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Cohomology of wheels on toric varieties

Alastair CRAW and Alexander QUINTERO VELEZ
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Abstract. We describe explicitly the cohomology of the total complex of certain
diagrams of invertible sheaves on normal toric varieties. These diagrams, called wheels,
arise in the study of toric singularities associated to dimer models. Our main tool
describes the generators in a family of syzygy modules associated to the wheel in
terms of walks in a family of graphs.
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1. Introduction

A standard tool in homological algebra is to study a finitely generated
module over a ring in terms of a free resolution, or more generally, a coherent
sheaf on a variety in terms of a resolution by locally free sheaves. Conversely,
given a complex T of locally free sheaves on a variety X, it is natural
to ask whether the cohomology of the complex is nonzero in one degree
only, say k € Z, in which case T*® is quasi-isomorphic to the pure sheaf
H*(T*)[—k]. In particular, it is important to have an explicit understanding
of the cohomology sheaves of a complex of locally free sheaves. Our main
result achieves this for a class of four-term complexes of locally free sheaves
on normal toric varieties.

Our motivation comes from the study of derived categories of toric va-
rieties associated to consistent dimer model algebras (see Bocklandt—Craw—
Quintero-Vélez [2, Section 2.4] for a brief introduction). The best-known
example of a consistent dimer model algebra is the skew group algebra
Clz,y, z] * G for a finite abelian subgroup G C SL(3,C), in which case the
relevant toric variety is the G-Hilbert scheme X = G -Hilb(C?) introduced
by Nakamura [10]. In their study of the equivalence of derived categories in-
duced by the universal family on the G-Hilbert scheme, Cautis—Logvinenko
[3] describes explicitly the cohomology sheaves of certain four-term com-
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plexes T on X and hence shows that with only one exception, every such
complex is quasi-isomorphic to a pure sheaf H*(T*)[—k] for k = 0,1 (see
also Cautis—Craw—Logvinenko [4]). Our main result (see Theorem 1.1 be-
low) can be applied to a broader class of four-term complexes, including
those arising in the study of the derived equivalences induced by the univer-
sal family of fine moduli spaces X associated to any consistent dimer model
algebra. As an application, joint work with Raf Bocklandt [2] establishes the
dimer model analogue of the Cautis-Logvinenko result, namely, that for a
special choice of moduli space generalising the G-Hilbert scheme, all but one
of the four-term complexes T® on X obtained from the derived equivalence
is quasi-isomorphic to a pure sheaf H*(T*)[—k] for k =0, 1.

The complexes T'® that we consider in this paper are four-term com-
plexes of the form

L PSP (1.1)
j=1 j=1

for some m > 2, where L, L; ;41 and L; (1 < j < m) are invertible sheaves
on any normal toric variety X, where each differential is equivariant with
respect to the torus-action on X, and where the right-hand copy of L lies in
degree zero. Assume in addition that for 1 < j < m, the restriction of the
differential d? to the summand L; j1; has image in L; & L;;1 (with indices
modulo m). This means that if we separate vertically the summands in
the terms of T'* and hence break the matrices defining the differentials into
their constituent maps between summands, the complex can be presented
as a diagram of the form

Lip D}

S iy Ly
.y
.%/ 7& \01
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The maps between invertible sheaves in this diagram are multiplication by
a torus-invariant section of an invertible sheaf on X. We illustrate this and
fix notation by writing on each arrow in diagram (1.2) the Cartier divisor
of zeros of the corresponding section so, for example, the effective divisor
Di e HY (L, ® Lfé) = Hom(L1 2, L) denotes the Cartier divisor of zeros
of the section that defines the map from L; 3 to Lo. This diagram can be
represented equally well in a planar picture that is reminiscent of a bicycle
wheel (see Figure 4 in Section 3), and we refer to any such four-term complex
T* as a ‘wheel’ on X.

To state our main result we choose once and for all a rather special
order on the set of transpositions of m letters (see Section 2), giving 7 =
(1,v1)s - Tn = (Hn,vn) where n = () and pj, < v for 1 < k < n. In
addition, for every index 1 < k < n we define a subscheme Z;, C X to be the
scheme-theoretic intersection of certain torus-invariant divisors in X. To be
more precise, let Z := {Dy}xea be a set of torus-invariant divisors in X.
Define the greatest common divisor and the least common multiple of the
set Z to be the torus-invariant divisors

ged(2) =max{D | Dy — D >0V e A} and
lem(2) =min{D | D — Dy >0V A € A}

respectively; here max/min means choose the maximal/minimal values for
the coefficients of each prime divisor in the expression for D. Define sub-
schemes 7y, C X for 1 < k < n in terms of the Cartier divisors labelling the
arrows in diagram (1.2) as follows:

(i) for 1 < k < m, define Zy to be the scheme-theoretic intersection of

ged(DEL,, DY) and the divisor lem (D?,..., D™, ged(Dy 5, Dit?),
..,gcd(D, D})) — lem(D*, D1,

(ii) for m+1 < k < 2m — 3, define Z;, to be the scheme-theoretic inter-
section of the divisors lem (D', DV, DV**1 . D™) — lem(D*, D*)
and lem(D!, D¥*=1 DV*) —lem(D?, D*);

(iii) for 2m —2 < k < n, define Z, to be the scheme-theoretic intersection
of the divisors lem(D#, D*, D% )—lem (D%, D"+ ) for p € {1, ..., up—
1}U{y, — 1}

The subschemes Z;, C X are torus-invariant, though some (possibly all) may
be empty, see Example 3.5 for an explicit calculation.
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Theorem 1.1 Let X be a normal toric variety and let T'® be the complex
from (1.1), with differentials determined by the Cartier divisors shown in
(1.2). Then:

(1) HY(T*) = 0z ® L where Z is the scheme-theoretic intersection of
DY ....D™,
(2) H=Y(T*) has an n-step filtration

im(d)=F'CF'C...C F" ' C F" = ker(d")
where, for 1 <k <n and for the permutation 1, = (ug, Vi), we have
FFFM 2 0y @ Ly, © Ly, © L™ (ged(DH, D*)); (1.3)

(3) H_Q(T’) = 0p ® L(D) where D = ged(D1,2,D23,...,Dm1);
(4) H3(T*) 0.

To prove Theorem 1.1 we lift the complex T to a complex of CI(X)-
graded S-modules using the functor of Cox [5], where Cl(X) and S denote
the class group and Cox ring of X respectively. Explicitly, if S(L) denotes
the free S-module with generator in degree L € CI(X), then 7" can be lifted
to the complex

S(L) 5 @D S(Lyje1) £ @) S(Ly) 25 S(L). (1.4)

Jj=1 J=1

This translates the problem to one from commutative algebra. The lion’s
share of the effort in proving Theorem 1.1 goes into proving part (2). For
this, the image of ¢? is generated by elements ay, ..., a,, and our chosen
order on the set of transpositions on m letters determines an order on the
generators 31, .., 3, of ker(p!) which in turn defines a filtration

im(p*) =F°CF' CF?>C--- CF" ' CF" =ker(p").

We give a presentation for each successive quotient F*/F*~! as a cyclic
Cl(X)-graded S-module of the form (S/1)) (L, ®L,, L™ (ged(D#*, D¥*)))
for some monomial ideal I whose generators are defined via the Cartier
divisors D',..., D™ labelling the right-hand arrows in the diagram (1.2)



Cohomology of wheels on toric varieties 51

illustrating the wheel (see Proposition 3.1). This calculation can be per-
formed in any given example using Macaulay2 [7], but we present a unified
description for all 1 < k < n. (Warning: M2 may choose an order on the
generators O, ..., 3, that differs from ours, see Remark 3.6.)

