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1. Introduction. Let Q be a domain with a bounded boundary r of 
Rn . We consider the mixed problems for the hyperbolic system of equations 

( 1 ) 兵μα向向ψ也υj

(い川u的州附jバ刈(仰川O
×… xD(a! 

with boundary conditions 

i=1 , ・・・ ， k, 

j=1 , …, k , 

"，ιj • 目

(D) Ujlr = aUjlr = ・・・ =a2 "Ujlr=U , 
or 

(ム X) ε (0， T)x Q , 

j=1 , …, k 

(N) は十川41=は十州側J: = 
=(ふ+ρ叫71イI=o ， j=1 , ・・・ ， k，

(_ a 7"¥¥ ~ a刷j , _1 1"" 7"¥¥ a拙r- 1
respectively, where aij( X， 一 ， Dx) =Òij-::'::;'~ +alj(x, D) 才+… + a;j j(x, D) ¥ ' at' -J .J atη'j -J'" at'''F'1 .J 

1 a +(loωer order terms), a:j(x, D)= .E d~j(x)Da， D=(Db '..， D，よ D，=- _L V __, 
イ-1 axz 

ﾒij is a Kronecker delta, 11lj is even for all j , and let all of the roots 7:九8(Xぶ， ç剖) 
(s=1 , ..一"， n1 1 +'一….一. + 11lk) with r閃es叩pe配ct tωo 7: 0ぱf the characteristic equation 

de似et (い似怜Wαdι刷!L以jバ(伊X， 句吋叫ç)) =0 be pu 削m 叩
for Xερ and I陪附E副1=1 ， where a~j(ふれ ç) is the principal part of aij (x, 7:, �). 
Furthermore let a(x, D) be a uniformly elliptic operator such that a(x, D) = 

-.E-}山)f+(fowvofdef tms)，山)=山) are real-valued func・
i , j QXi QXj 

tions and .E向j(X)çiçj;;::'òlçI2 (�>O) for X ερand ç εFP. 恥10reover D(α)= 

r..~ TJ2/m.( a ，~/_\\..! _(¥) H2 (ρ)nH01 (Q) 01" D(α)=!u ε H2 (Q); 十一一+ρ (X))u' =O~ according as we con-r' ---,--" ¥ an ',- ,--, r I/' -J 
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sider Dirichlet type boundary conditions (D) or Neumann ones (N) respectively, 

-!--is the conormal derivative of a (x, D) at the 同nd的 r andρ (x) εC∞(F) . 
an 

Furthermore we assume that after applying (any) coordinate transformation 

(U什{}， Unr)→ (R空 ={νε Rn; Yn>O} , .R純一 1= {νεW; 仇=O}) such that on 

the boundary the conormal direction of a(x, D) is changed into the normal 
direction, the coe伍cients of the principal part of (1) containing odd power 

of τ互- are zero on the boundary .l1!'-1. 
ay" 
In the present paper we will extend the theory of Calder�-Zygmund's 

singular integral operator to that with boundary conditions and as one of its 

application we will prove that the above mixed problems are solved by means 

of the method of semi group analogous to the cases of second order. In 

~ 2. 1 we construct the theory of the singular integral operators with boundary 

conditions on Rて and next we extend it to one on the domain {} with 

bounded boundary in ~ 2. 2. Here we avoid to use the principle of reflection 
as we can as possible, because it will be expected that the theory of our 
singular integral operators is extended to that with respect to elliptic operators 

of higher order. Finally we show the Energy inequality and the existence 

of resolvent in ~ 3. 

Concerning the mixed problems it seems to us that J. Leray asked what 
ones for hyperbolic systems of equations of higher order of Petrowski-Lerayｭ
G舐ding were well-posed ([11 ], the third part, Introduction). Later extending 
Cauchy-Kowalewski theorem to mixed problem G. F. D. Duff [7] treated the 

mixed problems for the case of single equation and a = A in the quarter space 

(see also S. Mizohata [13] and S. Miyatake [12]). With the progress of reｭ

searches of boundary value problems for elliptic equations, applying them to 
the mixed problems for hyperbolic equations has been considered. In particular 

S. Agmon [1] showed that the certain mixed problems where the coe伍cients

of the differential operators are constant and the domain is quadrant were 

well-posed. On the other hand the mixed problems for systems of first order 

have been developed by Friedrichs-Lax-Phillips, Agranoviと and so on. Howｭ

ever, it seems to us to be confronted with a large di伍culty in the process to 

reduce the operators of higher order to the system of first order theoretically. 

Furthermore concerning the di伍culty of the mixed problems A. A. Dezﾏn [6] 

pointed out from the general viewpoint of partial differential equations (see 

also [9]). 

For the simplicity of the description we assume that the coe伍cients of 

the operators are su伍ciently smooth and bounded with their derivatives in 
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B勾 and the boundary r is also su伍ciently smooth. Furthermore we will 

be concerned with only single equations (see Remarks in ~ 3). In this case 

we write (1) as 

/ � ...,.\ /ò2冊 ò2岡 1 ...,., ¥ 
(1') Lu = alx ， 一一， Dmlu=l +G1(z， D)一一+… +az"， (x， D) J u + ¥ ' �' -J ¥ òf柄 。f制ー 1 _...", I 

(lower order terms)u= J , (t, x) ε (0， T) x g. 

This article is the extension and details of our previous papers [3] and 

[18] . Finally we note that the necessity for the condition about coe伍cients

of equations mentioned above is obtained by [19]. 

~ 2. Singular integral operators with boundary conditions 

2. 1. Singular integral operators with boundary conditions de6.ned 

on B"'c. 

Defi.nition 1. Let 8';' be the set oJ σ (x，~) such that σ (x，~) εc;:7(R空×

(_Rn_ {O}) (this means that σ (x，~) is defined on .R':. x (Rn一 {O}) and all 

derivatives oJ στ:vith respect to x and ~ such that the order with respect 

ω x is not higher than Jour are continuous)， σ (x， 芯)=σ (x，~)for .<>0 and 
Jor eveゥ integer s(;;;:::O) 叩e have the Jollo叩ing estimate. 

(2 ) 
i/�"/� γl 

supil~\I~\σ(x， ~)I 三 M.(σ)< ∞.
/,, /<;4 x長~I¥ �) ¥ ò~) ,,-, I 
/./<;. /<1 ~l 

Let 1:= {~E .Rn; I~J=l} and let {Yz ，，，，(~)} be a complete orthonormal 

system in V (1:) such that every YZ刈(~) be a real polynomial of spherical 

harmonic of homogeneous order l and J!九(~)d1:=0 
Then for σ (x， ~)ε 8';' ， we can expand it such that 

(3 )σ(x，~) =:E σl ，隅 (x)Yz刈(~) in V(1:) , 

here σz山)=Lσ(川)九(~)d1:

Moreover, as well known we obtain the following estimates. 

(4 ) 

liPY YM(5)| 《c(n， u)f;(日)十 ul ，
lξfPl I ~ af) 
the number of m is of order r-2 as l→∞， 

11 コ、"
:E SUp 11子iσ1 ，，，， (x)l.;;;; c(n , k)M2k (σ)r2k~T ， where k is an 

/p/引叫R~I¥ dX! 

arbitrary non negative integer. 
岸

De6.nition 2. Let ~ be the a信ebra generated by σ (x，~) and J(x) 三ι
I~I 
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with the following jうro)う'ertたs:σ(x， ç) ε B;' ， σ (x， Ç'， ι)=σ (x， ç',- çn) , f(x) ε 
貯(1:':) and f(x' , 0)=0 , hel陀-e xぷ， ご 』ωill der仰note x=(x定九1>….一'， xぶ，勾ι I> xιn) = (xどιF:， Zι，ηn) 
ご=(倍3ι1， ..一"， çふ5己ι7ηι l> çふごç，ι.)= (ぽミ;'， çι，，). For α (x， ~)ε~ consider the singular integral oper司
G向fα(x， D) as follows: 

where 

α (x， D)u = F'α(ぷご)F引X.， >0 

(FU)(5)=jJ-MU(z)k , 

(F'v)(e) = (2π)PJJ 

for u εD(R~) ， 

むモ D(Rn) , X�= L: Xj輕 

1= イ 1 ， and �(x) is the extended functioll of u(x) to R勾 by deβ1Íng it ω 

be the odd function 01' the even one with r・2学ect to Xn. 

F川ermore for α (X， ç)E~ ， let Ms(← min(M，，(σ)+がい川山)x

ι\\ ， where α (x， �) = σ (x， ç) 十三 σj (x, �)fj (x) ι モ羽 Then lv1s(α+α2) ~ 
l輙Jr "_" '0' j 二 1"' ,- 'J  - , 1 � 1 

1'1,118 (α1)+M8 (α2) and 1I{， (αlα2)~ M，，(α1) M，， (α2) 

Definition 3. Let A~ ， ﾆ_ and A2 = -L1 ， ωhose definition domains 正lre

(με H2 (R";，); 戸 (x' ， O)=Of , H2 (蛇)吋 (U";，) ωzd H2 (Rn) , 1'espectively 
a:rn J 

Then thり ω'e seσ"'adjoint operators on D(R";,), D(R";,) and D(Rn), res.戸c・

tively. Let A = (疋)ヘイニ (Aそ)"and A=(ﾆ)" then we see that D(A , )=H1(U";,), 
D(A. ) 二 H01(R":.) and D(A)=H1(Bn). 

Lemma 1. Let u (x) ε D(A士)ωzd α (x， ç) ε~. Then α (x， D)u ， α (x， D)*μ 

ε D(イ士 ) whe1'e in Definition 2 we assume that u(x) is the odd extension or 

even one of u (x) 1'espectively acco1'ding as the case 叫んere we conside1' A 

01' A+ ・
In what follows u (x) will be def�ed as above. 
Pl・'Oof We will show only the assertion for DC1_), because the proof 

for D(ム) is more obvious than that for D(A_). 

Let 

F u(ご)=JRJ-M'f 刷工ふ)u(ど品川ム (for ç，ぷ 0)

F M5)=4(b)1JdF州xnçn)叫んら)dょ・ for u E D( R':) 

Then we 五nd that u ε D(ム) if and only if F-u(ミ) and 1;1 F-u(ご)ε D(R";，).

For if u(x) モ D(A_) then from F 州ç)= 1 F� (�). ,,' it follows that F-u (ご)
つ l~n>O

and lçIF-u(三)モ D(R/';). Conversely let F-u(ミ) and l輙F u(ç) ε D(R";，). Then 

Fﾙ(�) and lçlFü(ご)ε D(_Rn)， from which ù(エ)ε H1(Rn)and u(ぇ持 Hl(R";.). Next, 
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to show u(x) ε HHRマ) let us set partial Fourier transformation F� such that 

for u(x', xn) ε D(R":) 

(F; u)(~'， x ,,) = 

Then we see that 

川(h)=;;:sin 州向(~'， ~n)d~n 

Furthermore from the hypothesis it follows 

jC(F u)(仏)(必n

~ (r(l+長)!(F -u) (e， ~n)[2 d~川:Hi) 判3< ∞，
and 

:(Fl- U)(e ， ゐ)[2 

《釘寸CイCr(lρ1 +~~，忌釦引:引引)1川!Hv(伊山州Fハ向刊u叫州)(児(侍ぽ~'ι幻“仇ω，に1冗丸，~ふふ必3ιιω，，)川)[2 必必弘吋ηnj~(山';l)-lぬ f伽O町r x丸，，>刈o an叫n凶d a.e. 1;' 

from which it implies by virtue of Lebesgue'、s theorem 

(Fl u) (e, 0) = :: lim ¥ sin (xn~n)(F u)(~'， ι)dι 
Z æ • o Jo 

=f f!?in凶(F 叫(日)か 0
hence 

( 5 ) !E叫~J~にじf二OOj (F伊F1れ1バ川川u叫州州)(

=寸r二二∞J! (恒町F1-u州 O州)[2 di符'~'= 。
On the other hand we see that 

(6) r仁!\二コ∞」J川片|Hr
From (恒伺5町) and (何問6剖) i江t follows 

!?off(ZM)lzdz'=o , 

that is, u(x) ε HJ(R'1). 

for a.e.e , 

Now we will proveα (.T， D)u ε D(A_) for u ε D(ム) using the equivalent 



6 T. Shirota and K. Asano 

relation stated above. Let α (x， ~)= f(x) ~_~ and f(x' , 0) = O. Then 
I~I 

α (x， D)u 士 FWJ)Fa!=fh)FF皇 Fùl
12n>o|5llzJO

From f(x' , 0)=0 it implies α (x， D)u ε Hc(R":.). 

Furthermore let α(x， ~)ε E';' and α (x， Ç', ~n)=α (x， Ç', -~，J Then by virtue 
of (3), (4) and regarding that α (x，~) is an even function with respect toι 

we see that 

( 7 ) α (x，~) = I: α1 ，叩 (x)Yι'n (~) 

where Ytふω制μ，，， (~侍伺5剖ト)= ; ( YZわl.m剖"' (Ç', 

on (はZ川川，~)釣)同ε一亙厭~ x (恒R"-一 (例的州) 
Then we see by the characterization mentioned above that every 

αz刈 (x) Yz ，m(D)u ε D(A_)， because F'αZ刈 (x) Ytム (~)Fùlxn>o= αt ， m(x)F 'Yl~nぁ (~)F-u ，

Yふる (~)F u(~) and I~I Y/"，(ご)F-u(~) ε D(R~). Hence we have only to show 

that I: αz ，m(x) Y，み (D)u converges in H1 (R~). But it is easily seen from the 

fact that this expression converges in D(R~) by virtue of (4). Furthermore 

from (4) and by the fact that れみ (D) A_u= A_Y… (D)u for u ε D(A) we see 
that above expression converges in H1(R"c). 

