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K-theory for the group C*-algebras

of certain solvable discrete groups
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Abstract. We compute the K-theory groups for the group C*-algebras of certain
solvable discrete groups. The solvable discrete groups considered are the discrete
elementary ax + b group and the generalized discrete elementary ax + b groups and
their proper versions, and also the generalized discrete elementary Mautner groups
and products of the generalized discrete elementary ax + b groups and their proper
versions.
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1. Introduction

The K-theory groups for the group C*-algebra of the discrete Heisenberg
group of rank three are computed in [1] of Anderson and Paschke. Based on
their result, the K-theory groups for the group C*-algebra of the generalized
discrete Heisenberg group of higher rank are computed in [10].

On the other hand, the structure, i.e., composition series of closed ideals,
of the group C*-algebras of certain solvable discrete groups is considered in
[11]. The groups contain the discrete (elementary) ax + b group and the
generalized discrete (elementary) ax + b groups and the generalized discrete
(elementary) Mautner groups defined in [11].

In this paper we compute the K-theory groups for the group C*-algebras
of certain solvable discrete groups. The solvable discrete groups considered
are the discrete elementary az+b group and the generalized discrete elemen-
tary ax + b groups and their proper versions defined as their quotients, and
also the generalized discrete elementary Mautner groups and products of
the generalized discrete elementary ax 4+ b groups and their proper versions
defined as their quotients.

For computation on K-theory groups, we use the six-term exact sequence
of the K-theory groups for extensions of C*-algebras and the Pimsner-

2010 Mathematics Subject Classification : Primary 46105, 46180, 19K14.



210 T. Sudo

Voiculescu six-term exact sequence of the K-theory groups for crossed prod-
ucts of C*-algebras by the group Z of integers, and also the Kiinneth theorem
on the K-theory groups for tensor products of C*-algebras (see [2] and also
[13]). In particular, the torsion product in the Kiinneth theorem is computed
in those cases considered.

The computation process performed and the results obtained in this
paper should be useful for further study in this topic.

Furthermore, as an application, we compute the topological stable rank
and the connected stable rank for C*-algebras (Rieffel [7]) in the case of the
group C*-algebras of those proper solvable discrete groups. The case of the
non-proper is considered in [11].

In addition, we consider the case of inductive limits of those groups and
group C*-algebras.

After Introduction, this paper is organized of the following sections:

2 The discrete elementary ax + b group

3 The generalized discrete elementary ax + b groups

4 The generalized discrete elementary Mautner groups

5 Products of the generalized discrete elementary ax 4+ b groups
6 Their inductive limits

Their proper versions are also considered in the Sections 2 to 5 respec-
tively.

Notation Let C be the C*-algebra of all complex numbers. We denote
by C(X) the C*-algebra of all continuous functions on a compact Hausdorff
space X and by Cy(X) the C*-algebra of all continuous functions on a locally
compact Hausdorff space X vanishing at infinity. Denote by C*(G) the full
group C*-algebra of a discrete group G. Denote by Ky(2) and K; () the
Ky-group and the Ki-group of a C*-algebra 2 respectively, both of which
are abelian (see [2] or [13]).

We denote by sr(2() and csr(2) the topological stable rank and the con-
nected stable rank of a unital C*-algebra 2, respectively (see [7] of Rieffel).
If 2 is a non-unital C*-algebra, then its topological and connected stable
ranks are defined to be the topological and connected stable ranks of the
unitization AT of .
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2. The discrete elementary ax + b group

Recall from [11] that the discrete (elementary) az + b group is defined
to be the semi-direct product Z x,, Z with the action « defined by a;(n) =
(—1)!n for t,n € Z, where a; = « is the only non-trivial automorphism of
Z. Note that there is a quotient map:

it

ZxaZ > (n,t) — (eo ’f) € GLy(Z),

where the quotient group is isomorphic to Z X, Zy with Zs = Z /27, which
may be better to be called the discrete elementary ax + b group, instead, so
that we call it the proper discrete elementary ax + b group.

Proposition 2.1 Let G = Z x, Z be the discrete elementary ax+b group.
Then

KQ(C*(G)) = Z, but Kl(C*(G)) = ZQ X 7.

Proof.  Since G is the semi-direct product Z x,Z we have C*(G) isomorphic
to the crossed product C*-algebra C*(Z) %, Z with the action « (by the
same symbol) corresponding to that of G, which is defined to be the C*-
algebra generated by the images 7(C*(Z)) and u(Z) under 7 a representation
(i.e., a *-homomorphism) of C*(Z) and w a unitary representation of Z
both acting on the same Hilbert space associated to the (faithful) covariant
representation m X u acting on the same Hilbert space defined by

mxu(g) =Y m(g(s))us

SEZL

such that usm(g(s))ur = m(a(g(s))) for g € I1(Z,C*(Z)) (or c.(Z,C*(Z)))
the algebra of all summable (or finitely supported) C*(Z)-valued func-
tions on Z with a-convolution product, (both of) which is dense in the
crossed product (see [6]), where the action a on C*(Z) by Z is given by
at(g(s)) = g(s) o a—; the composition. And the crossed product is isomor-
phic to C(T) x4n Z by the Fourier transform, where the action o = af (by
N =af on
C(T) is the reflection on T given by «f'(z) = Zz the complex conjugate for
zeT.

the same symbol) on the one-torus T associated to the action «
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Indeed, check that for f € C(T), we have (as in [14])
ap f(z) = flp: 0 Ad(1))

for t € Z with Ad(t)(n) = tnt™! € G, where z € T is identified with the
homomorphism ¢, from Z to T defined by ¢.(n) = 2" for n € Z, and we
compute

P20 Ad(t)(n) = p-(ar(n)) = = ((—1)'n) = 200" = o 1ye(n)

for n € Z, and hence o1 f(z) = f(2).
Using the Pimsner-Voiculescu six-term exact sequence for crossed prod-
uct C*-algebras by Z (see [2]), we get the following diagram:

Ko(C(T)) 220 Ky (€(T) — Ko (C(T) 30 7)

QT \LB
Ky (O(T) qn Z) < K (C(T) 2422 Ky (C(T)

Kl(

where id means the identity map on C(T) and ¢ means the inclusion map
from C(T) to C(T) xtqr Z. We have Ko(C(T)) = Z generated by the class
[1] of the identity 1 of C'(T) and K;(C(T)) = Z generated by the class [z]
of the unitary z of the coordinate function z — z € T (cf. [13]). Then we
compute

(id — ). [1] = [i[d(1)] = [o" (1)] = [1] = [1] = 0,
(id — a).[2] = id(2)][o" ()] 7" = [][2] 7" = []*.

Hence the map (id — a”), on Ky is zero but the map (id — a”), on K;
is injective and surjective onto 27 in Z. Therefore, the map i, on Kj is
injective, and the map 0 from Ky to K7 is zero because the image of this
0 is equal to the kernel of (id — o), on K; by exactness of the diagram,
which is zero, so that we obtain K¢(C(T) x4 Z) = Z. Moreover, we get the
following short exact sequence:
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and hence K1(C*(Q)) = Za x Z. O

Remark The group C*-algebra of the discrete elementary ax + b group is
the easiest example to have torsion in K-theory groups among the group C*-
algebras of non-nilpotent, solvable discrete groups. On the other hand, it is
shown in [12] that the group C*-algebras of nilpotent discrete groups without
torsion have K-theory groups torsion free. This result in the nilpotent case,
in fact, is a motivation to study the case of non-nilpotent, solvable discrete
groups in this paper.

Proposition 2.2 Let G = Z x,Z4 be the proper discrete elementary ax—+b
group. Then

Ko(C*(G) =27 but Ki(C*(Q)) = Zs.
Also, the group C*-algebra C*(Q) has the following short exact sequence:
0 — Co(R) ® Mo(C) — C*(G) — C* — 0,

where My (C) is the C*-algebra of all 2 x 2 matrices over C.

Proof. We have C*(G) = C(T) Xy Zs by the Fourier transform. Since the
points {£1} in T is fixed under the action a”, we have the following short
exact sequence:

0 — Co(T\ {£1}) Xan Zy —> C*(G) —L> C({£1}) Xan Zy — 0,

where i is the inclusion map and ¢ is the quotient map and C'({+1}) means
the C*-algebra of all continuous functions on two points {£1}, which is
isomorphic to C2. Moreover, the quotient C*-algebra viewed as the crossed
product C? s Zs is isomorphic to the direct sum ®2C? = C* since the
action a” is trivial on C'({#1}) and C*(Zs) = C({0,1}) = C? by the Fourier
transform, and the closed ideal splits into the tensor product

Co((0,m)) ® (C({%i}) Xan Z2) = Co(R) @ M(C),

where this ¢ means v/—1 and the action a” of Zs on the set {£i} is the
shift and C({£i}) means the C*-algebra of all continuous functions on two
points {#+i}, which is isomorphic to C2. Thus the six-term exact sequence
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for the short exact sequence of C*-algebras (see [2]) becomes the following
diagram:

qx

0 —> Ko(C*(@Q)) —2> 74

J it

Tx

0<2 K1 (C*(G)) <=—17

where Ko(C*) = Z* and K;(C*) = 0 and K;(Co(R) ® My(C)) =
K;11(M3(C)) = K;41(C) by the Bott periodicity and the stability of K-
theory groups, where j+1 (mod 2). Note that if we denote by u the unitary
implementing the action a” of Z, in the crossed product C(T) X o Zo such
that ufu* = o) (f) for f € C(T), then u?> =1 and

K1(C™(G)) 3 [0 (2)] = [uzu”] = [u][2][u] = [<]

where z € C*(G) corresponds to the coordinate function z +— 2z € T in
C(T) and thus [2]7! = [2], ie., [2]> = 1 in K{(C*(G)). It follows from
exactness of the diagram that K;(C*(G)) = Zo, and thus the map 0 from
Ky to K, is surjective onto 27Z in Z. Therefore, the kernel of 9 from K
to K is isomorphic to Z3 since the group extension by Z always splits, so
that the image ¢, from Ky(C*(G)) is Z® by exactness of the diagram and
Ko(C*(Q)) = 73. O

Remark Note that there is the following short exact sequence:
0 — Co(R) ® C*(Z x4 Zy) — C*(Z 310 Z) —2> C*(Z x4 Zs) — 0

by viewing the extension as the mapping torus on the quotient (see [2]).
Then the six-term exact sequence of K-theory groups associated to this
extension becomes, by our computation:

i* qx

Zy Z 73

of |o

ZQéZQXZiéZs
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where ¢, on the first line is injective, so that 7, on the same line is zero, and
thus 9 from K7 to Kj is an isomorphism, and so that ¢, on the second line
is zero and i, on the same line is onto, and that the image under 0 from Ky
to K1, which is isomorphic to Z? by injectiveness of g, on the first line, is
27 x 7 in Z3 which is mapped to zero under i, to make perfect sense, i.e.,
no contradiction.