Our main tool, which may be of independent interest, is a description
of the syzygy module of ker(o!) in terms of walks in the complete graph
I' on m vertices. In fact, for each 1 < k < n we introduce a subgraph I'j
of I' that enables us to describe uniformly the module of syzygies syz(F*)
in terms of certain walks in I'y,. To state the result, recall that a circuit in
I'x is a closed walk that does not pass through a given vertex twice. It is
straightforward to associate a syzygy to every such circuit (see Lemma 2.3).
A circuit is said to be minimal if it admits no chords (see (2.4)). We prove
the following result (see Theorem 2.5).

Theorem 1.2 Form < k < n, the module syz(F*) is generated by the set
of syzygies associated to the minimal circuits of I'y,.

The precise description of the syzygies from Theorem 1.2 allows us to read
off directly a set of monomial generators for each ideal Iy, and this feeds into
the proof of Theorem 1.1 above. Generating sets for toric ideals arising from
graphs were studied by Hibi—Ohsugi [11], and some of the graph-theoretic
tools that we use here were also employed there. Properties of k-algebras
arising from graphs have also been studied widely by Villarreal, see for
example [12].

Our main result was motivated by the statement of Cautis—Logvinenko
[3, Lemma 3.1] which asserts that in the special case m = 3, a version of
Theorem 1.1 holds for the complex T from (1.1) arising from a diagram
(1.2) on an arbitrary smooth separated scheme. However, this is not true
in general: the assertion [3, Proof of Lemma 3.1(2)] that certain elements
B1, B2, B3 generate ker(d!) may fail if the maps from diagram (1.2) are not
monomial maps.

Example 1.3 For a counterexample in the notation of loc.cit. (we write
the signs explicitly), suppose the maps L; — L, Ly — L and L3 — L from
(1.2) are defined locally near a point p € X as multiplication by f; := =z,
foi=z+4y, f3 =y € Ox,p. Then (1,—1,1) lies in ker(d'), but it does
not lie in the submodule generated by 81 = (f2, —f1,0), B2 = (—f3,0, f1),
B3 = (0, f3, — fa).
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The assumption in Theorem 1.1 that X is toric and the maps from (1.2)
are torus-equivariant ensures that each map arises from multiplication by
a monomial in the Cox ring of X, in which case standard Grébner theory
shows that analogous elements (31, 32,33 generate the appropriate kernel
(see Lemma 2.1). Under these additional assumptions, Remark 3.4 explains
how the statement of Cautis-Logvinenko [3, Lemma 3.1] can be recovered
as a special case of Theorem 1.1 when X is smooth. The main results of
both Cautis-Logvinenko [3] and Cautis—Craw—Logvinenko [4] require the
statement of [3, Lemma 3.1] only when X is a smooth toric variety and the
maps from (1.2) are torus-equivariant, so Theorem 1.1 holds at the level of
generality required for both of those papers.

In fact, Theorem 1.1 provides a unified description of the sheaves (1.3)
in the filtration on H~(T*) even for m = 3, improving slightly on the
statement from [3, Lemma 3.1]. More generally, for m > 3, the schemes Z,
(1 < k < n) divide naturally into three families determined by the intervals
(1) 1 <k <m;(ii)) m+1 <k <2m-—3; and (iii) 2m —2 < k < n, leading to
a more involved filtration in this case. That the statement is considerably
more complicated for m > 3 stems from the simple fact that any pair of
vertices of a triangle are adjacent, while the same statement is not true for
a polygon with m > 3 vertices.

2. Syzygies from walks in a complete graph

Let S = k[z1,...,24] be a polynomial ring over a field k and let
ft...,f™ € S be monomials for some m > 2. Consider the free
S-module with basis eq,...,e, and define an S-module homomorphism

©: EBZL:1 Se,, — S by setting ¢(e,) = f# for 1 < u < m. For every pair
of indices 1 < p < v < m we define monomials f** = lem(f*, f*) and set

v f,u,z/
ﬁ(u,u) = fy €y, — f” €. (21)
The module of syzygies of M := (f!,..., f™) is defined to be the S-module
syz(M) := ker(y). The following result is well known; see for example
Eisenbud [6, Lemma 15.1].

Lemma 2.1  The kernel of ¢ is generated by the elements B3, ,) for 1 <
u<v<m.
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It is convenient to order the set {(y,v) | 1 < u < v < m} of trans-
positions of m letters. First list the transpositions of adjacent letters
7; = (j,7+1) for 1 <j<m—1. Set 7,, = (1,m), then list all remaining
transpositions that involve 1 as 7; = (1,j —m +2) for m+1 < j < 2m — 3,
and finally list all remaining transpositions lexicographically, so 7; = (p;, ;)
precedes 7; = (u;,v;) if and only if pu; < pj or u; = p; and v; < vj.
We may therefore list the generators of ker(¢) from Lemma 2.1 by setting
Bj = B, v, forall 1 < j <n, where n = (72”) This choice of order enables
us to define for each 1 < k < n an S-module

Fk: <ﬂ17"°7/6k>'

Our primary goal is to provide for each 1 < k < n an explicit set of
generators for the module of syzygies syz(F*) that encodes the relations
between 31,...,0k. Recall that this module is defined to be the kernel of
the surjective S-module homomorphism

k
v: @ Se; — F*

j=1

satisfying ¢(e;) = B, for 1 < j < k. We compute this module directly for
1<k<m.

Lemma 2.2  The S-module syz(F*) is the zero module for 1 <k <m—1,
and it is a free module of rank one for k = m.

Proof.  Our choice of order on transpositions ensures that for 1 < k < m—1,

there can be no relations between 31,...,3;. For k =m, let o = Z;n:1 55€;
be a syzygy on 31,..., 3, where s1,...,5, € 5. By comparing coefficients

of each e; in the expression
fLm fLm m fratt fhatl
0= Q)Z)(O') = 8m< fm €y — e | + Sj Wej+1 - €
1

we obtain the following equations

Slfl’2 = 52f2’3 == Sm—lfm_l’m = —Smfl’m~ (2.2)
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It’s easy to see (or see Lemma 2.3 below for a proof) that the element

1 ™) iy T
0-0 — Cm(ffL f + Z CIIl f]7]+1 f )sj (23)
j=1

is a syzygy. Moreover, equations (2.2) imply that

31f1’2

B lem(fL,..., f™)

go,

so syz(F") is the free S-module with basis oy. O

We study the module syz(F*) for m +1 < k < n by studying walks
in a graph. Let I' be the complete graph on m vertices, with vertex set
{1,2,...,m}. Assign an orientation to each edge e = (u,v) by directing it
from p to v if u < v. Regard every such edge as being labelled by the corre-
sponding generator B3, .,y of ker(¢). The order on the generators By, ..., 8,
introduced above determines an order on the set of edges e1,...,e, of . A
walk v of length £ in I is a walk in the undirected graph that traverses pre-
cisely £ edges. Every such walk is characterised by the sequence of vertices
v = (p1, 2, - .., pet1) in T that it touches. A walk v is closed if p1 = poyq,
and a circuit is a closed walk for which p1, ..., ue are distinct. Each circuit
v defines uniquely a subg raph of I'; and we let supp(y) denote its set of
edges. Given a circuit v and an edge e € supp(7y), set signv(e) = +1if v
traverses e according to the orientation in I', and set sign.(e) = —1 if v
traverses e against orientation.