We also find thatα (x， D)*u ε D(イ) for u ε D(A_). To prove this let 

α (x, ~)=f(x) 一名 , f(x' , 0)=0. Then for every v ε C';(R" ) 
| I~剖

( T'>." ¥ / N'  1 � ¥ (aα(伊x， D)*μ杭， A v)xいP
j"n/V ¥'  " ;-n/v ¥"J" ,J-l �n )Xn>O 

1 / � i r , -" ¥ 
=一一(_:;V (f(x)u) , vl 

イ 1 ¥ �n J Jxn>o 

from which we 五nd that 

1 (α (x， D)*u, A_v)xn>ol '(Cj IU Il 1,L'<R;'ll\v\ lx,. >o , 

where ¥¥u¥¥;n>o = )R;' ¥ul2dx and (い}<n>O=)n〆dx for u , v E D (政)
This implies α (x， D)*u ε D(A*) = D(A_). 

Furthermore let α (x， ~)ε B';' and α (x， ~/， ι)=α (x，Ç'，- ι). Then we find 

thatα (x， D)*u = I: Yzム (D)αz ，，，， (x)u. Moreover every term on the right is in 

D(A_) and similarly to the case stated above this expression converges in 
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Hl(R~). This implies α (.r， D)*u ε D(A). q.e.d. 

Theorem 1. Let α (.r， ç) ωd ß(.r， ご)εm. Then for u (.r) ε D(AòJ we obｭ

tain the following estimates: 

( 8 ) 

(9 ) 

(10) 

(11) 

l l h h , D)イ士 4μ削α(μxゆ， D)) μぺιレい忽い〉0 《《ωCαλ凡札4ιι仙nバJ川川川tパM刈川(a刷州州α叫州刈州)川川11

1Hμ伽(a似α叫(件Zぶ.r， D)内*/1七士 ιιい制土J訓α州(伊Zぶゆ， D)*竹引川川)μ川uベ引I 忽 > 0 《dCλ札4ι匁バ川川(a刷州α叫州州)川川11μl山ul lx，μII"'n>oレ\Xnν川勺~ψい，ηρzρ円〉刈o , 

11 (α (.r， D)*-a坊ωμ ム《ω(α)Ilull x 土 lixρo ~ '-./.Ll'_L 2([ßι]， 1) 

'1 (α (.r， D)ß(.r, D)一(吋)(:r， D))μ|い

壬三CM2([ト]，1) (α)MZn(戸)lIull Xn>O , 

wlzere a:!(.r, D), (α oß)(.r， D) αre tlze οtperato何回itlz ザmbol α (.r， ç) ， α (.r， ç) 戸 (.r， ç), 
resjうectively， [ ] denotes Gauss symbol and tlze constant C depends only on 
dimension n. 

In the following C will be used to denote various constants depending 

only on 11. 

To prove Theorem 1 the following Lemmas 2-11 will be needed. Hereｭ

after the proofs of Theorem 1 and Lemmas 2-10 except Lemma 11 will be 

carried out only the case of A， ・ In the case of A _ the proofs are obtained 
by regarding � (.r) in the proofs mentioned below as the odd function. 

Notation. For a(.r) ε 貯 (Rで)， k: 1Ion negative integer, let 1 a 1 k be the 
norm of a (.r) such that 

lal 正 =lE コ!(ニハル
and for a(.r) ε ~k , � (R':) , k: non negative integer ωld 15 is αconstant such 

that 0<15< 1, let lalk ,j be the norm of a(.T) such that 

lalki�= lalけHölder ωnstant of order δ. 

Lemma 2. Let u(.r) ε D(A，). Then A+u=Aùlx，， >o ・

Proof Similarly to the case of D(A_) in Lemma 1, let 

F 十 u(ç) = JR~e 向'$' cos (品川(エい，，)d.r , 

r 'u(�) = 4(2π)njnfsm(品川(.r'， .r,,)d. 
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Then 

(F+u)(~) = ~. (F�)(d 
よ:j i~n>O 

and (F' 'u)(~) = 2(F匂)(~)I ら>0 ・

From our de五nitions it follows that 

F ト(ムu)(~) = I~I (F十 u)(~) (ι>0) ， 

and that for v(x) ε D(A) 

F(Av)(~) = I~I (Fv) (t;). 

Thus it implies 

A ,u = F"F+A+u = F' '(It;1 (F+u) (t;)) = 2F' (I~I (日)(t;)) I 忽 >0

= F' (1~IFù(札〉O=ML

Lemma 3. Let a (x) ε 'i1j4( R':). For u(x) ε D(A ，) 

;(α (X)ム -A a(x))ul ~ClaI41Iullxu>0 ・
l、〆 ixn>O

Proof Let us decompose a(x) as follows: 

a(.r) = a1(x')+a2(x')x" 十 a3(X'， x，，)x~， = b1(x)+b2(x) , 

here b1(x) = a1 (x') +向 (x'， x") r,, , b2(x) = a2(X')Xn. 
Furthermore choose $D (x) ε お (Jf7';_) such that 0 ~少(x)~l ， $D(x) = 1 for 

O~ぶ， ~1 and $D(x)=O for xn~2. 

Then 

山)=仰)bl(X)句(x)b2 (x)+ (1 一仰))仲)
三 a4(X) +αS(x)+a6(X) . 

From our decomposition we see that 

J
h
ｭ

E
E
 
8
 
e
 

刈F、
υG
 

1

2

 

/
、
\
戸

z

z
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o
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土
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Q

and ã6 (x) ε 'i1j4 (If'!') . 

Now by virtue of Lemma 2 it implies 
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(α (x)A 十 -A+a(幼)u

=(δ(x)A+-Lã(x))人η

=(δ4A -Aã4) 利 x，，>O+ (�5A -A弘)alzn〉o+(δ6A -Aã6)ül x，， >0 ・

Because of �4 and ã6 モ ~1 � (lln) , the 五rst and the last terms are bounded by 

C lI�l x ,,>o( = C lIull x ,,>o) from the theory of the ordinary singular integrals. 
Hence to complete the proof of Lemma 3 it su日ces to prove the following 

such that 

O<:xn<:l , for 

Let a(x) ε~Hδ (Rで)

山)=(;1

Lemma 4. 

Z匁 ~2.for 

Then for u(x) ε D(L) 

. (α(Z)A-dd(Z))424〉odlG|181lullvo

Pmof Since Ct:(Jn) (this means the set of all functions u(判明ch

that u is C拍 function with compact support contained in 1(1';) is dense in 

D(A+) it su伍ces to prove this lemma for u ε Cü(Rで). 

Here we remark that hereafter we may prove following Lemmas 5-11 

for U(.T)ε Cü(R~). 

Let Rj be the operator from V(Rn) into itself such that 

-ーも (Fv)(~) 
I~I 

一

1
i

l

一
l
u
v
 

一
一

A
H、
，u
 
eJ 
R
 
F
 

り (x)ε V(ll:").for 

From this it follows that 

?ι ヨ n ヨ

Au= ~子-Rju = ~Rj 三三宮
j 1 aXj j~1 aXj 

u- 主 Rj ~里万
j~1 aXj 

(的)A-Aã(x))ií =討(x)Rj-Rjã刈えand 

Where _j_互 is not continuous but bounded, so each of the second term on 
aXj 

the right is bounded in V-sense. 

first term on the right. 

To this end we set 

Therefore we may investigate each of the 

v , (X) = ¥ (仰)- ã(y))Rμ-u)-oa(ν)dν 
J 1" .YI;;.ε UYj 
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= 11日I~ ， (的)-ã(制)Rμ-州y)cos

+jlzMZ川X-ω ií(ν)dy

+土L同忽 山 (何附附引仲州Z刈) 州州州)(ほιかR叫吋jう小伊)(い(伊(X-y
三 v;(X) + τ吋J;引;(X)+ v;(X) , , 

where S戸 {XεR"; [x[= ε) 

Then we may show the following estimates: 

?rlid(判IIxn>o (i = 1, 2, 3). 

We at 五rst estimate v;(x). 

Hence 

r ã(x)-ã(ν) 
!(x) = ¥ "¥""'1 '"";~. [x-y[Rj(x-y)ií(ν) cos IjdS,. 
J Ix-Yh [x-y[ 

|叫 (Z)lq(Z)|1CLSdla(Z+εω) [♂ 1必1

=C[仰)[1 L. [ù(x切)[dS1 

The right hand tends to C [a(x) [1 ωπ [ií(x) [ asε→0， where ωn= ¥ dS1 
J8 

Therefore 

liT1ld(z)limn〉0 《 Cla(z)|11iu(z)iiz 〉0 ・

Next v~(x) tends to v.ρ.Rj(x)*( ^å空引 (x) asε→0 ， hence 
¥ (jニrj / 

lir iid(z)ll~〉0《 |δ(z)|Ilia(z)iLn 〉o=la(x)|1iiu(z)lizJ0 ・

Finally we estimate v; (x). We decompose it as follows: 

v;(x) = ).';IX-YI く 1ぬ+jlzJV
= v!(x)+v5(x). 

From Iv5(x)1 ~ 21δ (x)lo!( ~Rj(x) \ 同[ ií(羽 landJ Rj(z)tO(|z|η1) , 
円。Xj "')  Ixl;>l[ . 藕j  

it follows 
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If I � n I 1 \ーI\v5 (x)lL"n>o:::;;;21δ(x)lo( ¥ I~Rjldxl' l\ ù(x) l\ xn>ぷ CI a(x)/o l\ u(x) l\ xn>o ・
¥Jlxl;;'ll�j � ) 

Furthermore we estimate v!(x). 

We see thatδ (x)=a(x) and ã(y)=α(ν) on バ Ix-yl<1 where xn;;;;: 1. Hence 
by virtue of the theory of ordinary singular integrals it follows 

lblM(劫limn〉1=lr(jM

Moreover we estimate v!(x) where O<xn<1. By a(x) set the odd extension 

of a(x) to R匁 with respect to X n • Then 

d叶バimp-z叫乏Rj)日
+~…l く1(E(ω -ã(州かう日
三v~(x)+v;(x) . 

As �(x)=�(x) on Xn>O and å(x)ε~1吋 (Rn) ， v~(X) is estimated similarly to 

the case where x ,, ;;;;:l of v!(x). Hence 

151ld州くxn<l=1 

To finish the proof. we may estimate only v;(x). As ã(ν)=a(y) on y";;;;:O , 

バ(x) = 2¥ 向(山!三Rj l(x一例)dy
J ，バ Ix-yl<1 ¥ aXj / 

= 2¥ αa1 (ωνがω山，ワ)川νn(+一R則jパ) (伊x'一νy' ， x，ふ抗肘匁~，+切U仇叫n
J山e勺aバ凶ζ刻吋l同x' 一ι完凡匁lκ<1 ¥ V必吋j / 

where ê釘1=寸d占i凶sはtan叫x， {仇xn =斗O叫}

Hence 

Iv;(x)l:::;;; lallCLn Yn (l x'ーがI+xn +れ ) -n-l/ù(y', -Yn)1 dy 
".・a十‘，

d同|ι(Ix'ーが I +xn +Ynfn lù(y', -Yn)1 dy 

Using Hilbert's inequality, we see that 

I¥v;(x)l¥xn>o :::;;;q a ll I\ U(x) l\ xn>o ・

From the above statements, by passing to the limit, we find that 
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uεD(イ十). i(α(.r)ムい(X))ullwdlGIllJlullぃ

Let a(.r) ε )JY(Rて)， A(ç) ε E:; and A (Ç'， ι)=A(Ç'， ι). 

for 

Then Lemma 5. 

for u(.r) E D(A ,) 

!I (日(μωd叫(♂刈)A(仰倒D)A， 一 A(仰D)イ+a訓α削(はZ刈刈)リJu以川u広刈!!| < C | G叫!川ι 2バ(叫州A刈)川11μ川川|川川川μ川叫11い芯いP
l、ノ I xn>O 

We de五ne ﾃ (D) as follows: 

ﾃ(D)v = F'A(�)Fv 

Then A(D)u= 立 (D)almJofor uεD(B";，_). 

Proof 

り ε D(Rn).for 

From this and Lemma 2 it follows 

I (α(川(D)ム -A(D)A ト a(.r))u

:= ii 土 (δ(川(D)Rj一λ (D)仰は))型一一幻(D)Rrßã u 
¥/34Ej  j=1334Ejlru> O

<I: (δ(.r)立 (D)Rj -λ (D)附)J ~ðu :: + f: 'Iﾃ(D)Rj Jã~ ﾌ1 
、 ， o.rj i! どη>0 j=l oXj :vn>O 

Second term on the right is estimated as follows: 

土liz(D)Rj竺Ì1 11 <C1allMo(A)llu'llxn>o 
J-c-1il UXj l:xn>o 

Hence we shall estimate the first term on the right. 

