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Certain bilinear operators on Morrey spaces
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Abstract. In this paper, we consider that T'(f, g) is a bilinear operator satisfying

|f(z —ty)g(z — y)| d
ly|™

LEICEN

for = such that 0 ¢ supp (f(z —¢-)) N supp (g(z +-)). We obtain the boundedness of
T(f,g) on the Morrey spaces with the assumption of the boundedness of the operator
T(f,g) on the Lebesgues spaces. As applications, we yield that many well known
bilinear operators, as well as the first Calderén commutator, are bounded from the
Morrey spaces L9 x L™*2 to LP'* where A\/p = A1/q + Aa/r.

Key words: Multilinear operators, bilinear Hilbert transform, the first Calderén com-
mutator, Morrey spaces.

1. Introduction

Let T be a multilinear operator from the product of Schwartz space
S(R™) x -+ x S(R™) into the space of tempered distribution S’(R™), which
commutes with simultaneous translations. The operator T' can be formally
written in the integral form of

m

T(f1s-- -, fm)(@) = K(yl,...,ymn (z —y;)dyi - . . dypm,

Rnm j=1
where z, y; € R", j = 1,2,...,m, and K is a distribution kernel. This
operator has received extensive study in the last two decades, see [4], [8],
[9] and [10]. For instance, if one chooses n = 1, k = 2 and K(y1,y2) =
Y1~ 20(y2 +y1) with the Dirac delta function &, then one obtains the famous
bilinear Hilbert transform

H(f1, f2)(x / J1 93*3/1)f2($+y1)dy

Al

2010 Mathematics Subject Classification : 42B20, 42B25, 42B35.
The research was supported by National Natural Science Foundation of China (Grant
Nos. 11471288, 11201287) and China Scholarship Council (Grant No. 201406895019).



144 D. Fan and F. Zhao

Connected to the operator H(f1, f2) is the famous Calderén conjecture that
says H(f1, f2) is a bounded operator from L>® x L? — L2 see [11]. The
conjecture was solved on a more general setting by Lacey and Thiele in their
celebrated theorem published in 1997.

Theorem A (Lacey and Thiele [13]) Let1 < g,7 < o0, and 2/3 < p < 0.
Then

| H(f1, fo)lle@)y = | f1llza)ll foll r @),

provided 1/p =1/q+ 1/r.

We note that the original proof of Theorem A is on fi, fo € S(R).
Then it is naturally extended to all f; € L9(R) and fo € L"(R). Thus H is
a bounded operator from LY(R) x L"(R) to LP(R).

Besides the Lebesgue space LP, the Morrey space LP* is a function
space raised from studying some well-posed problem in partial differential
equations (see [15]). Let f be a locally integrable function. For 0 < A < 1
and 1 < p < oo, we define the norm || f||z»» by

1 1/p
pA(Rn) = SUPJ —— x)|[Pdx )
Florsgeey = sup { s [ 1@}

where the supreme runs over all balls B in R”, and |B| denotes the volume of
B. The Morrey space LP* is the linear space consists of all locally integrable
functions f for which

Il Lrrmy < 00.
Also, for convention, we denote
[ £l Loor@ny = Il oo (m)

forall 0 < A < 1.

The Morrey spaces have also recently received a lot of attentions. The
reader can see [1], [2], [5], [14], [16] and [17], among numerous references.
Based on this observation, we naturally hope to establish the Lacey-Thiele
theorem on the Morrey space. Recall that the proof of Theorem A is very
difficult and it is completed with a very elegant method of time-frequency
analysis. Clearly, we do not expect using this difficult method, since the
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structure of the Morrey space seems more complicated than the Lebesgue
space if we invoke the time-frequency analysis. Thus, in this paper we apply
some “transference” method to transfer the Lacey-Thiele theorem from the
Lebesgue space to the Morrey space. Our result can be stated in a more
general setting in the following theorem.

Theorem 1.1 Letl <p<oo,1<q,r<oo,0< ) <1 fori=1,2, and
T(f,qg) be a bilinear operator satisfying

R e )

for x such that 0 ¢ supp (f(z —1t-)) N supp (9(x+-)). If1/p=1/q+1/r,
and

IT(f:9)ller < ClifllLallgllzr

then there exist two positive constants C1 and Cy independent of 0 < |t| < 1
such that

IT(f,9) Lo < (C1C + Calt| 22 ) [ £l Lans gl e

where A\/p = A1/q+ Aa/7.