Figure 1. Directed graph I illustrating generators (1, ..., 3, for m = 5.
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Given that the elements 3; for 1 < j < n correspond to edges in T',
we may index the basis elements €; for 1 < j < n by edges eq,...,e, in I
Thus, for the edge e = ¢; for 1 < j < n, we write €, := €;. For any vertices
Wiy -y for1 in 1) set

fiulw"uue-l—l — ICIH(f'U'l, RN f,l‘LZ-Fl)'

For a walk v = (u1,p2,...,¢+1) in I' we define the monomial f7 :=
fHreoter1In particular, for an edge e in I' joining vertex u to v, we obtain

fo= .
Lemma 2.3 For any circuit v of length at least three in I', the vector

gl
o, = Z signw(e)Fse

e€supp(7)

s a syzyqy on B, ..., Bn.

Proof. If 7 has length two then o, = €. — &, = 0 which is not in fact a
syzygy by definition. For any circuit v of length at least three we must show
that

v = 3 s (58 =0

e€supp(y)

For an edge e that v traverses in the direction from vertex p to vertex u/,
we have that

P T N
s1gn7(e)feﬁe—fe fﬂ,eur fue“ _fu’e“/ fue“‘

The sum of all such terms over e € supp(+y) collapses as a telescoping series
since 7 is closed. U

For 1 < k < n, let I'y, denote the spanning subgraph of I' that has vertex
set {1,...,m}, and which includes only the first k£ edges of I' (see Figure
2(a) below for the case k = m+3). Clearly I' =T',,. Let v = (1, ..., fte, 1)
be a circuit in 'y for some k. A chord of v in T'y is any edge of the form
¢ = (pr, ps) for some 1 <r < s < £ that does not lie in supp(y). Every such
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chord ¢ splits v into two circuits:

V1= (Hry ooy sy o) ADA Yo = (f1y .oy [y fhsy oo - fhy J11)- (2.4)

A circuit must have length at least four if it is to admit a chord. We define

a minimal circuit of I'y to be a circuit of length at least three that has no
chords.

Lemma 2.4 Let v be a circuit in I'y admitting a chord in Ty, that splits
into circuits y1 and 2 as in (2.4). Then the syzygy o~ is contained in the
module generated by o, and o,.

Proof. Let ¢ be the chord. For i = 1,2, let ; \ ¢ denote the walk obtained

from v; by removing the edge c. Since sign, (c) = —sign,, (c) we may
rewrite
' f ‘ f fr
o, =sign, (c )Fec + sign., (¢ )fc €c+ Z sign., ( fe Ee
e€supp(y)
. I . I . I
= sign,,, (C)FEC + Z sign,,, (e )Fse + sign.,, (C)FEC
e€supp(1\c)
. I
+ Z sign,,, (e) Fr—:e
e€supp(v2\c)
_ 7 f ' 5
f’Yl f’Y v2°
It remains to note that f7 = f#r--Hs divides fY = fH1-# and similarly,
f7? divides f7. O

We are now in a position to establish the main result of this section.

Theorem 2.5 For 1 < k < n, the S-module syz(F¥) is generated by the
syzygies o, where vy is a minimal circuit of T'y.

Proof. We distinguish three cases. The first case, in which 1 < k <m —1,
is straightforward: the graph I', admits no circuits and syz(F*) = 0 by
Lemma 2.2, so the result holds.

We prove the second case, in which m < k < 2m — 3, by induction.
For k = m, Lemma 2.2 shows that the S-module syz(F™) is free with basis
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Figure 2. The graph I'y for m < k < 2m — 3 illustrated for £k = m + 3.

oo from (2.3). The syzygy o, associated to the unique minimal circuit
Y% = (1,2,...,m,1) in I';,, coincides with o, so the statement holds for
k = m. Assume the statement for I',_; for any m + 1 < k < 2m — 3, and
let

k
g = E SjEIj
Jj=1

be a syzygy on B1,..., 3% where s1,...,8; € S.

As a first step we reduce to the case in which the coefficients satisfy
sj = 0 for k —m+2 < j < m (these indices determine the edges to the
left of B in Figure 2(a)). Indeed, suppose otherwise, so s; # 0 for some
k—m+2 < i < m. By comparing the coefficient of e, for each index
k—m+4 3 < u <m in the equation

Hj Vi HjiVj
0=1(o) = Zsj <ffu]- e, — ffuj euy)?

Jj=1
we obtain a collection of equations

k— 2,k— 3
Skfm+2f m mt

— Sk_m+3fk7m+3,kfm+4 — .. = sm_lfmfl,m — _Smfl’m (25)

which imply that s; # 0 for all kK —m +2 < j < m. As illustrated in Figure
2(b) for k = m+3, the circuit v1 := (1, k—m+2,k—m+3,...,m,1) is mini-
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mal in I'y, and it determines both the monomial f7 = flk—m+2k=—m+3,..m

and the syzygy

1
Jad f m- frn
On = Tt e et 2 Figt1 e (2.6)
j=k—m+42

Equations (2.5) and the fact that s,, # 0 imply that 7 divides s, f''™,
and a straightforward computation shows that

s fl’m s flm k—m+1
m m
oy:=0+ n o, = <s + Pk m+2>sk+ g s;€5 + E S;€;.

j=m-+1

In particular, if we expand o7 = Z§:1 tje; for ty,...,t, € S, thent; =0
for k—m+ 2 < j < m, and it suffices to prove the result for o1 as claimed.
The second step is to repeat the above, comparing the coefficient of

€,_m+2 in the equation ¥ (o1) = 0, and since tx_.,+2 = 0 we obtain
thomgr fETMTLETmAZ g pLEmmE2 — (2.7)

If tx, # 0 then the minimal circuit vo := (1,k —m + 2,k —m+1,1) in T’

from Figure 2(b) determines both the monomial f72 = flk=m+LEk=m+2 54
the syzygy
va f72 f’Yz
T2 = Flh-mi2k T fhomLhomta Shoml T Pk Skl (2.8)

Equation (2.7) implies that 2 divides ¢, f**~"%2 and again, a straightfor-
ward computation, this time using equation (2.7), shows that the coefficients
of both &5 and €;_,,+1 in the syzygy

tkfl,k—m+2

f"/z

g9 . — 01 — O,

are zero. This means that oy € syz(F*~!), and we deduce from the inductive
hypothesis that o is generated by the elements o, associated to minimal
circuits v in I'y_1. Among all minimal circuits in T'x_1, only v = (1, k—m+
1,k—m+2,...,m,1) is not minimal in I'y; indeed, the edge labelled 3 is
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a chord. However, this edge splits 7 into the circuits v1, 2 defined earlier in
the current proof that are minimal in I'y, and Lemma 2.4 writes o as an
S-linear combination of o, and o.,. Thus, the syzygy o2, and hence both
o1 and o, are generated by the elements o, associated to minimal circuits
v in I'y. This completes the proof for m < k < 2m — 3.