Proposition 2.3  The group C*-algebra C*(G) of G the proper discrete
elementary ax—+b group Zix 2o has topological stable rank one and connected
stable rank two.

Proof. Applying the following topological stable rank formulae:
max{sr(J),sr(2A/T)} < sr(>A) < max{sr(T),sr(A/T),csr(A/T)}

for a short exact sequence 0 — J — A — A/T — 0 of C*-algebras (Theorems
4.3, 4.4, and 4.11 of Rieffel [7]), and

st (A @ M, (C)) = [(sr(A) — 1)ym ] + 1

for a C*-algebra 2 where [2] means the least integer > x, to the short exact
sequence of C*(@G) obtained in Proposition 2.2 above, we obtain

max{sr(Co(R) ® M(C)),sr(CH} =1
<sr(C7(G)) <
max{1,1,csr(C*)} =1,

where sr(Cp(R)) = sr(Co(R)T) = sr(C(T)) =1 ([7, Proposition 1.7]).
Using the following connected stable rank formulae:

csr(2A) < max{csr(J),csr(A/T)}
for the short exact sequence of C*-algebras (Theorem 3.9 of Sheu [9]), and
cst(A @ My, (C)) < [(esr(A) — )m ™1+ 1

for a C*-algebra 2 ([8, Theorem 4.7]), we obtain
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cst(C*(@)) < max{csr(Co(R) @ My(C)), csr(CH)}
< max{[(csr(Co(R)) — 1)27] + 1,1}
=[2-12""+1=2,

where cst(Cp(R)) = csr(Co(R)™) = esr(C(T)) = 2 (see [9, Page 381]). On
the other hand, since K;(C*(G)) # 0 as obtained in Proposition 2.2, we get
csr(C*(G)) > 2 by [3, Corollary 1.6] of Elhage Hassan. O

Remark Similarly, we can show that if G is the discrete elementary ax+b
group Z X4 Z, then C*(G) has topological stable rank two and connected
stable rank two, by applying those formulae to the short exact sequence of
C*(G) viewed as the mapping torus, as mentioned in [11].

3. The generalized discrete elementary ax 4+ b groups

Recall from [11] that the generalized discrete (elementary) az + b group
of rank m+1 is defined to be the semi-direct product Z™ x,7Z with the action
a defined by ay(n) = (—1)'n = ((—1)'n;) for t € Z and n = (n;) € Z™.
Note that there is a quotient map:

eﬂ"Lt 0 ny

Z™ XqZ > (n,t) — € GL,,11(2),

eTl'lt N

0 1
where the quotient group is isomorphic to Z™ %, Zs, which may be better

to be called the generalized discrete elementary ax + b group, instead, so
that we call it the proper generalized discrete elementary ax + b group.

Remark Recall from [10] (or [1] originally) that the Bott projection P in
M3(C(T?)) is defined as a projection-valued function from T? to Mo (C):

P(w, 2) = Ad(U(w, 2)) <(1) 8)
— Uw,2) <(1) 8) Uw,2)* € My(C), (w,2) € T,

where U(w, z) = Y (¢, 2)* with w = €2 € T for ¢ € [0, 1] and
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Y(t, ) = exp (TK(@) exp (”;s)

Moreover, the generalized Bott projection Qj in My(C(T?*)) is defined in
[10] by a projection-valued function from T?* to My (C):

Qk(zl, e ,ng)

= Ad(U; (21, 22))Ad(Us (23, 24)) - . . Ad(Ug (2251, 22k )) <(1) 8)

where Uj(-,-) = U(-,-) for 1 < j < k. Furthermore, the unitary Vj, in
Mo (C(T?k+1)) obtained from the generalized Bott projection Q and a uni-
tary generator u of C*(G) corresponding to a generator of G = Z™ %, Z is
defined in [10] by

Vi = (é (D +(u—1) ® Q) € My(C(T?H)).

Theorem 3.1 Let G = Z™ x4 Z be the generalized discrete elementary
ax + b group. Then

2'm/71

Ko(C*(G) 27", but K (C*(G)) = ([2" 'Zy) x Z
Proof. As shown in the proof of Proposition 2.1, we have C*(G) =
C*(Z™) xq Z = C(T™) xqr Z by the Fourier transform, where the ac-
tion o = af on T™ by the same symbol associated to the action a” = af
on C(T™) is the reflection on T™ given by «af(z;) = (z;) € T™. Using the
Pimsner-Voiculescu six-term exact sequence for crossed product C*-algebras
by Z, we get the following diagram:

(id—a”). i

Ko(C(T™)) S22 Ko (O(T)) —2 Ko(O(T™) xon Z)

3T \La
(id—a’).

K1 (C(T™) xan Z) <—— K, (C(T™)) ~——— K, (C(T™))
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where id means the identity map on C(T™) and 7 means the inclusion map
from C(T™) to C(T™) xqr Z. We have Ko(C(T™)) = 72" generated by
the class [1] of the identity 1 of C'(T) and the classes of generalized Bott
projections @, in Mo (C(T?*)) combinatoricly in My (C(T™)), where each
T?* is identified with a direct factor in T™ coordinate-wise and is taken
combinatoricly in T™, and K1 (C(T™)) = Z2" " generated by the class EA
of the unitary z; of the j-th coordinate function z; — z; € T in C'(T™) and
the unitaries Vj, € My(C(T?+1)) combinatoricly in My (C(T™)) associated
to Qr and z;, where each T2k+1 is identified with a direct factor in T™
coordinate-wise and is taken combinatoricly in T™ (see [10] or the remark
above and also [13]). Then we compute

(id — o). [1] = [id(1)] - [@"(1)] = [1] - [1] =0,
(id — ). [Qx] = [Qk] — [0 (Qk)] = [Qk] — [QF] = O,
(id — a)ufz;] = [id(z)][0" ()] 7" = [5][5]7" = [55]°

(id — o) [Va] = [id(Vio)][o" (V)] ™" = Vil [Ve] ™! = VA2

since Qr = Q. Hence the map (id — a”). on Ky is zero but the map
(id — a™), on K; is injective and surjective to the direct product " 2z
inz2" ", Therefore, the map i, on Ky is injective, and the map 9 from K|
to K7 is zero because the image of this d is equal to the kernel of (id — o).
on K7 by exactness of the diagram, which is zero, so that we obtain

2mfl

Ko(C(T™) Xgn Z) = Ko(C(T™)) = Z

Moreover, we get the following short exact sequence:

2m—1 2m—1 2771—1 2m—1

0— 22" 2" ez =112" ' Zy — Ky (CH(G)) > Z

— 0,

2m—1 2m—1

and hence K;(C*(G)) = (1T Zo) X 7L . O

Proposition 3.2 Let G = Z™ X, Zo be the proper generalized discrete
elementary ax + b group. Then the group C*-algebra C*(G) has a finite
composition series {Jj,}'' of closed ideals with 3y = {0} and Jpy1 =
C*(G) such that the subquotients Iy /Tx—1 for 1 < k < m are isomorphic to
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m

@ (m)2" 7 [ (R™F+1) @ My (C)]
and
C*(G) /T = B C*(Zy) = C¥".

Proof. We have C*(G) = C(T™) Xan Zg by the Fourier transform. Since
the 2™ points II"™{+1} in T™ are fixed under the action o”, we have the

following short exact sequence:

0 — Co(T™ \ I™{+1}) Xan Zy ——> C*(G)

— s O™ {£1}) Xnr Zy — 0,

where 4 is the inclusion map and ¢ is the quotient map and C(II"{+£1})
means the C*-algebra of all continuous functions on the 2™ points, which
is isomorphic to C2". Moreover, the quotient C*-algebra is isomorphic to
the direct sum 62" C2 = C2""", with C*(Z,) = C2. And the above closed
ideal, which we now denote by J,,, has the following short exact sequence:

q

0= Tt ——> T Co(U™[(T\ {£1}) x I~ 1{£1}]) xan Zs — 0,

since the disjoint union U™ - - -] in the quotient is closed in T™\II"*{£1} and
invariant under o”, where the components (T \ {£1}) x II"™~1{41} of the
disjoint union are taken combinatoricly from T™ \ II"{£1} coordinate-wise,
each of which is denoted by the same symbol, and the closed ideal J,,_1 has
the spectrum that corresponds to the complement of the spectrum of the
quotient in the spectrum of J,,, more precisely, which is the crossed product
by Zs of the C*-algebra of all continuous functions on the complement of the
disjoint union in T \ II"™ {41} vanishing at infinity. Moreover, the quotient
is isomorphic to

&2 Oy (R) ® C({4}) san Zo] = &™2" " [Co(R) @ My(C)].

Inductively, we can construct a finite composition series of closed ideals
Jj of C*(G) such that
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m
—1

T/ Tn-1 22 Co(UGETD [T\ {£11)™F 1 x T 1{£1}]) xan Zo

for 1 < k < m with 3y = {0}, where (k"jl) means the combination, and

('s) = 1. Moreover, the subquotient J;/J_1 of C*(G) is isomorphic to the

direct sum
SUEI T Co(T\ (1)) w2
and furthermore,
Col(T\{HL)™ 1) san Zp 2 Co(R™ 1) @ [CI™H1{4i}) an Zs)
and then
C(II™ i) xan Zo 2 C2" 7 xon Zo
=~ 2" My (C)
because the space II"™~¥+1{+i} is viewed as the disjoint union of orbits that

consists of two points in the space. O

Remark The similar composition series of C*(G) of G the generalized
(elementary) ax + b group Z"™ X4 Z is given in [11], for which it is found out
that there is a mistake in counting direct sums which should be corrected
as in this proposition.