F(ﾃ(D)Rjv) = -;-1 _ A(ç) ιFv and A(ご) ，~~ -is of positive homogeneous de・
J ノ イー 1 ,-, l輙 ,-, l輙 

From this, provided ¥ A(�) -，~~-d~=Clキ0， dividing --; 1 _ A (ご)む
Js '_' lçl イ -1 ,_, l輙 

into A1 (�) + _cl_, it follows that there exists a function f(.r) ε ek(Rn一 {O}) of 
Q)n 

homogeneous degree (-n) such that 

For vε V (ll") ， 

gree zero. 

and ハ
リ一

一s
 

d
 
z
 

万
R
S
E
E
-
-

冒
『

w

F'(Aj(�))(.r) = v.P.f(.r) , 

ljLrzlDα刀z)| 《 ClαlJ511ki閉IDaA1 (ご)，

ζC I: suplD代A(ご) 1 
lα1.豆ηγ1 十 k /, 1;>1' 
obtained above and making use of k = 1 

the following estimate similarly to 

Replacing Rj(.r) in Lemma 4 by f(.r) 
in the above expression, we can prove 
that used in the proof of Lemma 4 

(1.-- ( ¥ ~ I T""'>.¥ r¥ Z' I T"Io¥ r¥ ,_ I ¥ ¥ � 
11 
((�(.r)A (D)Rj- A(D)Rjα(Z)j-7||~〉O 《 ClG[4MV2(A)llullzn>0¥ ' . / 
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Therefore 

(α (x)A(D)A~ -A(D)A トa(ヱ))U!i ~ClaI4Mn ， z(A)\\u\\"n>0 ・ q.e.d.
l、ノ Xn>O

The following Corollary is obtained by the same method used above. 

Corollary. Let α (x) ε'iJjl +ß (B~) and A(~) ε B';' . Then for u ε D(A) 

ii(ã(X)Ã(D)A-AÃ仰Ml 《 C|a|1 ト "Mn+z(A)\\u\\
Now, for 可(ご) =-~'， de五ne the operators r;l (D) and η (D) as follows: 

I~I 

万l(D)� = F'可(~)F� ， 方 (D)u = 可l(D) 定 for uε V(llて). 
Xn>O 

Furthermore for convenience of calculations set ザ (D) as follows: 

ザ(D) μ = F'(r;(ご))2Falzpz>O for uモ V(ll") . 

Lemma 6. Let a (x)モ貯(#片). Then for uε D(A 1 ) 

:1 (r; (D)仰)山川(D))fuzJC同 141\u\\ ",, >0 

1 ai[ I 
Proof. From 可 (D)A， u ニー and Lemma 3 it follows 

イ 1 axn 1",,>0 

ll(雪印同一山(Dμ引い0
勺(D) (α (x)ム -dd(z))u|lx JM(D)いは)u-α(川(D) い\\"，，>0

dla|4ilull~J 旦よ)u-a(ヱ)-MllIIOXn --¥-/-- -¥--/ OXn I!xn>o 

~CIα141\uIL ，， >0 十 C! all\lul\" ，， >o ~ C!α 14\\U\1 "..>0 ・

Lemma 7. Let f(x) ε ザ (nn) ， f(x' , 0) = 0 , A(~) ε 8';' and A(~' ， ~，，) = 

AW， -~nl. Then for u(x) ε D(ム)

I ， (f(川(D)ii (D) -A (D)f(川(D))1uk>odlf|lJfnz(A)llullmz〉O
Proof. We see that 

可 (D)A， (D)A， u= F'(η (~)A(ご)I~I F引い =F' (.;1 (ご)ιFH))。

= F'(A(~) F( 二1 ai石川 =土c;- Ã(D)(_a!L ¥1 
、 \ザー 1 dXn ) ) i "',, >0 .; -1 ¥ dX" ) :",,>0 

and A(D)f(川(D)い=土 Ã(D)加工)__~ìí 11 f� 仰 is the �d func・
イ -1 --,- '\," ,--, ax" )I"n>o --- aXn 
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tion, from which and the theory of ordinary singular integrals it implies 

I1 (μμ川I(ヤμ川(υ似凶f刀hμ(は凶州Z羽)
=ιII-~一一土 {仔仇J(川(D)♂aií 一λ仰畑(ω倒D)J(x)伊ωZ羽)ß竺匹何互互互¥1 | 
11 '1/-1  ¥ dXn dXn Jlixn>o 

~c!J(ヱ)|1 十 δMndA)Il�l ~qf(X)ll吋Mη'2(A)ll u ll xn>0.

Lemma 8. Let f(x) be as in Lemma 7. Then for u(x)モ D(ム)

I1 (川(D)ムムf川D))uiM0dlfiHalulan〉O
Proof From that 7)1 (D) 辺 is the odd function it follows 

1I (レμ川I(ヤμ川(υ似川f刀h州(件例州Z刈)
=IL且.f'釘f'、 (伊x)川可m似1(D)Ai1 辺 AJ(伊x)河η抗似lバ(D) 剖引I X~>O 

ζ1I (J(x)A -A.f州I(D) 沼レ。~Clfll十 ðllull x,,>O 

Lemma 9. Let f(x) be as in Lemma 7. Then for u(x)ε D(A+) 

1I (内)写(D))* -J(榊(D))A十円lMod|flIJlullvo

Proof Let v (x) ε C~(R"r). Then 

(((υf(x羽) 可刷(D))* 一 f(x判) 可引(D))A+刈 v)入Xn
= (u , A+f(物(D)引い - (J(x) η(D)dJJ))m>0 

= (u , (Aぷx)方 (D)-f(x)η (D)ム)引い

+ (u，f(x) η (D)υ) Xn>O -(J (x) 可 (D)A fU, v)"'n>O 

From Lemma 8 the absolute value of the 五rst term on the right is bounded 

by Clfll+�llullxn>ollvll Xn>O ・ The rest terms on the right are calculated as 
follows: 

(u， f(z) 万(D)h)z>0-(f(ヱ)甲山)A+u， v¥..>o 

= (u,f(x) ，~マ 1引 -(f (x)ー土 aÎÍ_ , v ¥ 
¥ '1/ -1  dX,,! >:，， >0 ザ -1 dXn / 

From this it follows 
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(仏f川D)A+vtn>O -(引制D)A+u， v) 叫〉oldlf|11lullmn>0||叫IXn>O
Hence 

I( ((f川町)*-f州D))A+u， ψり山)入LμんU忽叫~ψ引?ηρ刊zρ円ぷ〉刊0
Because t出ha叫t C~れ(R'!j_引) iおs dense in V (R";.引)， it follows 

!I¥( (fl刷D))* -f 州Dμ ul!xn>o ~C釧C引仰Clflげ山川f刀|
Lemma 1叩o. Let fl刀(X判) be aωS 1仇n Lemma 7. Then for u(x)ε D(ム)

11 (り州x)可 (D)-f州D))A+ut>O ~ 
Proof. We see that 

17'" 1 oii ¥1 守 (D)f(x)η (D)ムu=F'η (~)F ff(羽← I .L:; :f~ ) 
ベイ-1 oXn ) Ixn>o 

15 

_ , ~， ;., ~ 1 o�! 
and ザ (D)A u =F' 万 (ç)2IçlFii k>o = F'η (ç)Fミニζ , from which it 

イ-1 oXn IXn>O 
follows 

(州f(x)可 (D)-f(x)ザ (D))い|ふ
11 (T"I Ic.¥ T" ~I ¥ 7-1 ¥ r"1 /4l.¥ r"  ¥ a1i 1I 

~li(F' r; (ç)F.f (x)- .f (x)F' r; (ç)F) ::'~ il 
1I ' I dXn Ilxn>O 

~li(RnJ(x)ーか)凡)グt , n ~C1 JI1+ð1l辺 11 ~C Ifl l+ð llullxn>o ・
11' I d内t ilxn>O 

q. e. d. 

Now decompose Yz ，明 (ç) as follows: 

Yz刈 (ç) = Yz川 (ç' ， ι)

I T r I 11:..1 ... ¥ • 't T I t:..I ... ¥ ¥ 1 1" r 1 "",/... ¥ "( T I A.I ... ¥ ¥ 

~ (九(ç'， ι)+Yz ，m(ç'， -ι)) +一(Yz ，mW，輜)-Yz ,m(ç', -ι)) ¥ "..".. .." ".., ,. . .", / 2 ¥ .,... ,. . .", .,... ,. , .--'! 

三 Yz~m(ç'， ι)+ Yzム (ç' ， ι).

Then we find 出at 悦ry Y ,;;"W, çn)((Yz~m(ç'， 輜)) becomes an even (odd) func-

tion with r 呼ct to ι and )1' YzんμωJユ~引λnバ必(ぽ5山=�=L 巳九山:ム以J明m(çぽ5
Lemma 11. We have the following estimate for every l , m and α. 

計-Rl(U Yふ(Ç'， 輜) 1 叶(会 )α 九(ç'， çn)1
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We see that 

rRi( 会，-)" 九州ト!??RKL)

Proof. 

q. e. d. for every 1, m and αFrom which it implies the desired inequality. 
We shall prove Theorem 1 using the preceding Lemmas. 

Proof ザ Theorem 1. Similarly to the proofs of Lemmas ;1-10, we may 

calculate this theorem for u(x)EC';(R7';_) and v何回 C';(U"'() if it needs. Without 

loss of generality, it su品ces to prove for α (X， ç)= ω (X， ç)f(x) ふ
l輙 
and ß(x, �) 

=b(x, ç)σ (x) ふ (ぞ羽). 
l輙 

respect to 乙 Therefore ， as stated in the proof of Lemma 1 we see that 

a(x， ご)= L:;め ， m(x) Yz ,m (�) = L:; al ，叫 (x)Yふる (ç). We furthermore remark that A c 

YムパD)u=Yzふ(D)Au for uε D(A). 

with function α(ふご) is the even definition 2 By 

We see that 

α (x， D)u = F'f(x) 写 (ç)α (x， ご)F引勺，>0

= F'f(x) 布(ご)zdf 川 (x) Yz~m(ご)F�11 ',,>0 

= L: az,,,, (x)f(x) η (D)Y.ふ (D) μ.

Proof of (8). 

From this 

α (x， D)ム -A， α (x， D)

=L: αl ， 11ι (x)f(x) η (D) Yl~m (D)A c - /1+ L:; aZ ,m (:r)f(x) 可 (D) Yz:", (D) 

=pzJ)(f(羽(D)ム -A+f(x)引D))九(D)

+忍( az ，m(x)ム -A +aZ ,m (x)) f(x) η (D) Yz ,m(D) 

Hence applying (2), (4) and Lemma 11 to all the terms, Lemma 8 to the 品目t

term and Lemma 3 to the second term on the right we find that 

II(a同 D)A十 -A ト山D))ull 命
\しl:".，>O

《 CALz(d)pf2川 ~.Zn-2Iflぃ戸 (n -2) !jullxn>o 

十 Cl\九( μ ) 手f -z u ? f • IfloZ; (n 2行)11μ川川l川川川μ叫川Il，いiい\~~n>(匂ννnν戸z〆~>(川(バ Cλ1ì12山'2n(a 

Using (8), we see that Proof of (9). 
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I( い (x， D)*A+ームα(x， D)*) 川:l:n>O

= I(山内D)一αω)州)Xn>O 1ζ叫n(a) \\u l\ x川
Therefore 

I(a叫*ム-A+a(x， D州xn>o ~CM2n(α) I¥u¥k>o 

Proof of (10). We see that 

(α (x， D)* -a#(x, D))ム

=忍(払 (D) (J(x)η (D)) * ã1.m(X)-ã1 明 (x)f(桝(D) 乙~m(D))ム

=忍(y.ふ (D)(!(x) η (D))* (ã1 同 (x)A+-A+ã1ぷ))

+忍れ7明 (D) ((f(x)η (D)) * -f(x)η(D))μz 明 (x)

+忍(Y/m (D) f (x)η (D)-f(x) 万 (D)九(D))A+ã1 明 (x)

+Ef(z)η(問(九(D)ムム明(羽-ã1 明 (x)ら(D)ム)

+忍f(x)(η(D)ã1.m(X)-ã1 明 (x)η (D))ムYふ(D)

17 

Hence applying (2), (4) and Lemma 11 to all the terms, Lemma 3 to the 五rst

term, Lemma 9 to the second term, Lemma 7 to the third term, Lemma 5 
to the fourth term and Lemma 6 to the last term, we find that 

11 (仲ド伽I(陥μ伽(い似附α叫仰(件問Z
毛《三 C'L， Z 昔い(加n一2汁)1げflor加子t-2M2n (α) I¥ul¥x..>o 

+C手 1去何 2)lflJ

η-2)什， +2 ,-2(!n]+I) +~ ,n-2 
+CFf|1+81121  M2(刷+1) (α) I\ u\!xn>o 

2([!勾]+1)+竺 π-2 占 (n-2)+n+2 
+C|flop21 1 Mz([ト]+1)(α)\\u l\ぃ

+Clflo手 fn守f勺吉伸 2)M山)I\u l lx"

者三 CM ，，" , ， (α)llu l\忽 Z
2([!n]十 1)

Proof of (11). We see that 
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(α oß)(x， D)u = F'f(x)η (~)a(x， 針。 (x)η (~)b(x， ~)F引Xn>O

=f(x) σ(川市(~)) 2 a (x, ~) b (x, ~) F� I"'n>o 

= f(x)g(x)F'(η(~)r 忍al 明 (x) 九叫(5)EbM(z)九(~)FiíI"'n>o 

= L: L: a1 ，隅 (x)bp ， q (x)f(x) σ (x)ザ (D)Y，ふ(D) Y;,q (D)u. 