Finally, consider 2m — 2 < k < n. Given any monomial order on .S,
let > denote the term over position order on the free S-module @Tzl Se,,,
that is, > is the monomial order defined for g,¢’ € S and 1 < u, v < m by
taking g'e, > ge, if and only if ¢’ f* > ¢gf* with respect to the monomial
order on S, or ¢'f¥ = gf* and v > p. It follows that for 1 < j < k, the
leading term of B; with respect to this order is f#s*s /fse, . This implies
that the S-vectors of critical pairs are the elements

flimujﬂ/j fﬂivl’«jyl’j

S(8i,Bj) = s B o Bi

arising from all elements in By = {(i,j) | 1 < i < j < k,1; = v;} (see
Kreuzer-Robbiano [8, Definition 2.5.1]). Substituting (2.1) into every S-
vector ensures that the leading terms cancel by definition. Since any critical
pair (7,j) corresponds to a pair of directed edges (u;,v;) and (p;,v;) in
I'x, the S-vector can then be written as a multiple of the generator 8(,, .
corresponding to the third directed edge from Figure 3. Indeed, if we choose
the index 1 < h < k so that 3, = B(Mi
the ‘standard expressions’ are

u;)» then we compute explicitly that

fui,uj,w
S(Bi, B;) = —Wﬁh.

N /
S
Figure 3. Minimal circuit in I'y for 2m — 2 < k < n where i < j.
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Moreover, we deduce from Buchberger’s Criterion [6, Theorem 15.8] that
B, ..., B, are a Grobner basis of F*. Every standard expression determines
a syzygy, namely

flimujﬂ/j fMivP«ijj fﬂivﬂjﬂ/i

O (ij) = f#j’Vj € fl»‘i:’/j €+ f.U‘i:Uj

Ep. (2.9)

Schreyer’s theorem [6, Theorem 15.10] implies that the set of syzygies
{ou) | (i,j) € Bi} is a system of generators for syz(F*). Let ~(i,j) :=
(4, p, v, jt;) denote circuit in I'y, obtained by traversing the edges labelled
Bh, B; according to orientation followed by the edge labelled 3; against ori-
entation (see Figure 3). Then o; ;) coincides with the syzygy o ;) from
Lemma 2.3, and the result is a consequence of the following Lemma. U

Lemma 2.6 For2m—3 < k < n, the minimal circuits in the graph I'y are
precisely those of the form ~v(i,5) = (i, 5, V5, i) arising from pairs (i, j)
in By ={(i,7) |1 <i<j<k,v=v;}.

Proof. We proceed by induction. Let v be a minimal circuit in I's,,, 3 that
is not of the form (i, j) for any (4,j) € Ba,,—3. Since v is a circuit, it must
traverse an edge e of the subgraph I'y,, and since v # ~(i,7), then either
the edge that follows e in ~, or that preceding e in v, must lie in I';,,. In
either case, v traverses two edges from I',, that share a common vertex pu.
The special nature of I'y,,,—3 then forces the edge (1, ) to be a chord of ~,
a contradiction. Assume now that the result holds for I'y_; and let v be a
minimal circuit in I'y, that is not of the form ~(4, j) for any (7, j) € By. If the
edge e, = (pg, vk) does not lie in supp(y) then the result holds by induction,
so we suppose otherwise. Let e be the unique edge in supp(7) \ {ex} that
has v as a vertex. There are three cases:

(i) e = (vg — 1,vg), in which case (ug,vr — 1) is a chord because v #
vk — 1, k);

(ii) e = (vg, v, + 1), in which case 7 must pass through a vertex of the
form 1 < p < py since it is a circuit, but then (u, ) is a chord;

(iii) e = (u, ) for some 1 < pu < pyg. Since vy # v(j, k) for any j < k, the
circuit v must pass through another vertex of the form 1 < /' < g,
but then (4, ) is a chord.

Thus, the minimal circuit v cannot exist. O
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Remark 2.7 (1) If for 2m —2 < k < n we draw the vertices of I';, spaced
evenly around a circle centred at the origin in R?, then each minimal
circuit v has length three and hence determines a triangle as in Figure
3. In the spirit of the Taylor resolution of a monomial ideal (see, for
example, Bayer—Peeva—Sturmfels [1]), the triangle can be viewed as a 2-
cell that defines f#i#3:¥i and the edges are 1-cells defining f#i#i | fHisVs
and f#i"i. The coefficients of the syzygy o(; ;) are then simply the
quotients of the monomial for the 2-cell divided by the monomial for
the corresponding 1-cell. An analogous statement holds for m < k <
2m — 3, where the syzygies o¢ and o from the proofs of Lemma 2.2 and
Theorem 2.5 respectively define polygons with more than three sides.

(2) We emphasise that our choice of order on the set of transpositions of m
letters is imposed on us by the geometry: the filtration in Proposition
3.1 below requires that the S-module F* contains F° for 1 < k < n.
Without this constraint one could choose an alternative order in which
each minimal circuit of 'y for m < k < n determines a triangle, leading
to a more unified proof of Theorem 2.5. Indeed, since f!,..., f™ are
monomials, the modules syz(F*) can be read off directly from the Taylor
resolution for 1 < k < m.

As an application of Theorem 2.5, we introduce a filtration of the module
S-module ker(yp) = syz(M) that feeds into the proof of our main result. For
1 < k < n, the S-modules F'* define a filtration

0OCF'CF*C...C F" ' CF"=syz(M)
in which the successive quotients are cyclic S-modules

P (B (2.10)

FF=1 7 (B, Br—1) N (Bk)

The next result gives an explicit description of these quotient modules.

Proposition 2.8 For ecach 1 < k < n, the quotient F'* /F*~1 is isomorphic
to the cyclic S-module S/Iy, where the monomial ideal I}, depends on k as
follows:

(i) for1 <k <m—1, the ideal I} is the zero ideal,
(ii) for k =m, the ideal I}, is principal with generator fl--m/flm;
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(iii) form+1 <k <2m — 3, the ideal is

1,k—m+2,k—m+3,....m 1,k—m+1,k—m+2
L / |
k= fLE=m+2 ) fLk=m+2 )

(iv) for 2m — 2 < k < n, the corresponding transposition is T, = (fi, Vk),
and the ideal is

Mk Vi
n- (!

uE{l,...,,uk—l}U{Vk—l}>.

fukﬂ/k
Proof. For 1 < k < n, let {o1,...,0.} be a set of generators for the
S-module syz(F*). If we write o, = Zle 5,;€5 with s,1,...,8,, € S for

1 < v < r,then [8, Proposition 3.2.3] implies that the coefficients s, . . ., Srk
of e give the generators 10k, . . ., SrxOk of the S-module (B1,...,Bk-1)N
(Bk), so we obtain

Fk S

>~

Fkil <51k7~-75rk>.

It remains to compute I := (s1j,...,Srk). Parts (i) and (ii) now follow
from Lemma 2.2 and equation (2.3). For part (iii), the proof of Theorem
2.5 shows that the only minimal circuits v in 'y with m+1 <k <2m —3
for which the associated syzygy o, has a nonzero coefficient for e, are
v =1, k—m+2,k—m+3,...,m,1)and v := (1,k—m+2,k—m+1,1).
These nonzero coefficients are presented in equations (2.6) and (2.8), namely

f’yl f17kfm+2,kfm+3,...,m f’yg fl,kfm+1,k7m+2

fl,k—m+2 - fl,k—m+2 and fl,k—m+2 - fl,k—m+2

For part (iv), we deduce from Theorem 2.5 and Lemma 2.6 that syz(F*) is
generated by the syzygies o(; j) = ;) associated to pairs (7, j) € Bx. By
equation (2.9), such syzygies have a nonzero coefficient of e if and only if
(i,7) = (i, k) for those 1 < i < k satisfying v; = vg. The ith edge (uq, ;)
in 'y has v; = v, if and only if p; € {1,..., ux — 1} U {v — 1}, that is, we
must consider all pairs of the form (u,v) for p e {1,..., pup —1}U{vp —1}.
Equation (2.9) shows that the coefficient of e, in this case is fr#sVk [ f1E:Vk
as required. O
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Remark 2.9 The generators of Ij listed in Proposition 2.8 need not be
minimal for m +1 < k < n. For example (though not the simplest), a
straightforward calculation for the module M over S = k[z1,...,z7] with
generators

f1 = T1%e, f2 = T1X2%7, f3 = I27x3, f4 = T34, f5 = T4X5T7, f6 = T5T¢

gives I, = S for k = 9,10,12,13. Thus, Iy is principal even though this
ideal is listed as having more than one generator in Proposition 2.8.