Theorem 3.3 Let G = Z™ X, Zs be the proper generalized discrete ele-
mentary ax + b group. Then

2m—l

Ko(C*(@) = Z*" Y, but K (C*(Q)) =" Z,.

Proof. We have C*(G) = C(T™) x4~ Zsy by the Fourier transform. We use
the following short exact sequence:

0 — Co(R) ® C*(Z™ xq Zy) —s C*H(Z™ X g ) —s C*(Z™ x4 L) — 0
by viewing the extension as the mapping torus on the quotient (see [2]).

Then the six-term exact sequence of K-theory groups associated to this
extension becomes, by our computation:
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¥ T Ko (C*(@))

d oo

(2

K1(CH(G)) =2 (112" ' Z) x 227" <2 Ko(C*(Q))

so that, as in the case where m = 1, we have
Ko(CH(@Q)) = 22" x 7= 72"+,

and K1 (C*(G)) 2 12" ' Zy. Indeed, note that the map from Ko(C*(G)) to
Ko(®?" C?) induced from the structure of C*(G) obtained in Proposition
3.2 is injective as in the case of m = 1, and also that each factor of the form
7 X4 Zo in G plays the same role as the proper discrete elementary ax + b
group, to produce non-equivalent K-theory classes. O

Proposition 3.4  The group C*-algebra C*(G) of G the proper generalized
discrete elementary ax+b group Z™ X4 Zo has the following topological stable
rank estimate:

[(lm27 D271 +1 < se(C7(G)) < [([(m +1)27" )27 +1
and the following connected stable rank estimate:
2 <est(C*(@)) < [([(m+1)27H)27 1] +1,

where || means the mazimum integer < x.
In particular, if m > 2, then st(C*(G)) > 2.

Proof. Applying those stable rank formulae in the proof of Proposition 2.3
to the composition series {Jj}7"' of C*(G) obtained in Proposition 3.2,
repeatedly, we obtain

st(C*(@)) > max sr(Co(R™F1) @ My (C))

T 1<k<m
= sr(Co(R™) ® M2(C))
= [(st(Co(R™)) = 1271 + 1

= [(lm27'])27 ' +1,
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where sr(C(X)) = [27'dim X | + 1 with dim X the covering dimension of
a compact Hausdorff space X ([7, Proposition 1.7]), and sr(Co(R™)) =
st(Co(R™)T) = sr(C(S™)) with S™ the m-dimensional sphere, and also

st(C*(@)) < max {sr(Co(R™ 1) @ My(C)), csr(Co(R™F1) @ My (C))}

T 1<k<m
and
est(Co(R™ 1) @ My(C)) < [(esr(Co(R™FF1)) —1)271] + 1
[(Lm =k +2)271 )27 + 1,

where csr(C(X)) < |[(dim X 4+ 1)27!] + 1 by Nistor [5, Corollary 2.5].
Moreover, we get

2 <ecsr(CH(@)) <  max cst(Co(R™ M) @ My(C))

< max [([(m—k+2)27' )27 +1,

1<k<m

where the lower bound is obtained from that K;(C*(G)) # 0 by Theorem
3.3 and [3, Corollary 1.16]. O

Remark Similarly, we can show the similar topological stable rank and
connected stable rank estimats of C*(G) of G the generalized discrete (ele-
mentary) az + b group Z™ X, Z, as given in [11]. But the estimates given
in [11] need to be slightly corrected as their n to be replaced with n + 1, as
m + 1 given in the statemtent.

4. The generalized discrete elementary Mautner groups

Recall from [11] that the generalized discrete (elementary) Mautner
group of rank 2m is defined to be the semi-direct product Z™ x, Z™ with
the action «a given by

Oélj(n) = (nl,...,nj_l,—nj,nj+1,. . .,nm)

for n = (n;) € Z™ and 1; = (0,...,0,1,0,...,0) € Z™ (1 at the j-th
position). The discrete (elementary) Mautner group defined in [11] is just
72 x1, Z? the case where m = 2 and the discrete elementary ax + b group is
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just Z x4 Z the case where m = 1. Note that there is a quotient map:

emt 0 L. 0 n
0 emit No
Z™ Xq Z™ 3 (n,t) — : .| € GLpmia(Z)
0 eritm .
0 0o ... 0 1
for n = (n1,...,nm), t = (t1,...,tm) € Z™, where the quotient group

is isomorphic to Z™ X, Zy'. As before, we call it the proper generalized
Mautner group. The proper discrete elementary ax + b group is just Z X Zo
the case where m = 1.

Recall from [2] that the bootstrap category is the smallest class N
of separable nuclear C*-algebras with the following properties:

(1) N contains C.

(2) N is closed under countable inductive limits.

(3) For a short exact sequence of C*-algebras, if non-zero two terms of the
sequence are in NV, then so is the non-zero third term.

(4) N is closed under KK-equivalence (and in particular, closed under stable
isomorphism, and hence, taking tensor products with matrix algebras
over C).

In particular, N contains commutative C*-algebras and their tensor
products with matrix algebras over C and the type I C*-algebras which
have finite composition series of closed ideals with subquotients given by
direct sums of such tensor products.

Recall also from [2] the Kiinneth theorem that states that if 2 and
B are C'*-algebras, with 2 in the bootstrap category N, then there is the
following short exact sequence of groups:

0 — K. (A) @ K, (B) —= K,(A®B) —Z> Tor (K, (2), K. (B)) — 0,

where K, (-) = Ko(-)® K (-), and the map [ has degree 0 and the map o has
degree 1. The short exact sequence splits unnaturally. If K, () or K.(B)
is torsion free, then [ is an isomorphism.

Note that Kj(2) ® Kq(B), K,(A® B) & K (A ® B), and Tor?(Kp(Ql),
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K,(B)) for p,q € Zy all have degree p + ¢ (mod 2).

Lemma 4.1 The group C*-algebras of the generalized discrete elementary
Mautner group Z™ Xo Z™ and the proper Z™ X, Z5' are in the bootstrap
category N.

Proof. It follows from the short exact sequence stated in Proposition 2.2
that the group C*-algebra of the proper discrete elementary ax + b group
7Z X Zo is in the bootstrap category N. Since the group C*-algebra of the
discrete elementary ax + b group Z %, Z is viewed as the mapping torus
on C*(Z x4 Z3) as in Remark after Proposition 2.2, it also follows that
C*(Z x4 Z) is in N.

Since Z™ X, Z™ is isomorphic to I1"(Z x,, Z) the m-fold direct product
of the discrete elementary ax + b group Z X, Z, we have

C(Z™ Mo Z™) =2 QMC*(Z xo Z)

the m-fold tensor product of the group C*-algebra of Z x, Z. Therefore,
it follows that C*(Z™ x4 Z™) is in N. Indeed, C*(Z™ x, Z™) has a finite
composition series of closed ideals with subquotients in N, by using the
structure of C*(Z %, Z) in N shown above.

Similarly, one can show that C*(Z™ %, Z3") is in N since Z"™ X, Z5' is
isomorphic to II"(Z X, Z2). Indeed, see Proposition 4.4 below. O

Theorem 4.2 Let G = 7™ Xy Z™ be the generalized discrete elementary
Mautner group. Then

Ko(C*(G)) = 220 @ 7™
K\(C*(G)) 2 2™ o 75",

where the indexes s(m),t(m),u(m),v(m) € N with s(1) = 1, t(1) = 0,
u(l) =1, and v(1) = 1 are determined inductively by
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(m >1). In other words, letting G, = 2™ x4 Z™, we have

rankZKj (C*(Gm+1)) = rankZKo(C'* (Gm )
I‘&IlkZZKQ(C*(Gm+1)) = rankZKl( (Gm )

)) + rank K1 (C*(G)),

)
+ 2rankg, Ko(C*(Gy,)) + 2ranky, K1 (C*(Ghn)),

)

(

rankyz, K1(C*(Gm+1)) = rankz Ko(C*(G))
+ 2ranky, Ko(C*(G,,)) + 2ranky, K1 (C*(G))

(j =0,1), where rankz(-) and rankgz, (-) mean the free rank and the torsion
rank with respect to Z, and Zo respectively.
In particular,

Ko(C*(Go)) 222 @ Z3, Ki(C*(G2)) 2 Z° © Ly,
and also
Ko(C*(G3)) =2 Z* @ 73, K (C*(G3)) =2 Z* ¢ 732
In addition, it follows from the inductive equations above that
Ko(C*(Gm)) = K1 (C™(Gm))
ifm > 2.
Moreover, it does follow that if m > 2, then
Kj(CHGp)) 222" @2 2"

for j=0,1.

Remark The statement is somewhat long, but we would like to reveal
the process to achieve the last general complicated formula, probably, from
which it would be difficult to see the process. As a note, it is the ingenious
referee who suggested that the last general formula would hold and encour-
aged the author to prove it as well as such formulae in Theorems 4.3, 5.2,
and 5.3 given below.

Proof. Since G = I1"(Z x4 Z) the m-fold direct product of the discrete
ax + b group Z %, Z, we have
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C*(G) = @ C*(Z % L)

the m-fold tensor product of the group C*-algebra of Z %, Z.

We first consider the case where m = 2. Let H = Z X, Z. The Kiinneth
theorem (see [2]) implies that since C*(H) is in N by Lemma 4.1, we have
the following short exact sequence of abelian groups:

0 — K.(C*(H)) ® K.(C*(H))
2 K (CF(H) @ C*(H)) 2> Tor(K.(C*(H)), K.(C*(H))) — 0

where K, (-) = Ko(-) ® K1(-) and the map 3 has degree 0 and the map o
has degree 1 and the short exact sequence splits unnaturally. As obtained
in Proposition 2.1, we have

K.(C*(H)) = Ko(C*(H)) & Ky (C*(H)) 2 26 (Z x Z).