From this 

(α (x， D)戸 (x， D)一(α oß)(x， D)) 

= L: a1 ，柵 (x)f(x) η (D) Yl~明 (D)L: b/J'(l (x) g (x)η (D)Y:ん (D)A+

-L: L: a1 ，，，， (x)bp ，q(x)f(x)g(x) η2(D) Y1み (D)Y，ん (D)A十

=EEazM)f(Z)η(D)九(D)bP.<l(x) (g(X)η (D)ムームg(桝(D)) Y;，q(劫

+忍 EGZ 略 (x)f(x) η (D)れゐ (D) (bp,q (x)A+ -A+bp,q (x)) g(x)η (D)Yム (D)

+zrz 明 (x)f(x) η(D)(Yふ (D)ム bp，q (x)-bp ,q (刈恥(D)ム)

x g(X) 万 (D)Y;，q(D)

+EEGM(z)f(z)(り (D)bp，q(羽-bp ，q(x)η (D))A+ Yl~隅 (D)g(x)引D) Y;'q(D) 

+忍PM(z)bpq(材(x) η (D) Yl~m (D) (ムg(x)η (D)-g(x)η (D)ム) Y;'q(D) 

+忍EGZ 明 (x)bp， q (x)f(x)η (D)(乙ゐ (D)g(桝(D) -g(x)り (D)Y1:m (D) ) 

xA+ Y:ん (D)

+忍 EGZ 明 (x)bp ，Q (x)f(.司令(D)g(x)η (D)-g(x)ザ(D))A十可制 (D)Y;'q(D) 

Hence applying (2,) (4) and Lemma 11 to all the terms, Lemma 8 to the first 
term, Lemma 3 to the second term, Lemma 5 to the third term, Lemma 6 to 
the fourth term, Lemma 8 to the 五fth teロn， Lemma 7 to the sixth term 

and Lemma 10 to the last term, similarly to the proof of (10) we find that 

トω)ß同 D)-(aoß)(x， D))υレメ印2(削 1)(α)M2n (ß) 11 U 11"'..>0 
q.e.d. 

Furthermore we consider the singular integral operators with boundary conｭ

ditions on U~ for more extended symbol. 

Definition 4. Let ~I be the set α (x， �:) such that 
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α (x， �) = L:同 (x， ç) ， 向 (x， �)E m: and for everッ integer s(~O)， there exists 

M，，(α)( <∞) such that 

(12) L: M8 (町) ~ M.，(α) . 

For α(x， ç) ε~( consider the singular integral operatQT・ α (x， D) as follows : 

α (x， D)u = L; CXi(X, D)u in D(R1') for uED(H''_). 

Here we remark thatα (x， ç) ε B; is in ~( if and only ifα (x'， 0, �) is an 
even function with respect toι. 

Theorem 2. For the symbols α (x， �) and ß(x, ç) ε~( ， α (x， D)u， α (x， D)*u 

ε D(イiJ for u ε D(Æ，J ωld the s加tements of Theorem 1 a陀 also valid. 

Proof. The 五rst statement is shown by virtue of Lemma 1, (12) and 
Theorem L The last statement is shown by virtue of Theorem 1 and (12) 

regarding 向(x，�) and ん(ぶご)ε m:. Hence we prove only (11). 

:1 (α (x， D)ß(x, D) -(αop)(z， D))Lulu>0 

ベI(完αi(X， D)ん (x， D)一三(向。ん)(x， 問)uil 勺，>0
Z三L: 11 何事 (x， D)ßj(x, D)一 (α ì 0 ß.I)(x, D) イr_ U i ， _ ...._,-, 

! ¥ -
11 X1'刈

ミミ CL;M_". , Jα，) M21' (ん) 11叫ni-;';- Z([JnJ 1) 

~ C L: M_ '" , jαi) L; MZn (ん)llull x"Z ([~nJ 【 1)' "j  

ミ三 ClvI ，，.， ， (α)M2n (戸) 11 川、>0 ・ q. e. d. 
2([!nJll) 

Lemma 12. (Kohn and Nirenberg see [8]) 

Let σ (x， ご)モ~( and σ (x， ç)~d>O for x ε R'~ and l輙 = L l�n for suf~ 
ficientか lar玄C 長 >0

': (σ (x， D) l1", +似しノ (d一川Æ"u 11; ,, >0 + (長一 ρJ2 llull~n>o
for uε D(l1"，)， ωherγê ZS αnω-bitrary small positive number, k>ρ and ρ 
dφends on n， σωzd ξ. 

Proof. We see that 

i(σ (x， D)A ", +ん)u|!;〉O
=1\σA "， ul\~n>o 十 k ((叫u， u)ぃ +(u， σA"， u)'n>o) +k21Iull!n>0 



20 T. Shirota and K. Asano 

We at 五rst estimate the f�st term on the right. Regarding thatσ (x， D)= 

日(x， D) since σ (x， 1;) is real, 

(σA"，u， σA"，u)xn>O = (叫u，(日一σ*)A"，u)xn>O

+ ((σσ一σ 。σ)LuJJ))~J(σ 。 σA"， u， Aバ)Xn>O

The 五rst two terms are bounded by e1\\A"， u\\~n>0 十 c(e1)\\U\\!n>0 by virtue of 
Theorem 2. Let us estimate the last term on the right. From the assumｭ

ption we can choose σ1 (x, 1;) ε91 such that σ (x， 1;)2 = (dーピ)2+ (σ1(ふご))2， d>ピ >0，

σ1(x，I;)):e'>0 for xε 11:'.， 1 1; 1= 1. 

Then 

(σ 。 σA土u， A土U)Xn>O

=(dーピ)2\\A "， u\\~n>0+ (σ1 0σJ土u， A", u)xn>o 

=(dーピ)2\\A "， u¥¥;n>O + ((σ1 0σ1-σlσ1)A "，u， A", u) xn 

+ ( 叫u叫川山，パ， (aゆσ可「 一 σ司州?杓引)川A "，μ"'u判礼uり)xn> 

The second and the third terms on the right are also bounded by ε引l\\A "， lμ川tバ\\!η〉刈0 

十 C叫(ε向ω1) 11同川u叫tバl陥iは:nρ>0 by virtue of Theorem 2. Therefore 

\\σLull2JO 》 (dーピ)2\\A"， u\\~n>0- 2ε1 \\A "，u\\;n>O-C(ε1) ¥¥ u ¥¥;n>O . 

Next we estimate (σA"，u， U)xn>o + (u， σd士U)Xn>O ・ From the assumption 
r 、 1

σ (x，I;)):d>O， we see that (σ (x，I;)) "ε91. 

From this 

(σA"，u， u)x..>o = (σ3 。 σ切"'u， u)x..>o 

=(A"，仇， σ}U)Xn>O 十((σ}#-a!*)ム向， u)凡>0
+ (a}(σJA"， -A"，州， u)x，， >O+ ((σ2 。 σJ-σ2σき)A山~)

By virtue of Theorem 2 the last three terms are bounded by C\\u\\;n>o ・ From
(A "，σtu， Au)zn〉o>O it follows that 

(13) 

Therefore 

(σA"， u， U)Xn>O + (u， σd土U)zn>02z Cilullin>0 ・

11 (σL 十ん)ullL>o 》 (d-mlddliL>o-2ε1\\A"， u\\!n>0-C(ε1)\\U¥¥;n>o 
-Ck\\u\\ι>0+問\u\\;n>O'

By setting k su伍ciently large and e 1 su伍ciently small (>0), we obtain the 
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desired estimate. qe. d. 

2.2. Singular integral operators with boundary conditions defﾌned 

on !J. 

We at 五rst describe the coordinate transformations, from which we reduce 
above ones to singular integral operators with boundary conditions on Rて.

Lemma 1臼3. T.ηんer仰r.何.でe exist α 戸ρnl改t釘e cωovぽJerz

lμh幼hiゐsm附s Tufrom U，α into Rn such that thefollowing 1), 2) and 3) are satisfied: 

1) lf U，αnrキム then Ta( U，αnQ)cR"t， Ta ( 【ん n F) cRn-l and T，α(ιn F) 

contazns orzgzn. 

2) Let ao(x, D) be the princ争'al part of a (x, D) and let 九(ν， ~)三

戸内) (ν)~i~j I~I 2 二 ao(Ta-l(ν)， (d7了 )(~))I~I 2 for ν モ Tパ札) and 行 Rn- {O} , then 

b;,1(y)=0 for Yn 二 o and for n キj， that is, the conormal directioll of a(x, D) 
at r transfers to the normal direction of the suだface Rη\ here dT，α is the 

dijj鑽ential from the tangent space T , to the tangent space Tl'a(x) and dTa* 
is the dual d場仰向l of dTa j均m T f.(x) to Tx*' 
3) lf u，α パ Ußnrキ ø and μTα([ん n Uß), then the n-th component of T i 

・ (Ta 1(ν)) is equal ω y" ・

Proqf. We can choose a function �?(x) such that 判x) εC∞ (R")，

grad ý? (x) キ o on U(F) and �?(x)=O if and only if x ε r. Furthermore for x，。 εr

there exists a diffeomorphism S' from some neighborhood of origin U' (0) 

(c Rn-l) into r such that S' (0) = Xo ・

Now, for any y' ε U'(O) we construct a curve S(y', y ,,) transversal to 

r through S' (ν')ε r. 1'0 this end it sufﾌﾌces to solve the following ordinary 
differential equations: 

(14) 益平必，)- =土 a~~) (S(y' , y，J)ヂ (S(y'， Yn)) 
a1ん j=l 、 ， dXj 、/

S(y' , 0) = S'(y') for ν'ε U'(O). 

i=l , "', n , 

Suppose that S(y' , Yn) is not transversal at .'5'(ν')， that is, there exists 
À=(ん"， À"-l) ε Rn--l such that 

243)(ヱ)少 (z)=21ん P笹川 i=l , "', n , 
j~l dXj k~l dy止

where x = S'(y') = (S;(ダ)， ...， S~(Y')) 

From ý?(S'(ν引=0 it follows that 
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??.2E- 竺izo
;::-1 ÒX, ﾒY k for k=1 ,"', n-1. 

L; ~~ιzd)(ヱ)少 =L; 並u qzZAKU空一一旦 =0 , 
i òヱi j '_ Òニr:j も 3ニr:i k ﾒY k k"  i òニr:i ﾒY k 

which is a contradiction for grad $Dキ o and a(x,.;) is elliptic. Therefore 
S( ν " Y払仏n) iおs; transversal at S' ( νj引Fつ)

Consequently, if we set U(O) = U' (0) x {ι; IYnl<ε} for su伍ciently small 

ε(>0)， then we see that S indicate a diffeomorphism from U(O) into R". 

Denote U=S(U(O)) and the inverse transformation of S by T. Then 
we f�d that a f�ite covering {Ua} and diffeomorphisms T，αare obtained as 

r is compact. Consequently, from the construction 1) is shown and 3) is 
found from the facts that atj(x) and $D(x) are given in global and from the 

uniqueness of solution of the equation (14). Now we show 2). 

From ba(y, .;)=α。 (1';;I(y) ， (dT;"')(.;)) 

=叫ん(川))去(仙))124(V))叫 for 1.;1 =1 

it follows that 

(15) 川)=ト俳句))子，，，-- (Sα (y))子(仙)) , 
OXk dX, 

where Ta(x) = (九(エ)， "'，九(ヱ))

Furthermore from $D (Sa(Y' , O))=O we 五nd that there exists a function ψ(ν)ε 

C∞(B") such that cþ(y' ， O) キ 0 ， and $D (Sa(Y' , y ,,)) = y"ゆ (ν)， that is, $D (x) = 
T~(z)ψ(T，α (X)). 

From this and (14) it follows that 

(16) ~S_ai (y' , 0) = .L: a~~(Sα (y'， O))~旦竺喧空(1'. (.坐) (Sα (y' ， 0)) 
Oy" j 、ノ dXj ノ

川 ("，，^，\òT.α( l'I I I A¥¥ = L; a~~(Sα (y' ， 0)) V^ .L"n (Sa (y' , 0)) 仰が， 0) . 
j 、〆 dXj 、/

By (ん) set the inverse matrix of (a~~). Then from (16) 

主了 (SJvtO))=FH(si川公 (y' ， 0). (cþ(y' , 0))-1 

Substituting this into (15) setting y" = 0, it follows that 
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(n 1 I '̂ ¥ ...., _ (n 1 I '̂ ¥ �. 
b勾 (y'， 0) = I: a~O?I(S.(y'， 0)) I: ãki(Sα (y'， 0)) ':"-主 (y'， 0) 

k ， l 、， ι 、 ， OYn 

òTn • (n 1 I '̂¥ (" I '̂¥ ×• ,-L .j (S.(y' , 0)) ・(似 0))
dXI 、 J 、ノ

�n. 1 I '̂ � n. (n 1 I '̂¥ (, 1 I '̂¥ = I: Ou-"..'-'.ι(ν ' ， 0) U_-L .qS.(ν' ， 0) )・ (ψ(ν' ， 0))
dYn dXI 、ノ、 J

�n. 1 , '̂ �_. (n  1 I '̂¥ (" I '̂¥ 
= I: _"..~.z (ν'， O)-1(Sα (y'， 0)) ・ (ψ(ν' ， 0)) 
OYn OXz 、，、 J

= Ojn • (ψ (y'， 0)) -1. q. e. d 
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We now take a partition of unity {約} with respect to Q such that 
N 

2 約(X)=1 onρ， lp.uε D(α) for uED(a) and {Supp 約} is a star-五nite refine-

ment of {[ん} which is defined in Lemma 13 and also if Supp lpjnrキ札 then
(Supp lpj)Onrキ仇 here GO is an interior of G. 

