1}^{m}\overline{c}_{n}\cdot\frac{1}{2_{\pi}}\int_{1’ m}^{\delta/2}$ cot $\frac{t}{2}$ cos $ntdh(t)$

$=\frac{1}{2\pi}J_{1/m}^{C\delta/2}$ ( $\sum_{n=1}^{m}\overline{c}_{n}$ cos $nt$) $\cot\frac{t}{2}dh(t)$

$=\overline{2\pi}J_{1/m}$

1
$r_{\overline{\Lambda}_{m}(t)\cot\frac{t}{2}dh(t)}^{\delta/2}$ .

Hence

$\overline{T}_{m}^{k}\leqq\overline{\Gamma}_{m}\int_{1/m}^{\delta}\cot\frac{t}{2}|dh(t)|=o(\overline{\Gamma}_{m})+0\{F_{m}\int_{1’ m}^{\delta}\frac{dt}{t(\log 1/t)^{a}}\}$

$=o(\overline{\Gamma}_{m})+o(\overline{T}_{m}^{k/k^{\prime}}m^{1/k})$ .
Thus we get

$\overline{T}_{m}^{k}=o(m)$ ,

which is the required.

8. Proof of Theorem 8. As in the proof of Theorem 7, it is
sufficient to show that

$\sum_{n=1}^{m}|\overline{S}_{n}|^{2}=\sum_{n=1}^{m}|\frac{1}{2\pi}\int_{1/m}^{\delta/2}\frac{\cos nt}{\tan t/2}dh(t)|^{2}=o(m)$ .

For this purpose we have

$|\int_{1/m}^{\delta/2}\frac{\cos nt}{\tan t/2}dh(t)|^{2}=\int_{1/m}^{\delta/2}\frac{\cos nt}{\tan t/2}dh(t)\int_{1/m}^{\delta/2}\frac{\cos nu}{\tan u/2}dh(u)$

$=\frac{1}{2}J_{1/m}^{\delta/2}\int_{1/m}^{\delta/2}\frac{dh(t)}{\tan t/2}\frac{dh(u)}{\tan u/2}\{\cos n(u-t)+\cos n(u+t)\}$ .

Hence we get

$n=1\angle_{-}\nabla\urcorner m|\overline{S}_{n}|^{2}=\frac{1}{2(2\pi)^{2}}\int_{1’ m}^{\delta/2}\int_{1’ m}^{\delta/2}\frac{dh(t)}{\tan t/2}\frac{dh(u)}{\tan u/2}\{\frac{\sin(m+1/2)(u-t)}{2\sin(u-t)/2}$

$+\frac{\sin(m+1/2)(u+t)}{2\sin(u+t)/2}\}+o(m)$ .

Thus the requIr $e.d$ result shall be obtained by the same argument used
in the proof of Theorem 2.
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