By using several facts in homology theory as in [4], we compute the torsion
product as follows:

Tor} (K. (C*(H)), K.(C*(H)))
~ Tor®(Z & (Z x Z), K+ (C*(H)))
= Tor} (2, K. (C*(H))) ® Tor{(Z, K.(C*(H))) & Tory (Zs, K.(C*(H)))
>~ 0 06 Tork(Zy, Z2 x 7o)

gZz

where note that this consequence comes from the pair (K;(C*(H)),
K1(C*(H))), so that the torsion product is in K1(C*(H x H)).
Therefore, it follows that

K.(C*"(H)® C*(H)) = [K.(C*(H)) ® K.(C*(H))] © Z2
(unnaturally). Moreover, we obtain

Ko(C*(H x H))
= (Ko(C*(H)) © Ko(C*(H))) @ (K1 (C™(H)) ® K1 (C*(H)))
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= (ZQL)D(Z X L) ® (Z x Ls)]
27® LD Ly D Ly D Lo
= (0°Z) © (9°Z>)

where note that (1®1)+(1®1) =2®1 =1®2in Z®Z, and (1®1)+(1®1) =
201=1®2=0inZ ® Zs and Zs ® Zs. Furthermore,

K\(C*(H x H))/Zs
= (Ko(C™(H)) ® K1(C™(H))) & (K1(C™(H)) ® Ko(C™(H)))
~ ¢*(Z® (Z x L))
~ G*(Z @ Zs)
>~ (°Z) & (B*Z2).

Hence we get K1(C*(H x H)) 272 x Z3.
Repeating the same argument for C*(II3H) = C*(H x H) ® C*(H), we
compute

>~ Tor? (2% x 73) @ (2> x 73),7 & (Z x Zy))
=~ (@3Tor} (Za, Z.® (Z x L)) ® (3 Tor? (Zy, 7 & (Z x Zy))

(®37Zy) ® (©37Zy)

12

where the first summand corresponds to the pair (Ko(C*(H x H)),
K1(C*(H))) and the second summand corresponds to the pair (K;(C*(H
xH)),K:1(C*(H))). Therefore, we obtain

Ko(C*(IPH)) /25 = [(2* © Z3) ® Z] © [(Z° © Z3) ® (L X L»)]
~ (2273 o (22013 o (Z: e Z3)
~ 74 0 711,

and thus, Ko(C*(II?H)) = Z* © Z3*, and also



228 T. Sudo

K\(C*(I°H))/Z3 = [(Z° ® Z3) ® (Z x )] @ [(Z* © Z3) @ Z]
(227 (220173 o (Z* & Z3)
~ 7% o 73

and hence, K;(C*(II3H)) = Z* @ Z3*.
By induction, for G = Z™ x4 Z™, we may assume that

for some s(m),t(m),u(m),v(m) € N. Then
Tor? (K, (C*(Q)), K.(C*(H))) = 7™ @ 75™,

where the first summand corresponds to the pair (Ko(C*(G)), K1(C*(H)))
and the second summand corresponds to the pair (K1 (C*(Q)), K1(C*(H))).
Therefore, we have

Ko(C™(G x H))/zZ5™
= [(22™ o 25™) 0 Z) © (2™ & Z;"™) @ (Z x Z,)]
o 7s(m)+u(m) g Z;(m)+u(m)+2v(m)7
and also
K1(C*(G x H))/z3™
= (2" @ 2;™) @ Z) & (27 @ Z™) © (Z x Z,)]
o 7s(m)tu(m) g th(m)+s(m)+v(m)7
Hence we get
KO(C*(Z’““ X, Zm“)) o gs(m)+u(m) g th(m)ﬂ(m)wv(m)?

K, (C*(Zerl i, Zm+1)) o gs(m)+u(m) g th(m)+8(m)+2 v(m)

It then follows that
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s(m+1)=u(m+1)=s(m)+u(m) form>1and
ttm+1) =v(m+1) =2t(m) + s(m) +2v(m) form >1

since s(1) = u(1l) = 1. Therefore, we obtain that Ko(C*(Z™ x4 Z™)) =
K (C*(Z™ x4, Z™)) for m > 2.

Moreover, since s(1) = wu(l) = 1, it follows from the first inductive
equation that s(m) = u(m) = 2™~ for m > 1. It then follows from the
second inductive equation that ¢(m+1) = 4¢(m)+2™~! for m > 2. Dividing
both sides by the power 2("+t1D=1 of 2 yields the following:

t(m+1):2.<t(m)>+;.

2(m+1)—1 om—1

Put b(m) = t(m)/2™~ ! for m > 2. Then b(m + 1) = 2b(m) + 1/2. This
equation is transposed to the following: b(m + 1) + 1/2 = 2(b(m) + 1/2).
Therefore, the general term is given by b(m) +1/2 = 22(b(2) + 1/2) with

Ct(2)  2t(1) +wu(l)+2v(1) 3
2 2 2

Thus, we obtain t(m) = 22m~2 — 2m=2 for m > 2. O

Theorem 4.3 Let G = Z™ %, Zy' be the proper generalized discrete ele-
mentary Mautner group. Then

Ko(CH(@)) = 250 @ 7™,
Ki(C*(G)) = zy™,

where the indexes s(m),t(m),v(m) € N with s(1) =3, t(1) =0, and v(1) =
1 are determined inductively by

s(m+1) =3s(m),
t(tm+1) =4t(m) + v(m),
v(m+ 1) = s(m) + t(m) +4v(m)

(m > 1). In other words, letting G, = 2™ X Z5', we have
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ranky Ko(C* (Gm+1)) = 3rankz Ko (C*(G)),
ranky, Ko(C*(Gpy1)) = 4dranky, Ko(C*(G,,)) + ranky, K1 (C*(G,)),
rankyz, K1 (C*(Gn41)) = rankz Ko(C* (Gh))
+ ranky, Ko(C*(Gy,)) + 4ranky, K1 (C*(G)).
In particular,

Ko(C*(Gy)) 2 Z° ® Zy, K. (C*(G))=Z3,

and also

Ko(C*(G3)) =2 Z*" @ 7', K, (C*(Gs)) = Z38.

Moreover, it does follow that if m > 2, then

m —2[Em __ m m—1
KO(C*(Gm))%Z3 @Zg [5 (2m+3)3 }’

Kl (C* (Gm)) = Z§_2[5m+(2m73)3m—1]

and this also holds for the case m = 1, where 79 is assumed to be trivial.

Proof. Since G = II"(Z X4 Z2) the m-fold direct product of the proper
discrete ax 4+ b group Z X, Zy, we have

C*(G) = @™ C*(Z %o Zs)

the m-fold tensor product of the group C*-algebra of Z X, Zs.

We first consider the case where m = 2. Let H = Z x4 Z5. The Kiinneth
theorem (see [2]) implies that since C*(H) is in N by Lemma 4.1, we have
the following short exact sequence of abelian groups:

0 — K.(C*(H)) © K.(C"(H))
L K.(CH(H) @ CF(H)) -5 Tor’(K.(C*(H)), K.(C*(H))) = 0
where K, (-) = Ko(-) ® K1(-) and the map 3 has degree 0 and the map o

has degree 1 and the short exact sequence splits unnaturally. As obtained
in Proposition 2.2, we have
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K.(C*(H)) = Ko(C*(H)) & K (C*(H)) = Z° & Z.

By using several facts in homology theory, we compute the torsion product
as follows:

Tor? (K, (C*(H)), K.(C*(H)))
~ Tor{ (Z° @ Zs, K.(C*(H)))
= [@°Torf(Z, K.(C*(H)))] @ Tor2(Zy, K. (C*(H)))
>~ [@30] © Tory(Zy, Z3 x Z)
=~ 7o

where note that this consequence comes from the pair (K;(C*(H)),
K1(C*(H))), so that the torsion product is in K1(C*(H x H)).
Therefore, it follows that

K,(C*"(H)® C*(H)) = [K.(C*"(H)) ® K.(C*(H))] ® Z3
(unnaturally). Moreover, we obtain
Ko(C*(H x H))
= (Ko(C™(H)) ® Ko(C*(H))) & (K1 (C™(H)) ® K1(C*(H)))
> (73 @ 7°%) © (Zo ® Zy)
= (0°Z) @ Z,.
Furthermore,
K1,(C*"(H x H))/Zs
= (Ko(C™(H)) ® K1(C*(H))) & (K1 (C™(H)) ® Ko(C™(H)))
~ 0% (Z° ® Zs)
>~ p2(®37Z,)
~ ¢%7,
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and hence, K;(C*(H x H)) = Z1.
Repeating the same argument for C*(II*°H) = C*(H x H) @ C*(H), we
compute

Tory (K. (C*(H x H)), K.(C*(H)))
> Tor?((Z° x 7o) & 75,72 & Zs)
>~ (Tor}(Zy, 73 @ 7)) ® (" Tork(Zy, 7> @© 7))

>~ (Zy) © (&7 Zs)

where the first summand corresponds to the pair (Ko(C*(H x H)),
K,(C*(H))) and the second summand corresponds to the pair (K7 (C*(H x
H)),K1(C*(H))). Therefore, we obtain

Ko(C(IPH)) /2> = [(2° & Z,) ® 2°] & [2] @ Zs)]
= (27 & 13) © 75
> 727 g 710,
and thus, Ko(C*(II*H)) = Z?" @ Z3!, and also

Ki(C*(IPH))/Z3 = [(Z° ® L) © Zs] ® [25 © Z°)
>~ (73 @ 7o) ® 73"

>~ 731

and hence, K1 (C*(II3H)) = Z38.
By induction, for G = Z™ x, Z5', we may assume that

Ko(C(Q) = 22 0 2™, Ki(C*(G)) = 2™,
for some s(m),t(m),v(m) € N. Then
Torf (K.(C*(G)), K.(C*(H))) = 25™ @ 75™,

where the first summand corresponds to the pair (Ko(C*(G)), K1(C*(H)))
and the second summand corresponds to the pair (K1 (C*(Q)), K1(C*(H))).
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Therefore, we have

Ko(C*(G x H))/ZX™ = [(2°™ & 7™ @ 73] & [25™ & Z,)

o 735(m) g g3tm)+u(m)

and also

Ki(C*(G x H))/Z5"™ = 75" @ 7°) @ (22" @ Z5™) © Z,)]

~ Zg(m)+t(m)+3 v(m)

)

Hence we get

KO(C* (Zm—l-l X, Z;n,—',-l)) o ZB s(m) D Z;,Lt(m)+v(m)7
Moreover, it follows from the inductive equation s(m + 1) = 3 s(m)
(m > 1) with s(1) = 3 that s(m) = 3™ (m > 1). The indexes t(m + 1) and

v(m + 1) are viewed as the vector X (m + 1) in the following equation with
matrix multiplication:

xom+0= (0000 = (1 3) (o) + (som)

(m > 1). Inductively, it follows that
X(m)=MX(m—-1)+Y(m-—1)
=MMX(m—-2)+Y(m—-2)+Y(m—-1)
= M?*X(m —2)+MY(m—2)+Y(m—1)

=M™ X))+ MY (1) 4 -+ MY (m —2) + Y(m — 1).