Defi.nition 5. Let ~{f} be the set of σ (X， ~) such that σ (X， ~)εEt(ρ) x(R" 

-{O})) and for Supp 約nr吋 and Supp lpi n Supp lp j 当f- rþ

(T.* 0 lp.) ・ ñ(T~ l(y) , (ぱdTη':)ぽ(ぽ~)). (爪T丸α計川事

ln t，抗he above b旬y E~(位ρ"べ(Rn一{仰O}) 印e me，ωα仰n the set beù'噌q智r f陀eφρlac，α'ed Rて by

ρ t仇n Dejβ5ら匂nit;μion 1, U.αコSup，うψρ ￠科包 USuj.ρ〉ρ ￠釣j ， (T..ou)(x)=u(T.l(X)) and �(T. 1(ν) ， 

(dT.*)(~)) =仰)σ (T.- 1 (ν) ， (dT.*)(~)) +(1一仰))σ (T.-l(O) ， (dT.*)(~)) for 俳句)ε

c;o( T.α (u.)) such that ψ(ν)=1 for ド T.(Supp lp,; u Supp 的)

Defi.nition 6. For σ(x， ~)ε ~{ f} consider the singular integral operator 

σ (x， D) as follows: for u ε D(Q) 

σ (x， D)u= I: σtJ (x， D)u. 

Where if Supj.う lpjnr=rþ ， we set 

σij(X， D)u = 仇 (x)ñ(x， D)め(x)u ，

here 仲， ~)=1'l(X)σ (x， ~)+ (l- 1'l(x)) σ (XO ，~) for ψI(X)εc~官n)

such that 1'l(X)= 1 for XESupp lp;, Supp lpjcQ, x，。 ε (Supp 約)0 and ñ(x, D) is 
the ordinary singular integral opera却に Furthermore if Supp lp j n rキゆ and

Supp 糾 nSu.仲約キ札叩e set 

内(X， D)u = 行。 ((T.. 0lpi) .ã(T;;I(ν) ， (dT.*) (Dy)) (Ta.o約 u)) ，
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here UaコSUpp 約 uSupp $Oi> � is dt升led by Dφûtion 5 (see Definition 4) 

and (Ta* 0回)(x)=初(T.α (x)). Finally if Supp $Ojnrキ ø and Supp 約 nSupp $Oj 
=ø , we set 

σij(X， D)u = O. 

Definition 7. Let ﾃ;t be as folloω: for uε D(a!) 

J1;tU = :E J1土ijU.

Where if Supp $0 j n r =札 we define 

Z土ijU = 仇 (x) ";-a---;(x, D)A$O j(x)u , 

here イ♂~(伊Z川"~剖ト)ド=寸ψ仇仰lバμ(伊同Z幼) イ戸ao (x 壬}い+(仏1ト一→ψ仇仰1バμ(伊州Z幼訓))い吋而云瓦μJd(Z Eハ川\， ψ1μ(伊ωZ判) i，勾S αωS t仇nDφ
「υ/ u 寸~~' Iほ附5剖1) '\~ 't'l\~/}-V ~O ¥ ぺt瓦U

nition 6 and .v~;; (x, D) is the ordinary singular integral opera却久 Furtherｭ
more if Supp $0 j n rキ ø and Supp 約nSupp $Ojキ札叩e define 

五日 = Ta* o ((Ta • 0 約)lb" (y , D)A;tTa* 0 $Oju) , 

here Ua::J Supp $0. U Supp タj ， ρ-:(y ，D) is defined by Lem仰 13 and Definition 

4 like as De戸ûtion 6. Finally if Supp 的nrキ ø and Su.ρρ 仇nSuρρ 約=ゆ，
we d，ゆle

A土i ， jU= O. 

Then we shall show that the definitions of σ (x， D) and Ã土 are invariant 
with 目spect to the choice of Ua satisfying Lemma 13. To this end we may 
prove the following Lemmas 14 and 15, using theorem 7 in [15] (page 24η. 

Lemma 14. For σ(x， ~)ε~l 

I1σ (x， D)A;tuー ordinarysingular integral operator σ (x， D)Aull"'n>。 ζ Cl\u l\ x，，>o

for uε D(ai) 叩ith Su.仲 uc{xε R"!; x ,,;;;;, d>O}. 

Lemma 15. Let T be a diffeomorphism ρηm (R;: , R"!x) ω (R~ ， R，，! y) 

αnd satiめI 3) of Lemma 13. Then for σ(ふ ~)ε~r ， $0 1 件)，仇 (x)ε C;'(R;:)

IITρ(仰(ふ D)A土仰)一(T* 。約)(r(y ， D)A;t T*o 少l U ) 11 Yn>O ~ Cl¥ullxn>o for 
_ ro(T- 1 (y) , (dT*)(η)) 一

ぽ D(ぷ)， here r(y ， η) 一一 E ~( and rO(x，~) = σ(ふ ~)I~I (see 

the 打開zark next to Dげînition 4). 

丹ηザザ Lemma 14. We see that 

σ (x， D)A土u=F'σI(X， ~)I~IFiílxn>o ， where σ1 (x, ~) is the extension of σ (x， ~) 
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such thatσl(X， e)ε 8';(Rη x(Rn一 {O})).

Set 山)=(;(Z)

and U2(X) = 刀 (X)-Ul(X) , 

for Xn)': d , 

for x.η く d ，

then F' σ (X， e)!e !Fií=F' σ (X， e)!e!FUl + F'σ (X， e)!e!FU2 ・
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The f�st term on the right is the ordinary singular integral operatorσ (X， D)Au , 
and the symbol of the second term on the right may be considered as zero 

by virtue of Supp U2 c {Xε Rn; Xn ~ -d} , from which and the theory of the 
ordinary singular integrals we obtain the desired estimate. q. e. d. 

Proof of Lemma 15. When σ (X，e)E ~( and σ (X， Ç', en) =σ (X， ç' ， ι)， we 

see that 

山)州 D) ýJ1u = F'(ぷ)ã(x，
where δ (x兵， ç計) iおs an arbitrary extension of σ (xぶ， e剖) such t出ha此t ã(xぶ， e)Eε C!:;'(ll1'ι 〉χ<

(.h正....nμ-一(卯O})) and ã(はx， ç' ， ι)=ã(比x， ç'乙，i，一 5ι花

singular integral operator. 

From this and 3) of Lemma 13 it follows that 

Hence 

一。(タ2. ã(x, D)A~) -(T山)(ordina川柳lar 何ral φerator

r:(y, DY)ìA(T*o'ýJ l~)11 ど C!! 引! "/01'¥ by virtue of the theory of Seeley. )Hli rYl~jIIL'(lly) "" ~ 11'<llj!(R'd;) 

|[ T九*ν川。べ(伊￠約2 仰， D)川Aot幻士otýJ机仰叫1ρ斗uサ) 一 (T九*ド。叩明叫￠伶ω2)刑)
~三 c!\い同凶u叫叫tバ\\Xnηρる>0 for u ε D(d). 

For f(羽生 E 1,':, we see that the proposition holds by virtue of 3) of 
!e! 

Lemma 13. 

For σ (x， �) = σl(z， 3)f(x)-51 モ罰， we set f(x) 可 (D)Aotu = v. Then, as 
!e! 

above, we see that 

トル(日l(X， D)�JIV) -(T*o ýJz) 山一l(叫 (dT*)(Dy)) (九 0引MILE〉O
=三 C\\V I\ -l，山
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1 a� ~ r T 2 冗By virtue of v = f(x) で ε D(R";.) and from Theorem 2, we obtain 
イ-1 aXn l"'n>O 

11同[同九 。 (μ￠伶2 σ (仇Zふゆ， D)A"幻P机州l

+刊11阿a剖叫凡仙仙IIL'いiいいIL'(的川2汽(氾Rn )) = c( Ilf(同Z羽) ~ ιι引11 _ _，_~ + 11 窃別引11. ，_J'( c引11同刃剖川凡ル11しレ|いμL2川2汽(岬R将C引11同u叫iしlいX)l川7ηJιρ川〉刊0 |l OA||I ,f(Rhmf)/ 

q. e.d. 

Furthermore we have the following Theorem and Lemmas similarly to 

Theorems and Lεmmas obtained in ~ 2. 1. 

Lemma 16. For sufficiently lar玄eil>O

11 (互土 +iI)u 11:2({}) ~ (0一山m， L2 ( D) +(iI ー ρ? lI ullhD)

for uε D(α!) ， εis an arbitrary small pωitive number， ρdφends on ε and 
n , and 0 is a constant determined by means of the ellipticiわI of a(x, D). 
In the following iI is assumed to be a su伍ciently large constant satisf�g 

the above inequality and be 五xed.

Proof Let uε D(α). From the ellipticity of a(x, D) we see that 

日7) (向 (x， D)u, u) 内) +kllullh{})~olluIILL'(D) 

for some constant k(>O). 

To obtain the desired inequality we at 五rst show that 

(日) I (向(x， D)u, u) 内) -IIÃ"ull~2({}) 1'( � 11川im+c(ε)lluIIL2 ( D)

Using the partition of unity described next to Lemma 13 (ao(x, D)u, U)L2(f!) 
goes over mto 

(19) 完 (ao(x， D)附仰)L2 ({}) + 手 ([~j， aO] u, u L_, 
The second term is bounded by ε Ilum ， L2 ( f!) +C(ε)llull~2({}) by means of the interｭ
polation. We will estimate the f�st term. 

We may suppose Supp ~ j n Supp ~l キ ø. If Supp ~jnr= ゆ and Supp ~l n r 
= ø, then, since ~ jUε D(α) , 

(20) (αo(x， D)附仰)L2(f!) = (布。伝A2~jU， ~luh2(Rn) 

=→(ρ而oA命少jU叫:t， '1/而五石~-A々物少約zρ刈u叫仇h凸川2汽(酌R

+刊(而Jト。イ7干石J元0 一イ云瓦~- ..[ãι副~)A命￠糾j戸U， A~luh2(Rn) 

+ (~-(i; 。、五-;A-Aイ云正。イム~-)A~ju， ~IU)L2(Rn) ・
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We see that the last three terms are bounded by ε Ilullî ， L'(.Q) + c(s)lIullhQ) by 
means of the theory of the ordinary singular integrals and the interｭ

polation. 

Furthermore if Supp IfJjnrキゆ or Supp IfJznrキ札 then

(向 (x， D) lfJ ju, IfJzu) L'(Q) = (Jba(Y , D)A; Ta， o lfJjU ， 九 o仰) v ,,>O 

by using the transformation T，αsuch that Supp lfJ j U Supp IfJI C U，α ， here J is a 

Jacobian (>0). 

By virtue of the uniform ellipticity of 九 and Theorem 2 it is equal to 

(υ21引) (似Jイιζ (句U仏， D)川Æ"T，工a'O川，0。叩￠約仰附附〆戸μ川U仏:t，ω，.fパイζ (ων , D)川A"，土T九αρ， 0。 約仰U札t

+(川(払 D)A"， T a, 0 IfJ jU , (ι(叫)*-.f古川 D)) A", T a, 0 IfJzU) v,,>O 

+刊((何点仰イιζ 。 イ♂云)(y切γ仏叫， D) イι玄 (切ν ， D)Jム~広吉吉~(切ν ， D))μ4μ:t 7"'uトい， 0 lfJ約仰附附〆pμUムリ， A "， T，スα川a' 0 lfJホ刊。叩明￠怜仰州t川刈礼uり礼t"ηz

十刊((何訓川イ♂互 。イ♂云)(y切ν仏， D)A ", 士 A"，μ"，J訓(、♂云O イιζ )(y切ν， D))μA"，土"， T，九a* 0川。ヂ約仰附戸μu， 7'，丸a'いαρ* 。 怜仰U)Vn>o' 

and the last three terms are bounded by sllA ", T a, 0 IfJju lI;，， >o 十 11 Ta ， o 約u )l ;n>O.

On the other hand for U E D(ポ)

11 えu lI l'(Q) = .L:: (Ã士ijU， Ã"'kzuh'(.Q) ・

Let Supp (/!jnr= ゆ and Supp IfJznr=<�. Then 

(22) ~ (A ",iju, AHZuh'(Q) 
も、 k

= ilt (約 (x) イ-~c. (x， D)AIfJμ 料 (x) イa;; (x， D)イタZU) l.'(Q) 

= (ィ ~-(x， D)AlfJ j仏 .J-;;-; (x, D) AlfJzu) L'(Q) ・

Furthermore let Supp IfJ j パ F 占，，<þ and Supp IfJznrキ <þ. Then 

(ヨ士包jU ， ÎÍ", kZU)L'Uì) 

= (Ta*o((T，日。州立'(y ， D)A ", T a, 0 lfJ外 T/o

x ((~"Oψk) .fb" (y, D)A ", T，門的 L'(Q) , 

here Supp lfJ包 nSupp IfJ jキ札 SUPP IfJ止 nSupp (/!z キ <þ.
We may assume that Supp 約 nSupp 糾キ <þ， otherwise this expression is 

equal to zero. Furthermore we may assume that {Supp lfJi} is a star-star 
fi.nite refi.nement of {【ん} in addition to the properties described before. Then 
we can choose α， ﾟ as the same index. Hence using the coordinate transｭ
formation Tαand omitting lower order terms this expression goes over into 
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(J(Ta ， 0州b" (y , D)AcrT.. 0 cpjU , (九opMZ(u， D)LTtom)z

Adding up this expression with respect to i and k , it is equal to 

(23) (J.f ba(y ， D)Acr九 OcpjU ， .fb: (y , D)AcrTa， o 仰) Y,,>O 

By virtue of Lemma 14 and theorem 7 in [15] (page 247) we can also treat 

the calculation in the case where Supp cpjnF= ゆ or Supp cpz パ F= ゆ as above. 
Hence from (19)-(23) we obtain (18). 