As applications, we obtain the boundedness from the Morrey spaces
L3 x ["A2 to LP for the bilinear Hilbert transform H(fy, fo), the bilinear
singular integral

flxz—y)g(z + y)Q( Ny,

To(f.g)(w) = poo. [ HEDE

and the first Calderén commutator, where A\/p = A\1/q+ A2/r. Also, we will
discuss the boundedness on the Morrey spaces for the bilinear oscillatory
singular integral

eP@y) f (g — z
Tp(f,9)(x) zp-v-/ Tz — ol +y)dy-

R Yy

Throughout this article, we will use C' to denote a positive constant,
which is independent of the main parameters and not necessarily the same
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at each occurrence. The symbol A < B means that there exists a constant
C > 0 independent of all essential variables such that A < CB. We also use
the notation A~ Bif A < B and B < A.

2. Proof of Theorem 1.1

To prove Theoreml.1, we need some preliminary work. For any ball
Bs = B(x¢,0), there is a ky € Z such that 2% < § < 2ko+l  Tet B =
B({L‘o, 2k0+4).

For the sake of simplicity in the notation, we assume xy = 0 since the
general case can be achieved similarly by shifting an xy unit. We let

Ag = B = B(0,2k0*4),
Ay = {z: 203 || < gkotd+iy i —1 9 .
and
By ={z:|z| <2Ftiti =12 ..

Now for fixed ¢ with 0 < |¢| < 1, there is a nonnegative integer k; such
that

g < L < okitl
L

We have three lemmas in the following.
Lemma 2.1 Forxz € Bs and 0 < |t| <1, ifx —ty € A, then

2k0+k1+j+2 < |y| < 2k0+7€1+]‘+6‘
Proof. For x € Bs, 2F0 < § < 2Fot!l and 2 —ty € Aj, we have

1 .
lyl < m(lw = ty| + [a]) < 2FL(2RFAHT 4 ghot

— 2k0+k1+2(23+j + 1) < 2k0+k1+j+6’

and
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y| > i z —ty| — |z|) > ok1(9ko+3+7 _ gko+1
i

> 2k0+k1+1(22+j _ 2]) > 2ko+k51+]’+2. 0
Lemma 2.2 Forxz € By and 0 < |t| <1, if
j>10 and |j+ ki —i| >4,
then
{y:x—tye A;3n{y:x—ye A} =0.

Proof. We will use a contradiction argument to prove the following two
cases:

Case 1: i > j+ k1 +4; Case 2: i < j+ k1 —4.
In Case 1, if x — ty € A;, by Lemma 2.1, we have

’y| < 21f0+1f1+j+6.

On the other hand, if x — y € A;, we have

‘y| > ‘.%' _ y‘ _ ‘$| > 9ko+i+3 _ gko+l > 2k0+1(2k‘1+.7+6 _ 1) > oko+ki+j+6

This leads to a contradiction.

In Case 2, for x — ty € A;, by Lemma 2.1, we have

ly| > 2ho+hi+it2,

On the other hand, if x — y € A;, we have
|y| < |ZE _ y| + |$| < oko+i+4 + gkot+l 2k0+1(2j+k1—1 + 1) < okotki+j+1
Again, it leads to a contradiction. The lemma is proved. U

Using the same idea as in the proof above, we have

Lemma 2.3 Forx € Bs and 0 < |t| <1, if

i>10 and |j+ k1 —1i| > 4,
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then

{y:ze—tye Ajn{y:z—ye A} =0.
We now give the proof of Theorem 1.1.

Proof of Theorem 1.1. For any f € L9 and g € L"™*?, we write

oo oo
F=Y"Fixa, 9= gixa,
§=0 i=0

where x g is the characteristic function of a set E. Therefore,

> T(fxa, 9xa,)

i>j>0

+ D T(fxa,.9xa.)