Since the matrices D = ($$) and F = ({}) commute, we compute the
matrix product M™ by binary expansion:
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M™ = (D + F)™

1 k m

Since F? is the identity matrix, if m is even, then M™ =

( 4 (DA (M4 (T ()4 (m’”l)4)
()4t (WA e (M)A AT (D) g ()40
- (2—1(5m +3M) 2—1(57” — 3m)>
~\271(5m —3m) 2-1(5m 4+ 3m)

where we use binary expansion of 5" = (4 4+ 1)™ and 3™ = (4 — 1)™.
Similarly, if m is odd, then M™ =

m—1

(DA (e (104 ()4t (1)

m—1

( A4 (A" ()4 (AT ()T (2)4())
(27 (5™ +3™m) 27 (5™ — 3m)
S\ =3y 275+ 3m) )
Note that as suggested by the referee, one may use linear algebra theory
to compute the product M™ to be diagonalized as Jordan normal form by

an invertible matrix. Indeed, the eigenvalues A of the 2 x 2 matrix M

are given by 3 and 5 by computing the determinant ‘4?‘ 4i )\} = 0, and

the corresponding eigenvectors are given by (,11) and (%) respectively. It

follows that
_ 1 /1 -1 1 1 30
1 _ 1 _
P MP_2<1 1)M<—1 1> <0 5)’

i.e., M is diagonalizable, and hence, we have

m 3m 0 71_1 5m+3m pm _ 3m
M _P<0 5M)P _2(5’”—3’“ 5m+3m)'

Therefore, we obtain that for m > 2,
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t(m) — 271(5“@71 _ 3Tn71) + 271(57%72 _ 377’1,72)3 + .. + 271(5 _ 3)3m72

m—1
— 2—1 Z (5m—k 3m—k3)3k—1’
k=1
m—1
=92 1 Z 3k715m7k —1 Z 3m71
k=1

and
v(m)=2"1(""t 43" ) 275" +3m72)3
4+ + 271 (54 3)3m 2 4 3™t

3
L

— 271 (5m7k + 3m7k)3k71 + 3m71

>
Il

m—1
:21 3k 15m k+2—123m l+3ml
k=1

3

3 >
[l
_

— 2—1 3k—15m—k + 2—1(m . 1)37’)’!,—1 + 3m—1

b
Il
_

3
|

3k715m7k+271(m+1)3m71'

I
Do
L

Furthermore, we now put .S, = ;":_11 3#=15m=k_ Then we have

3
Sm o g i = 305m—1 o 3m—150'

Hence, S,, = (5/2)(5™~1 — 3m~1). Therefore, we get
t(m) =2725(5"" " =3m" ) =27 (m — 1)3" !
=272[5™ — (2m + 3)3™ 1],
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v(m) =2725(5mt — 3™~ L 27 (;m + 1)3m !
=272[5" + (2m — 3)3™ 1. O
Proposition 4.4  The group C*-algebra C*(G) of G the proper general-

wzed discrete elementary Mautner group Z™ X, Z5' has a composition series
{3, ?:1 of closed ideals such that 39 = {0} and Jom = C*(G) and

3/351 2L, @@L, @ @ Lo,

combinatoricly, for some lj = 1,2 and lj_1 < l; with (1;,...,m;) totally
ordered properly in the sense as
(L,1,...,1) < (2,1,...,1) < (L,2,...,1) <
1)<

<(2,2,1,...,1)<(1,1,2,...,1) < ... <(2,2,...,2),

and
21 = C()(R) & MQ(C), and 22 = (C4.

Proof. This is obtained from that C*(G) = @™ C*(Z X« Z2) and the short
exact sequence of C*(Z X Z3) obtained in Proposition 2.2. Indeed, the
closed ideals J; are defined inductively as in the following:

I =2'efle---@el
Ty =C*"(ZXNaZ) L' ®--- @ &L,
J3 is generated by Jo and £1 @ C*(Z x4 7o) @ L' @ -+ - @ £
Ty =C*(ZXa ) @C* (L X0 T) L' @ -+ @ £,

Js is generated by J4 and £ ® £ ® C*(Z Xo 7o) @ £' ® -+ ® £1; and
similarly, ..., and finally, Jom _; is generated by

C LX) @C* (L X Lg) @ - @ CHZ x0 L) @ L,

Sl ® C*(Z A Zz) R & C*(Z A Zg),

C*(Z X o Zg) R L ® C*(Z X o Zg) XX C*(Z Mo Zg),
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............ , and
C(ZXaZo) @ @CL Xg L) @ L1 @ C*(Z Xo L2). O

Proposition 4.5 The group C*-algebra C*(G) of G the proper generalized
discrete elementary Mautner group Z™ X Z5' (m > 2) has topological stable
rank two and connected stable rank two.

Proof.  Using the stable rank formulae as used in Propositions 2.3 and 3.4
to the composition series obtained in Proposition 4.4, we estimate

st(C*(G)) > max st(®%(Co(R) @ My(C)))

1<k<m

= max sr(Co(R¥) ® Mok (C)))

1<k<m
- ér}cagxm((Sf(Co(Rk)) —1)27" +1
= lrgr;ggxmf(tk/2j)2‘k1 +1

and each component in the last maximum is equal to

1221 +1=2  if k=2,
1224 +1=2 ifk=2+1#1

and is equal to 1 if £ = 1. Also, we estimate

s1(C*(G)) < max {sr(®"(Co(R) ® M3(C))), csr(®@" (Co(R) @ M2(C)))}

~ 1<k<m

< max {2, csr(Co(R*) @ Mok (C))}

1<k<m

< max {2, [(csr(Co(RF)) —1)/2%] + 1}

1<k<m

< max {2, [([(k+1)/2])/2"] + 1}

1<k<m
and each component in the last maximum is equal to

(/227 +1=2 if k = 2,
[(+1)/22 ] +1=2 ifk=20+1.
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Moreover, we obtain

esr(C*(G)) < max csr(@%(Co(R) @ My(C))) < 2.

1<k<m

Since we have K71 (C*(G)) # 0 by Theorem 4.3, we obtain csr(C*(G)) > 2.
O

Remark it is shown in [11] that if G is the (non-proper) generalized
discrete (elementary) Mautner group Z™ x, Z", then

[m/2] <sr(C7(G)) < [(m+1)/2] +1

and csr(C*(G)) < |[(m+1)/2] + 1 by the same way as given in the proof
above. In addition, we obtain csr(C*(G)) > 2 since K1 (C*(G)) # 0 as shown
in Theorem 4.2. Consequently, we find out the difference in the topological
stable rank for C*(G) of G the proper and the non-proper G, to have the
topological stable rank lower or higher. Possibly, we can find out the same
thing in the connected stable rank. As a fact, it is shown by [7, Corollary
4. 10] that

csr(RA) <sr(A)+1

for a C*-algebra 2, but what we need to show that thing is a sort of reverse
inequality if any.

5. Products of the generalized discrete elementary ax + b groups

Lemma 5.1 The group C*-algebras of finite direct products II'(Z™ %, 7Z)
of the generalized discrete elementary ax + b group Z™ X Z and those of
the proper Z™ X, Zso are in the bootstrap category N.

Proof. It follows from the finite composition series of closed ideals of the
group C*-algebra of the proper generalized discrete elementary ax + b group
Z™ X4 Ly stated in Proposition 3.2 that C*(Z™ X, Zs2) is in the bootstrap
category IN. Since the group C*-algebra of the generalized discrete elemen-
tary ax +b group Z™ X, Z is viewed as the mapping torus on C*(Z™ X, Zs2)
as in Remark after Proposition 2.2, it also follows that C*(Z™ %, Z) is in
N.

Since we have
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C*(ITYZ™ x4 7)) = QC*(Z™ x4 Z)

the [-fold tensor product of the group C*-algebra of Z™ %, 7Z, it follows that
C*(IIY(Z™ x4 7)) is in N, indeed, which has a finite composition series of
closed ideals with subquotients in N, by using the structure of C*(Z™ %, Z)
in N shown above.

Similarly, one can show that C*(II'(Z™ %, Zs)) is in N. Indeed, see
Proposition 5.4 below. U

Theorem 5.2 Let G = IIY(Z™ %, Z) be a finite direct product of the
generalized discrete elementary ax +b group Z™ x4 Z. Then

Ko(C(@)) = 2" & 2,
K\(C(@) = 2"V 0 2,7,

where the indexes s(1),t(1),u(l),v(l) € N with s(1) = 2™~1 ¢(1) =0, u(1) =
2m=1 and v(1) = 2™~ are determined inductively by

(m >1). In other words, letting Gy = II(Z™ %, Z), we have

rankz K;(C*(Gi41)) = 2" Hrankz Ko (C*(G})) + rankz K (C*(G)))],
rankz, Ko(C*(Gyy1)) = 2™ rankz K, (C*(G)))
+ 2ranky, Ko(C*(G))) + 2ranky, K1 (C*(G)))],
rankz, K1 (C*(Gyy1)) = 2™ rankz Ko (C*(G)))
+ 2rankz, Ko(C*(G1)) + 2rankg, K1 (C*(G1))]

(1=0,1).
In particular,
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22777.71

Ko(C™(Go) 227" 028" 0, Ki(CM(G) =2 ey,
and also
Ko(CH(Gs) =272 @227, Ky (CH(Ge) 272" e 72"
In addition, it follows from the inductive equations above that
Ko(C*(Gr)) = K1 (C™(G1))
if 1 > 2.