We next show that for some ム>0

(24) (Ãcru, uh'( !l) +(u, ﾃcruh'(!)))! -klllull~，(!))・
( ，\王

T 0 prove this let 仇 (x) = (約 (X))2. Then we see that {ﾘi(X)} is also 

another partition of unity with respect toβsuch that 手(仇(x)f = 1，仰 ε
D(α吉) for uεD仰を)，仇u and ø~uε D(α) for uε D(α) and {Supp ﾘi} is a starｭ
f�ite ref�ement of {U，α}. Then 

(Ãcru, uh'(!)) = 手(互土砂山仰)L'(!)) 十字((。λ -Ãcrø川仰)ジ(!))
We estimate the f�st term on the right. If Supp 仇 nFキ札 from Def�ition 
7 we see that 

(Ãcr仇u， ﾘ"uh'(!)) = .L: (Ã土包μ"u， ﾘhuh'(!)) 

=五(行 (T..o州立(y， D)A cr (T. ， o Cpjø"u)， ψ"u) L'(!)) 

=5(J(TtO和).jb: (y , D)Acr (Ta• 0 ﾘhCPj u) ， スホ 0仰)九>0

= (Jfb:(同')Acr(Ta.o 仰)， T.'Ø"u) 九>0
By virtue of (13) it follows from this 

(Ã土色jØhU， ﾘhU)L'(!l) + (仇u， ﾃcrijﾘ"uh'u2l)! -k11ITa,oØhUII;,.>0. 

We can estimate above expression when Supp ØhnF= ゆ similarly to the 
case when Suppψ"nFキ lþ.

Furthermore Ãcr仇 -øhÃcr can be extended to be a bounded operator from 
D(ρ) into itseH, which will be proved at the following Theorem 3. Hence 
we obtained (24). 

Therefore from (17), (18) and (24) we have 
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11 (Ã土 +1) u 11 :'(IJ) 

= 11 ﾃ:t:ull i'(IJ) + 1 ((Ã :t:u , U)L'(IJ) +(u, Ã:t: u)内)) +12I1ullhlJ) 

=(偽(x， D)u, U)L'(IJ) + (IIﾃ:t:ullhlJ)-(ao(x, D)u, u) 内))

+ 1 ((Ã :t:u, uh'(的 +(u， ﾃ:t:uh'(IJ)) +121IuI11'(IJ) 
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~ðlluIILL'(IJ)-kllullh且)一 ε lI u Il L L'(IJ) ー c(ε) lI ullhlJ)一政l l1 ullhlJ) +12I1ullho) 

=(伊s一司刈州仰11同阿川附u叫叫州11陥|日i f内(ω叶0

We take εsu伍Clたen凶1此tl防y small such t出ha叫t ð>e叫(>0的)， next take 1, P sU伍ciently
large such that p2-k-c(ε)-pk1 >0 and l>P. Then 

II(Ã土+え) ull:,(o) ~ (ð一ε)llulkL'(O) +(l-P? lI ullho) ・

For uε D(aき) we obtain the estimate by passing to the limit. q. e. d. 

From Lemma 16 we may def�e D(a~) as the def�ition demain of the 
closed operator ﾃ:t: and denote it by D(Ã土). 

Lemma 17. Let α(x， ~)ε ~(O and u ε D(ヨ士). Then α(x， D)u， α (x， D)*u 
ε D(Ã土).

Proof This is shown by virtue of Theorem 2, Def�ition 5 and Lemma 
13. q. e. d. 

From Lemmas 14, 15, 17 and Theorem 2 it implies the following theorem 
by the same consideration used by Seeley (see theorem 2 in [15] (page 262)). 

Theorem 3. For α (x， ~)， ß(x, ~)ε~(IJ the opera如何
α(x， D)ヨ士 -Ã士 α(x， D) ， α(z， D)*1±-Z±α (x， D)* , 

(α(x， D)*-a#(x, D))Ã:t:, ((α oß) (x, D)ーα(x， D)ß(x, D)) ﾎi:t: 

G何 extended to operators of B(V(il), V(il))， 切here the symbols of a#(x, D) 
and (α oß)(x， D) a何 α (x，~) and α(x， ~) ゚  (x, ~)， re，学ectively.

Furthermore we obtain the following lemmas needed for the next section. 

Lemma 18. Let u ε D(ヨ土). Then u ε D(Ã:) and 

11 (Ã土 -Ã!)uIIL'(I}) ~quIIL'(O) ・

Proof 1t is seen from Def�ition 7, Lemmas 14, 15, 17 and Theorem 
2 that the symbols of Ã土ij and ﾃ!tj are same. 1t implies this lemma. 

Lemma 19. ﾃi: +1 has a bounded inverse from V(il) into itself such 

that 

II(ﾃi: +lt1u)II L， (o) 者三 (1- ρ)ー 1 I\ uIIL'( 1J) ・
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Proof We take a partition of unity {仇} with respect to Q such that 

Zφ~.= 1 on [2， φlt U， φ初εD(α) for uED(α). Furthermore we assume that if 
finiもe

Suppφ"nr ::lt= ø then (Suppφ，，)Onrキ仇 {Suppφ，，} is a star-finite re五nement

of {[ん} . Let us choose x，• ε(Suppφh)O for everyφh and in particular 

ぬε(Suppφ，， )0n r if (Suppφh)nrキ ø. Then we may assume that if U.コ

Supp 仇， for any yER'~ ， sup Iσα (y， ç)一σα(仇， ç)l<ε1 for su伍cientlysmall positive 

number ε1 ， which is determined later. Where y" = T.(xh ) ， σα (y， D)= 旬 7J; (y ，D) 

if Sup同日F神 and setting x = y， σα (y， D)=山; (x, D) if Supp 仇nr=ø.

Furthermore we take another partition of unity {SO J with respect toρ 
described next to Lemma 13. Here we assume that for everyφh there exists 

(at least) one U. such that U {Suppφh U Supp SO� U Supp 約; Suppφ"nSupp 約キ仇
i ,j 

Supp SOinSuPP SOj キゆ} cU. ・ Furthermore we may assume that if Suppφ"nr 

=札 then U. 円r=札 hereafter we write one of such U. by U". 
Then we c沼n write ﾃot +.:1 as 

(ヨ土 +.:I)U= おT: 0 ((T..oSOi) (ι (y， D)ι+え)(Ta*oSOju)) 

for uED(αき)， here T，α = 1 if Supp sojnr=札 1 is an identity operator and 
d士α =Aot.

As 仇 is in Rn-1 when (Suppφh)D nr ::lt= ø ， a，，(仇，;) is the even function 

with respect toιfrom the construction of ah(y , �). Hence σ"(y ，，， D)AIh +.:1 
has a bounded inverse from D(Rn,_) onto D(Aot). 

Then set 

R.= 写 Th*ト。 ((T"ゐ肘6刊0 0。ゆ叫引φ仇釦叫，，)川)ベ(いい(ah (内叫hバ川(

and calcula te (はAot土+.:1刈)R.

(ヨ土 +Mu=ETfo((TJ94)(σ.(y， D)ι+ ぇ)

x T.oo め(干Th* 0 ((T,.. 0 (/J,,) (σ"(y ，，， D)AIh + λ)-IT，，*O φ点))
for U ε D(Q). 

We may assume that Supp SOinSUPP SOJキ札 Suppso J n Suppφhキ ø. Then 
from the above convention we can choose a, h the same index. Hence 

(Ãot +収u=5 5TJ 。(TpOPAhh(v， D)ん+l)T，，*oSOj

x ((T"*o(T，，oo仇)(σh(y ，，， D)ん+え) -IT"oo φhU)) +Bu 

=ETJ。 ((Tpo仇)(σ，.(y ，D)Aot't + え)(T't' o 仇)

(σh(y"， D)ん +.:1)-¥Thoo(/JhU)) +Bu , 
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here llBUIltV) < -1:|lullf(9)because of Lmnmas12, 14and 15.Furtherｭ
À-ρ 

more we 五nd that 

(σh(叫)AH +À)(Th*o f/) h)(山h， D)ん +À)-¥Th*of/)hU) 

=[ (σh(Y' D)ん +À) ， (Th*o吋(σゐ (Yh' D)Æth+À) 一I(Th*o仰)

+(Th*o f/)h)((ω， D)ト一内(

) + (Th* 。ゆ叫φ仇h心)(いσh州山ゐバ(切ν h， D)川dん土xh +仰川， D)川dんxh 十』め) -\Th*本。 φh糾川u叫

From the choosing of φ，，， 11 (Th* 。 φh)(σh(Y'D)-ah(Yh' D))AxuIlYn>o <:::;; (el + ε) x 
1IAxu11?Jn>0 + c(ε)ilulluJofor uε D(Ax) similarly to Lemma 12. Moreover from 
Lemma 12 we find that 

11 (σh(bD)dJA)\ρ0<:::;; (Àー ρ) 一 l l1 ull vn>o ，

I ， Ax(σh(Yh' D)ん+え)γ内>0 <:::;; (ð!ーピ)-lllull vn>o

for uε V(R':，)， here � is a constant determined by means of the ellipticity of 
a(x, D). 
We remark here that in the case where SUppφ山r=ゆ we use the theory 

of the ordinary singular integrals. 

From this and Theorem 2 we find that 

1J: E TηJ 。 (Q(7Tいr川。叩引判少怜ωi)巾)

十Bu-ulf(9)

ζ 空 Ilull ，.'(且)+ 三竺 Ilull 1.'(II) +C位 Ilull 内)十 S-=-- lI uI1 1.'(!ì
ð~ーピ À-ρ À- ρ 

(C' , el + ε c(ε) , c ¥ 
1-+T , ++i llullLM) ・
\え-ρ が-e' ﾀ-P À ρ/ 

We choose ε1 so small that -/_1 -< 1 and also εsmall such that 与士三 <1，
M一ε， ~-i 

and then Aso large that-CF 十三け e.+..;:(e) +-.ç~< l. Then (1ー (1-
À-ρ ð~ー ε ， À- ρ À-ρ 

(ﾃﾌ +え)R)t 1 =((ヨ土+え)Rt 1 exists and is bounded from V(Q) into itself. 

From (ÃÌ+À)R((Ãx + え)R) -1 = 1, we find that 

(え吋t1 = R((ﾃx +ﾀ)R)-1 



32 T. Shirota and K. Asano 

Moreover from Lemma 16 we f�d that 

11 (2Lt +えt1u li L2(ρ) ~ (えー ρ)一 lllull L 2 (íì) ・ q. e. d. 

Lemma 20. We find that uε D(α) if and only ザ uED(Ãコ，J
。

Proof. Let uED(a). We set a1(x, D) = -I: -~'!__ aij(x)_~U__ +k)) where 
色-; aXi "J' , ax j 

ム is a positive constant, and al is assumed a positive def�ite selfadjoint 
operator with the domain D(α1)=D(a). 

Hence using the same consideration in Lemma 16 for ~ε D(a~) 

(25) (αI(X， D)u，~)ω 

where IB1(u, ~h'(íì) I ~ Clllulll ， L'U，)II~IIL2(!l)・

Then 

1 (主ot u, Ã士山知) I ~ (1I al u II L2 u)) 十 C1 1Iulll ， L 2 ( 引少し'(口)

Consequently, from the fact that D(α1) is dense in D (ρ)， we f�d that 

ÎÍot祇D(Ã;)， that is, uED(ヨコ士). 
The fact that if uεD(ど2土) then uモ D(α) is shown by virtue of the 

similar method stated above. 

Lemma 21. D(ム)=D(主) and D(a) = D(A;). 

Proof. From Lemma 19, we f�d that 

(Ã~+ i()u = (I+(ÎÍ~-ÃotK1士+i()-I) (ﾃot + i() 
for uεD(Ã士). 
Moreover from Lemma 18 and 19 we 五nd that 

II(Ã~-Ãot)(Ãot +i()一 111 L'( íì)引。《三一 <1
11 L<( íì) ~L'( íJ) i( ρ 

for large え.

From this it follows that (I+(Ã~-Ãot)(ヨ±十 i(t 1)(Ã ot+ i() has a bounded inverse 
from D(Q) onto D(Ãot ), from which it imples this lemma because D(Îi士)c
D (A;) and Lemma 19. q. e. d. 

Hereafter we set � (x, D) =α(x， D)+ i(, Ãot ,;.=ÃI +i(. 

Corollary. We find that for uED(α) 

!I (α(z， D)-ZDullL2(E) 《 C1lLAZ(日)
Proof. From (25), Lemma 16 and 18 it implies this corollary. 
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Lemma 22. Let σ(x， .;)E 9(0 with σ (x，.;);:?: d>O for xεQ and 1.;1 = 1. 