3. Cohomology of wheels on toric varieties

Let X be a normal variety over k. The divisor class group ClI(X) is
defined to be the group of linear equivalence classes of Weil divisors on X.
Since X is normal, two divisors D and D’ are linearly equivalent if and
only if the associated rank-one reflexive sheaves Ox (D) and Ox(D’) are
isomorphic. We may therefore identify elements of the class group of X
with (isomorphism classes of) sheaves of the form Ox (D). In particular,
for a Cartier divisor D on X defining an invertible sheaf L := Ox (D), we
sometimes write L € Cl(X).

Let X be a normal toric variety over k defined by a fan ¥ in the real
vector space N ®z R with underlying lattice N of rank n. Write X(1) for
the set of one-dimensional cones in ¥, set d := |¥X(1)|, and let v, € N denote
the primitive lattice point on the cone p. Each p € 3(1) determines a torus-
invariant Weil divisor D, in X, and we let 74 denote the free abelian group
of torus-invariant Weil divisors. Assume that X has no torus factors. The
map deg: Z? — Cl(X) sending D to the sheaf Ox (D) fits into a short exact
sequence of abelian groups

0— M-I, 74 2%, C1X) — 0,
where M is the lattice dual to N and where m € M maps to div(m) =
> pes(1)(msvp) Dy The restriction of the map deg: 7% — CI(X) to the
subsemigroup N? defines a Cl(X)-grading of the Cox ring of X which is
the semigroup ring S := k[z1,...,24) of N4 Explicitly, the degree of a
monomial s z,’ € S is Ox (3 es1y @Dp) € CI(X). Armed with
this Cl(X)-grading of the ring S, Cox [5, Proposition 3.1 introduced an
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exact covariant functor

{Cl(X)-graded S-modules} — {quasicoherent ¢ x-modules} :
Fr——F (3.1)

from the category of Cl(X)-graded S-modules to the category of quasi-
coherent sheaves on X, and Mustata [9, Theorem 1.1] subsequently showed
that the functor is essentially surjective, i.e., that every quasi-coherent sheaf
(up to isomorphism) on X lies in the image of this functor. If X is smooth,
two such graded modules determine isomorphic sheaves if and only if they
agree upto saturation by Cox’s irrelevant ideal B = (HMG z,| o €X), but
we do not use this fact (until Remark 3.6). The important point for us is
that the functor enables us to lift a complex of quasi-coherent sheaves on X
to obtain a complex of Cl(X)-graded S-modules which we can study, and
then push down again to the original complex of sheaves.

As described in the introduction, our primary motivation is to study
four-term complexes T'* on X of the form (1.1) for some integer m > 2. In
fact, we take as the primary object of study the corresponding diagram of
torus-equivariant maps between invertible sheaves on X:

Lip Di iy

, Ly
\DI
‘}/ ? 7& \0/
o Lo D3 Ly
/D‘l-"”/ \D;)R \02
/ 4 I

3 D3

L m,1 D, Ly,

Every torus-equivariant map is multiplication by a torus-invariant section of
an invertible sheaf on X, and we illustrate on each arrow the torus-invariant
Cartier divisor of zeros of the corresponding section. Thus, for example, the
effective divisor D} € H%(Ly ® Ll_é) = Hom(Lq 2, La) denotes the Cartier
divisor of zeros of the section that defines the map from L; 2 to La. One
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can think of any such diagram as a representation of a quiver (arising as
the skeleton of a three-dimensional rhombic polyhedron) in the category of
invertible sheaves on X.

Throughout, we impose relations on this quiver, whereby each of the
two-dimensional rhombic faces of this quiver forms a commutative square,

ie.
DI, + DI = DI 4 DI, (3.3)
D} 4 Djo1; =D} + Dy, (3-4)
for 1 < j < m (working modulo m, with indices in the range 1,...,m).

We now describe how a diagram of the form (3.2) gives rise to a complex
of Cl(X)-graded S-modules precisely when (3.3) and (3.4) hold. Indeed, let
S(L) denote the free S-module with generator ez, in degree L, and for 1 <
j <mlet S(Lj;) and S(Lj ;1) denote the free S-modules with generators
e; in degree L; and e; j;1 in degree L; ;.1 respectively. In addition, let f7,

JJ 1 f 4 fJ j+1 denote the monomials in the Cox ring S whose divisors of

j+1
zeroes are the torus-invariant Cartier divisors D7, D’ DJ-Jr , Dj j+1 from

JjtL
(3.2). Consider the sequence of Cl(X)-graded S—moduleb

m
3 2

S(L) £ @D S(Li1) S P S(Ly) = (L), (35)

=1

with maps
3 2 j 41 1 j
ey) = ij,jﬂej,jﬂ, ® (ej,j+1) = fj‘+1ej+1_f]j' e;, ¢ (ej) = fler.

We claim that the sequence (3.5) is a complex if and only if the relations
(3.3) and (3.4) hold. Indeed, (3.5) is a complex if and only if we have

(302 o 303)(eL) =0 and (901 o 902)(63‘,]'4.1) =0forl1<j<m,

which is the case if and only if f7, ) fi+1 — fI71fi = 0 and f/7'f;1 5 —
f‘j+1fj7j+1 =0 for all 1 < j < m, and these equations hold if and only
if (3.3) and (3.4) hold for all 1 < j < m. In summary, the diagram (3.2)



66 A. Craw and A. Quintero Vélez

of invertible sheaves in which the relations (3.3) and (3.4) hold determines
a complex of Cl(X)-graded S-modules of the form (3.5). Conversely, to
any complex of the form (3.5), one can reverse this procedure to obtain a
diagram (3.2) of invertible sheaves on X in which the relations (3.3) and
(3.4) hold.

Applying the exact functor (3.1) to the complex (3.5) of Cl(X)-graded
S-modules determines a complex T'® of locally free sheaves on X of the form

d3 = d? = dt
L=PLin—DL =L
j=1 j=1

where each differential is torus-equivariant, and where the right-hand copy
of L lies in degree zero. Moreover, for each 1 < j < m the restriction of the
differential d? to the summand L, j1; has image in L; @ L;;1 (with indices
modulo m). This is the total chain complex T* of the diagram (3.2). The
complexes studied by Cautis-Logvinenko [3]|, Cautis—Craw—Logvinenko [4]
and Bocklandt—Craw—Quintero-Vélez [2] that motivated our main result all
take this form. The invertible sheaves at the left and right of diagram (3.2)
coincide, so the sheaves and the maps between them in diagram (3.2) can
be represented equally well in a planar picture as in Figure 4; we call this
the wheel of invertible sheaves on X.