Moreover, it does follow that for 1 > 2,

('m+1)l—2_2l7n—2

K (C*(G) =72 @72

for 5 =0,1.

Proof. Since G = TIY(Z™ x,, Z), we have
C*(G) = @'C*(Z™ x4 )

the [-fold tensor product of the group C*-algebra of Z™ %, Z.

We first consider the case where [ = 2. Let H = Z™ x,,Z. The Kiinneth
theorem (see [2]) implies that since C*(H) is in N by Lemma 5.1, we have
the following short exact sequence of abelian groups:

0 — K.(C*(H)) ® K.(C*(H))
2, K(CF(H) @ C*(H)) %> Tor™(K.(C*(H)), K.(C*(H))) — 0

where K, (-) = Ko(-) ® K1(-) and the map 3 has degree 0 and the map o
has degree 1 and the short exact sequence splits unnaturally. As obtained
in Theorem 3.1, we have

2777.71 2m71 2m71

K, (C*(H)) = Ko(C*(H)) & Ky (C*(H)) = 22" & (z¥" " x 22" ).

By using several facts in homology theory as in [4], we compute the torsion
product as follows:
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Tor%(K*(C*(H)), K,.(C*(H)))

1 2m71

= Torf (22" & (22" x 23" ), K.(C*(H)))
= (%" Tor} (2, K.(C*(H)))] & [&*" Tor}(Zy, K.(C*(H)))]
~ @2 Tork(Zy, 72" @ (22" x ZE"))

2m—1

o €B27%—1 (@

~ 221n—2

L)
2

where note that this consequence comes from the pair (K;(C*(H)),
K;(C*(H))), so that the torsion product is in K;(C*(H x H)).
Therefore, it follows that

22m72

K. (C*(H)®C*"(H)) = [K.(C*(H)) ® K.(C*(H))] ® (® Z3)

(unnaturally). Moreover, we obtain

Ko(C™(H x H))
= (Ko(C*(H)) © Ko(C*(H))) @ (K1 (C7(H)) ® K1(C™(H)))

12

(ng—l ® ZQm_l) @ ((ng—l % Z%m—l) ® (ZQ'rn—l % ng—l))

22m72 22777.72 22177.72

>~ (@ 7)o (@ 7)o (@ (@ Zs))
g (@QQTYL*IZ) @ (@22m—23Z2).
Furthermore,

22m—2

K, (C*(H x H))/(® Zs)
= (Ko(C*(H)) © K1 (C*(H))) @ (K1 (C7(H)) ® Ko(C™(H)))
~ o222 @ (22" x 22" Y)

)

227n—1

22m72 22m72

© 73

Z)® (&

[

o (Z

(@22”1,— 1

Il

Zz)
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and hence, Ky (C*(H x H)) = 7" @23 .
Repeating the same argument for C*(II*H) 2 C*(H x H) ® C*(H), we
compute

Torf (K.(C*(H x H)), K,(C*(H)))

= Torf (2" x 23" %)@ (27" x 23" %), K. (C7(H)))

~ [ 227n—23

TOI.%(Z27ZQM—1 @ (Z27n—1 ” Zng—l))]
ED [@22m—23T0r%(Z2,Z2m—1 @ (Z2m—1 % ng—1>)]

Zs)]

2m71

~ (2" (@ Zy) @ [0 ¥ (@

237n—33

~ [@ Zz] @ [@2377L—33Z2]

where the first summand corresponds to the pair (Ko(C*(H x H)),
K,(C*(H))) and the second summand corresponds to the pair (K;(C*(H x
H)),K1(C*(H))). Therefore, we obtain

Ko(C*(IPH))/Z3 ™

o [(222777.71 @232’"1723) ®sz71]
@ [(Z22m71 @ Z§2m723) ® (Zmel 5 ngfl)]
~ [Z23m—2 @ ZgSm—SS] @ [ZQSm—Z @ ZgSm—Z @ ZgSm—33 @ ZgSm—SS]

o Z23’m—1 @ Z§3m7311
and thus, Ko(C*(I1BH)) 272" @ 72" 7, and also

Ky(C*(I1PH)) /23"

22m71 @ Z§2m723) ® (Zmel % ng,1

=[(z )]

@ [(ZZ2WL—1 @ Z%27n_23) ® Z27n—1]

12

[Z23m—2 @ ZESM—Q @ Z§3m—33 @ Z§3m733] EB [Zz3m72 @ Z%3m733]

3m—1 3m—3
~ Z2 D Z% 11

)
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23m71

and thus, Ki(C*(II3H)) = 22" @ 72" "7,
By induction, for G = ITY(Z™ %, Z), we may assume that

Ko(C* (@) =220 ez, K(C"(@) =2V ez,

for some s(1),t(1),u(l),v(l) € N. Then

2m—1

Tor} (K.(C*(G)), K+ (C*(H))) = Z,

t(1) o ng_lv(l)

where the first summand corresponds to the pair (Ko(C*(G)), K1(C*(H)))
and the second summand corresponds to the pair (K1 (C*(G)), K1(C*(H))).
Therefore,

Ko(C*(G x H))/z5" "
~ (2 e2") 02" e (2" e 2" 0 (2" x 23"

~ 72m 1 2m =L (D) +u(l)+2 v(l
~ 72 (s(D)+u(l)) & 72 D) +u(l)+2v( ))7

and

Ki(C*(G x H))/z5" "

1 2m71

~ (20 ez 02" o (22" o zi") o (27" x 28" )

o 72" s +uD) g 72" CHO+s D),
Hence we get
Ko(C*(IIHHZ™ 3, 7)) = 72" s0Fu) gy 7277 HD+uD+20(0),
K (C*IIHY(Z™ %, 7)) = 72" s()+u®) g Zg*”*(z t)+s+20(0)
It then follows that

s(l4+1) =u(l+1)=2""1(s(l) +u(l)) forl>1and
tl+1) =vl+1)=2""12t(1) +s() +2v(l)) forl>1
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since s(1) = u(1) = 2™~!. Therefore, we obtain that Ko(C*(II/(Z™ x,
7)) = K (C*(IYZ™ x4 7)) for | > 2.

Moreover, it follows from the first inductive equation that s(l) = u(l) =
2im=1 for { > 1. It then follows from the second inductive equation that
t(l+ 1) = 2m=1(4¢(l) + 2'™~1) for [ > 2. Dividing both sides by the power
20+1)m=1 6f 2 vields the following:

tl+1) :2‘< t(0) >+

N | =

2(l+1)m—1 9lm—1

Now put c(I) = t(1)/2™~! for I > 2. Then c(I +1) = 2¢(l) + 1/2. This
equation is transposed to the following: ¢(I+1)+1/2 = 2(c¢(l)+1/2). Thus,
the general term is given by c(l) + 1/2 = 2!72(¢(2) + 1/2) with

t2)  2mN24(1) +u(l) +20(1)) 3

c(2) = 92m—1 92m—1 9

Hence c(1) = 2!~ — 1/2. Therefore, we get t(1) = v(l) = 2(m+1i=2 _ glm=2
for [ > 2. O

Theorem 5.3 Let G = IIY(Z™ %, Zs) be a finite direct product of the
proper generalized discrete elementary ax + b group. Then

Ko(CH(@) =2 z°V o z5Y,
Ki(CH (@) = zy",

where the indexes s(1),t(l),v(l) € N with s(1) = 2™ 4+ 1, t(1) = 0, and
v(1) = 2™~ are determined inductively by

s(l+1) = (2™ + 1)s(D),

t(l4+1) = (2™ 13 + De(l) + 2™ (D),

v(l+1) = (2™ 134 1D)o(l) + 2" (s(1) + (1))
(I >1). In other words, letting G; = I'(Z™ x4 7Z), we have

rankyz Ko(C*(Gi41)) = (2™ + 1) rankz Ko (C*(G))),
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rankz, Ko(C*(Gr41)) = (2™ 3 4 1) rankg, Ko (C*(G)))
+om—1 rankyz, K1(C*(G})),
rankz, K1 (C*(Gr41)) = (2™ 3 4 1) rankg, K1 (C*(G)))
+ 2™ ranky Ko (C* (Gy)) + rankg, Ko (C*(G)))].
In particular,
Ko(C*(Go) 2 22" o 28", K (CM(Ga)) = 25
and also
Ko(C*(Gy)) = 72722 g Z§3m+22m*237
K1 (C*(G3)) = ngm*15+22m415+2m*13.

Moreover, it does follow that if [ > 2,
Ko(CH(Gy)) = 7@+ g Zg‘z[(2m+1+1)l7(2M+1)l-1(2ma+1)+1)]

K1(C*(G))) Zg_z[(2m+1+1)l+(2m+1)l_1(27”(1*1)*1)]

and this also holds for the case where [ = 1.
Proof. Since G = IIY(Z™ %, Zs), we have
C*(G) =2 R@'C*(Z™ x4 L)

the [-fold tensor product of the group C*-algebra of Z™ X, Zs.