Then for sufficiently la棺e k(>O) 

li((σ (x， D)ﾃ:I: + k)uil 二(0) ;:?:(d-e)2 I1 Ã:I:， lUII~'(0) +(ん -plllullho)

for uε D(Ã土)， here e is an arbitrary small ρositive number， ん >À， k>ρ and 
ρdφends on n， σ and ε. 

Proof We can prove this lemma like as Lemma 12 by virtue of Lemma 
16 and Theorem 3. 

Lemma 23. Let σ(x， .;) be as in Lemma 22. Then for suff�iently large 
k>O σ (x， D)え +k has a bounded inverse 斤om V (Q) into itself such that 

j川仏い仰(い似Wσ叫仰(伊ωZ
Pr，仰'oofよ σ(伊x， .;剖)~μa向o(何x， .;剖)>dイ ò > 0 for x託E氏ερand 1附5剖1 = 1 , which implies 

t出hiおs lemma from Lemmas 14, 1日5， 22 and Theorem 3 similarly tωo Lemma 19. 
q.e.d. 

3. Reductions to the theory of semi group 

We may consider ρ (x)=O on r in the Neumann case. For, we set 

Igrad so(x)1 
。(x)= タ (x) 一一一一一一一一 ρ (x) on U(ρ) , 

'0) (~\ aso aso L: a~oJ(x) 
iJ "J' 'axi ax j 

where 戸 (x) is an extended function of ρ (x) defined on U(Q) such that 

戸 (x)モC∞(U(Q)) and P(x)=O onρ町 ={xεQ; dist (r, x);:?:e小 el is an arbitrary 

small but a fixed number. We furthermore set 

叫x)=e-φ( :l:)v(x).

Then we see that 

(よ叩))ulf= レ1 1'
where a'=〆(:l:)ae 仰)， l=1 , 2, ・・・ . 

and ( :~叫いi=OaFZu!
an "\~'r-Ir an- ~Ir' 

Here we remark that the principal part of a' (x, D) is the same as one of 
a(x, D). Hereafter we assume thatρ (x)=O and set ã(x, D)=a(x, D)+ﾀ for 
a su伍ciently large, but 五xed constant ﾀ. 

We state the following lemma to reduce the equation (1') to the system. 

Lemma 24. 1f ak (x, D) sati，げた's the ωsumpt白n stated in ~ 1, then we 
βld that 



34 T. Shirota and K. Asano 

aZk(x, D)u = α2k (x， D)ãku 十 ß2k U ，

a2l"1(x, D)u = (YZk 11(X, D)Ãor.,ãku+ß2k i1U 

k (x,.;) .-: lli for UεD(ak ) or U εD(α k }) (ん >0) ， respectively, where 叫 (x， .;) = ーパ~(j)，
(α。 (x， .;))γ 

ん is a linear operator such that ßZkã一件 I)ﾃ;;;¥ and ゚Zk+1� 止 ε B(V(Q)， V(Q)). 

k (x,.;) r lli Proof From Lemma 15 the statement that 叫 (x，.;) = 一 ι\""-' ， 'i) .. _ E ~(j) i 
(ao (x, .;))+ 

shown from corollary in [15] (page 244) and the 五rst two expressions in this 

lemma. Here we remark that (ao (x....; .¥ ¥ 'lE 玩 n
¥ V ¥ • 1.;1)) “ 

Hence we will show the 五rst two expressions. 

We at f�st consider for a2k (x, D). Lεt Uε D(ak). Using the partition of 

unity described next to Lemma 13, we have 

。2k (x， D)u= L: aZk(x, D)rpju 十戸 [rpj ， a2k]u 

and t出ha剖t L: [rp約j ， “向2μk] iおs a di出妊er陀entiaι1 ope白ra抗to町r of order a叫t mosはt (ロ2k一 1叫) and 

L: [rpわj川k]ぷ(伏伶山kトい一」リ1

If Supp rp引Dりj 什 r= <þ札， then 5￠約口りjlμtε D(同ak ) and 

α1 

where ;k (.x, .;) =内包旦め(x)ε 玩。 and ß~同 (kl)ZJ モ B(V(Q)， V(Q)) 
(α。 (x，.;))止\ ,,. " / 

Let SUpp rpjnrキ <þ. Using coordinate transformation T，αsuch that Uαコ

。2.1 1 r ("'__11 ¥ I Jrr--,*\/T'\. ¥¥ 
Supp rp j we replace τヲ in the principal part of a2k ( T，α1(叫 (d7γ)(Dy) ) by 

oy;， 、ノ

oと = b~~;--l 仏 (T; 1(ν) ， (dT，，*)(D川 -21bjy ij-21bjf 竺 I + (lower oy;, ,.,. ¥ ¥ v ，~'" v"."  / W'J OY'iOνj 包 =-1 ... OYiOY,,) 

order terms). 

Then from the assumption with respect to azk stated in ~ 1, 

aZk (T，，-l(ν)， (dTa*)(Dy))T".orpju 

l' I cι子r，Jν)Xi:J1 犯行pYf:'" Yf~(a( T ,,-l(y), (dT,,*) (Dy)) ) hT".o rpjU 

+ (lower order terms) u , 

where Xij = D包Dj ， Yz = y"cz (ν)DzDη (i， j， 1 キ n) ， 可=(守h …， 1) p) , 
T ニ (7
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From this we see that 

向伽川叫kバι(.何‘xぷ:r， D)ヂ約附j戸U= L: A'i町帥川r片hバ(x， D)(い似α叫(収x， D叫)r 少引仰jU +吋(リf仰er 0仰r，伽 t釘E仰山 u臼

inverse coordinate transformation T.- 1 , where A町山 D) = Ta- 1 (ん(x)X;:31

zzJ乙，... Yl~q). Furthermore u叩幻m叫n昭g 仰附4εdゆD仰)

(lo却er 0仰rder tたer仰η'mω刈s) U仏. 

Hence 

内(x， D)ipju= L: A r,rh(X, D)(a(x, D)) ゐ 1mt什 (l附er order t , 

p伊ea剖ting this method for au. (μx， D)巾ipj戸μ ， we f�d tha t 

a2k(川 D)ipju=L: A",, (x, D)ipp"u + (lower order terms) U for uED抑止).

Using coordinate transformation T.αagain， this goes over into 

内(Ta- 1 (叫 (dTa*)(Dy)) T. , 0 ipjU 

= L:J.rh (ν)X;:Jl--X:?jpY1:… Y;jTαJ引(a"u)+ (lower order terms) u. 
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Next we consider for au. I(X, D). Let uED(ak }). Similarly to the case 
for aμ (x， D) we can show that after using the partition of unity 

子 [ipþ a2kq] ã-kEB(V(Q), V (ρl) , 

μ2k I(X, D)ヂjU=αら I(X， D)ipj11r. Þ止μ + ß~~-IU if Supp ipjnr = Ø,where 

， 1(X，~) .. I_\~ifr ~_..l 0"  "".-.k~D(T2In\ IT2In¥¥ 九 I(X，~)= 山一一一，ipj(X)EW{! and ß;~. j�-kEB (V(ρ)， (V(Q)) , and if 
(ao(x, ~))k;吉\ノ

Supp ipj 什Fキ ø ，

α2kcl(Ta- 1 (ν)， (dT.*) (Dy)) T. , 0 ipjU 

1 ， 1 十 lλ川
+ (lower order terms) U , 

where J.~h(Y' -._o 1 is a di妊erent凶 ope則or of order 0配 Furthermore from 
¥ ay / 

the assumption with respect to the coe伍cients stated in ~ 1, the coe伍cients

of ",
0 are zero at Yn = O. Hence we may prove only the following 

åyη 

Lemma 25. Let Xり ωzd れ be as described bげ01・'C. Then euery tenn 

1,1 r:1~kXi:j ， "'Xi~jpY!，' ...Y!qqTa ， oipjU (Su片的c U,,) is r，φresented as α (x， D)山
+゚ kU for uモD(〆) considering it in ρ， ωhere α (x，~)ぞれ1 and ßkã-(k ←1)ヨム ε
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B(V(Q), V(ρ)) . 

Proof We prove this lemma by the methods of induction with respect 

to k. 

At first we consider the case k ニ1. Let uε D(a). Then uモD(Xυ) and 

uεD(Yi ) in R; , where D(Xij)=D(五)=H2(R'~) ， Xり and Yi are being conｭ

sidered as only differential operators. 

We see that 

(.  ~ ¥ 1 !'-12 _. ~ / _. ¥!'- ,. _ / _. ,.\._ (. ~ ¥ 乙~j= αij(Y ， ~)α。(ν\ 1~12， νnC.in (γ)~ふ =at(ν， ~)a日 (ν， i15|z， and αJ(Y' ~)， 
:J '_""bJ ベ， l�-I } I~ I '::J n'_"~nU:l J"::>'，， "::>n ，__...~\~， ":o !~U\ .':I' l輙 )1":0 I , ~............ V'-J 

α包 (ν ， ~)E~( . 

Hence from Theorem 2, Lemma 21 and definition of η (D) we 五nd that 

for uε D(α)=D(向)

Ta* 0刊。ベ(XリijT.ρa* 0 ço約仰Zバ川u叫) = Ta* ((μσ 也 (切νμ川，~)酎)川α向州0什(yν, ，~， 11! イA~T，αρキ 。 少約仰Z戸u
〔以べ ¥ '" 1ぼ問5引1 ) ) j，ト占←=D / 

= 7"((* 。ふり (y ， D)αル， f}1 4TtO仰い戸;jU
\OJ'~' , \~. I~I)I ， JJ ~ u 1"  ) 

=συ (x， D)αタzu+ß;~u = σ.ij(x， D)cpzaμ+ιjU 

and Ta* ( Yi Ta* 0仰)=σi (x, D) cpzau +仰， where ß.ijÃ:;:;, and ßiÃニ ε B ((D(Q) , 

D(Q)) 

Next we wiU show that our assertion holds for the case k supposing 

that it holds for the case (k-1). To this end it su伍ces to prove this for 

the one of k-times product of XiJ and Yi. For example we consider XトlY

三 Xi，J""Xik_ ， Jk_ ， Yik ・ Furthermore we set X k-1Y=Xi ,J,X k-2Y. By virtue 
of the case k = 1 we find that 

7γ 。 (Xk lyT.α本 opzu)=TJ 。 (X61jaXK2YYト ocpZU) 

=αi ， J， (x, D)αTα，*o(Xk-2Y)cpZU+んli1U ，

where んjM1)ZtFB(L2(ρ)， V(ρ) ) 

Furthermore 

aTa* o(Xk-2Y)cpZU = Ta* o(Xk- 2 y)仰u +[α， Ta* o(Xk 2Y)cpZJU 

From uε D(ポ)， we see thatαuモD(ピ 1). Hence by methods of induction 

Tα* o(Xk-2Y)cpzau = 叫 l(x， D)cp〆 lau+ んー lau

=αk-l(X， D)cpzaku+ ん jau.

Since [a, Ta* o(Xk 2Y)和] is a di妊erential operator of order at most (2rn-1) , 
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we can apply it to u (ε D(ak)) ， and [a, T.* o(Xk-2Y)SOz]�-(k-1l Ã;;， εB(V(ρ)， V(Q))， 
which complete the proof of this lemma_ q_ e. d. 

By virtue of Lemma 24, the equation (1') is rewritten as 

(26) 
/合2川- .ヨ2m 1 ;:}2刷

Lu = (-~一一 +αI(X， D)J1" え三 1+α2(x， D) δ 竺 2 ¥ ()t2m ー，^ at2m-1 ",. at2 

+α2m1(x， D)LP1?+α2"Jr， D)�"')u 
dt / 

+lF15J::+ …+ß2m lu =f 
γ at2m 1 • _"; 

/ aU a2m lU ¥ 
for (u, "._U , … , U~_ry~ ~ ) εD(正1m ) X D(am-~) x … x D(ai), where ん is a linear 
¥ . at' . at2η， -1 j 

opera伽 such that ßUâ-(包 I)Ã;;" ßU-l â μ I)EB(V(Q) ， V(ρ)) 

Hence setting 

i量=

o 1 

0 

o 1 
ーα2明â'" 一α2畑 lA土，λâ"'-l -一α2α-a1A:I:， 1

。

り=

-ß2明 -ß加 1 ・・・ -ßl ), 

'( aU a2m lU ¥ 
U=  (u ， γ ， -...，~τ \， F=  '(0 , …,OJ) , 
¥ at' at2恥 1 ; 

we can rewrite (26) as 

(27) 
,zU 
E '''_'U = (...1 +り)U+F ，
(U 

�J: uni t ma trix. 

From now on we consider only Neumann problem as we can consider 

Dirichlet problem similar to Neumann one. 

Here D(a) = ~lぽ H2(ρ);3U| ニ ot
l an Ir J 

Then the basic space is e (瓦 )=D(a洞古)xD(α川 I)X' 一 x D(a~) x V(Q), and 
the domain of A is D(a"') x D(α四 i)x ・・・ x D(d). Furthermore we define 
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the norms: Ilullp(ujせ) = IIﾃ+゚1uIIL2(1)) for u E D(αバ)， IluIID(Ui) = 11仇 IIL2(n) for 
ぽD畑町.