§>i>0

1T(f, )l por <

Lpr:X LpA

To prove the theorem, we first show that

< (CLO + Colt| 2| pana gl e
Lp.A

> T(fxa, 9xa,)

§>i>0

By the assumption and the Minkowski integral inequality, it is easy to

check
{ 1 / p 1/p
- E T(fxa;,9xa;)(x) d:n}
|Bs|* /g, 105550
E 1 1/p
< —— T . Mz pdm
"0 .>.>0{|B(s|A /BJ (fx,9%4)(@) }
Z)=r=2
E 1 1/q "
- VL a4 [ otoras
w575iz0 Bl U, B,

< CC1lfllzanllgllprae,

where the last inequality holds because that there are only less than 11!
terms in the summation and in each term |B;| ~ |B;| ~ | B;|.
We now need to show that the following estimate holds:
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< Colt| D fll ot gl -
Lr.x

> T(fxa, 9x4,)

§>10,j>i>0

By Lemma 2.2, we know that for x € By,
> (Fxa)@—ty)(gxa) (@ —y)

J=2120,5>10

= > (fxa)@—t)gxa) (@ —y)

5>10,]j+k1—i] <4

— Z (fxa,)(@ = ty)(gX a0, ) (@ — ).

J>10,|1—j|<4

By the Minkowski inequality, we have

Z T(fxa;,9xa;)

J>10,j2i>0

=Y > IT(fxa, 9xa)

§>10 |j+ky —i|<4

:Z Z HT(fXAj7gXAl+k1)HLp’A'

§>10 [I—j|<4

< > AT(fxa,.9x4,)

Le:x 5510,5>i>0

|

|7

The relationship |l — j| < 4 means that [ ~ j for all j > 10. So the above

double series > 10> jj<a IT(fxA;,9X A1, )| Lrr essentially is a single
series > o0 IT(fx4;,9XA, 4, ) Ler. Thus it suffices to show

Z IT(fxaz: 9xA; 50, ) o < 02|t|(1_)\2)n/THfHLq’*1 gl Lra-
§>10

Here by the assumption and Lemma 2.1, we have that for x € Bs,

IT(fxa;9XA; 4, ) ()]

[(fxa,) (@ —ty)(gxa;, 4, ) (@ —y)]
= /n ly|™ a

1
= 2(’€0+’fl+ﬂ')"/3 [(fxa;)(@ = ty)(9x ;. ) (@ — y)ldy.
ki+it2
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Using Holder’s inequality, noting that for x € Bs, gxa,,, (*—y) has support
in Aj4r,, and changing the variables, the previous term is controlled by

1 1
Y TRE 1xas e llgxa; e, -

1

= gkin/gon(ko+i)A1/qon(ko+ki+i) A2 /T
j2(’€o-i-’€1-i-j)n/1021 oo AT A Hf”L

(|9l

— 2n(>\—1)(ko+j)/zngn(kz—l)kl/r||f||L(Ml gl £roxs -

The previous estimate leads to for j >4 >0, 57 > 10

1 1/p
{|B§‘)‘ /B |T(fXAj,gXAi)($)|pdx}

< 2”0‘*1)(k'0+j)/p2n(/\2*1)k1/7'|B5|(1*>‘)/p||f||Lq,/\l gl 1rxa

< 2n(>\—1)(koJrj)/an(Az—1)k1/rzkron(l—/\)/pHJCHLM1 Hg|

L7mA2

_ 2n(>\—1)j/p2"(>‘2_1)k1/r||f||Lq,k1 ||.g||L“k2 :

Finally, we obtain
Z T(fXAjagXA-;)
j>10,j>i>0

< Gy Yy 2T R £l lg)

§>10

< Colt]| 2D ) o gl e

<> T (fxa,s 9xa,)l Lo

Le:x 5510

L7',)\2

The proof of the estimate on the integral

> T(fxa,,gxa,)

i>5>0

Lp:A

is similar to that of the above one. The main change is to use Lemma 2.3
in place of Lemma 2.2. This completes the proof. O
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3. Some applications

As applications, we can easily obtain the boundedness on the Morrey
spaces for several well known bilinear operators. These operators include
the bilinear Hilbert transform, the bilinear oscillatory Hilbert transform,
the bilinear singular integral with rough kernel and the first Calderén com-
mutator.

Our first result is about the bilinear Hilbert transform.