We now use the results of the previous section to compute the coho-

2 3
Dy L243 Dy
P~

L L
L3, ps o D Lis
\ /
Dj/ D34 Dy \DIZ
Ly D* L \ D! Ly
\ D 1 /D]m
~
. pm L
\ /D
L7n
. /

Figure 4. Wheel of invertible sheaves on X.
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mology of the complex 7. For this purpose, we first note that the map

o' is of the form considered in the preceding section, so we may list the

generators of its kernel in a sequence 34, ...,3, withn = (ZL) We also list
the generators of the image of p? as

j j+1
aj = fi e — [} e
for 1 < j < m. The next proposition is central to the main result of this

paper.
Proposition 3.1 The S-modules

Fk— </617"'7ﬁk7ak+17"‘7am> f0T1§k§m7
</617---76m76m+17--~718j> form—i—lﬁyﬁn,

define a filtration
im(p?) = FO C F' C ... C F"™1 C F™ = ker(p").

Moreover, for 1 < k < n and for the transposition is 7, = (p,Vk),
the quotient F*/F*=1 is isomorphic to the cyclic C1(X)-graded S-module
(S/1Ix) (L, ® Ly, ® L™ (ged(D#*, D"*))), where the monomial ideal Iy, de-
pends on k as follows:

(1) for1 <k <m, the ideal is

)

lem(f1 -, ged(fifa, fiit)s - ged(f", f1))
Ik = < ng(fI?—&—la f}erl)? k+;k7k]:_+11 - >

(2) form+ 1<k <2m— 3, the ideal is

1,k—m+2,k—m+3,...,m 1,k—m+1,k—m+42
L / |
k= FLk=m+2 ) FLEk=m+2 )

(3) for2m —2 <k <n, the ideal is

Pk s Vi
I, = <f

fﬂk,l/k

,uE{l,...,Mk—l}U{Vk—l}>.
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Proof. To prove that the S-modules F* define a filtration, we need only
show that a, € F* for all 1 < k < m. For this, relation (3.3) gives

DF — ged(D*, D) = Dll§+1 —ged (D;l§+1, DZ“), (3.6)
and hence
R dem(fR Y Y
frt+1 fht1 gcd(f’“, fk+1) ng(flichl’ lerl)

Similarly, we have fFk+1/fk = f“/gcd(f/jﬂ, 1), Therefore

. . Fhokt kk+1
ay = ged (fk+1a fi )< fhT €k+1 — Ik ek)
=ged (fi 1. 211 B (3.7)

for 1 < k < m as required. To prove part (1), we first note that

F& (Be)/((Br, -, Br—1, Qpg1, - - -, Q) N (Br))

Fk-1 <ak>/(<,[31,...,Bk,l,ak+1,...,am>ﬂ(ak>)'

In order to compute this quotient, it suffices, in view of (3.7) and the re-
marks at the beginning of the proof of Proposition 2.8, to determine a set
of generators for the module of syzygies on 34,..., Bk, ®k+1,..., 0y for
1 < k < m. Proceeding exactly as in the proof of Lemma 2.2, we find that
this module is cyclic with generator

o lcrn(fl’“"m, gk+1,k+27 . ,gm,l)
og = fl,m Em
-1
m lcm(fl ..... m’ gk+1,k+2, o 7gm,l) 13
+ FIH € (3.8)
=1

where we have set g“*t! := ged( ZH, i) for k+1 < i < m. Ignoring for

2

now the Cl(X)-grading, we deduce from this that
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(Br)
<ﬂ17 ce. )IBk—ly A1y, am) N <:Bk>
- S
= (Iem(fLm ghtlh+2  gm1) ] fhk+1)"
and therefore, by virtue of (3.7),
F* S

~

FE=L T (ged(ffy, i) lem(flemm, ghtlbs2 | gmal) [ fhiett)

which gives the ideal I} in part (1). For parts (2) and (3), Proposition
2.8(iii) and (iv) respectively determine the ideals Iy for which F*/F*~1 is
isomorphic to S/I; as ungraded rings.

It remains to establish the isomorphism as Cl(X)-graded rings. In light
of the above and isomorphism (2.10), it suffices to show that the degree of
B is Ly, ® Ly, ® L™ (ged(DH*, D¥#)) for 1 < k < n. For each 1 <k < n,
multiplication by the monomials f#* and f** define Cl(X)-graded maps
S — S(L®L, ) and S — S(L®L,!) respectively. Tensoring each map with
S(Lu, ®Ly, ® L™') yields Cl(X)-graded maps S(L,, ® L, @ L™') — S(L,, )
and S(L,, ® L,, ® L™') — S(L,, ) which, in turn, can be combined to form
a Cl(X)-graded map

S(L#k ® LVk ® Lil) - @S(Lj)a
j=1

whose image in @;n:1 S(Lj) is generated by the element ftte,, — f"*e,,.
Twisting further by S(Ox (ged(D**, D¥*))) determines a Cl(X )-graded map

S(Lyy, @ Ly, ® L™ (ged(D"*, D™))) — éS(Lg’)

j=1
whose image is generated by the element

fﬂk fl/k-

ged (e, ) ged (e, ) (39

To prove the claim it remains to show that (3.9) coincides with B,
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but this is immediate since f#*/ged(fH*, f¥*) = lem(f**, f**)/f** and
Jre ) ged(fre, frr) = lem(fre, for) /] fre. O

For 1 < k < n, each of the generators of I listed in Proposition 3.1 is
a monomial in the Cox ring S of X, so its divisor of zeros is an effective
torus-invariant Weil divisor in X. Notice thap while 'fj, 11 f;“, fii+1
define torus-invariant Cartier divisors D7, D7j,, D;H, Dj 41 in X, the
generators of the ideals I}, are Weil divisors in general.

Definition 3.2 For each 1 < k < n, define a subscheme Z; C X to be the
scheme-theoretic intersection of a set of effective Weil divisors depending on
k as follows:

(i) for 1 < k < m, define Zj to be the scheme-theoretic intersection of

gcd(D,"j+17 D,ﬁ“) and the divisor lem (Dl, ...,D™, gcd(DZié, D,ﬁif),
..,gcd(DT, D})) — lem(D*, D),

(ii) for m +1 < k < 2m — 3, define Zj to be the scheme-theoretic inter-
section of the divisors lem(D?!, D¥*, D¥**1 . D™) — lem(D?, D"*)
and lem(D*', D¥*=1 D¥r) —lcm(D?!, DV*);

(iii) for 2m —2 < k < n, define Zj, to be the scheme-theoretic intersection
of the divisors lem(D*, D¥*&  DVk)—lem(D#*, D¥*) for p € {1,..., ux—

1 U { — 11,

The subschemes Z, C X are torus-invariant, though some (possibly
all) may be empty, see Example 3.5 for an explicit calculation. These sub-
schemes enable us to formulate and prove the main result of this paper (this
is Theorem 1.1 from the introduction).

Theorem 3.3 Let X be a normal toric variety and let T'® be the complex
from (1.1), with differentials determined by the Cartier divisors shown in
(1.2). Then:

(1) HY(T®*) = 0z @ L where Z is the scheme-theoretic intersection of
Dt ..., D™,
(2) H=Y(T*) has an n-step filtration
im(d)=F'CF'C...C F" ' C F" = ker(d")

where, for 1 <k <n and for the permutation 1, = (ug, Vi), we have
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FF/F*1>= 06, ©L,, ®L,, ®L ' (ged(D"*, D"*)); (3.10)

(3) H*(T*) = Op @ L(D) where D = ged(Di,2, Do, -+, Din,1);
(4) H-3(T*) 0.