Similarly to Leray's method, for the roots T j(X，~) (j = 1,…,2m) of the 
1 (x, _;) _2拙 1 , a2明 (x， ~) 十一一←-TT +… + '""2m \oÁ.-:，~~， = 0 , we set T j(X, ~) =イτ1 x 

ao(x, ~));t (ao(x, e))禍)
ん(x， ~). From the assumption that T Ax, e) are pure imaginary, we see that 
的(x，~) are rea1. Now we set 

( 1 ・・・・・・・・・・・・・・・・・・・・・・・・ 1 

R(伊Z川川，~)剖ト)=斗l μ内仰lバμ(何x，_;刈，_;)剖) μ凡2，哨，処Aゐ

¥ (pμl(X兵， ~釣))2'明悶n ← 1 ……(片隅 (x， ~))均一 1

and B(x， ~)=S-ldetS， whose components are polynomials of the coe伍cients

of the above equation. 

Here we give an equivalent norm in e (え) with the aid of B(x, ~)， which 
wi1l be needed to get the a priori estimate of (27). To this end we state 
the following Lemmas. 

Lemma 26. (Leray) 

Each component of B(x，~) belongs 印刻。 (From now on ωeτ:vrite it 

as B(x, ~)E~( I/)' 

Lemma 27. Let G(x，~) be a (2m, 2m) matrix such that G(x，~) ε~( I/ 

and G(x, _;)"?/olE>O. Then (G(x, ~))lE~({/ ・

Proof 1t is seen from 

(G (x, ~))} =可1 い1(J.E-Gt1dJ. , 
“πl J r 

where r is a su伍ciently large circ1e whose radius is larger than the absolute 
value of all eigenvalues with respect to G(x，~) and M8(G) (see (2)). 

Lemma 28. Let G(x, _;) be ω in Lemma 27. Then for an arbitrary 

small ε (>0) there exists a constant c(s) such that 

Re (G(x, D)ﾃ+" U , ﾃ+"U) L2(n)~ 

戸r all U，ε (D(瓦))2ぺ

Proof From Lemma 27 we see that (G(x, ~))ため. And GJ(x, D) = 
G}#(x, D), from which we can prove this lemma by virtue of Theorem 3 and 
interpolation (see the proof of Lemma 12). 
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Now we will give an equivalent norm in 6' (Ã+). 羽Te set 

1 B+B* β ーー
B1 =E(i) 一言H E(i)+ ;-(A~~À+A才)

and set 

1: UI!i2 = (B1E(孔)U， E(瓦)) U)内)

for Uε 6'(ヨ+)， where 

Ã~ ，â.哨ー 1
ム， À

a冊一1

�. -宝
.t'&+, l 

\
l
i
l
l
l
1
1
1ノ

宅
，E
.

岨
拍

1

・

z

惜
・

4
ι
/
r
t
i
l
i
-
-
K
 

一
一

・

4
ι

，
t
s

、
、H
 

E(瓦)=

1 J , 

z=イ二1 ， :゚ a su伍ciently large constant. 

Lemma n.clE(zm!二(ぷ: UI?~C21IE(Ã+) UII :'(1}) 101・ UE 6'(Ã+) ，
here C1 and C2 are indφendent 01 u. 
Proof. S is real symmetric and S~02E>O， from which it follows that 

R(x，~) is also real symmetric and R ~ゐE>O.

Then by Lemma 28 for Uε(D(Ã ，))2協 and for su伍ciently small e(>O) 
we obtain 

(B1Ã •, À U , ﾃ+'ﾀU)L'(I}) 

=Re(E(ilBE(札，ι 瓦 lU)L'(fJ) + ßRe(Ã~~，Ã" λU， Ã+ ,lU)L'( !J) 

~(03一ε)IIÃ ト ， 1UllhfJ)-c(ε)IIUllhfJ) 十 ßRe (Ã+ ,lU, U)L'( fJ) ・

Moreover from (24) it follows that 

Re(Ã+ ，λu， Uh'(fJ)~CI I1 Ullh{}) where C1>O. 

Therefore for su伍ciently large ﾟ 

(R1Ã+ ,lU, Ã ← 'ÀU)L'( fJ)~(03-e)IIÃ+'ÀUllhl}) ・

Next for Vε 6' (Ã+) ， we see that Ã~~ÀE(Ã+) Vε (D(Ã+))2ぺ from which it 
follows that 

(BIE(Ã川 E(Ã+)V) 内) ~ (03- 州E(Ã十 )VllL(0)
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恥1oreover it is easily seen that 

(BIE(Ã川 E(瓦)v) L'(fi) ~ C211 E(Ã川JL(0)q e d 
Lemma 30. Bl i・'s a bounded selfadjoint opera拘f 斤'om (V(fJ))2明 onto

itself and also has a bounded inverse. 

Proof 1t is seen from the expression of Bl and Lemma 29. 

Lemma 31. (a priori estimate) 

For UED(A) there exists a constant -ro(>O) such that 

111(-rE一仙Q川I ~(τ一%)11UlJ
Proof We see that 

for -r>-ro ・

(((Â+Q)U, U))=(B1E(Ã+)(Â+(})U, E(丸)U)内) , 

where 

。 1 

。 . 
E(Ã川 =1 1 I Ã+ ，lE(瓦)

。 1 

一α2栂 ーーαZ明ー1 . . . 一ー αz ーー α1

。 。

。
Kﾃ:l 十， 1

。 。

+1 IE(え)
KA:~ +,1 
。 。

ーα2明KÃ~;l 。 2KA~1 ーーα2刑ー ι ， 1 
。 • -a2KA~:三 。

三 PÃ+ ，lE(Ã ，)+(JIE(ヨ+)， K= δ-Ã~ ， l ・

From Corollary stated above Lemma 22 り1 is a bounded operator from 

(V (fJ)) 2m into itself 
Hence we 五nd that 

(泊) (((Â 十 Q) U, U)) = (B1PÃ+ ，lE(え)U， E(瓦)U)内)

+ (RJ(}rE(Ã+)U, E(瓦 )U)内)+(Bl仏E(Ã+)U， E(孔)的内，
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where E(Ã ，)り=り2B(Ã ，) and り2εB((V(Q))ぺ (V(ρ)t')

To estimate the f�st term on the right of (28) we set P=iE(i) 1Pl E(i). 

Then we f�d that the symbol of the principal part of B1P is iE(i) 1 x 

R(X， ~)Pl(X， ~)E(i) which is anti symmetric, that is, Re(iE(i)lB(x， ~)x 

P 1(X, ~)E(i))=O (see [11]) , 
hence 

Re(B1P瓦 λE(ヨ )U， E(Ã ， )U)L2 ( 日)id||E(1川||;2(〆 CII!Ulli 2

The other terms on the right of (28) are also bounded by Cll;UI 2. 

Therefore 

(29) ん(((A+ り) u, U))II S Cli1Uii!2 

It follows from this that for UεD(A) there exists a constant '0(>0) 

such that 

l(TE一(d+Q))UlJ(T一 'o)ii: U[ ,; for ,> '0 

Theorem 4. (Existence of resolvent) 

For sufficientか lm詐 constant d> ,o), ,E-(A + り) has a bounded inverse 

R(" A +り)斤om ë(え) into itself such that 

1::./ 1 R(" A+り)'11< _._ 
'-'0 

Proof. From Lemma 31, we may prove that for any FIε (V(Q))2拙 there

exists a solution Uε (D(Ã , ))2m of the equation 

(，E-PÃ ト A一 ((!1+ り2))U = F 

This can be shown by the same consideration in Lemma 19 indicating 
the operator R. To this end, let Xo be a f�ed point in r. Then we may 
show that (τE-P(T.α1(ν。)， (dT.*)(Dy))(σα(Yo ， D)A , + え)U has a similar estimate 
in Lemma 16, that is, for a su伍ciently large , 

1: (，E-P(Ta- 1川 (dT.*)(D内川0 ， D)ム+え)引い。

バ(IIA ，Ullvn>o + (Tー ρ)11 UII v,,>o) 

for U E (D(A ))2地， and also has a bounded inverse, here x。ε U. ， ν仇0= T.α(何xo)

Set 
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"1(Ta- 1(yo), (dT.*)(�)) ・・・・・ τ27n(TJ1(ν仏 (d7γ)(�)) 
• • . . . • 
. .・

("1 (T.- 1 (仇)， (dT.*)(ç)))2明白1 • • • ("2m(T;1(yo), (dT~t.)(ç))rH 

= :N' (Yo , ç), N(yo ，~) ロ (:N' (γ0 ， ;))勾1 ，

μ1 (T;l(yo), (dTa*) 信))
。. . = .D(yo, �). 

。 . 
112m (T;1 (ν。)， (dT，η 

Then D(yo, ç)ε~( ， N(yo, ç)P(yo, ç)=iD(yo, ç)N(yo, �) and from Theorem 2, 
λγ(-rE- P(σ.A， +À)一 (Ql+ (!2))N-1 = (-rE-iD(σ.A ， +À)一り3 ， where Q3 is a 

bounded operator and D(yo, D)(ι (yo ， D)ム +ﾀ) is a selfadjoint operator on 

(V(Rて))2拙 with its domain (D(ム))2明 Thus our assertion is proved. q. e. d. 

By virtue of Lemma 31 and Theorem 4 we will solve the equation (27) 

applying the theory of semi group. 

For白r U州(仰剛O削叫)

(A+吟θ)F(伺めεぱCο0([げ]; e(Ã瓦川斗J斗))， there exists a unique solution U(的 of the 

equation (27) and 

that is, 

(:30) 

IIIU(川I~ 自p (-ro 州 U(同(||+j;lf(s)|ωゐ) , 

Ilu仰川l同凶附u叫吋(伊川t

~C叫ベ小lμ川川u叫州州山(ゆ似O伐， 刈x) ID("いID("判功沖，“a 司 占封) 十 11 \同巾昨lワ3φiτ?:シ(川 |iLlL川(何αP明 ) + 

il竺二竺(0，x)11 _ + \'If(礼 ds\.
I~ � m-1 ,. , I1 L'(Q) Jo 1. J , '1' L'(Q) ) 

Moreover for f( t) ε C 1 ([0， T]; V(Q)), we choose fj(t) such that fj(t)ε 
CO([O, T]; D(iU)nC1([0, T]; V(ρ)) and passing to the limit we find the 
existence of solution u (t). Furthermore using the equation itself we 五nd that 
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(31) :IU(t, x)11 ",,,m\ +11 11坐(川IJ1++ipツ (t，x):1 Il v (戸) , 11 at \~， ~I 1 D(α叫ど) , 
11 at2m \~， ~J 11 L'(Q) 

~C叫 (ht)|!u(OJ)|| 十 ilpμ(OJ)!i
べ 1，刀('1m) I !I-iù-\V, ~'}IID("m ど)

十 lぞ:竺 (0，.r)li _ + Ilf(o)11 _ + n ヂ (s ， x)11 刈
11 ât川 1: L'(!)) "L'(_Q) Joll 龝 11 L'(I)) J 

Remark 1. As seen directly in our proofs of ~ 2. 1, in the statements 
of Theorems 1, 2, S'; can be replaced by E下。 (0<0<1) which is the set of 

σ (x，~) such that the 品rst order derivatives Oマ (x，~) exist and uniformly 
axも

H�der continuous of order O. Furthermore we can drop H�der continuity 
o by the similar treatment as one in [4]. 
Remark 2. For the system mentioned in Introduction we can also apply 

。JUd
the same treatment as one in ~:). Because setting U~ ~i = U i,j: 1 we may con-

。tj ', J 

sider t ( U ll , U12 ， ・・" U 1,1Il 1
' 
U21' "', U2 ,in 2 ' "', U I.:, l' ・"， Uk""k) and the corresponding 

system. Then using the partition of unity with respect to Q x L: we can 
construct R(x，~) locally and the norm same as one treating in Cauchy problem 
(see [14]). 

Remark 3. By the method of reftection we can reduce our mixed proｭ

blems where Q=B'; and a(x, D)=A into Cauchy problems over the whole 
space Rn. Here we must remark that the coe伍cients of principal part of 
reduced equation have Lipshitz continuity. Therefore for the case of single 

equation we can apply the theory of Leray and G蚌ding. Furthermore for 

the case of system we can extend the theory of CalderórトZygmund's singular 
integral operator to one for symbols which are introducecl by the recluced 

equations (see Remark 1, Corollary of Lemma 5 ancl [4]). Thus in this case 
we can obtain the results in ~ 3. 

Remark 4. In the case for single equation it is easily seen that by 

coordinate transformation in Lemma 13 a(x, D) is transformed to b(ν ， D) 
with bni(y', 0)=0 (i=l , "', n-1) , therefore our bounclary conclitions (D) and 

(aj 
" 

1 ¥ ¥ 

(N) are reduced to いュ十(lower order terms) I U ニ o on r , i=2j (j=O , 1, …, 
¥ on' / 

m-1) , i=2i+1 (j =O, l ,… ,m-1) , respectively. Therefore by the trans-

formation such that t' = t 十 ε L: y~ the form of the boundary conditions are 

invariant, we can prove that local uniqueness theorem is valid, that is, the 
speecl of propagation of waves is 五nite. Moreover by the same consicleration 
this fact is also valid for the case of systems. 
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As mentioned Remark 2-4, we have various methods for solving our 
problems. To apply these ones we must treat the perturbation with respect 

to boundary operators by using the theory of elliptic operators for boundary 

value problems and gather local solutions. As long as we are concerned with 

the mixed problems mentioned in Introduction, we can avoid such troubleｭ
someness by considering our singular integral operators. Furthermore by our 

method our system can be reduced into the f�st order system written in our 

singular integral operators, which are as invariant for certain change of variｭ
ables as formulation of our problems. Moreover we obtain (291 directly by 

our method. 
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