Corollary 3.1 Let A\, A1, Ay be as in Theorem 1.1 and let 1/q + 1/r =
1/p, 1<q, r<oo, 1 <p<oo. Then

IH(f 9L 2 F g llgllprae,
if and only if
ADp=A1/q+ Aa/7.

Proof. The sufficient part follows from Theorem 1.1 and Theorem A.
To prove the necessary part, let

fe(@) = f(ex), ge(x) = g(ew).
By changing the variable, we have
1H (f) 90) | or @y = €AV PIH (S, 9) | or @y,

[ fell Lars () = 5(A1_1)/q‘|f||Lq»M(R)7
and

lgell Lz () = 5(/\271)/THQHL“*2(R)'

Therefore,
IH(f, @) lLer@) =2 N llLars @)llgllrre w)s

for all f, g if and only if

1H (fes g) Lo r @) = 1 fellzon @) 9ellrre )

if and only if
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[H (fe, 9 )l Loy = €>‘1/q+/\2/%>‘/p”f”Lw1(R)HQHL%& (R)-
Since ¢ is arbitrary, we must require
)\1/(]4‘ )\2/7‘ — )\/p =0.

The corollary is proved. U

Next, we consider the bilinear oscillatory Hilbert transform

eP@y) f(x — T
Tolf.0)(0) = po. [ S HEZWIEED

R Yy

where P is a real-valved polynomial. In [3], the authors proved that the
operator 7p is a bounded operator from L4(R) x L"(R) to LP(R) with 1/r+
1/q¢ =1/p < 1. Also they showed that the operator bound

HTP H La(R)xL"(R) — L»(R)

is independent of the coefficients of P. By this result and Theorem 1.1, it
is easy to obtain the following result.

Corollary 3.2 Let A\, A\, A be as in Theorem 1.1 and let 1/q+1/r = 1/p,
1<qgr<oo,1<p<oo. If

A/p=A/q+ X/,
then we have
1Te(fs Dller 2 A fllLarillglzrae-
Also the operator norm
7Pl pari xprre — oo

is independent of the coefficients of the polynomial P.

In the high dimensional case, we consider the bilinear singular integral
with rough kernel

To(f.9)(a) = pov. | TEZVICTD g,
Rn y|
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and its maximal operator
To(f 9)(x) = sup To,-(f. 9)(2)],
g

where Tg, . is the truncated bilinear operator defined by

_ flz—yglz+y),, , o
Too(f,9)(x) = /| DOy, for e > .

where Q(y’) is a function defined on the unit sphere S"~! in the Euclidean
space R™, and ¢/ = y/|y| for any y # 0.

Corollary 3.3 Let A\, A1, A2 be as in Theorem 1.1 and let 1/q+1/r = 1/p,
1<q r<oo,1<p<oo. IfQe€ L>®(S" 1) is an odd function, then

ITa(fs Dller 2 A fllparllglnrae,
if and only if
Ap=M/q+ A2/r.
Proof. By Theorem 1.1, we need to show

1T (f, 9)llLe@ny = | fllLa@n)

|g||Lr(Rn).

The proof for the above inequality can follow a standard rotation method
by Calderén and Zygmund. We state its proof for completeness. By the
spherical coordinates and changing variables,

Tof.9)w) = po. [ { [T HEZIAEE D oo )

- / { /_Ooo flo—ty)gle + ty/)dt}Q(y’)da(y’).

t

This means that

2To(f, 9)(x) = p-v-/ {/_o:o flo = ty/)tg(m - ty/)dt}ﬂ(y’)da(y’)-

Thus by the Minkowski integral inequality,

n
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1Ta(f, 9)llLr @)
< fC—ty)g(- +ty)]
jp.v./sn{H/oo dt

t

}dv(y’)-
Lr(R")

Now for ¢/ fixed, take the rotation O such that O(y’) =1 = (1,0,0,...,0).
Denote function fo-1 by fo-1(z) = f(O~'z). Then

[ {H [ M), LP(RH)} to)
:/{/ [ Mo(Or =00 1 1),
:/{/ [ Momte= oo+ 1),
[ { [ ][ Vomtor=tBonsm w2,

where T = (z2,23,...,%y,).
Using the well known result of the bilinear Hilbert transform

UL ar}”
< {/ 1(/\fo (21,7 |d:c1> </|go (21, 7 |da:1> rdf}l/p.