We first consider the case where | = 2. Let H = Z™ x, Zy. The
Kiinneth theorem (see [2]) implies that since C*(H) is in N by Lemma 5.1,
we have the following short exact sequence of abelian groups:

0 — K.(C*(H))® K.(C*(H))
2 K (CH(H) @ C*(H)) —Z Tor(K,(C*(H)), K.(C*(H))) — 0

where K, () = Ko(-) ® K1(-) and the map (3 has degree 0 and the map o
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has degree 1 and the short exact sequence splits unnaturally. As obtained
in Theorem 3.3, we have

K.(C*(H)) = Ko(C*(H)) ® K1 (C*(H)) 2 2*" ' o 72"

By using several facts in homology theory as in [4], we compute the torsion
product as follows:

Tor (K.(C*(H)), K.(C*(H)))
~ Tor2(z¥"+ @ 72" K. (C* (H)))
~ (2" L Tor’(Z, K, (C*(H)))] @ [02" Tor’(Zs, K. (C*(H)))]
~ 02" Tork(Z,, 72" H @ 73"
~ 02" (07" Zy)

~ 222

:@ Z2

where note that this consequence comes from the pair (K;(C*(H)),
K,(C*(H))), so that the torsion product is in K1 (C*(H x H)).
Therefore, it follows that

227n—2

K, (C*"(H)®C*"(H)) =2 [K,(C"(H)) ® K.(C*(H))] & (® Zs)

(unnaturally). Moreover, we obtain
Ko(C™(H x H))
= (Ko(C™(H)) © Ko(C*(H))) @ (K1 (C™(H)) ® K1 (C™(H)))

>~z ezt e Zd 0zd)

22m72

I

(@) @ (67 Zy).

Furthermore,

22m—2

Ki(C*(H x H)) /(" Zs)
= (Ko(C*(H)) © K1 (C*(H))) @ (K1 (C7(H)) ® Ko(C™(H)))
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o @Q(ZZm—H ® Z%Wkl)
=g2(z3 )
o~ @22’”+2m22
and hence, K;(C*(H x H)) = Z%Qmi%‘kzm.
Repeating the same argument for C*(II*H) = C*(H x H) ® C*(H), we

compute
Tor’(K.(C*(H x H)), K,(C*(H)))
> Torf (222" % 22" ) @ 22", KL (CF(H)))
o [@22m72T0r%(Z2, 72" g ngil)]
® [0 Torf (2o, 27" @ 237 )
@2 (@ T @ 0¥ (@

3m—3 3m—3 2m—1
[@° Zoe (@ T )

om=— 1

Zs))

I

where the first summand corresponds to the pair (Ko(C*(H x H)),
K;(C*(H))) and the second summand corresponds to the pair (K;(C*(H x
H)),K1(C*(H))). Therefore, we obtain
Ko(C*(I°H)) /23"
m—1
5]

[(Z22'm+2nz+1+1 @ Z%27n_2) ® Z27n+1] @ [Z§2m—25+2m ® ZQ

I

3m 2m m 3m—2 2m—2 3m—3 2m—1
~ [Z2 +2°"342"3+1 ey Zg +2 ] D [Zg 5+2 ]
~ 23m+22m3+2m3+1 23m—37+22m—23
~ 7 @ 72
3m 2m m 3m 2m—2
and thus, Ko(C*(TI3H)) = 72" +277"3+273+1 ¢ 7277427773 and also

3m—3 2m—1
K\(C*(IPH))/zZ5 ~ "
[(222m+2m+1+1 @ Zg2m72) ® Z%m—l] @ [Z§2m725+27n ® Z2m+1]

12

o~ [Z§3m71+22m+2m71 @ Zg?ﬂn—?)] @ [233m725+22m729+2m]

~ Z237n7315_’_227n7213_i_27n—13
- 2
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and hence, K (C*(II?H)) = Z§3m*15+22m413+2’n*13'
By induction, for G = IT'(Z™ %, Zo) with [ > 2, we may assume that

Ko(C* (@) 22V ez, K(C*(G) =2zy",
for some s(1),t(1),v(l) € N. Then
Tork (K, (C*(G)), K.(C*(H))) = 22" D g 72" 0O,

where the first summand corresponds to the pair (Ko(C*(G)), K1(C*(H)))
and the second summand corresponds to the pair (K3 (C*(G)), K1(C*(H))).
Therefore, we have

Ko(C*(G x H))/z3"
~ [(Zs(l) @ Zg(l)) ® ZZm-‘rl] ® [Zg(l) ® ngfl}

~ 7@+ D)s() g ZgQ"L+1)t(l)+2’”‘1v(l)’

and also
Ki(C*(G x H))/z2" W

~ 220 2 722" ¢ (220 0 ZXV) 0 7277

~ Z(27”+1)v(l)+2m_1(8(l)+t(l))
=7Zs .

Hence we get
KO(C*(Hl-i-l (Zm X, Z))) o Z(2m+1)s(l) o Zggm—13+1)t(l)+27n—1v(l),
Kl(C*(HHl(Zm Xy Z))) ~ Z(22m_13+1)”(l)+2m_1(s(l)+t(l))'

Moreover, it follows from the inductive equation s(I 4+ 1) = (2" + 1)s(l)
for I > 1 with s(1) = 2™ + 1 that s(I) = (2™ + 1)! for [ > 1. The indexes
t(14+1) and v(I+1) are viewed as the vector X (I+1) in the following equation
with matrix multiplication:
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X(+1)= <i((lzi?)>

- <2m2"1131+ 1 2m2n;31+ 1) (2((?)) * (2m1(20m + 1)1)
=MX(1)+Y()
(1 > 1). Inductively, it follows that
XD =MX(1-1)+Y(1-1)
=MMX(1-2)+Y(1-2)+Y(1—-1)
=M*X(1—-2)+MY(1—-2)+Y(—-1)

2m713+1 0 ) _ ( 0 2m,71
0 oam=1341 /0 om—1 ¢

compute the matrix product M! by binary expansion:

Since the matrices D = ( ) commute, we

M'= (D + F)!

=D+ <DD1—1F+...+ <;)Dl—kpk+...+ <§>Fl

Since we have

pr_ (@3 0
0 (2m=13 + 1)k

and
km—k
<2 0 2k2_k> if k£ is even,

km—k
(2k2_k 2 A ) if k is odd,

Fk

if [ is even, then the components (M');; of M' (i =1,2,j = 1,2) are given
by
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(M) 11 = (M")a2

— (27717134_ 1)l + <l>(2m13 + 1)[*22217172 + . + (l) 2lm,l

2 l

— 7[(2m713_~_1+2m71)l+(2mf].3_~_1_2m71)l]

=gl + 1+ "+ 1),

N = N~

(M) 12 = (Mo

(
! m—1 l—1lom—1 ! m—1 [—393m—3
@i ()@ )2

+ .

l
.. Qm—l 1 2(Z—1)m—l+1
+ <l B 1)( 3+1)

[(2m—13 + 1 + 2m—1)l _ (2m—13 + 1 _ 2m—1)l]

[(2m+1 + 1)l . (2m + 1)l]‘

N~ N

Similarly, if [ is odd, then the components (M');; of M! (i = 1,2,j = 1,2)
are given by

(M")11 = (M)

l
— (2m—13+ 1)l 4 <2> (2m—13 + 1)l—222m—2

+

l
.. Qm—l 1 2(l—1)m—l+1
+ <l B 1)( 3+1)

[(2m—13 + 1 _|_ 2m—1)l _|_ (2m—13 + 1 _ 2m—1)l]

N~ N

(@™ + )P+ (2™ + 1)1,
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— <i> (Zm—13 + 1)l—12m—1 4 (;) (2m—13+ 1)!—323m—3

N <§>2lm—l

1

=512 = @3 1 2m ]
1

— 5[(2m+l + 1)1 _ (2m + 1)l].

Note that as suggested by the referee, one may use linear algebra
theory to compute the product M' to be diagonalized as Jordan normal
form by an invertible matrix. Indeed, the eigenvalues A of the 2 x 2 ma-

trix M are given by 2™ + 1 and 2™*! + 1 by computing the determinant
2m1341-n 2mt

gm—1 2m=1341-2

by (_11) and (%) respectively. It follows that

_ 1/1 -1 11 2" 41 0
1 = — =
P MP_2<1 1>M<—1 1) ( 0 2m+1+1>’

i.e., M is diagonalizable, and hence, we have

L_p (@ +1) 0 =
M _P( o @mtan)?

B 1 ((2m+1 + 1)l + (2m + 1)! (2m+1 + 1)[ _ (2m + 1)l) .

‘ = 0, and the corresponding eigenvectors are given

T2\l - @2m 4t @ )+ (2m 1)

Therefore, we obtain that for [ > 2,

t(1) =222+ )T - (27 + 1)
+2mM T+ )T - 27+ )M 4 1)
o 2m T2 1) = (27 1))(27 4 1)1

— 2m—2[(2m+1 + 1)l—1 . (2m + 1)l—1]
-2
+ 2m—2 Z[(2m+1 + 1)l—1—k - (2m + 1)[—1—k](2m + 1)k
k=1
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— 2m72[(2m+1 4 1)l71 _ (2m 4 1)l71]
-2
4 2m72 Z(2m+1 4 1)l717k‘(2m 4 1)k _ 277172(l _ 2)(2m 4 l)lfl
k=1

and

o(l) = 2" 227 ) 2+ 1)
+27 22 + )P 4 (2 4+ )2 4 1)
o 2P ) 4+ (27 + D)2 + 1) 2 e e )
=2m2[(2m T )T (2 1) 2 2 4 )
-2

+ 2m—2 Z[(2m+1 + 1)l—l—k + (2m + 1)l—l—k](2m + 1)k
k=1

— 2m72[(2m+1 4 1)l71 4 (27’71 4 1)l71] 4 277171(2771 4 1)[71
-2

4 2m—2 Z(zm-‘rl + 1)[—1—k(2m + l)k + 2m_2(l _ 2)(2m 4 1)l—1.
k=1

Furthermore, we now put

-2
S, = Z(2m+1 + 1)l—1—k(2m + 1)k:
k=1

Then we have

Sy — 2l Sy =™ 4+ 1)i2Rm 1) - (2™ 4+ 1)t
2m+l 4] '
Hence,
2m+1 + 1 m — m m —_
S Tl CARRE R Vi AR DR P Vo
2m 41 2mtl 4
_ (2m+1 + 1)l—1 + _ + (2m + 1)1—1'