Proof. As described at the beginning of this section, the complex T'® arises
from a diagram (3.2) of invertible sheaves on X in which the relations (3.3)
and (3.4) hold, and every such diagram determines a complex of CI(X)-
graded S-modules of the form (3.5), where one can reproduce the original
complex T by applying the exact functor (3.1). In particular, one can
calculate the cohomology sheaves of T'® by computing the cohomology mod-
ules of (3.5) and applying the Cox functor. The statement of part (2) then
follows from Proposition 3.1 and Definition 3.2.

For part (1), note that H°(T*) is the cokernel of @, Ox(—D") ® L —
Ox ® L, namely the sheaf &7 @ L where Z is the scheme-theoretic inter-
section of D1,... D™. For part (4), every nonzero map between invertible
sheaves is injective, so H~3(T*®) = 0. It remains to prove part (3). The
proof of the analogous statement from [3, Lemma 3.1] does not immediately
extend to our setting, as was the case with parts (1) and (4) above, but
we can nevertheless adapt the argument as follows. We claim first that if
the greatest common divisor D is zero then H2(T*) = 0. We need only
show that complex (3.5) has no cohomology in degree —2. Indeed, suppose
n =7, uje; 1 lies in the kernel of ?, so

0=¢(m) =) u;(fl €01 — e

m
=1
This translates into the following set of equations:

- - »
wj-1f] :Ujfjj-Jr I<j<m.

By relation (3.4) we have fjflfj_lvj = f;+1fj,j+1 for 1 < 5 < m. Conse-
quently, we find that

wi—1fji+1 =uifi-1,j, 1<j<m. (3.11)

We claim that f; ;41 divides u; for all 1 < j < m. It suffices to prove that
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f1,2 divides u; by virtue of (3.11). Let x; be a prime factor of f1 2 with
multiplicity p. Since by assumption ged(fi,2, f2.3,- -, fm,1) = 1, it follows
that ¥ does not divide f, 41 for some v # 1. Appealing to (3.11) once
again, we find that uy f, 11 = w, f1,2, and thus ¥ divides u; f, ,+1. Since
S is a unique factorisation domain, this means that ¥ divides u;, which in
turn implies that f; o divides u;. If we now set u := wuy/ fi 2, then equations
(3.11) give
(/5] U9 Um,

" fiz fos fma)

from which it follows that n = u Z;nzl fij+1€j,j+1. Thus, n lies in the image
of 3, so the complex (3.5) has no cohomology in degree —2 as required.
To complete the proof of part (3), suppose D # 0. We can factor
d®: T73 — T72 as a map L — L(D) followed by a map with no common
divisors. By the above argument, the image of L(D) under this map equals
the kernel of d?: T=2 — T~!. Therefore H=2(T*) can be identified with
the cokernel of L — L(D), which is Op ® L(D). O

Remark 3.4 For m = 3, Theorem 1.1 agrees with the statement of the
main technical result from Cautis—Logvinenko [3, Lemma 3.1] (recall from
the discussion surrounding Example 1.3 above that the assumptions from
loc. cit., namely that X is an arbitrary smooth separated scheme, should be
replaced by the assumptions of Theorem 1.1). Parts (1), (3), (4) of Theorem
1.1 clearly generalise the analogues from [3, Lemma 3.1]. As for H=1(T*),
we have m = 3 and hence n = 3, so Theorem 1.1(2) gives a 3-step filtration

im(d?) = F° C F' C F? C F3 = ker(d"),

and we claim that the successive quotients agree with those of loc. cit.. To
justify this we first compute F2/F!. Since 7 = (2,3), Theorem 1.1(2) shows
that

F?/F' >~ 0y, ® Ly ® Ly ® L™ (ged(D?, D?)),

where Zs is the intersection of ged(D3,D3) and lem(D?', D? D3,
ged(D3, D1)) —lem(D?, D3). A direct computation shows that the relation
defined by the generator o from (3.8) is
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O 7 S 1
ged(f7, /1) eed(f D5 sed(f7,f7)

(13:07

where J?JZ = f}/ged(f}, 7). Since k = 2, the coefficient, of B, coincides with
the generator lem(f123, ged(f3, f1))/f?? of the ideal I5. In particular, the
scheme Z, is the intersection of ged(D2, D3) and Di+D3—D3—ged(D3, D?),
where 5; is the divisor of zeros of the function f]’ Permutations are listed
as 11 = (1,2), 72 = (3,1), 73 = (2,3) in [3], so after applying permutation
(1,2, 3) to our indices, we need only invoke the identity

D? 4+ D) — D} — ged(D), D3) = D? +lem(D3, D3) — D* — D}

from [3, p206] to see that Z, is the scheme in the second bullet point of
[3, Lemma 3.1(2)]. In order to compare the sheaves, equation (3.6) gives
ged(D?,D%) = D? + ged(D3,D3) — D2, and Ox(D?) = L;' ® L and
Ox(—D3) = L3' ® Ly 3 hence

Ly ® Ly ® L™ (ged(D?, D¥))
~ [y ®Ls® L " (ged(D3,D3)) ® L' @ L@ Ly @ Lo
> Lo 3(ged(D3, D3)).
Again, applying the permutation (1,2,3) to the indices recovers the sheaf
from the second bullet point of [3, Lemma 3.1(2)], so our description of
F?/F! agrees with that from loc.cit.. A very similar calculation shows that

our unified description of the quotients F*/F¥~1 for k = 1,3 agrees with
those of F3/F? and F'/F° from [3, Lemma 3.1(2)].

Example 3.5 Let X be the smooth toric threefold determined by the fan
¥ in R3 whose one-dimensional cones are generated by the vectors

vy = (1,0,1), vy = (0,1,1), vy =(—1,1,1),
Vg = (_170’1)7 Ve = (1)_171)5 U7 = (0707 1)7
where the cones in higher dimension are best illustrated by the height

one slice of ¥ as shown in Figure 5. In particular, the Cox ring of X is
S = k[z1,...,27] and the Cox irrelevant ideal is the monomial ideal B =
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U3 U2

(%4 U1

V4

Us Up

Figure 5. Height one slice of the fan ¥ defining the smooth toric threefold X.

(1’31‘41‘51’6, L2X3X4X7, L2X3LALE, L1XL5L6LT7, L1LIL5L6, 1‘11‘2l‘3$6).

For 1 <

p < 7, let E, denote the divisor in X corresponding to the ray of X gen-
erated by v,; we use the shorthand Eig = Fy + Eg, E126 = E1 + Eo + Eg

and so on. The group CI(X) is the abelian group generated by Fj,...

7E7

subject to the relations Eig ~ E34, Fag ~ Fsg, and E1234567 ~ 0 (and since
X is smooth, we have that CI1(X) is isomorphic to the Picard group of X).

Set L := Ox, and consider the diagram of invertible sheaves

Where L4 = L1 = ﬁx<—E16), L5 = L2 = ﬁx(—E127), LG

(3.12)

ﬁx(—Egg), and similarly, where L576 = L374 = Ll’g = ﬁx(E345), Lﬁ,l =
Lys = Lyg = Ox(Eys6). Let T® be the total complex of diagram (3.12).