Using Holder’s inequality and iterating the integral, we obtain

{/IR”1</|fO (1), T qux1> </Igo (o 3 |d$1> rdj}l/p

= lfo-rllzallgo-1llzr =l £l e

1/p

dIL‘} do(y')
1/p

dm} do(y')

p 1/p
d:c} do(y'),

dt

/Oo |fo-1(x1 —t, T)go-1(x1 +t, T)|
. t

This shows
1Ta(fs 9)llLe@ny 2 [ flLa@e) 9l - @n)-

We prove the corollary. O
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It is well known that for the maximal bilinear Hilbert transform

[ Aemtutern,|
[t]>e

H*(f,9)(x) = sup

e>0 t

Lacey in [12] obtained the following remarkable result.

Lemma 3.1 Letl <gq, r<ooandl/p=1/¢g+1/r. If2/3 < p < oo,
then

IH*(f, ) ey 2 N fllLam)llgll L w)-

The same arguments as in proof of Corollary 3.3 and Lemma 3.1 apply
to yield

Corollary 3.4 Let A\, A1, A2 be as in Theorem 1.1 and let 1/q+1/r = 1/p,
1<qg,r<oo,1<p<oo. IfQec L>®(S" 1) is an odd function, then

1T Dl e 2 A fllzanllgllzrne,
if and only if
Ap=A/q+ A/

The first Calderén commutator is defined by

o(x) — o(y)
C’fx:p.v./ f(y)dy,
¥ ( ) R (-’B—y)Q ( )
where, for a Lipschitz function ¢, we may write,

— Y 1
Wi — f(y) T2 i " /z ' (t)dt = /O ¢ (1= t)x + ty)dt.

Thus,
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o o dy
—po. /O /R fa =)' (a =) Lt

- / Hy(f,¢')(x)dt.

A celebrated result due to Grafakos and Li [7] showed that the following

Lemma 3.2 For2<gq,r<oo andl <p=qr/(q+r) <2, then there is
a constant C = C(q,r) such that for all f, g on R,

ilel]g IH:(f, 9)llee®)y < ClfllLaw)llgll o w)-

We have the following result for the operator Cl,.

Corollary 3.5 Let A\, A1, Ay be as in Theorem 1.1 and let p, q and r be
as in Lemma 3.2. If ¢ is a Lipschitz function, then we have

ICo(FlLer Z N fllpar 9 1prre,
where

Ap=M/q+ A)r.

Proof. By Theorem 1.1, it is easy to check that
1
IColF s < [ IHL 0] ot
0

1
< / (CLC + Cot T o [ rora
0

1
< (1+ / t“‘h)“dt)||f||Lq»MH<P'HLW
0

SNl ana 1€l rne-
The corollary is proved. O

4. Final Remarks

In this section, we give two remarks. First, our method in the proof
of Theorem 1.1 may be still valid if the condition (1) is replaced by some
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similar size conditions. For example, the bilinear oscillatory integral along
the parabola studied by Fan and Li in [6],

1
ily—# 4y
L)@ = [ fa=pgla - )el o
1
They proved that if > 1, then
1 Z5(f, )2y 2N flleemllgllz2w)-

Using this result and following the same method in the proof for Theorem
1.1, we also easily obtain the following

Corollary 4.1 Let 3> 1. Then for 0 < A < 1, we have
1Z5(f, 9 2wy 2 Nl Loer @) llgll L2.a )

We leave the proof of this corollary to the reader.
Secondly, our method works for the multilinear operator T satisfying
certain integral size condition

Tl b Su)@I = [ TL1F5 =050l "y
j=1

for x such that 0 ¢ NJLysupp (fj(z — 0;-)), where 0; #0, j =1,2,...,m,
are fixed real numbers. In fact, without loss of generality, we assume

01 > 16a] > -+ > || > 0.

Then
[ st =ollslay= [ 156 = no)l 15 - )l ol
E ke R™ o

where 7; = 6;/61. Thus, we may assume that all 7; satisfying |n;| < 1. Now
pick some suitable nonnegative integers k1, ko, . . ., ky—1 satisfying
1

— ~ k-t for j=2.3,...,m.
;]
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We can follow the same proof of Theorem 1.1 to show a multilinear version
of Theorem 1.1.
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