2m 2m
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Therefore, we finally get

t(l) — 2m—2[(2m+1 + 1)1—1 _ (2m + 1)!—1]

. (2™ +1 P _
+(2 “+1>”( 5 )— R A Vi
o 2m_2(l o 2)(2m + 1)[—1
_2mth 4 12m(l+1)+1
— (2m+1 + 1)l 1 22 o (2m + 1)l 1 22

=272[2m™ M L ) — 2™+ )™+ 1) + 1)),

U(l) — 2m72[(2m+1 + 1)171 + (2m + 1)l71] + 2m71(2m + l)lfl

m 271\ 2mtt4n _
+ (2 +1+1)“< > )— 5 (2™ + 1)t
m 2mtt 4 - om(l—1)—1
=272+ D+ 2™+ )™ (- 1) - 1)) O

Proposition 5.4 The group C*-algebra C*(G) of G = THZ™ x4 Zs)
a finite product of the proper generalized discrete elementary ax + b group

(Tfl)l of closed ideals such that

Z™ Xq Lz has a composition series {J;};_

Jo = {0} and J(11y = C*(G) and
J;/31 281,90 0L, ® 0L,

J

combinatoricly, for some 1 < s; < m+1 and sj—1 < s; with (1;,...,1;)
totally ordered properly as in Proposition 4.4, and

m

2, = a2 Oy (R T+ @ My(C)] for 1<k <m,

L1 =C

Proof. This is obtained from that C*(G) = ®'C*(Z™ x4 Z2) and the
composition series {J; }7"H' of C*(Z™ x,, Z») obtained in Proposition 3.2.
Indeed, the closed ideals J; are defined inductively as in the following:
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71=£100--04 =77 -7,
Jo=T0,07 @ - @7,
J3 is generated by J; and 7, @ 7, @ ¥ @ - - - @ T];
J4=750707 - 07,
Js is generated by J4 and 3] ® 3} @ 3, ® 3} - - - ® J); and similarly, ..., and
finally, J(;;,41):—1 is generated by
C*(Zm NGZQ) ®C*(Zm X Zg) (SR ®C*(Zm X o Zg) ®j;n7
T QCH L™ X L) @+ @ C* (L™ My, Lo),
C(Z™ X ) RT, @C (L™ X La) @ -+ @ C*(Z™ X4 Z2),

............ and

C(Z™ X 7o) @+ @ CH (L™ X Z2) T, @ C*(Z™ X4 Zs3). O

Proposition 5.5 The group C*-algebra C*(G) of G = Y Z™ x4 Zs)
a finite product of the proper generalized discrete elementary ax + b group
Z™ X Zo has the following topological stable rank estimate:

[(Lm/2])/2] + 1 <sr(C7(G)) < [(L(m +1)/2])/2] + 1.
and the following connected stable rank estimate:

2 <esr(C(@G)) < [(Lm+1)/2])/2] + 1.

Proof.  Applying the stable rank formulae as used in Propositions 2.3 and
3.4 to the composition series of C*(G) obtained in Proposition 5.4, we esti-
mate it by reducing to the following maximum:

st(C*(G)) > 11;1}23%([ st(@F(Co(R™) @ My(C)))

= max sr(Co(R*™) ® My (CT)))

1<k<l

= max [(sr(Co(R™™)) = 1)27*] +1
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and note that if kK = 2/ even, then

Im (I4+1)m 3 Im 1 m

9~ w1 9d 1 gm0

and if k = 2] + 1 odd and m is even, then

(2l+1)(m/2)  (2(1+1)+1)(m/2)

221+1 22(l+1)+1
3 2+1)(m/2) 1 m
=1 omr1 g gux >V

and if £ = 2] + 1 odd and m is odd, then

(2L +Dm—1)/2 (20 +1)+ 1)m —1)/2

9221+1 22(l+1)+1
3 @2+L)m—-1 1 2m
-3 921+1 T ] 92+l

and therefore, the maximum is equal to

[(lm/2])27'] +1

in the case where k = 1.

Also, we estimate it by reducing to the following maximum:

255

sr(CT(G)) < 1%12%[{81”(@’“(00(]1@"1) ® Ms(C))), esr(®"(Co(R™) @ Ma(C)))}

< max {[(|m/2])271] + 1, csr(Co (R*™) @ My (C))}

— 1<k<l

< max {[([m/2])271] + 1, [(csr(Co(R*™)) — 1)/2°] + 1}

— 1<k<l

< max {[(|m/2))27"] + 1, [(L(km +1)/2])/2"] + 1}

~1<k<l

and the similar computation as above shows that the maximum is equal to

[([m+1)/2])/2] + 1.
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Moreover, we obtain

IN

csr(C*(G)) < max csr(@%(Co(R™) @ My(C)))

1<k<I
[(Lm+1)/2])/2] + 1.

Since we have K1 (C*(G)) # 0 by Theorem 5.3, we obtain csr(C*(G)) > 2.
O

IN

Remark If G = II(Z™ %, 7Z) is a finite product of the (non-proper)
generalized discrete elementary ax + b group Z™ X, Z, then we can obtain
the similar composition series of C*(G) = ®'C*(Z™ x4 Z) as given in the
case of II'(Z™ x4 Z3), by using the finite composition series of C*(Z™ x4 Zs)
obtained in Proposition 3.2 and viewing C*(Z™ X, Z) as the mapping torus
over C*(Z"™ x4 Z2). Consequently, we can deduce that

[([m +1)/2])/2] +1 < sr(C(G)) < [([(m +2)/2])/2] + 1.

and

2 < est(C(G)) < [(L(m +2)/2))/2] + 1.

by the same way as given in the proof above. These estimates give correc-
tions to the case where [ = 1 given in [11].

In both the proper and non-proper cases, it is worth noting that those
stable ranks do not depend on the multiple [, i.e., a sort of stability of the
stable ranks in taking tensor products, in those cases.

6. Their inductive limits

Corollary 6.1 Let G = imII™(Z x4 Z) be the inductive limit (i.e., the
direct sum) of finite products of the discrete elementary ax +b group Z X, Z
under the canonical inclusions. Then

Ko(CH(G)) = K1 (CT(G))

. m—1
= lim(2”" " © 73 )

Proof. Use the result on the K-theory groups for the generalized discrete
elementary Mautner groups Z™ X, Z™ = 11" (Z X, Z) in Theorem 4.2. Note
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that C*(G) is an inductive limit of the group C*-algebras C*(II"(Z x,, Z))
and

K;(C*(G)) = K;(lim C*(II"™(Z x4 Z)))
= lim K, (C* (I (Z x4 Z.)))

for j = 0,1, by continuity of K-theory (see [13]). O

Corollary 6.2 Let G = imII"™(Z x4 Z2) be the inductive limit of finite
products of the proper discrete elementary ax + b group Z X Zo under the
canonical inclusions. Then

Ko(CH(@) = (@ & 73 ")
K, (C*(G)) = li_n)lZ§_2[5’”+(2m*3)3'”‘1].

Proof. Use the result on the K-theory groups for the proper generalized
discrete Mautner groups Z™ X, Z5" = II"(Z X4 Z2) in Theorem 4.3. The
rest of the proof is the same as that of Corollary 6.1. O

Corollary 6.3 Let G = h_H}lHl(Zm Xo Z) be the inductive limit of finite
products of the generalized discrete elementary ax + b group Z™ X Z under
the canonical inclusions. Then

Ko(CH(G)) = K1 (C7(G))

~ 1 glm—1 Q(m+1)1-2 _glm—2
= hLQ(Z D Z; ).

Proof. Use the result on the K-theory groups for finite products of the
generalized discrete elementary ax + b groups Z™ X, Z in Theorem 5.2. The
rest of the proof is the same as that of Corollary 6.1. O

Corollary 6.4 Let G = li_II)lHl(Zm Xo Z2) be the inductive limit of finite
products of the proper generalized discrete elementary ax—+b group Z™ X, Zo
under the canonical inclusions. Then

Ko(C*(@)) = lim(z@" )" g Zg‘z[(w“ﬂ)l*(?mﬂ)"l(2m(l+1)+1)])
— 9

Ki(C*(G)) 2tz 1D HET DT )
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Proof. Use the result on the K-theory groups for finite products of the
proper generalized discrete elementary ax + b groups Z™ X, Zo in Theorem
5.3. The rest of the proof is the same as that of Corollary 6.1. g

Remark It is shown in [12] that the K-theory groups Ky and K of the
group C*-algebras of finitely generated, discrete nilpotent groups without
torsion (and even their inductive limits) are isomorphic. But now we can
know the difference between the nilpotent case considered in [12] and the
non-nilpotent, solvable case as revealed concretely above. This is also the
main purpose to exhibit those concrete examples.

Corollary 6.5 Let G = h_n)le(Z Xo Za) be the inductive limit of finite
products of the proper discrete elementary ax + b group Z X4 Zo under the
canonical inclusions. Then

sr(C*(G)) <2, and csr(C*(GQ)) =2.
Proof. By [7] and [5] we have

st(C*(Q)) < liminf sr(C*(II"™(Z x4 Z2))) = 2,
csr(C*(G)) < liminfsr(C*(II"(Z Xy, Z2))) = 2

by our result Proposition 4.5 on the stable ranks for C*(Z™ %, Z5"). Since
K1(C*(@)) # 0 by Corollary 6.2, we have csr(C*(G)) > 2. O

Remark It is very likely that sr(C*(G)) = 2, but this would be another
task to check this. What we need to show it would be a sort of reverse
inequality for the stable ranks of inductive limits if any. Or another K-
theory obstruction (possibly Fredholm index, already known, or not it) to
have stable rank more than one.

Corollary 6.6 Let G = li_n)lﬂl (Z™ X4 Zo) be the inductive limit of finite
products of the proper generalized discrete elementary ax+b group Z™ X o Zo
under the canonical inclusions. Then

sr(C*(G)) < [(L(m+1)/2])/2] + 1.
and

2 < est(C*(@)) < [([(m+1)/2])/2] +1.
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Proof. The proof is the same as above by using Proposition 5.5 and Corol-
lary 6.4. ([
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