With the notation above, the generators 3y, ..., 815 of ker(d!) are

B1 = —xax7€; + x6€2, By = —x4x577€1 + T1T6€5,

B2 = —x3es + Tr117€3, B0 = —x3x4€2 + T1T2X7€4,



Cohomology of wheels on toric varieties 75

B3 = —x4e3 + x2€y, Bi1 = —x4x5€0 + T1T2€5,
By = —x5T7€4 + T3€5, Bi2 = —x576€2 + T1T2T7€0,
Bs = —x¢€5 + T4T7€6, B13 = —x4T5T7€3 + T2T3€5,
Be = T5€1 — T16€6, B14 = —r5T6€3 + T2T3€4,
Br = —xax3€1 + T1T6€3, Bis = —T5T6€4 + T3T4€6.
Bs = —x3T4€1 + T1T6€4,

It is easy to see that the relations

Bo = —w4x786 — 71085, Bio = 142 + 112703,
Bi2 = —x581 — T2x70%6, B13 = w5w783 + 1284
hold, so the successive quotients F*/Fk=1 vanish for k¥ = 9,10,12,13. In
addition, the generators ay,...,as of im(d?) satisfy a; = By, as = (o,
a3 = 1783, ay = By, as = Bs and ag = w785, so F¥/F¥~1 also vanishes
for k=1,2,4,5.
We now analyse three nonvanishing quotients F*/F*~1 to illustrate

part (2) of Theorem 1.1. First consider & = 3. The transposition 73 = (3,4)
determines ged(D?, D*) = E3, so

F3|F?= 0y @ L3 ® Ly ® L™ (Fs)

where, according to Definition 3.2(i), Z3 is the scheme-theoretic intersection
of the effective torus-invariant divisors ged(D3, D3) = E7 and

lem (D', D?, D*, D*, D%, DS,
ged(D3, DY), ged(Dg, D), ged(DS, D§)) — lem(D?, D*) = E567.

In particular, supp(0z,) = E7. Now consider the case k = 7. The corre-
sponding transposition 77 = (1, 3) determines ged(D*', D?) = 0, so

F'/F°~ 0, @ L1 ®@L;®L™"

where, according to Definition 3.2(ii), Z7 is the scheme-theoretic intersection
of the divisors lem(D?', D2, D3) — lem(D*', D3) = E; and lem(D*, D?, D4,



76 A. Craw and A. Quintero Vélez

D5, D%) —lem(D', D3) = Eys57, giving Z; = E; N Ey57 and supp(0z,) = Ex.
Finally, consider the case k = 15 for which the corresponding transposition
715 = (4,6) determines ged(D*, D®) = 0, so

FY /P =0y @ L, ®Le® L1

where, according to Definition 3.2(iii), Z;5 is the scheme-theoretic intersec-
tion of the divisors lem(D*, D* DY) — lem(D*, D) for p = 1,2, 3,5, giving
Z15 = E1 N E197 N Ey N E7. In particular, the support of &z, is the torus-
invariant point E1 N Ey N E7 in X.

As for H¥(T*) for k # —1, notice that the scheme theoretic intersection
of D' ..., D® is contained in D' N D* = (E; + Eg) N (E3 + E4) = 0, so
HO(T.) =0 by Theorem 11(1) Similarly, ng(DLQ,D273,D374,D475,D5’6,
Dg1) = 0so H2(T*) =0 by Theorem 1.1(3). It follows that the complex
T* has cohomology concentrated in degree —1.

Remark 3.6 One can carry out much of the above calculation using
Macaulay?2 [7] in any given example, though the final description of F¥ /F*—1
is less user-friendly and geometric than ours. To give the flavour, we repro-
duce some of the calculations from Example 3.5, omitting for brevity the
information on the degree in the Cl(X)-grading of each S-module genera-

torl.

S = QQ[x_1,x_2,x_3,x_4,x_5,x_6,x_7];

dl = matrix{{x_1*x_6,x_1*x_2*%x_7,x_2*x_3,x_3*x_4,x_4*x_b*x_T,
x_b*x_6}}

d2 = matrix{{-x_2*x_7,0,0,0,0,-x_5*x_7},{x_6,x_3,0,0,0,0},
{0,-x_1*x_7,x_4%*x_7,0,0,0},
{0,0,—x_2*x_7,-x_5*x_7,0,0},{0,0,0,x_3,x_6,0%},
{0,0,0,0,-x_4*x_7,x_1*x_T7}}

d3 = matrix{ {-x_3*x_4*x_5},{x_4*x_5*x_6},{x_1*x_b*x_6},

{-x_1%xx_2%x_6},{x_1*x_2%x_3},{x_2*%x_3*x_4}}
T = chainComplex(dl,d2,d3)

The minimal generators {3; | j € {1,...,15}\ {9,10,12,13}} can be

I Macaulay2 require the Cl(X)-degree information in order to create the chain complex
T, so for convenience we include the complete M2 commands at the end of the latex source
file.
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obtained using
ker di1

though Macaulay2 chooses an order on these generators that differs from
ours. To obtain the cohomology sheaf H~*(T*) we compute the kth coho-
mology of T and saturate by the irrelevant ideal. For example, the commands

B = ideal (x_3*x_4*x_b*x_6,x_2%x_3*x_4*x_7,x_2*x_3*%x_4*x_6,
x_1%x_bB*x_6%x_7,x_1*x_3*%x_5*x_6,x_1%x_2%x_3%*x_6 )

HO = prune HH_O(T)

prune (HO/ saturate(0_S*HO,B))

show that HO(T*) = 0. Similarly H=2(T*) = 0. As for the filtration on
H~Y(T*), we input the submodules F* by hand and compute the quotients,
for example,

F2=image matrix{{-x_2*x_7,0,0,0,0,-x_5*%x_7}, {x_6,x_3,0,0,0,0},
{0,-x_1*x_7,x_4*x_7,0,0,0},{0,0,-x_2%x_7,-x_5*x_7,0,0},
{0,0,0,x_3,x_6,0},{0,0,0,0,-x_4*x_7,x_1*x_7}}

F3=image matrix{{-x_2*x_7,0,0,0,0,-x_5*x_7}, {x_6,x_3,0,0,0,0%},
{0,-x_1*x_7,x_4,0,0,0}, {0,0,-x_2,-x_5*x_7,0,0},
{0,0,0,x_3,x_6,0},{0,0,0,0,-x_4*x_7,x_1*x_T7}}

Q3 = F3/F2

prune Q3

In this case, the output is
cokernel | x_7 |

so we reproduce our result that F3/F? is supported on the divisor Es.
Similar, input

Fi5=image matrix{
{-x_2%x_7,0,0,0,0,x_5,-x_2%x_3,-x_3%x_4,-x_4*x_b*x_7,
0,0,0,0,0,0},
{x_6,-x_3,0,0,0,0,0,0,0,-x_3*x_4,-x_4*x_5,-x_b*x_6,
0,0,0%},
{0,x_1*x_7,-x_4,0,0,0,x_1*x_6,0,0,0,0,0,-x_4%*x_5*x_7,
-x_b*x_6,01},
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{0,0,x_2,-x_5*x_7,0,0,0,x_1*x_6,0,x_1*x_2*x_7,0,0,0,0,
-x_b*x_6},

{0,0,0,x_3,-%x_6,0,0,0,x_1*x_6,0,x_1*x_2,0,x_2*x_3,0,0},

{0,0,0,0,x_4%x_7,-x_1,0,0,0,0,0,x_1*x_2%x_7,0,x_2%x_3,
x_3*x_4}}

and F14 (simply delete the final column in the above), then compute

Q15 =

F15/F14

prune Q15

In this case, the output is

cokernel | x_7 x_2 x_1 |

This confirms our calculation from Example 3.5 that F''5/F'* is supported
on the torus-invariant point E; N Ey N E7.
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